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А. Я. Григоренко1, С. В. Пузырев2, А. П. Пригода2, В. В. Хоришко2 
 
ТЕОРЕТИКО-ЭКСПЕРИМЕНТАЛЬНОЕ ИССЛЕДОВАНИЕ ЧАСТОТ 
СВОБОДНЫХ КОЛЕБАНИЙ КРУГОВЫХ ЦИЛИНДРИЧЕСКИХ ОБОЛОЧЕК 
 

p=““ =2!,"= 2“  2% ,*= % % !=-, “*%L ,…2 !- !% 2!,,   %C! -
…,  =“2%2 “"%K% …/. *% K=…,L ,ƒ%2!%C…/. *!3 %"/. , ,… !, “*,. 

%K% % *, = 2=*›  “!="…,"= 2“  .*“C !, …2= …/  ! ƒ3 2=2/ “ ! ƒ3 -
2=2= , !=“ 2%" =“2%2 .2,. %K% % * …= %“…%"  2% ,*, “C =L…-*% -
%*= ,,. 

 
b% …% ,. %K =“2 . 2 .…,*, ,!%*%  C!, … …,  …=.%  2 *!3 %"/  

, ,… !, “*,  %K% % *,. d   .*“C 3=2= ,, .2,. *%…“2!3* ,L 2! K3 2“  
%C! ……/  3“ %",  C!% …%“2, , …= ›…%“2,. b “" ƒ, “ .2,  %“%K%  ƒ…=-
…,  C!,%K! 2= 2 …= ›…/  2% / ,“ ……% % , .*“C !, …2= …% % 

%C! …,  C!% …%“2…/. C=!= 2!%" 2=*,. *%…“2!3* ,L, " =“2…%“2,, 
%C! …,  ! ƒ%…=…“…/. =“2%2 (, , =“2%2 “"%K% …/. *% K=…,L). 

b =……%L !=K%2    ,““ %"=…,  =“2%2 , -%!  “"%K% …/. *% K=…,L 
*%…“% …% ƒ=? ……%L ,ƒ%2!%C…%L *!3 %"%L , ,… !, “*%L %K% % *, C -
! ……%L 2% ?,…/ C! = = 2“  .*“C !, …2= …=  2% ,*= % % !=-,-
“*%L ,…2 !- !% 2!,,, = 2=*›  C!%,ƒ"% ,2“  ,. “!="… …,  “ ! ƒ3 2=-

2= , ,“ ……% % !=“ 2= “ C% %?  “C =L…-*% %*= ,,. 
1. l 2% ,*= % % !=-, “*%L ,…2 !- !% 2!,,. nC2, “*=  % % !=-

-,  – .2% “C%“%K ƒ=C,“, , "%““2=…%" …,  “" 2%"/. "% … C32  ! ,“2!=-
,, *=!2,…/ ,…2 !- ! … ,, C! 2…%L "% …/ , *% ! …2…%L “ … L %C%!-

…%L "% …/. g=! ,“2!,!%"=……=  …= %C! ……%  …%“,2  ,…2 !- ! … ,-
%……=  *=!2,…= …=ƒ/"= 2“  % % != %L. o!% ““ ƒ=C,“, , "%ƒ%K…%" …,  
% % !=-, “*,. ,ƒ%K!=› …,L ,““ %"=…/ C% …% " [5, 6, 8, 18, 19]. 

e“ , …= -%2%C =“2,…*  ƒ=-,*“,!%"=2  ! ƒ3 2=2 ,…2 !- ! … ,, 
%C%!…%L , C! 2…%L "% …/ (!,“. 1), = ƒ=2  C% 3 ……3  % % != 3 %“" -
2,2  2% *% %C%!…%L "% …%L, 2% % % != = C! "!=?= 2 %C%!…3  "% …3 " 
*%C,  C! 2…%L "% …/ (!,“. 2). o!, .2%  % % != = = 2 "%ƒ %›…%“2  
"%““2=…%",2  *=* …, % , 2=* , L“2",2 …%  ,ƒ%K!=› …,  ,““ 3 %L 
%K% % *,. 

  
 

Рис. 1. q. = ƒ=C,“, % % != /:  
1 – %C%!…=  "% …=; 2 – C! -

2…=  "% …=; 3 – %K% % *=;  
4 – -%2%C =“2,…*=. 

