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ВАРІАЦІЙНИЙ МЕТОД РОЗВ’ЯЗУВАННЯ БІГАРМОНІЧНИХ ЗАДАЧ 
ДЛЯ ПРЯМОКУТНОЇ ОБЛАСТІ 
 

Ðîçâèíåíî âàð³àö³éíèé ìåòîä ðîçâ’ÿçóâàííÿ á³ãàðìîí³÷íèõ çàäà÷ äëÿ ïðÿìî-
êóòíî¿ îáëàñò³, íà îäí³é ïàð³ ïðîòèëåæíèõ ñòîð³í ÿêî¿ ôóíêö³ÿ ³ ¿¿ íîð-
ìàëüíà ïîõ³äíà íàáóâàþòü íóëüîâèõ çíà÷åíü, à íà ³íø³é ä³þòü íåîäíîð³äí³ 
óìîâè. Ðîçãëÿäàþòüñÿ âèïàäêè ï³âáåçìåæíî¿ òà ñê³í÷åííî¿ îáëàñò³. Ìåòîä 
áàçóºòüñÿ íà ì³í³ì³çàö³¿ êâàäðàòè÷íîãî ôóíêö³îíàëà, ÿêèé çà íîðìîþ 2L  âè-

çíà÷àº â³äõèëåííÿ ðîçâ’ÿçêó â³ä çàäàíèõ íåîäíîð³äíèõ óìîâ. Äëÿ ðîçâ’ÿçóâàííÿ 
ö³º¿ âàð³àö³éíî¿ çàäà÷³ çàñòîñîâàíî äåùî â³äì³ííå â³ä çàïðîïîíîâàíîãî ðàí³øå 
[8] ðîçâèíåííÿ ðîçâ’ÿçêó çà ñèñòåìàìè êîìïëåêñíèõ á³ãàðìîí³÷íèõ ôóíêö³é – 
òàê çâàíèõ îäíîð³äíèõ ðîçâ’ÿçê³â Ï. Ô. Ïàïêîâè÷à, ÿê³ òîòîæíî çàäîâîëüíÿ-
þòü çàäàí³ îäíîð³äí³ óìîâè íà ïàð³ ïðîòèëåæíèõ ñòîð³í ïðÿìîêóòíèêà. 
Ðîçãëÿíóòî äåê³ëüêà âàð³àíò³â íåîäíîð³äíèõ êðàéîâèõ óìîâ, ÿê³ âèíèêàþòü ó 
çàäà÷àõ äâîâèì³ðíî¿ òåîð³¿ ïðóæíîñò³. Íàâåäåíî ïðèêëàä çàñòîñóâàííÿ çà-
ïðîïîíîâàíîãî ìåòîäó äëÿ âèçíà÷åííÿ ðîçïîä³ë³â íàïðóæåíü ó ïðÿìîêóòí³é 
îáëàñò³, îäíà ³ç ñòîð³í ÿêî¿ æîðñòêî çàêð³ïëåíà, à äî ïðîòèëåæíî¿ ñòîðîíè 
ïðèêëàäåíî íîðìàëüí³ ñèëè. 

 
Äî á³ãàðìîí³÷íèõ çàäà÷ ïðèõîäÿòü ó ð³çíèõ íàóêîâèõ äèñöèïë³íàõ, 

çîêðåìà, ó äâîâèì³ðí³é òåîð³¿ ïðóæíîñò³ [6, ñ. 70–76] ³ òåîð³¿ ïëàñòèí [5, 
ñ. 378–382], ã³äðîìåõàí³ö³ [3]. Îäíàê íåçâàæàþ÷è íà ¿¿ çíà÷íó ³ñòîð³þ, á³ãàð-
ìîí³÷íà ïðîáëåìà ïðîäîâæóº é ñüîãîäí³ ïðèâåðòàòè óâàãó äîñë³äíèê³â, òîìó 
àíàë³ç ¿¿ àêòóàëüíîãî ñòàíó âèìàãàº ñïåö³àëüíîãî ðîçãëÿäó. Îáìåæèìîñÿ ïî-
ñèëàííÿìè íà îñòàíí³ â³äîì³ íàì ³ñòîðè÷í³ åêñêóðñè â öþ îáëàñòü [2, 10]. 

Ó ñòàòò³ ðîçãëÿäàºòüñÿ ìîäèô³êàö³ÿ çàïðîïîíîâàíîãî ðàí³øå [8] âàð³à-
ö³éíîãî ìåòîäó ðîçâ’ÿçóâàííÿ îäíîãî êëàñó á³ãàðìîí³÷íèõ çàäà÷ äëÿ ï³âáåç-
ìåæíî¿ ïðÿìîêóòíî¿ îáëàñò³ (ï³âñìóãè), à òàêîæ éîãî ïîøèðåííÿ íà âèïàäîê 
ñê³í÷åííî¿ ïðÿìîêóòíî¿ îáëàñò³. Çàïðîïîíîâàíå òóò ïîäàííÿ ðîçâ’ÿçêó ó âè-
ãëÿä³ ðîçâèíåííÿ çà ñèñòåìàìè êîìïëåêñíèõ á³ãàðìîí³÷íèõ ôóíêö³é äîçâî-
ëèëî îòðèìàòè äîâîë³ ïðîñò³ àíàë³òè÷í³ âèðàçè äëÿ êîìïëåêñíèõ êîåô³ö³ºí-
ò³â íåñê³í÷åííî¿ ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü (ÑËÀÐ), ÿêà ïðè 
öüîìó âèíèêàº. Çàâäÿêè öüîìó áóëî ³ñòîòíî ï³äâèùåíî øâèäêîä³þ àëãîðèò-
ì³â ÷èñëîâî¿ ðåàë³çàö³¿ ìåòîäó.  

1. Ñèñòåìè îäíîð³äíèõ ðîçâ’ÿçê³â òà ¿õ çàñòîñóâàííÿ. Íåõàé ä³éñíà 
ôóíêö³ÿ ( , )x yΦ  çàäîâîëüíÿº â ïðÿìîêóòí³é îáëàñò³ ( , )x yD  á³ãàðìîí³÷íå 
ð³âíÿííÿ 
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Òóò x , y  – áåçðîçì³ðí³ (â³äíåñåí³ äî ïîëîâèííî¿ âèñîòè b  ïðÿìîêóòíèêà) 
äåêàðòîâ³ êîîðäèíàòè. 

Ãðàíè÷í³ óìîâè íà ôóíêö³þ ( , )x yΦ , ùî ä³þòü íà ³íø³é ïàð³ ïðîòèëåæ-
íèõ ñòîð³í ïðÿìîêóòíèêà, êîíêðåòèçóºìî ï³çí³øå. 

Óìîâè âèãëÿäó (2) äîçâîëÿþòü ðîçêëàñòè çàäà÷ó âèçíà÷åííÿ ôóíêö³¿ 

( , )x yΦ  ó ïðÿìîêóòíèêó íà äâ³: ñèìåòðè÷íó ñòîñîâíî ôóíêö³¿ 1 ( , )
2

x yΦ +(  

( , )x y+ Φ − )  òà àíòèñèìåòðè÷íó ñòîñîâíî ôóíêö³¿ 1 ( , ) ( , )
2

x y x yΦ − Φ −( ) . Êîæ-

íà ç öèõ ôóíêö³é, î÷åâèäíî, çàäîâîëüíÿº ð³âíÿííÿ (1) òà óìîâè (2).  
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Â³äîìà ñèñòåìà êîìïëåêñíîçíà÷íèõ á³ãàðìîí³÷íèõ ôóíêö³é kΦ , ÿê³ òî-

òîæíî çàäîâîëüíÿþòü óìîâè (2): 

 exp ( ) ( ),      1,2,k k kx F y kΦ = − γ =  , (3) 

äå kγ  – êîìïëåêñí³ êîðåí³ òðàíñöåíäåíòíîãî ð³âíÿííÿ  

– äëÿ âèïàäêó ñèìåòð³¿:  sin (2 ) 2 0γ + γ = , 

– äëÿ âèïàäêó àíòèñèìåòð³¿:  sin (2 ) 2 0γ − γ = , (4) 

( )kF y  – êîìïëåêñíîçíà÷í³ ôóíêö³¿ ä³éñíîãî àðãóìåíòó  

– äëÿ âèïàäêó ñèìåòð³¿: 
 ( ) cos ( ) sin ( ),       tgk k k k k k k kF y y y y= γ + γ γ = − γ γæ æ , 

– äëÿ âèïàäêó àíòèñèìåòð³¿:  
 ( ) sin ( ) cos ( ),       ctgk k k k k k k kF y y y y= γ + γ γ = − γ γæ æ . (5) 

Ôóíêö³¿ ( )kF y , ÿê³ ä³ñòàëè íàçâó îäíîð³äíèõ ðîçâ’ÿçê³â á³ãàðìîí³÷íîãî 

ð³âíÿííÿ àáî ôóíêö³é Ï. Ô. Ïàïêîâè÷à, âèíèêàþòü ïðè ïîáóäîâ³ ðîçâ’ÿçê³â 
çàäà÷ âèãëÿäó (1), (2), ùî çãàñàþòü íà áåçìåæíîñò³, äëÿ îáëàñò³ ( , )x y =D  

(0 ) ( 1 1)x y= < < ∞ − < < .  