 Рис. 2. q. = "%““2=…%" …,  % % != -
/: 1 – %C%!…=  "% …=; 2 – …,-
%  ,ƒ%K!=› …,  %K% % *,; 3 – 

…=K =2 ; 4 – -%2%C =“2,…*=. 

b=›…%  “"%L“2"% % % != / ƒ=* = 2“  " 2% , 2% %…= C%ƒ"%  2 % -
…%"! ……% "%““2=…%",2  2% …/  *%C,, “" 2%"/. "% …, *%2%!/  %2!=›= ,“  
%K% % *%L " !=ƒ…/  % …2/ "! …, , C!, !=ƒ…/. “%“2% …, . %K% % *,. 

o!, …= %› …,, .2,. "% … "%ƒ…,*= 2 ,…2 !- ! … ,%……=  “2!3*23!=, 
*%2%!=  … “ 2 ,…-%! = ,  %K ,ƒ … …, . "% …%"% % -!%…2= ,  "  2 “%K%L 
% % !=-, “*3  ,…2 !- !% != 3. c% % !=-, “*=  ,…2 !- !% 2!, , " 



109 

%2 , ,  %2 * =““, “*%L ,…2 !- !% 2!,,, C%ƒ"%  2 ,““ %"=2  %KA *2/ 
… C!=", …%L -%! / , %KA *2/ “ !=ƒ…/  *= “2"%  %K!=K%2*, C%" !.…%“-
2,. b=›…% 2=*› , 2% % % !=-, “*=  ,…2 !- !% 2!,  …  C! A "  2 
%“%K ……/. 2! K%"=…,L * *= “2"3 %C2,*,. 

o!,… ,C % % !=-, “*,. ,ƒ ! …,L   %K% % * “ ,--3ƒ…% %2!=-
›=2 …%L C%" !.…%“2  ƒ=* = 2“  " ,…2 !- !% 2!, “*%  “!="… …,, 
"% …, %2!=› ……/. %K% % *%L " -%! ,!%"=……%  , … -%! ,!%"=……%  “%-
“2% …, .. 

o!=*2, “*, 2=*%  “!="… …,  %›…% C!%"% ,2  "3   “C%“%K= ,: 
1) ƒ=-,*“,!%"=2  …= % % !=  %K% % *3 " ,“.% …%  “%“2% …,,, = ƒ=-

2  C% 3 ……3  % % !=-, “*3  *%C,  “" 2%"%L "% …/ " ! = …%  "! -
…, “!="…,2  “% “" 2%"%L "% …%L, *%2%!3  %2!=›= 2 -%! ,!%"=……=  

%K% % *=; 
2) 2% %  "%L…%L .*“C%ƒ, ,, ƒ=! ,“2!,!%"=2  …= % % !=  %K= 

“%“2% …,  %K% % *, , …=K =2  ! ƒ3 2=2 …= %› …,  "3. “" 2%"/. "% …, 
"%““2=…%" ……/. % % != %L. 

c% % !=-, “*=  ,…2 !- !% 2!,  " ! = …%  "! …, %2 , = 2“  %2 
"3..*“C%ƒ, ,%……%L 2 , 2% …= % % !=  ! ,“2!,!3 2“  %KA *2 2% *% 
" % …%  “%“2% …,, (%C%!…=  % % != =). o%“  -%2%., , “*%L %K!=K%2*, 
% % != = “ ,…2 !- !% 2!, “*%L 2% …%“2  3“2=…=" ,"= 2“  …= “2% 
.*“C%…,!%"=…, . b ,2%  ƒ= % % != %L C!%,“.% ,2 ,…2 !- ! … ,  C! -

2…%L "% …/ ( 2% C!% = ! ƒ % % != 3) ,  % % !=-, “*%L *%C,,. 
e“ , C!, .2%  “ %KA *2%  C!%,“.%  2 ,ƒ … …, , *%2%!/  C!,"%  2 * "%ƒ-
…,*…%" …,  -=ƒ%"% % “ ", = " C! 2…%L "% …  C% %2…% …,  *  *%C,,, 
2% "%ƒ…,*= 2 ,…2 !- ! … ,%……=  *=!2,…=, …=K = =  " ! = …%  "! -
…,. j=* , " 2%  "3. .*“C%ƒ, ,L, ,…2 …“,"…%“2  ! ƒ3 2,!3 ? L "% …/ 
K3 2 C!% % 3 ,!%"=…= C% =! %…, …% 3 ƒ=*%…3 
 + δ∼( , ) 2 1 cos ( , )I x y x y[ ] . (1) 

b/!=› …,  (1) C%*=ƒ/"= 2, 2% % % != = "%““2=…%",2 C! 2…3  
"% …3 (2% “2  …, %  ,ƒ%K!=› …,  %KA *2=), C!% % 3 ,!%"=……3  ,…2 !-
- ! … ,%……/ , C% %“= , 2 1 cos ( , )x y+ δ[ ] . m= 3 =“2*=. "% …%"% % -!%…2=, 