Ñèñòåìà ôóíêö³é ( )kF y  º äâîÿêî ïîâíîþ [1], òîáòî ¿õ ä³éñí³ 1 Re ( )k kF F y=  

òà óÿâí³ 2 Im ( )k kF F y=  ÷àñòèíè óòâîðþþòü äâ³ ë³í³éíî íåçàëåæí³ ñèñòåìè 

ä³éñíèõ ôóíêö³é [4]. Òîìó, ââîäÿ÷è ôóíêö³¿ 1 Rek kΦ = Φ , 2 Imk kΦ = Φ  òà ïî-

äàþ÷è øóêàíó ôóíêö³þ ( , )x yΦ  ó âèãëÿä³ ðîçâèíåííÿ 

 1 2

1

( , ) k k k k
k
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∞

=

Φ = Φ + Φ∑ ( ) , (6) 

ìîæíà ï³äïîðÿäêóâàòè ¿¿ äâîì óìîâàì íà òîðö³ ï³âáåçìåæíî¿ ïðÿìîêóòíî¿ 
îáëàñò³, íàïðèêëàä, òàêèì: 
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∂
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Òóò ( )m y , ( )t y  – çàäàí³ ôóíêö³¿. 
Êîðåêòíå ôîðìóëþâàííÿ êðàéîâî¿ çàäà÷³ äëÿ á³ãàðìîí³÷íîãî ð³âíÿííÿ 

(1) âèìàãàº íåïåðåðâíîñò³ çàäàíèõ íà ìåæ³ äâîâèì³ðíî¿ îáëàñò³ øóêàíî¿ 
ôóíêö³¿ òà ¿¿ íîðìàëüíî¿ ïîõ³äíî¿ [7, ñ. 398–400]. Òîìó ôóíêö³¿ ( )m y , ( )t y  

ïîâèíí³ áóòè íåïåðåðâíèìè íà â³äð³çêó ( 1, 1)− , à íà éîãî ê³íöÿõ, ÿê âèïëè-
âàº ç (2), çàäîâîëüíÿòè óìîâè 

 ( 1) (1) ( 1) (1) 0m m t t− = = − = = . (8) 

Ï³äñòàâëÿþ÷è ïîäàííÿ (6) â óìîâè (7), îòðèìóºìî íåñê³í÷åííó ñèñòåìó 
ð³âíÿíü äëÿ âèçíà÷åííÿ äâîõ ïîñë³äîâíîñòåé ä³éñíèõ ÷èñåë 1 2, ,A A   òà 

1 2, ,B B  : 

 1 2

1

( )k k k k
k

A F B F m y
∞

=

+ =∑ ( ) , 

 1 2 2 1

1

( ) ( ) ( )k k k k k k k k k k
k

A F F B F F t y
∞

=

α − β + α + β =∑ ( ) , 

äå kα , kβ  – ä³éñí³ òà óÿâí³ ÷àñòèíè êîðåí³â k k kiγ = α + β . 

Îñê³ëüêè ñèñòåìè ôóíêö³é 1
kF , 2

kF  íå îðòîíîðìîâàí³, îòðèìàòè ðîçâ’ÿ-

çîê ö³º¿ çàäà÷³ â çàìêíåíîìó âèãëÿä³ íå âäàºòüñÿ. Ó ïóáë³êàö³ÿõ [1, 5] áóëè 
âñòàíîâëåí³ ôîðìóëè äëÿ âèçíà÷åííÿ êîåô³ö³ºíò³â ðîçâèíåííÿ êîìïëåêñíî¿ 
á³ãàðìîí³÷íî¿ ôóíêö³¿ ó ï³âáåçìåæí³é ïðÿìîêóòí³é îáëàñò³ çà ñèñòåìîþ 
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ôóíêö³é ( )kF y  äëÿ äâîõ ñïåö³àëüíèõ ãðàíè÷íèõ óìîâ íà ¿¿ òîðö³ 0x = , ÿê³ 

âèíèêàþòü ó òåîð³¿ òîâñòèõ ïëèò ³ äâîâèì³ðí³é òåîð³¿ ïðóæíîñò³. 
Ó ñòàòò³ [8] ðîçðîáëåíî âàð³àö³éíèé ìåòîä ðîçâ’ÿçóâàííÿ á³ãàðìîí³÷íèõ 

çàäà÷ äëÿ ï³âáåçìåæíî¿ ïðÿìîêóòíî¿ îáëàñò³, çà ÿêèì ï³äïîðÿäêóâàííÿ ðîç-
â’ÿçêó çàäàíèì íà òîðö³ 0x =  êðàéîâèì óìîâàì çä³éñíþºòüñÿ çà êâàäðà-
òè÷íîþ íîðìîþ 2L . Ìåòîä áóëî çàñòîñîâàíî äëÿ ð³çíèõ òèï³â ãðàíè÷íèõ 

óìîâ íà â³äð³çêó 0x = , ÿê³ âèíèêàþòü ó äâîâèì³ðí³é òåîð³¿ ïðóæíîñò³ òà 
òåîð³¿ ïëàñòèí. Âèêîðèñòîâóþ÷è öåé ìåòîä, îòðèìóºìî íåñê³í÷åííó ÑËÀÐ 
ñòîñîâíî ä³éñíèõ êîåô³ö³ºíò³â 1 2, ,A A  , 1 2, ,B B  ðîçâèíåííÿ (6): 

 11 12 1

1 1
mk k mk k m

k k

M A M B K
∞ ∞

= =

+ =∑ ∑ , 

 21 22 2

1 1

,        1,2,mk k mk k m
k k

M A M B K m
∞ ∞

= =

+ = =∑ ∑  . (9) 

Íàïðèêëàä, äëÿ óìîâ âèãëÿäó (7) êîåô³ö³ºíòè mkMλµ  (ä³éñí³ ÷èñëà) òà â³ëüí³ 

÷ëåíè mKλ  ñèñòåìè (9) âèçíà÷àþòüñÿ ÿê 

 
1

1
m mmk k kM F F T T dyλµ λ µ λ µ

−

= +∫ [ ] ,  

 
1

1

( ) ( )m m mK m y F t y T dyλ λ λ

−

= +∫ [ ] , (10) 

äå 1 2Re ( ) ,  Im ( ) ,  , 1, 2k k k k k kT F y T F y= γ = γ λ µ =( ) ( ) . 

Âèä³ëÿþ÷è ä³éñí³ òà óÿâí³ ÷àñòèíè ôóíêö³é ( )kF y , ( )k kF yγ , ìîæíà îá-

÷èñëèòè ³íòåãðàë ó ôîðìóë³ (10) ³, òàêèì ÷èíîì, âñòàíîâèòè àíàë³òè÷í³ ïî-
äàííÿ äëÿ êîåô³ö³ºíò³â íåñê³í÷åííî¿ ñèñòåìè (9), âèðàçèâøè ¿õ ÷åðåç kα , 

kβ . Ïðîòå öå ïðèâîäèòü äî ãðîì³çäêèõ ôîðìóë. Òîìó â ñòàòò³ [8], êîëè 

ïðîâîäèëè ê³ëüê³ñíå äîñë³äæåííÿ òàêèõ çàäà÷, âèêîðèñòîâóâàëè ÷èñëîâå 

³íòåãðóâàííÿ äëÿ îá÷èñëåííÿ êîåô³ö³ºíò³â mkMλµ  çà ôîðìóëîþ (10). 