 2nδ = π , C% 3 ,  “" 2 /  C% %“/, = *% = (2 1)nδ = + π , C% 3 ,  2 -
…/  C% %“/ ( 0,1,2,n = … ). 

b %K%,. “ 3 = . 3“ %",  "%ƒ…,*…%" …,  ,…2 !- ! … ,,   *=› %L 
2% *, C%" !.…%“2, %›…% ƒ=C,“=2  " ",  
 (cos cos )N Uλ = α + β , (2) 

 λ  – ,…= “" 2%"%L "% …/; N  – C%! %* C% %“/, *%2%!/L %2" = 2 
=……%L 2% *  C%" !.…%“2, %K% % *,; U  – C ! ? …,  2% *, C%" !.…%“2, 
%K% % *,; α  – 3 %  › 3 " *2%!%  C ! ? …,  , "% …%"/  " *2%!%  %“-
" ? …, ; β  – 3 %  › 3 " *2%!%  C ! ? …,  , " *2%!%  …=K …, . 

c% % !=-, “*%  ,ƒ%K!=› …,  %K% % *, C!, .2%  %*=ƒ/"= 2“  C%*!/-
2/  “,“2 %L ,…2 !- ! … ,%……/. C% %“, *%2%!/  C!%.%  2 ! ƒ 2% *, 
!="…/. !=ƒ…%“2 L .% = 3 L. o!, ,““ %"=…,, *% K=…,L ,…2 !- ! … ,-
%……3  *=!2,…3 %›…% …=K =2  " ! = …%  "! …,, 2% C%ƒ"%  2 2% …% 
3“2=…%",2  % …2 "%ƒ…,*…%" …,  ! ƒ%…=…“=, "/K!=2  … %K.% , /L ! ›,  
",K!%"%ƒK3› …,  , %C !=2,"…% ,““ %"=2  “C *2! “%K“2" ……/. =“2%2 , 
-%!  *% K=…,L. 

d   ,ƒ3 …,  ",K!= ,L 2%  % % !=-, “*%L ,…2 !- !% 2!,, C!,-
… 2“  " "3. % ,-,*= , .: 2%  3“! … …,  C% "! …, ( 2%  o=3  

– q2 2“%…=) , 2%  “2!%K% % % !=-, “*%L ,…2 !- !% 2!,,. 
o!, 3“! … …,, C% "! …, ,““ 3 /L %KA *2 ",K!= ,L ! ,“2!,-

!3 2“  …= % % !=  C!, %“" ? …,, … C! !/"…/  “" 2%"/  C%2%*% . o%-
“*% *3 " = C ,23 …/. C% %› …, . *% K ?, “  2% *, …=.%  2“  " 
K% ,L C!% ›32%* "! …,,  " C!% ›32% …/., C%.2% 3 …= % % != -

 %…, -,*“,!3 2“  " %“…%"…%  2% *% " = C ,23 …/. C% %› …, .. q%%2-
" 2“2" ……% "%ƒ%K…%" ……=  % % != = "%“C!%,ƒ"% ,2 " …, %  ,ƒ%K!=› -



110 

…,, "= …, /. ,ƒ%K!=› …, , 3 = ……/. !3  %2 !3 = …= 3 "% ……3  = -
C ,23 3 *% K=…,L. h…2 !- ! … ,  .2,. "% … C!,"% ,2 * %K!=ƒ%"=…,  
,…2 !- !% != /. o!, .2%  " 3ƒ =. *% K=…,L  !*%“2  ,ƒ%K!=› …,  "/-
“%*= , = C% !  3" , …,  = C ,23 / %…= C= = 2, 2% C!,"% ,2 * ! ƒ*%-
3 “…,› …,  *%…2!=“2= ,…2 !- ! … ,%……/. C% %“. 

q%%2" 2“2"3 ?,  !=“ 2/ C%*=ƒ/"= 2, 2% C!, =! %…, “*,. *% K=-
…, .  !*%“2  2% * ,ƒ%K!=› …,  %K% % *,, "%““2=…%" ……%L ,ƒ 3“! … …-
…%L C% "! …, % % != /, "/!=›= 2“  2=*%L ƒ=",“, %“2 : 

 2 2
0 (4 )I A≈ α γ π λ/ , (3) 