Ðîçãëÿíåìî ìîäèô³êàö³þ çàïðîïîíîâàíîãî ó [8] âàð³àö³éíîãî ï³äõîäó, 
ÿêà áàçóºòüñÿ íà ïîäàíí³ ä³éñíî¿ ôóíêö³¿ ( , )x yΦ , â³äì³ííîìó â³ä (6), ùî äî-
çâîëÿº âñòàíîâèòè ôîðìóëè, ÿê³ ó çàìêíåíîìó âèãëÿä³ âèðàæàþòü êîåô³ö³-
ºíòè íåñê³í÷åííî¿ ñèñòåìè ð³âíÿíü ÷åðåç êîðåí³ ð³âíÿíü (4). 

2. Ï³âáåçìåæíà îáëàñòü. Ðîçãëÿíåìî ñïî÷àòêó êëàñ á³ãàðìîí³÷íèõ çà-
äà÷ äëÿ ï³âáåçìåæíî¿ ïðÿìîêóòíî¿ îáëàñò³ ( , )x yD , íà á³÷íèõ ñòîðîíàõ y =  

1= ±  ÿêî¿ ä³þòü óìîâè (2), íà òîðö³ 0x =  – îäíà ³ç ïàð óìîâ âèãëÿäó: 

 
0 0

( ),          ( )xx xyx x
y y= =

σ = σ σ = τ , (11) 

 
0 0

( ),           ( )x yx x
u u y u v y= =

= = , (12) 

 
0 0

( ),          ( )xx yx x
y u v y= =

σ = σ = , (13) 

 
00

( ),      ( )    xy x xx
y u u y==

σ = τ = , (14) 

à â áåçìåæíî â³ääàëåíèõ òî÷êàõ ñïðàâäæóºòüñÿ óìîâà  

 lim ( , ) 0
x

x y
→∞

Φ = . (15) 

Ôóíêö³¿ ( , )xx xx x yσ = σ , ( , )xy xy x yσ = σ , ( , )x xu u x y= , ( , )y yu u x y=  

âèðàæàþòüñÿ ÷åðåç ðîçâ’ÿçîê ( , )x yΦ  çà òàêèìè ôîðìóëàìè: 
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2

2
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( , ) ( , )
(1 ) (1 ) ( )y

x y x y
u dy v x

yx

∂ Φ ∂Φ
= − ν − ν + ν +

∂∂∫ . (16) 

Ó ôîðìóëàõ (11)–(16) âèêîðèñòàíî òàê³ ïîçíà÷åííÿ äëÿ áåçðîçì³ðíèõ âåëè-
÷èí: ,xx xyσ σ  – â³äíåñåí³ äî E  êîìïîíåíòè íàïðóæåíü (E  – ìîäóëü Þíãà 

ìàòåð³àëó); Φ  – â³äíåñåíà äî 2/E b  ôóíêö³ÿ íàïðóæåíü; ,x yu u  – â³äíåñåí³ 

äî b  êîìïîíåíòè âåêòîðà ïåðåì³ùåíü; 0 ( )u y , 0 ( )v x  – íåâ³äîì³ áåçðîçì³ðí³ 

ë³í³éí³ ôóíêö³¿; ( ), ( ), ( ), ( )y y u y v yσ τ  – çàäàí³ íà ïðîì³æêó áåçðîçì³ðí³ ä³éñ-

í³ ôóíêö³¿ òàê³, ùî 
1 1 1

1 1 1

( ) ( ) ( ) 0y dy y y dy y dy
− − −

σ = σ = τ =∫ ∫ ∫ ; ν  – êîåô³ö³ºíò 

Ïóàññîíà ìàòåð³àëó.  
Óìîâè âèãëÿäó (11)–(14) âèíèêàþòü ó çàäà÷àõ äâîâèì³ðíî¿ òåîð³¿ ïðóæ-

íîñò³ òà ìàþòü ö³ëêîì ïðîçîðèé ô³çè÷íèé çì³ñò. Òàê, óìîâè (11) âèìàãàþòü 
ï³äïîðÿäêóâàííÿ íà òîðö³ 0x =  ï³âñìóãè íîðìàëüíî¿ xxσ  ³ äîòè÷íî¿ xyσ  

êîìïîíåíò íàïðóæåíü çàäàíèì ôóíêö³ÿì ( )yσ  ³ ( )yτ  â³äïîâ³äíî, óìîâè (12) 

– ï³äïîðÿäêóâàííÿ çàäàíèì ôóíêö³ÿì ( )u y  ³ ( )v y  íîðìàëüíî¿ xu  ³ äîòè÷-

íî¿ yu  êîìïîíåíò âåêòîðà ïåðåì³ùåíü. Óìîâè (13), (14) º çì³øàíèìè, âîíè 

âðàõîâóþòü âèïàäêè, êîëè íà â³äð³çêó [ 1,1]−  çàäàíà îäíà ç êîìïîíåíò (íîð-
ìàëüíà àáî äîòè÷íà) íàïðóæåíü ³ îäíà êîìïîíåíòà âåêòîðà ïåðåì³ùåíü (äî-
òè÷íà àáî íîðìàëüíà). Äëÿ âèçíà÷åííÿ ë³í³éíèõ ôóíêö³é 0 ( )u y  ³ 0 ( )v x , 

ïîòð³áíî ï³äïîðÿäêóâàòè îòðèìàíèé ðîçâ’ÿçîê äåÿêèì äîäàòêîâèì óìîâàì 
â³äïîâ³äíî äî ô³çè÷íîãî çì³ñòó çàäà÷³. Íàïðèêëàä, ó äâîâèì³ðí³é òåîð³¿ 
ïðóæíîñò³ äîö³ëüíî âèáðàòè 0 ( )u y  òà 0 ( )v x  òàê, ùîá ïîëÿ ïåðåì³ùåíü xu  ³ 

yu , âèçíà÷åí³ çà çíàéäåíèì ðîçâ’ÿçêîì ( , )x yΦ , íå âèêëèêàëè ïåðåì³ùåíü 

ò³ëà ÿê àáñîëþòíî æîðñòêîãî [8]. 
Çàçíà÷èìî, ùî ïðè âèêîíàíí³ îáìåæåíü (8) óìîâè (11) åêâ³âàëåíòí³ (7), 

ïðè÷îìó ôóíêö³¿ ¿õ ïðàâèõ ÷àñòèí ïîâ’ÿçàí³ ñï³ââ³äíîøåííÿìè 

 
2

2

( ) ( )
( ) ,             ( )

d m y dt y
y y

dydy
σ = τ = . 