 I  –  !*%“2  2% *, " "%““2=…%" ……%  ,ƒ%K!=› …,,; 0γ  – -3…* ,  a “-

“   C !"% % !% = …3 "% % C%! *=; A  – = C ,23 = *% K=…,L 2% *,; α  – 
= C ,23 = “" 2%"%L "% …/; λ  – ,…= “" 2%"%L "% …/. 

c!=-,* .2%L -3…* ,, C! “2=" … …= 
!,“. 3. j!,"=  1 –  !*%“2  ,ƒ%K!=› …,  
%KA *2= ,ƒ % % != /, 3“! … ……%L "% 
"! …,; *!,"=  2 –  !*%“2  ,ƒ%K!=› …,  
%KA *2=, C% 3 ……=  “ C!, … …,  “2!%-
K,!%"=……% % ,ƒ 3 …, . 

r … …,   !*%“2, C% %“ “ 3" , -
…,  = C ,23 / *% K=…,L %KA “… 2“  
…= , ,  … *% ! …2…%L C% “" 2*, C!, 
C!%.%› …,, %K% % *%L C!% ›32% …/. 
C% %› …,L › 3 = C ,23 = , *% K=…,L. 

o!, % …*  !=“C! …,  = C ,23  *% K=…,L C%" !.…%“2, %K% % *, 
C% ,…2 !- !% != =  -%!  *% K=…,L, 3“! … ……/. "% "! …,, "%ƒ…,*=-
2 C!%K / 2% …%“2, %C! …,  *%%! ,…=2 C% %“ ,…2 !- ! … ,,. o%.-

2% 3   ! …,  C%“2=" ……/. ƒ= =  C!, … “  2%  “2!%K% % % !=-,-
“*%L ,…2 !- !% 2!,,, C!, *%2%!%  “3? “2" ……% !=“2 2 *%…2!=“2 C% %“ 

, 2% …%“2  C! = ,ƒ ! …,L. 
)2%K/ C% 3 ,2  "/“%*,L *%…2!=“2 ,…2 !- ! … ,%……%L *=!2,…/ C% 

"“ L …=K = %L C%" !.…%“2, ",K!,!3 ? % %KA *2=, … %K.% , % 3K!=2  
=! %…%"3  ƒ=“" 2*3 % % != / " 2  % …2/ "! …,, *% = %KA *2 C!%.%-
,2 C!% ›32% …/  C% %› …,  › 3 = C ,23 …/ ,. q .2%L  3 %K-
…% ,“C% ƒ%"=2  “2!%K%“*%C, “*3  ! ,“2!= ,  % % != /, “,….!%…,ƒ,-
!3  “2!%K%, C3 “/ “ = C ,23 …/ , “%“2% …, , %KA *2=. l% 3  ,  
,ƒ 3 …,  %“3? “2"  2 . *2!%%C2, “*,  % 3  2%!% . 

h C3 “…%  %“" ? …,  .-- *2,"…% ,“C% ƒ3 2“  C!, ,““ %"=…,, 
C !,% , “*,. *% K=…,L. Š=*,  2% / C% 3 …,  ,…2 !- !% !=  K/ , 
…=ƒ"=…/ “2!%K% % % !=-, “*, ,. h. ƒ…= …,  ƒ=* = 2“  " 2% , 2% ",K-
!,!3 ?,L %KA *2 C!, % % !=-,!%"=…,, %“" ?= 2“  2% *% " %C! …-
…/  % …2/ "! …,, …=C!, !, “%%2" 2“2"3 ?,  = C ,23 …/  ƒ…= …,-
  ",K!= ,L. h…2 !- ! … ,%……=  *=!2,…= " .2%  “ 3 =  2=*=  › , *=* C!, 
“2=2, “*,. -%! = , . “% “ ", = , 2% *, !="…/ , !=ƒ =.3 *% K=…,L. 
o% “!="… …,  “ 2% %  3“! … …,  *%…2!=“2 C% %“ “3? “2" ……% "%ƒ!=“-
2= 2, !=“ ,! 2“  C! / ,ƒ ! …, , % …=*% .*“C !, …2 3“ %›… 2“ : 
…3› … %C2, “*,L % 3  2%! , “,….!%…,ƒ= ,  “ ,“2% …,*%  ,““ 3 /. 
*% K=…,L. j!%  2% %, … %K.% ,  *% C!% ,““ C!, "/K%!  ,2 …%“2, 
“" 2%"/. , C3 “%". e“ , , C3 “/ % …  *%!%2*, , 2% %› 2 “2=2  … !=ƒ-
! ……/  "!   .*“C%ƒ, ,,. o!, !%“2  ›  ,2 …%“2, , C3 “%" C= =-
2 *%…2!=“2 ,…2 !- ! … ,%……/. C% %“. 