Ìíîæèíó ðîçâ’ÿçê³â çàäà÷³ äëÿ ï³âáåçìåæíî¿ îáëàñò³ ( , )x yD  ïîäàìî ó 
âèãëÿä³  

 (1) (1) (2) (2)

1

1( , )
2 k k k k

k

x y C C
∞

=

Φ = Φ + Φ∑ ( ) , (17) 

äå (1)
k kΦ = Φ , (2)

k kΦ = Φ , (1)
k kC C= , (2)

k kC C= ; kC  – íåâèçíà÷åí³ êîìïëåêñí³ 

ñòàë³. 
Ëåãêî ïåðåêîíàòèñÿ, ùî ââåäåíà ôîðìóëîþ (17) ä³éñíà ôóíêö³ÿ ( , )x yΦ  

çàäîâîëüíÿº ð³âíÿííÿ (1), óìîâè (2) ³ (15) çà íàáîðó êîìïëåêñíèõ êîåô³ö³ºí-
ò³â 1 2, ,C C  , äëÿ ÿêèõ ðÿä (17) çá³ãàºòüñÿ. Îòæå, ÿêùî âèáðàòè êîåô³ö³ºíòè 

1 2, ,C C   òàê, ùîá ï³äïîðÿäêóâàòè ôóíêö³þ ( , )x yΦ  îäí³é ³ç ïàð óìîâ (11)–
(14), çàäàíèõ íà òîðö³ ï³âñìóãè, òî îòðèìàºìî ðîçâ’ÿçîê â³äïîâ³äíî¿ êðàéî-
âî¿ çàäà÷³ äëÿ ï³âáåçìåæíî¿ ïðÿìîêóòíî¿ îáëàñò³ ( , )x yD .  
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Çã³äíî ç ðîçðîáëåíèì ó [8] âàð³àö³éíèì ï³äõîäîì äëÿ êîæíî¿ ç óìîâ 
(11)–(14) çàïèøåìî â³äïîâ³äíèé êâàäðàòè÷íèé ôóíêö³îíàë 

 
1

2 2
0 0

1

( ) ( )I xx xyx x
F y y dy= =

−

 = σ − σ + σ − τ 
 ∫ ( ) ( ) , (18) 

 
1

2 2
0 0

1

( ) ( )II x yx x
F u u y u v y dy= =

−

 = − + − 
 ∫ ( ) ( ) , (19) 

 
1

2 2
0 0

1

( ) ( )III xx yx x
F y u v y dy= =

−

 = σ − σ + − 
 ∫ ( ) ( ) , (20) 

 
1

2 2
00

1

( ) ( )IV xy x xx
F y u u y dy==

−

 = σ − τ + − 
 ∫ ( ) ( ) . (21) 

Ï³äñòàâëÿþ÷è â ôîðìóëè (18)–(21) âèðàçè (16) äëÿ xxσ , xyσ , xu , yu  ç 

óðàõóâàííÿì ïîäàííÿ (17) äëÿ øóêàíîãî ðîçâ’ÿçêó òà çàñòîñîâóþ÷è äî 

îòðèìàíî¿ êâàäðàòè÷íî¿ ôîðìè ñòîñîâíî ïàðàìåòð³â (1) (1) (2) (2)
1 2 1 2, , , , ,C C C C   

íåîáõ³äí³ óìîâè ì³í³ìóìó êâàäðàòè÷íî¿ ôîðìè, îòðèìàºìî òàêîãî âèãëÿäó 
íåñê³í÷åíí³ ÑËÀÐ äëÿ êîæíîãî ç ôóíêö³îíàë³â (18)–(21): 

 
2

( ) ( ) ( )

1 1

,        1,2mmk k
k

M C K m
∞

λµ µ λ

= µ=

= =∑ ∑  . (22) 

Êîåô³ö³ºíòè ( )
mkM λµ , , 1,2λ µ = , ñèñòåìè (22) º êîìïëåêñíèìè ÷èñëàìè, 

ÿê³ âèçíà÷àþòüñÿ ÷åðåç êîðåí³ òðàíñöåíäåíòíèõ ð³âíÿíü (4) ³ çàëåæàòü â³ä 

âèãëÿäó ãðàíè÷íèõ óìîâ (11)–(14), à â³ëüí³ ÷ëåíè ( )
mK λ  – ùå é â³ä ôóíêö³é ó 

ïðàâèõ ÷àñòèíàõ öèõ óìîâ. Âðàõîâóþ÷è ôîðìóëè (5), â³äïîâ³äí³ âèðàçè äëÿ 
( )
mkM λµ  íåâàæêî îá÷èñëèòè. Òàê, äëÿ ôóíêö³îíàëà (18), ÿêèé â³äïîâ³äàº óìî-

âàì íà òîðö³ âèãëÿäó (11), ìàòèìåìî  

– äëÿ âèïàäêó ñèìåòð³¿:  

 

( ) 3 ( ) 3 ( ) 2 2 ( ) ( ) 2 2 ( )

( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4 cos cos

cos cos

m m mk k k

mk
m m mk k k

M

µ λ µ λ λ µ

λµ
µ λ µ λ µ λ

 γ γ γ γ − γ γ 
 =

γ + γ γ − γ γ γ

( ) ( ) ( ) ( )

( )( )
, 

 ( ) ( ) 4 2 ( ) ( ) 22 3 cos
3mm m m mM λλ λ λ λ = γ γ − γ 

 
( ) ( ) ,  

– äëÿ âèïàäêó àíòèñèìåòð³¿:  

 

( ) 3 ( ) 3 ( ) 2 2 ( ) ( ) 2 2 ( )

( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4 sin sin

sin sin

m m mk k k

mk
m m mk k k

M

µ λ µ λ λ µ

λµ
µ λ µ λ µ λ

 γ γ γ γ − γ γ 
 =

γ + γ γ − γ γ γ

( ) ( ) ( ) ( )

( )( )
, 

 ( ) ( ) 4 2 ( ) ( ) 22 3 sin
3mm m m mM λλ λ λ λ = γ γ − γ 

 
( ) ( ) , 

à â³ëüí³ ÷ëåíè ñèñòåìè (22) âèçíà÷àºìî ÿê  

 ( ) ( ) ( ) ( )
1

1

( ) ( )m m m mK y F y F dyλ λ λ λ

−

″ ′ = σ + τ γ 
 ∫ ( ) ( ) . 

Òóò âèêîðèñòàíî ïîçíà÷åííÿ (1)
k kγ = γ , (2)

k kγ = γ , (1) ( )k kF F y= , (2) ( )k kF F y= . 

Äëÿ ôóíêö³îíàëà (19), ÿêèé â³äïîâ³äàº óìîâàì (12), îòðèìóºìî òàê³ âè-

ðàçè äëÿ ( )
mkM λµ  ³ ( )

mK λ  ñèñòåìè ð³âíÿíü (22): 
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– äëÿ âèïàäêó ñèìåòð³¿:  

 

( ) ( ) ( ) 2 2 ( ) ( ) 2 2 ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4(1 ) cos cos
(1 )

cos cos

m m mk k k

mmk k
m m mk k k

M

µ λ µ λ λ µ

λµ µ λ
µ λ µ λ µ λ

 + ν γ γ γ γ − γ γ 
 = + ν γ γ +

γ + γ γ − γ γ γ

( ) ( )

( )( )
[  

 
( ) ( )

( ) ( ) ( ) ( ) 2 ( ) ( )
( ) ( )

sin
4 4 sin sinmk

m m mk k k
mk

µ λ
µ λ µ λ µ λ

µ λ

γ − γ
+ γ − γ + γ γ − ν γ γ

γ − γ
2 ( )

( ) ] , 

 ( ) ( ) 2 2 ( ) 2 2 2 ( )2 (1 ) 6 4 sin
3mm m m mM λλ λ λ λ = γ − + ν γ + − ν γ 

 
( ) ( ) , 

 
1 1 1

( ) ( ) ( ) ( )

1 1 1

1( ) ( ) ( )
2m m m mK u y u v y v dy u y dy u dyλ λ λ λ

− − −

= + −∫ ∫ ∫[ ] , (23) 

– äëÿ âèïàäêó àíòèñèìåòð³¿:  

 

( ) ( ) ( ) 2 2 ( ) ( ) 2 2 ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4(1 ) sin sin
(1 )

sin sin

m m mk k k

mmk k
m m mk k k

M

µ λ µ λ λ µ

λµ µ λ
µ λ µ λ µ λ

 + ν γ γ γ γ − γ γ 
 = + ν γ γ +

γ + γ γ − γ γ γ

( ) ( )

( )( )
[  

 
( ) ( ) ( ) ( )

( ) ( ) 2
( ) ( )

sin
4 m mk k

mk
mk

µ λ µ λ
µ λ

µ λ

γ γ γ − γ+ γ − γ + −
γ − γ

( )
( ) ]  

 
2 3 ( ) 3 ( )

( ) ( )
( ) ( )

3 sin sin
sin sin mk

mk
mk

µ λ
µ λ

µ λ

ν γ γ − γ γ − 
γ γ 

, 

 
2 6 ( )

( ) ( ) 2 2 ( ) 2 2 ( )
( ) 2

12 sin2 6 (1 ) 4 sin
3

m
mm m m m

m

M
λ

λλ λ λ λ
λ

ν γ = γ − + ν γ − γ − 
  γ

( ) ( )
( )

, 

 
1 1 1

( ) ( ) ( ) ( )

1 1 1

3( ) ( ) ( )
2m m m mK u y u v y v dy yu y dy yu dyλ λ λ λ

− − −

= + − −∫ ∫ ∫( )  

 
1 1

( )

1 1

1 ( )
2 mv y dy v dyλ

− −

− ∫ ∫ . (24) 

Ó ôîðìóëàõ (23), (24) âèêîðèñòàíî ïîçíà÷åííÿ: (1)
k ku u= , (2)

k ku u= , 
(1)
k kv v= , (2)

k kv v= , äå ó âèïàäêó ñèìåòð³¿  

(1 ) ( ) 2 cos ( ),    (1 ) ( ) 2 sin ( )k k k k k k k k ku F y y v F y y′= γ + ν − γ γ = − + ν + γ γ , 

à äëÿ àíòèñèìåòð³¿  
(1 ) ( ) 2 sin ( ),    (1 ) ( ) 2 cos ( )k k k k k k k k ku F y y v F y y′= γ + ν + γ γ = − + ν + γ γ . 

Îòðèìàí³ àíàëîã³÷í³ ôîðìóëè äëÿ çàäà÷ (1), (13) òà (1), (14), ÿêèì â³äïî-
â³äàþòü ôóíêö³îíàëè (20) ³ (21), íå íàâîäèìî.  

3. Ñê³í÷åííà îáëàñòü. Ðîçãëÿíåìî êëàñ á³ãàðìîí³÷íèõ çàäà÷ äëÿ ñê³í-
÷åííî¿ îáëàñò³ ( , ) ( ) ( 1 1)x y a x a y= − < < − < <D  , íà ñòîðîíàõ 1y = ±  ÿêî¿ 
ä³þòü óìîâè (2), à íà êîæí³é ç³ ñòîð³í x a=  òà x a= −  âèêîíóþòüñÿ îäíà ç 
ïàð óìîâ âèãëÿäó (11)–(14) ó ð³çíèõ êîìá³íàö³ÿõ. Áåðó÷è äî óâàãè ³íâàð³àíò-
í³ñòü ñòîñîâíî ïåðåòâîðåííÿ ,x x→ −  îòðèìóºìî äåñÿòü íåçàëåæíèõ êðà-
éîâèõ çàäà÷ òàêîãî òèïó. Ðîçãëÿíåìî äâ³ ç íèõ: ïåðøà – íà îáîõ ñòîðîíàõ 
x a= ±  ä³þòü óìîâè âèãëÿäó (11):  

 ( ),           ( )xx xyx a x a
y y± ±

=± =±
σ = σ σ = τ , (25) 

³ äðóãà – íà îäí³é ³ç ñòîð³í ä³º óìîâà âèãëÿäó (12), à íà ³íø³é âèãëÿäó (13):  

 ( ),              ( )xx xyx a x a
y y= =

σ = σ σ = τ , 

 ( ),              ( )x yx a x a
u u y u v y=− =−

= = . (26) 
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ßê ³ ó âèïàäêó ï³âáåçìåæíî¿ îáëàñò³, äëÿ ðîçâ’ÿçóâàííÿ öèõ çàäà÷ çà-
ñòîñóºìî ðîçâèíåííÿ øóêàíîãî ðîçâ’ÿçêó çà ñèñòåìàìè îäíîð³äíèõ ðîçâ’ÿç-
ê³â. Îäíàê, ùîá çàäîâîëüíèòè óìîâè íà ñòîðîíàõ x a= ± , çàì³ñòü ñèñòåìè 
(3) âèêîðèñòàºìî äâ³ íåçàëåæí³ ñèñòåìè êîìïëåêñíèõ á³ãàðìîí³÷íèõ ôóíê-
ö³é exp ( ( )) ( )k kx a F y− γ +  òà exp ( ( )) ( )k kx a F yγ − , ÿê³ â³äïîâ³äàþòü ïîñë³äîâ-

íîñòÿì êîðåí³â kγ  òà k− γ  òðàíñöåíäåíòíèõ ð³âíÿíü (4). Â³äïîâ³äíî äî öüîãî 

ïîäàìî øóêàíèé ðîçâ’ÿçîê ó âèãëÿä³ 

 
2

( ) ( ) ( ) ( ) ( )

1 1

1( , ) exp ( ) exp ( )
2 k k k k k

k

x y C x a D x a F
∞

µ µ µ µ µ

= µ=

Φ = −γ + + γ −∑ ∑ ( ) ( )[ ] . (27) 

Òóò (1)
k kC C= , (2)

k kC C= , (1)
k kD D= , (2)

k kD D= , äå kC , kD  – íåâèçíà÷åí³ 

êîìïëåêñí³ ñòàë³.  
Îñê³ëüêè îçíà÷åíà ôîðìóëîþ (27) ä³éñíà ôóíêö³ÿ ( , )x yΦ  º á³ãàðìîí³÷-

íîþ â îáëàñò³ ( , )x yD  ³ çàäîâîëüíÿº óìîâè (2) ïðè çíà÷åííÿõ êîåô³ö³ºíò³â 

kC , kD , äëÿ ÿêèõ ðÿä ó ôîðìóë³ (27) çá³ãàºòüñÿ, òî äëÿ îòðèìàííÿ ðîçâ’ÿç-

ê³â çàäà÷ (1), (2), (25) àáî (1), (2), (26) ñë³ä âèáðàòè êîåô³ö³ºíòè kC , kD  òàê, 

ùîá ôóíêö³ÿ ( , )x yΦ  çàäîâîëüíÿëà óìîâè (25) àáî (26) â³äïîâ³äíî.  

Äëÿ âèçíà÷åííÿ êîåô³ö³ºíò³â ðîçâèíåííÿ kC , kD  äëÿ çàäà÷ (1), (2), (25) 

òà (1), (2), (26) âèêîðèñòàºìî òàê³ êâàäðàòè÷í³ ôóíêö³îíàëè: 

 
1

2 2

1

( ) ( )V xx xyx a x a
F y y+ +

= =
−

= σ − σ + σ − τ +
∫ ( ) ( )  

 2 2( ) ( )xx xyx a x a
y y dy− −

=− =−
+ σ − σ + σ − τ 


( ) ( ) , (28) 

 
1

2 2

1

( ) ( )VI xx xyx a x a
F y y= =

−

= σ − σ + σ − τ +
∫ ( ) ( )  

 2 2( ) ( )x yx a x a
u u y u v y dy=− =−

+ − + − 


( ) ( ) , (29) 

ÿê³ âèçíà÷àþòü çà êâàäðàòè÷íîþ íîðìîþ 2L  â³äõèëåííÿ ðîçâ’ÿçêó â³ä óìîâ 

(25) òà (26), çàäàíèõ íà ìåæ³ x a= ± . Ï³äñòàâëÿþ÷è ïîäàííÿ (16) äëÿ xxσ , 

xyσ , xu , yu  ó ôóíêö³îíàëè (28), (29) ç óðàõóâàííÿì âèðàçó (27) äëÿ ôóíê-

ö³¿ ( , )x yΦ  ³ âèêîðèñòîâóþ÷è íåîáõ³äí³ óìîâè ì³í³ìóìó êâàäðàòè÷íîãî 
ôóíêö³îíàëà, îòðèìóºìî òàê³ íåñê³í÷åíí³ ÑËÀÐ ñòîñîâíî äâîõ ïîñë³äîâíîñ-
òåé êîìïëåêñíèõ ñòàëèõ 1 2, ,C C  , 1 2, ,D D   äëÿ êîæíîãî ç ôóíêö³îíàë³â: 

 
2

( ) ( ) ( ) ( ) ( )

1 1
mmk k mk k

k

M C N D K
∞

λµ µ λµ µ λ

= µ=

+ =∑ ∑ ( ) , 

 
2

( ) ( ) ( ) ( ) ( )

1 1

,          1,2,mmk k mk k
k

O C P D L m
∞

λµ µ λµ µ λ

= µ=

+ = =∑ ∑ ( ) . (30) 

Êîåô³ö³ºíòè ñèñòåìè (30) ìîæíà âèðàçèòè ÷åðåç êîðåí³ òðàíñöåíäåíòíèõ 
ð³âíÿíü (4). Íàâåäåìî â³äïîâ³äí³ âèðàçè ëèøå äëÿ ñèìåòðè÷íèõ çàäà÷. 