}2%2 2%   "  2“  ", %,ƒ … ……/  2% %  3“! … …,  "% "! …,. 
e“ , "%ƒK3› ……3  %K% % *3 "% "!   C% 3 …,  % % != / %“" ?=2  
*%!%2*, , “" 2%"/ , , C3 “= ,, “,….!%…,ƒ,!%"=……/ , “  = C ,23 -
…/ , C% %› …, ,, 2% C!, “*"=›…%“2, , C3 “%" 20≥  C% 3 ……3  ,…2 !-
- !% != 3 K ƒ “3? “2" ……/. % ,K%* %›…% !=““ =2!,"=2  *=* "=!,=…2 
"3. .*“C%ƒ, ,L. “!*%“2  ,…2 !- ! … ,%……/. =*“, 3 %" …= … L %“2=-

Рис. 3 
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2% …% … ƒ…= ,2 …% 3 … = 2“  “ !%“2%  = C ,23 / *% K=…,L. p=“ 2/ 
C%*=ƒ/"= 2, 2% C!, "/“%*%L “*"=›…%“2, “2!%K,!%"=…,   !*%“2  2% * …= 
“2!%K%,…2 !- !% !=  ƒ=",“,2 %2 = C ,23 / C% 2=*% 3 ƒ=*%…3: 

 2 2cos (2 )I A≈ α π λ/ . (4) 
e“ , , C3 “ %“" ? …,  %“2=2% …% *%!%2%*, 2% .2%2 2%  .*","= …-

2 … 2% 3 % % !=-, “*%L ,…2 !- !% 2!,, … C% ",›…/. %KA *2%" " 
! = …%  "! …,. n …=*% “" 2%"%L , C3 “ %› 2 %“" ?=2  "%ƒK3› …-
…3  C%" !.…%“2  " K%L ,ƒ -=ƒ *% K=…, , 2% = 2 "%ƒ %›…%“2  “!="-
…,"=2  C% %› …,  C%" !.…%“2, " K%L ,ƒ -=ƒ *% K=…,  “  … C% ",›-
…/  C% %› …, . l%›…% 2=*›  ,ƒ … 2  =“2%23 *% K=…,L , 2=*,  %K-
!=ƒ%  ,““ %"=2  % %"3  “2!3*23!3 *% K=…,L " ,!%*%  ,=C=ƒ%…  
=“2%2. o!, .2%  “" 2%"/  , C3 “/ “,….!%…,ƒ,!3 2“  “ *% K=…, , C%-
" !.…%“2,. }2,  “C%“%K%  %›…% ,““ %"=2  %“2!/  ! ƒ%…=…“/. Š=*=  %-
,-,*= ,  “2!%K% % % !=-, “*% % 2% = C%ƒ"%  2 …=K =2  ,ƒ … …,  
,…2 !- ! … ,%……%L *=!2,…/ C!, 3" , …,, = C ,23 / *% K=…,L %2 …3-
  % %C! ……%L " , ,…/, C!, *%2%!%L *%…2!=“2 C% %“ “2=…%",2“  … -

3 %" 2"%!,2 …/ , , , C!, C!,K ,› …,, =“2%2/ *% K=…,L * ! ƒ%…=…“-
…%L. o!, %C,“=……/. …=K …, . “2= % "%ƒ %›…% %C!  2  C% %› …,  
3ƒ %"/. ,…,L   =……/. =“2%2, = 2=*›  %C!  2  %2…%“,2 …3  -=-
ƒ3 *% K=…,L   "“ . 2% * % %"%L *=!2,…/ ",K!= ,L. q2!%K%“*%C, “-
*,  2% / C!, … 2“  , " % % !=-, “*%L "3..*“C%ƒ, ,%……%L ,…2 !-
- !% 2!,,. n …= ,ƒ ,. % ,-,*= ,L 2=*= : ,“C% ƒ3 2“  C=!/ ,!%"/. 
, C3 “%", *%2%!/  = 2 "  .*“C%ƒ, ,,; C=!/ , C3 “%" “,….!%…,ƒ,!3-
2“  “ ",K!= , L 2=*, 2% %…, %“" ?= 2 %KA *2 % ,… !=ƒ ƒ= C !,%  *% K=-

…, ; C!, "%““2=…%" …,, % % != / C% 3 = 2“  “,“2 = ,…2 !- ! … ,%…-
…/. C% %“, *%2%!/  .=!=*2 !,ƒ3 2 %2…%“,2 …%  “ ? …,  C%" !.…%“2, 
ƒ= "!   › 3 C !"/  , "2%!/  , C3 “= ,; ,…2 !"= / › 3 , C3 -
“= , ! 3 ,!3 2“ , 2% C%ƒ"%  2 ,““ %"=2  %“2=2% …% “, …/  ",K!=-
,,, 2% “2  3 … =2  %2…%“,2 …%  “ ? …,  C%" !.…%“2, › 3 , C3-
“= , C!, K% ,. = C ,23 =. *% K=…,L, %“2="= “  C!, .2%  " C! =. 