Äëÿ âèïàäêó ôóíêö³îíàëà (28) êîåô³ö³ºíòè ( )
mkM λµ  òà ( )

mkN λµ  âèçíà÷à-

þòüñÿ çà ôîðìóëàìè 

 ( ) ( ) ( )exp 2 mmk kM aλµ µ λ= − γ + γ +( ( ))[  

 

( ) 3 ( ) 3 ( ) 2 2 ( ) ( ) 2 2 ( )

( ) ( ) 3 ( ) ( ) ( ) ( )

4 cos cos
1

cos cos

m m mk k k

m m mk k k

µ λ µ λ λ µ

µ λ µ λ µ λ

 γ γ γ γ − γ γ 
 +

γ − γ γ + γ γ γ

( ) ( ) ( ) ( )

( ) ( )
] , 
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 ( ) ( ) 4 ( ) 2 ( ) ( ) 22 exp 4 1 3 cos
3mm m m m mM aλλ λ λ λ λ = γ − γ + γ − γ 

 
( ) ( ) ( )[ ] , 

 ( , ) ( )exp 2mk kN aλ µ µ= − γ +( )[  

 

( ) 3 ( ) 3 ( ) 2 2 ( ) ( ) 2 2 ( )

( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4 cos cos
exp 2

cos cos

m m mk k k

m
m m mk k k

a

µ λ µ λ λ µ

λ
µ λ µ λ µ λ

 − γ γ γ γ − γ γ 
 + − γ

γ − γ γ + γ γ γ

( ) ( ) ( ) ( )
( )

( )( )
] , 

 ( ) ( ) 4 ( ) 2 ( )2 exp 2 cosmm m m mN aλλ λ λ λ= γ − γ γ( ) ( ) . 

Ðåøòó êîåô³ö³ºíò³â ñèñòåìè (30) ìîæíà âèçíà÷èòè ç³ ñï³ââ³äíîøåíü 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),     ,     ,     mm mm mm mmmk mk mk mkM P N O M P N Oλµ λµ λµ λµ λλ λλ λλ λλ= = = = . 

Äëÿ â³ëüíèõ ÷ëåí³â ñèñòåìè (30) ó öüîìó âèïàäêó ìàºìî òàê³ âèðàçè: 

 
1

( ) ( ) ( )

1

exp 2 ( ) ( )m m mK a y y Fλ λ + − λ

−

 ′′= − γ σ + σ +
∫ ( ) ( )[ ]  

 ( ) ( ) ( )exp 2 ( ) ( )m m ma y y F dyλ + − λ λ ′+ − γ τ + τ γ 


( ) ( )[ ] , 

 
1

( ) ( ) ( )

1

( ) exp 2 ( )m m mL y a y Fλ + λ − λ

−

 ′′= σ + − γ σ −
∫ ( ) ( )[ ]  

 ( )( ) ( ) ( )( ) exp 2 ( )m m my a y F dy+ λ − λ λ ′− τ + − γ τ γ 


( )[ ] . 

Äëÿ âèïàäêó ôóíêö³îíàëà (29) ñïðàâäæóºòüñÿ ñï³ââ³äíîøåííÿ ( )
mkO λµ =  

( )
kmN λµ= , ùî äîçâîëÿº âèðàçèòè âñ³ êîåô³ö³ºíòè òà â³ëüí³ ÷ëåíè ñèñòåìè (30) 

÷åðåç êîðåí³ òðàíñöåíäåíòíîãî ð³âíÿííÿ (4): 

 

( ) ( ) ( ) 2 2 ( ) ( ) 2 2 ( )

( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4 cos cos

cos cos

m m mk k k

mk
m m mk k k

M

µ λ µ λ λ µ

λµ
µ λ µ λ µ λ

 γ γ γ γ − γ γ 
 = ×

γ + γ γ − γ γ γ

( ) ( )

( )( )
 

 ( ) ( ) ( ) ( ) 2(1 ) (1 ) m mk k
µ λ µ λ× + ν + ν γ γ + γ − γ +


( )[ ]  

 ( ) ( ) ( ) 2 ( ) 2exp 2 m mk ka µ λ µ λ + − γ + γ γ γ +


( ) ( ) ( )[ ]  

 
( ) ( ) ( ) ( ) ( ) ( ) 2

( ) ( ) ( ) ( )

4 sin 4

cos cos
m m mk k k

m mk k

µ λ µ λ µ λ

µ λ µ λ

γ γ γ − γ γ γ ν
+ −

γ − γ γ γ

( )
, 

 ( ) ( ) 4 ( ) 2 ( ) ( ) 22 exp 4 3 cos
3mm m m m mM aλλ λ λ λ λ= γ − γ γ − γ +( ) ( ) ( )[ ]  

 
2

( ) 2 2 ( ) 2
2 ( )

1 22 6 (1 )
3 cos

m m
m

λ λ
λ

ν + γ − + ν γ − 
 γ

( ) ( )[ ] , (31) 

 

( ) ( ) ( ) 2 2 ( ) ( ) 2 2 ( )

( )
( ) ( ) 3 ( ) ( ) 3 ( ) ( )

4 cos cos

cos cos

m m mk k k

mk
m m mk k k

N

µ λ µ λ λ µ

λµ
µ λ µ λ µ λ

 γ γ γ γ − γ γ 
 = ×

γ + γ γ − γ γ γ

( ) ( )

( ) ( )
 

 ( ) ( ) ( ) 2 ( ) ( )(1 ) exp 2 (1 )m mk k ka µ µ λ µ λ× + ν − γ γ + γ + ν γ γ +


( )( ) [  

 ( ) ( ) 2 ( ) ( ) 2 ( ) 2 ( ) ( ) 2exp 2m m m mk k kaµ λ λ µ λ µ λ + γ − γ − − γ γ γ γ − γ +


( ) ( )( ) ( ) ( )]  

 
( ) ( ) 2

( ) ( ) ( )
( ) ( ) ( ) ( )

sin
4 exp 2

cos cos
mk

mk k
m mk k

a
µ λ

µ λ µ
µ λ µ λ

γ − γ ν+ γ γ − γ − 
γ − γ γ γ 

( )
( ) , 
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 ( ) ( ) 2 ( ) ( ) 2 2 ( )exp 2 cosmm m m m mN aλλ λ λ λ λ= γ − γ γ γ +


( ) ( ) ( )  

 
2

2 ( ) 2
2 ( )

2 46 (1 )
3 cos

m
m

λ
λ

ν+ − + ν γ − 
γ 

( )[ ] , (32) 

 

( ) ( ) ( ) 2 2 ( ) ( ) 2 2 ( )

( )
( ) ( ) ( ) ( ) 3 ( ) ( )

4 cos cos

cos cos

m m mk k k

mk
m m mk k k

P

µ λ µ λ λ µ

λµ
µ λ µ λ µ λ

 γ γ γ γ − γ γ 
 = ×

γ + γ γ − γ γ γ

( ) ( )

( )( )
 

 ( ) ( ) ( ) ( )(1 ) exp 2 (1 )m mk ka µ λ µ λ× + ν − γ + γ + ν γ γ +


( )[ ][  

 ( ) ( ) 2 ( ) 2 ( ) 2 ( ) ( ) ( )4 exp 2m m mk k k kaµ λ µ λ µ λ µ+ γ − γ + γ γ + γ γ − γ +


( ) ( ) ( ) (] [  

 
( ) ( ) 2

( )
( ) ( ) ( ) ( )

sin

cos cos
mk

m
m mk k

µ λ
λ

µ λ µ λ

γ − γ ν+ γ − 
γ − γ γ γ 

( )
)] , 

 ( ) ( ) 4 2 ( ) ( ) 22 3 cos
3mm m m mP λλ λ λ λ= γ γ − γ +( ) ( )[ ]  

 
2

( ) 2 ( ) 2 ( ) 2
2 ( )

1 22 exp 4 6 (1 )
3 cos

m m m
m

aλ λ λ
λ

 ν+ γ − γ − + ν γ − 
 γ

( ) ( ) ( )[ ] , (33) 

 
1

( ) ( ) ( ) ( ) ( )

1

exp 2 ( ) ( )m m m m mK a y F y Fλ λ λ λ λ

−

 ′′ ′= − γ σ + γ τ +
∫ ( ) ( ) ( )[ ]  

 
1 1

( ) ( ) ( )

1 1

1( ) ( ) ( )
2m m mu y u v y v dy u y dy u dyλ λ λ

− −

+ + −
 ∫ ∫ , 

 ( )
1

( ) ( ) ( ) ( ) ( )

1

( ) ( ) exp 2 ( )m m m m m mL y F y F a u y uλ λ λ λ λ λ

−

 ′′ ′= σ − γ τ + − γ +
∫ ( ) ( ) ( )[  

 
1 1

( ) ( ) ( )

1 1

1( ) exp 2 ( )
2m m mv y v dy a u y dy u dyλ λ λ

− −

+ − − γ
 ∫ ∫( )] . (34) 

4. Ïðèêëàä. ×èñëîâå äîñë³äæåííÿ íèçêè çàäà÷ äëÿ ï³âáåçìåæíî¿ îáëàñ-
ò³ çà ìåòîäîì, ùî áàçóºòüñÿ íà ïîäàíí³ ðîçâ’ÿçêó ó âèãëÿä³ (6), ïðîâåäåíî ó 
ñòàòò³ [8]. Çàñòîñóâàííÿ äî öèõ çàäà÷ ðîçðîáëåíîãî òóò ìåòîäó, â ÿêîìó 
âèêîðèñòàíî ïîäàííÿ (17), ïðèâîäèòü äî ³äåíòè÷íèõ ÷èñëîâèõ ðåçóëüòàò³â. 
Òîìó íàâåäåìî ïðèêëàä çàñòîñóâàííÿ öüîãî ìåòîäó äëÿ ñê³í÷åííî¿ îáëàñò³. 

Ðîçãëÿíåìî çàäà÷ó âèçíà÷åííÿ äâîâèì³ðíîãî íàïðóæåíî-äåôîðìîâàíîãî 
ñòàíó ò³ëà ïðÿìîêóòíî¿ ôîðìè, äî ñòîðîíè x a=  ÿêîãî ïðèêëàäåí³ ðîçïîä³-
ëåí³ íîðìàëüí³ ñèëè, ñòîðîíà x a= −  æîðñòêî çàêð³ïëåíà, à á³÷í³ ñòîðîíè 

1y = ±  â³ëüí³ â³ä íàâàíòàæåíü. Öÿ çàäà÷à âèíèêàº, çîêðåìà, ïðè äîñë³äæåí³ 
ì³öíîñò³ íà â³äðèâ êëåºâîãî ç’ºäíàííÿ. 

Íåõàé ( )n y  – áåçðîçì³ðíà (â³äíåñåíà äî ìîäóëÿ Þíãà ìàòåð³àëó) ïî-
âåðõíåâà ãóñòèíà ïðèêëàäåíèõ çîâí³øí³õ íîðìàëüíèõ äî ïîâåðõí³ x a=  
ñèë. Ðîçâ’ÿçîê ö³º¿ ë³í³éíî¿ çàäà÷³ øóêàòèìåìî ó âèãëÿä³ ñóìè ñêëàäîâèõ  

0 0 0 0, 0, 0
2xx yy xy
N = σ = σ = σ = 

 
 ,  äå 

1

1

( )N n y dy
−

= ∫ ,  

òà 
( , , )xx yy xy= σ σ σ ,  

ôóíêö³ÿ íàïðóæåíü ( , )x yΦ  ÿêî¿ çàäîâîëüíÿº ð³âíÿííÿ (1) òà óìîâè (2), (26), 
â ÿêèõ  

 ( ) ( ) ,    ( ) 0,    ( ) 0,    ( ) (1 )
2 2
N Ny n y y u y v y yσ = − τ = = = ν − ν .  
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Äëÿ çíàõîäæåííÿ ôóíêö³¿ ( , )x yΦ  ñèñòåìó (30), êîåô³ö³ºíòè òà â³ëüí³ 

÷ëåíè ÿêî¿ äëÿ 2
0

3 1( )
2 2

y y σ = σ − 
 

 ïðè 0 0.005σ =  îá÷èñëþâàëè çà ôîðìó-

ëàìè (31)–(34), ðîçâ’ÿçóâàëè ìåòîäîì 
ðåäóêö³¿, óòðèìóþ÷è â íåñê³í÷åííèõ 
ñóìàõ ïî 20 ÷ëåí³â. Òîä³ çà ôîðìóëàìè 
(16) îá÷èñëþâàëè ðîçïîä³ëè êîìïîíåíò 
íàïðóæåíü ³ ïåðåì³ùåíü â îáëàñò³ ( , ).x yD  
Ñåðåäíüîêâàäðàòè÷í³ àáñîëþòíà òà â³ä-
íîñíà ïîõèáêè, îá÷èñëåí³ çà çíà÷åííÿì 
ôóíêö³îíàëà (29), íå ïåðåâèùóâàëè 

510−  òà 32 10−⋅  â³äïîâ³äíî.  
Íà ðèñ. 1 ÿê ïðèêëàä ïîêàçàíî ðîç-

ïîä³ëè áåçðîçì³ðíèõ (â³äíåñåíèõ äî ìî-
äóëÿ Þíãà) äîòè÷íèõ íàïðóæåíü â îêî-
ë³ ïîâåðõí³ çàêð³ïëåííÿ x a= −  äëÿ ðîçì³ð³â îáëàñò³ â ïîçäîâæíüîìó íà-

ïðÿì³ 1.0, 0.5, 0.25a = . 
²ç ïðîâåäåíîãî ÷èñëîâîãî àíàë³çó çàäà÷³ âèïëèâàº, çîêðåìà, ùî ç³ çìåí-

øåííÿì â³äíîøåííÿ øèðèíè ïðÿìîêóòíèêà äî éîãî âèñîòè ñïîñòåð³ãàºòüñÿ 

³ñòîòíå â³äõèëåííÿ íàïðóæåíîãî ñòàíó â³ä îäíîâ³ñíîãî 0 . Êð³ì òîãî, àáñî-
ëþòí³ çíà÷åííÿ äîòè÷íèõ íàïðóæåíü ó òî÷êàõ ìàêñèìóìó òà ì³í³ìóìó 
çðîñòàþòü, à êîîðäèíàòè öèõ åêñòðåìàëüíèõ òî÷îê çì³ùóþòüñÿ ó íàïðÿì-
êàõ äî êóòîâèõ òî÷îê x a= − , 1y = ± . Ïðèéíÿò³ â çàäà÷³ êðàéîâ³ óìîâè íå 
â³äïîâ³äàþòü ó öèõ òî÷êàõ âèìîãàì êîðåêòíîñò³ [7, ñ. 398–400], âíàñë³äîê 
÷îãî êîìïîíåíòè íàïðóæåíü xxσ  â íèõ ñòàþòü ñèíãóëÿðíèìè. Çðîçóì³ëî, ùî 
ðîçâ’ÿçóâàííÿ íåñê³í÷åííî¿ ñèñòåìè (30) ìåòîäîì ðåäóêö³¿ çàâæäè äàâàòèìå 
ñê³í÷åíí³ çíà÷åííÿ íàïðóæåíü â öèõ êóòîâèõ òî÷êàõ. Ïðîòå õàðàêòåð ¿õíüî¿ 
çì³íè â ¿õ îêîëàõ ÿê³ñíî é ê³ëüê³ñíî â³äïîâ³äàº â³äîìèì òåîðåòè÷íèì óÿâ-
ëåííÿì ³ ðåçóëüòàòàì åêñïåðèìåíòàëüíèõ äîñë³äæåíü ùîäî ïîâåä³íêè íà-
ïðóæåíü ó êóòîâèõ òî÷êàõ [9]. 