2% …%“2, 2% =. 
d   ! …,  C%“2=" ……/. ƒ= =  " =……%L !=K%2  K/ = !=ƒ!=K%2=…= , 

C!, … =“  "2%!=  % ,-,*= ,  2% =. o !"3  .*“C%ƒ, ,  C!%"% , , 
C!, … C% ",›…%L C%" !.…%“2,. d   %K “C …,  C!, "%““2=…%" …,, "/“%-
*%L ,-!=* ,%……%L .-- *2,"…%“2, "!   C !"%L .*“C%ƒ, ,, "/K,!= , 
!="…/  C% %",…  C!,"/ …% % "! …, .*“C%ƒ, ,,. o%2%  "%ƒK3› = , ",K-
!= ,  C%" !.…%“2,, =   %“" ? …,  C%" !.…%“2, ,“C% ƒ%"= , “,….!%…,-
ƒ,!%"=……/  “ *% K=…, , “" 2%"/  , C3 “/. o!, 2=*,. 3“ %", . C%-
"2%!…% .*“C%…,!%"= , % % != -
3. o!, "%““2=…%" …,, % %-
!= / C% "  2“  .=!=*2 !…=  
  2% = "3. .*“C%ƒ, ,L ,…-

2 !- ! … ,%……=  *=!2,…=, *%2%-
!=  , 2 .=!=*2 !…/    “2!%-
K%“*%C, “*% % 2% = C! , 3-
? “2"=: 

– = C ,23 / ",K!= ,L %›…% 
,ƒ3 =2  " K%L -=ƒ  *% K=…,L; 

– ,…2 !- ! … ,%……/  C% %“/ 
, 2 C%“2% ……/L *%…2!=“2. 

d   %C! …,  = C ,23  
*% K=…,L C%" !.…%“2, %K% % * 
" %  %K!=ƒ3 ? L ,“C% ƒ%"= “  
% …%*% C%… …2…/L % % !=-, “-
*,L ,…2 !- !% 2! …= K=ƒ  -
,L-… %…%"% % =ƒ != kcm-222  

(!,“. 4). k=ƒ !…/L 3  “" 2% -

 

Рис. 4. nC2, “*=  “. = 3“2=…%"*,: 1 – =-
ƒ ! kcm-222; 2 – ƒ=2"%!; 3 – . *2!%-
%C2, “*,L % 3  2%! lk-3; 4 – “" -
2% ,2 …=  C =“2,…*=; 5, 6, 11 –
100% C %“*,  ƒ !*= =; 7, 8 – ,*!%-
%KA *2,"/; 9 – ,=-!= =; 10 – % %-
!= =; 12 – %K% % *=. 
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,2 …%L C =“2,…*%L 4 ,2“  …= "= 3 =, ,ƒ *%2%!/. ƒ !*= = , 6, 11, 
,*!%%KA *2,"= , 7 , 8 -%! ,!3 2“  “%%2" 2“2" ……% C3 %* %“" ? …,  

%K% % *, , %C%!…/L C3 %*. 
2. l 2% ,*= !=“ 2= =“2%2 , -%!  “"%K% …/. *% K=…,L *!3 %"/. 

, ,… !, “*,. %K% % *. p=““ %2!,  ƒ= = 3 % “"%K% …/. *% K=…, . 
%!2%2!%C…%L *!3 %"%L , ,… !, “*%L %K% % *, C ! ……%L 2% ?,…/ 

( , )h s θ . b *= “2"  *%%! ,…=2…/. ,…,L "/K,!=  ,…3 3  s  C% %K!=ƒ3-
? L , …2!= …/L 3 %  …=C!="  ? L θ . Š% = ,…= . …2= “! ,…-

…%L C%" !.…%“2, %K% % *, %C!  2“  2=*,  %K!=ƒ% : 2 2 2d ds R d= + θ , 
%2*3 = C% 3 =  C=!= 2!/ k=  %K% % *,: 1A = , B R= . 