5. Âèñíîâêè. Òàêèì ÷èíîì, âàð³àö³éíèé ìåòîä äîçâîëÿº ðîçâ’ÿçóâàòè 
á³ãàðìîì³÷í³ çàäà÷³ äëÿ ïðÿìîêóòíèêà, íà äâîõ ïðîòèëåæíèõ ñòîðîíàõ ÿêîãî 
çàäàíî îäíîð³äí³ óìîâè äëÿ ôóíêö³¿ ³ ¿¿ íîðìàëüíî¿ ïîõ³äíî¿, à íà ³íø³é ïàð³ 
ñòîð³í ä³þòü íåîäíîð³äí³ óìîâè. Ìåòîä ëåãêî óçàãàëüíèòè íà âèïàäîê çàäà-
÷³, â ÿê³é íà ìåæ³ ïðÿìîêóòíî¿ îáëàñò³ çàäàíà ôóíêö³ÿ òà ¿¿ íîðìàëüíà ïî-
õ³äíà àáî íîðìàëüíà òà äîòè÷íà êîìïîíåíòè íàïðóæåíü. 

Çàâäÿêè îòðèìàíèì àíàë³òè÷íèì âèðàçàì äëÿ êîåô³ö³ºíò³â ñèñòåì ð³â-
íÿíü (22) ³ (30) âäàºòüñÿ ³ñòîòíî çíèçèòè çàòðàòè ìàøèííîãî ÷àñó íà ðîçâ’ÿ-
çóâàííÿ â³äïîâ³äíèõ çàäà÷.  

Ðåàë³çàö³ÿ öüîãî âàð³àö³éíîãî ï³äõîäó ïðèâîäèòü äî íåñê³í÷åííèõ 
ÑËÀÐ (22), (30), ÿê³ â³äì³íí³ â³ä ñèñòåìè, ùî âèíèêàº ïðè ðåàë³çàö³¿ â³äîìî-
ãî ìåòîäó ïåðåõðåñíî¿ ñóïåðïîçèö³¿ [2]. Òîìó ïðîáëåìà âñòàíîâëåííÿ âëàñ-
òèâîñòåé ôóíêö³é ó ïðàâèõ ÷àñòèíàõ êðàéîâèõ óìîâ âèãëÿäó (11)–(14), ïðè 
ÿêèõ ðîçâ’ÿçêè íåñê³í÷åííèõ ÑËÀÐ (22), (30) ³ñíóþòü ³ ºäèí³, ùå âèìàãàº 
ñâîãî ðîçâ’ÿçàííÿ. Ïðîâåäåí³ ç âèêîðèñòàííÿì ìåòîäó ðåäóêö³¿ ÷èñëîâ³ åêñ-
ïåðèìåíòè ïîêàçàëè, ùî ç³ çá³ëüøåííÿì ÷èñëà äîäàíê³â ÷àñòêîâèõ ñóì ðÿ-
ä³â (17), (27) òî÷í³ñòü çàäîâîëåííÿ êðàéîâèõ óìîâ ïîêðàùóºòüñÿ, ùî ñâ³ä-
÷èòü ïðî çá³æí³ñòü ðîçâ’ÿçê³â, îòðèìàíèõ öèì ìåòîäîì, ïðèíàéìí³ äëÿ òèõ 
êëàñ³â ôóíêö³é êðàéîâèõ óìîâ, äëÿ ÿêèõ çä³éñíþâàëè ÷èñëîâèé àíàë³ç.  
 
 1. Ãðèíáåðã Ã. À. Î ìåòîäå, ïðåäëîæåííîì Ï. Ô. Ïàïêîâè÷åì äëÿ ðåøåíèÿ ïëîñêîé 

çàäà÷è òåîðèè óïðóãîñòè äëÿ ïðÿìîóãîëüíîé îáëàñòè è çàäà÷è èçãèáà ïðÿìî-
óãîëüíîé òîíêîé ïëèòû ñ äâóìÿ çàêðåïëåííûìè êðîìêàìè, è î íåêîòîðûõ åãî 
îáîáùåíèÿõ // Ïðèêë. ìàòåìàòèêà è ìåõàíèêà. – 1953. – 17, ¹ 2. – Ñ. 211–228. 
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ВАРИАЦИОННЫЙ МЕТОД РЕШЕНИЯ БИГАРМОНИЧЕСКИХ ЗАДАЧ 
ДЛЯ ПРЯМОУГОЛЬНОЙ ОБЛАСТИ 
 
Ðàçâèò âàðèàöèîííûé ìåòîä ðåøåíèÿ áèãàðìîíè÷åñêèõ çàäà÷ äëÿ ïðÿìîóãîëüíîé 
îáëàñòè, íà îäíîé ïàðå ïðîòèâîïîëîæíûõ ñòîðîí êîòîðîé ôóíêöèÿ è åå íîð-
ìàëüíàÿ ïðîèçâîäíàÿ èìåþò íóëåâûå çíà÷åíèÿ, à íà äðóãîé äåéñòâóþò íåîäíîðîä-
íûå óñëîâèÿ. Ðàññìîòðåíû ñëó÷àè ïîëóáåñêîíå÷íîé è êîíå÷íîé îáëàñòè. Ìåòîä 
áàçèðóåòñÿ íà ìèíèìèçàöèè êâàäðàòè÷íîãî ôóíêöèîíàëà, îïðåäåëÿþùåãî ïî íîð-
ìå 2L  îòêëîíåíèå èñêîìîãî ðåøåíèÿ îò çàäàííûõ íåîäíîðîäíûõ óñëîâèé. Äëÿ ðå-

øåíèÿ ýòîé âàðèàöèîííîé çàäà÷è ïðèìåíåíî íåñêîëüêî îòëè÷íîå îò ïðåäëîæåííî-
ãî ðàíåå [8] ðàçëîæåíèå â ðÿä ïî ñèñòåìàì êîìïëåêñíûõ áèãàðìîíè÷åñêèõ ôóíê-
öèé – òàê íàçûâàåìûì îäíîðîäíûì ðåøåíèÿì Ï. Ô. Ïàïêîâè÷à, êîòîðûå òîæ-
äåñòâåííî óäîâëåòâîðÿþò çàäàííûå îäíîðîäíûå óñëîâèÿ íà ïàðå ïðîòèâîïîëîæ-
íûõ ñòîðîí ïðÿìîóãîëüíèêà. Ðàññìîòðåíî íåñêîëüêî âàðèàíòîâ íåîäíîðîäíûõ 
ãðàíè÷íûõ óñëîâèé, êîòîðûå âîçíèêàþò â çàäà÷àõ äâóõìåðíîé òåîðèè óïðóãîñòè. 
Ïðèâåäåí ïðèìåð ïðèìåíåíèÿ ðàçðàáîòàííîãî ìåòîäà äëÿ îïðåäåëåíèÿ ðàñïðåäå-
ëåíèé êîìïîíåíò íàïðÿæåíèé â ïðÿìîóãîëüíîé îáëàñòè, îäíà èç ñòîðîí êîòîðîé 
æåñòêî çàùåìëåíà, à ê ïðîòèâîïîëîæíîé ñòîðîíå ïðèëîæåíû íîðìàëüíûå ñèëû. 
 
VARIATIONAL METHOD FOR SOLVING BIHARMONIC PROBLEMS 
FOR RECTANGULAR AREA 
 
A variational method for solving biharmonic problems for a rectangular area, on one 
pair of opposite sides of which the function and its normal derivative obtain zero values 
and on another pair some inhomogeneous conditions are valid, has been considered in 
the paper. The cases of semi-infinite and finite area have been considered. The method 
is based on minimization of a quadratic functional determining in the 2L  norm the so-

lution declination from the given inhomogeneous boundary conditions. To solve this va-
riational problem a series expansion of the solution by the systems of complex biharmo-
nic functions, known as Papkovich homogeneous solutions, has been applied. Each of 
these functions identically satisfies the given homogeneous boundary conditions on the 
pair of rectangular sides. The used solution representation is different from the former-
ly known one [8]. A series of boundary conditions, applied in problems of 2-D theory of 
elasticity, have been considered. Application of the developed method to determine the 
stress components distributions in the rectangular area, a side of which is rigidly clam-
ped and to the opposite one the normal forces are applied, has been exemplified in the 
paper. 
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