q% =“…% * =““, “*%L 2 %!,, j,!. %-= – k "= [1–3, 7, 12–16] 3!="… -
…, , %C,“/"= ?,  “"%K% …/  *% K=…,  *!3 %"/. , ,… !, “*,. %K% %-
* " C ! ? …, ., K3 32 , 2  2=*%L ", : 

 
2 2 2

66 11
66 11 66 122 2 2

( )
C Cu u u u vC C C C

R R s s R sR s

∂ ∂∂ ∂ ∂ ∂ ∂+ + + + + +
∂θ ∂θ ∂ ∂ ∂θ∂∂θ ∂

 

 
2

12 66 12 12
2

C C C Cv v w uw h
s R R s R s R s t

∂ ∂ ∂∂ ∂ ∂ ∂+ + + + = ρ
∂ ∂θ ∂θ ∂ ∂ ∂ ∂

, 

 
2 2 2

22 66
22 66 66 122 2 2

( )
C Cv v v v uC C C C

R R s s R sR s

∂ ∂∂ ∂ ∂ ∂ ∂+ + + + + +
∂θ ∂θ ∂ ∂ ∂θ∂∂θ ∂

 

 
3 2

66 12 22
22 4 3 2 2 2

C C Du u w wD
s R R s R R R

∂ ∂ ∂∂ ∂ ∂ ∂+ + − − −
∂ ∂θ ∂θ ∂ ∂θ ∂θ ∂θ

 

 
3 2

66
12 66 2 2 2

( 4 ) 4
Dw wD D
sR s R s

∂∂ ∂− + − +
∂∂θ∂ ∂θ∂

 

 
2 2

12 22
22 2 2 2 2 2

D Cw w vC w h
R R s R t

∂ ∂∂ ∂ ∂+ − + = ρ
∂θ ∂θ ∂ ∂θ ∂

, 

 
4 3 4

22
22 12 664 4 3 3 2 2 2

2 2( 2 )
Dw w wD D D
RR R R s

∂∂ ∂ ∂+ + + +
∂θ∂θ ∂θ ∂θ ∂

 

 
2 23 2

12 66 12 22
2 2 2 2 2 2 2

( 2 )
2

D D D Dw w
s R s s R R

∂ + ∂ ∂∂ ∂⎛ ⎞+ + + +⎜ ⎟∂ ⎝ ⎠∂θ ∂ ∂ ∂θ ∂θ
 

 
23 2 4

12 66 66
112 4

( 2 )
2 4

D D Dw w wD
R R s R sR s s

∂ + ∂∂ ∂ ∂+ + + +
∂θ ∂θ∂ ∂θ∂∂θ∂ ∂

 

 
2 23 2

11 11 12 22
3 2 2 2 2 2

2
D D D Cw w w
s s s R s R

∂ ∂ ∂∂ ∂⎛ ⎞+ + + + +⎜ ⎟∂ ⎝ ⎠∂ ∂ ∂θ ∂
 

 
2

12
22 2 2

0
Cv u wC h
R sR t

∂ ∂ ∂+ + + ρ =
∂∂θ ∂

. (5) 

m= *%…23!=. constθ =  ƒ= = 2“  !=…, …/  3“ %", , *%2%!/  %C! -
 2“  ! ƒ C ! ? …, : 

– › “2*% ƒ=*! C ……/L *%…23! (C): 

 const
const

0,          0wu v w θ=
θ=

∂= = = =
∂θ

; (6) 

– =!…,!…% ƒ=*! C ……/L *%…23! (S“): 

 
2

const 2
const

0,          0wu v w θ=
θ=

∂= = = =
∂θ

; (7) 

– =!…,!…% %C !2/L *%…23! (S): 

 
2

const 2
const const

0,      0,      0v wu w θ=
θ= θ=

∂ ∂= = = =
∂θ ∂θ

; (8) 



113 

– ƒ= *…32/L *%…23! (3“ %",  “, 2!,, Sm): 

 
3

const 3
const const

0,      0,      0u w wv θ=
θ= θ=

∂ ∂ ∂= = = =
∂θ ∂θ ∂θ

; (9) 

– “"%K% …/L *%…23! (F): 

 12

const22 const

0,      0
Bv u w u v

R B s R R s θ=θ=

∂ ∂ ∂ ∂+ + = + =
∂θ ∂ ∂θ ∂

, 

 
θ=

∂ ∂+ =
∂θ ∂

2 2
12

2 2 2
22 const

0
Bw w
BR s

, 

 
3 2 2 2

12 66 66
3 3 3 2 2

22 22

43 12
B B Bw h w w h w

h B R RB h s sR R s

+∂ ∂ ∂ ∂ ∂ ∂⎛ + + + +⎜ ∂θ ∂ ∂ ∂θ⎝ ∂θ ∂θ ∂ ∂θ
 

 
2

12
2

22 const

3 0
B h w

RB h s θ=

∂ ∂ ⎞+ =⎟∂θ ⎠∂
.  (10) 

`…= % , …/  3“ %", , *!%  3“ %",L Sm, % 32 K/2  ƒ= =…/ , …= *%…-
23!=. consts = , “ , " 3!="… …, . (6)–(10) “ =2  ƒ= …3 s R↔ θ , 
u v↔ , 1 2↔ . 

m= *%…23!=. %K% % * % 32 K/2  ƒ= =…/ C!%,ƒ"% …/  *% K,…= ,, 
!=…, …/. 3“ %",L ", = (6)–(10). m=C!, !, q-q-q-q – › “2*% ƒ=*! C …-
…=  C% "“  *%…23!=  %2*!/2=  , ,… !, “*=  %K% % *=; F-q-F-C – ƒ=-
? ……=  …= C! % ,… L…/. 2%! =. %2*!/2=  , ,… !, “*=  %K% % *=; 
q-S“-C-S“ – ƒ=? ……=  …= *!,"% ,… L…/. 2%! =. , =!…,!…% ƒ=*! C-
……=  C% %K!=ƒ3 ? L %2*!/2=  , ,… !, “*=  %K% % *=. b !=K%2  !=“-

“ =2!,"=  *%…“% …% ƒ=? ……3  ƒ= *…323  , ,… !, “*3  %K% % *3, 
“ %"=2 …%, *% K,…= ,  *!= "/. 3“ %",L   …  K3 2 Sm-C-Sm-F. 

b = … L  K3  !=““ =2!,"=2  “2= ,%…=!…/  *% K=…,  %K% % *,. 
Š% = C ! ? …,  %›…% K3 2 C! “2=",2  " ",  [12]: 

 0 0( , , ) ( , ) ,         ( , , ) ( , )i iu s t u s t e v s t v s t eω τ ω ττ = τ =� � , 

 0( , , ) ( , ) iw s t w s t e ω ττ = � , (11) 

 ( , )u s t� , ( , )v s t�  , ( , )w s t�  – = C ,23 / C ! ? …,L, 0ω  – =“2%2= “"%-

K% …/. *% K=…,L %K% % *,. 
q,“2 3 3!="… …,L (5) “ 3 2%  (11) 3 %K…% C! “2=",2  " ",  

 
2 2

11 12 13 14 02 2
( , ) ( , ) ( , ) ( , , )u u u ua s a s a s a s u

ss
∂ ∂ ∂ ∂= θ + θ + θ + θ ω +

∂θ ∂∂θ ∂
 

 
2

15 16( , ) ( , )v va s a s
s

∂ ∂+ θ + θ +
∂θ∂ ∂θ

 

 17 18 19( , ) ( , ) ( , )v wa s a s a s w
s s

∂ ∂+ θ + θ + θ
∂ ∂

, 

 
2 2

21 22 23 24 02 2
( , ) ( , ) ( , ) ( , , )v v v va s a s a s a s v

ss
∂ ∂ ∂ ∂= θ + θ + θ + θ ω +

∂θ ∂∂θ ∂
 

 
2 3

25 26 27 28 3
( , ) ( , ) ( , ) ( , )u u u wa s a s a s a s

s s
∂ ∂ ∂ ∂+ θ + θ + θ + θ +
∂θ∂ ∂θ ∂ ∂θ

 

 
2 3 2

29 2,10 2,112 2
( , ) ( , ) ( , )w w wa s a s a s

ss
∂ ∂ ∂+ θ + θ + θ +

∂θ∂∂θ ∂θ∂
 

 
2

2,12 2,13 2,142
( , ) ( , ) ( , )w wa s a s a s w

s
∂ ∂+ θ + θ + θ
∂θ ∂

, 

 
4 3 4 3 2

31 32 33 344 3 2 2 2 2
( , ) ( , ) ( , ) ( , )w w w w wa s a s a s a s

s s
∂ ∂ ∂ ∂ ∂= θ + θ + θ + θ +
∂θ ∂θ ∂θ ∂ ∂θ ∂ ∂θ

 

 
3 2 4

35 36 372 4
( , ) ( , ) ( , )w w wa s a s a s

ss s
∂ ∂ ∂+ θ + θ + θ +

∂θ∂∂θ∂ ∂
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3 2

38 3,93 2
( , ) ( , )w wa s a s

s s
∂ ∂+ θ + θ +
∂ ∂

 

 3,10 0 3,11 3,12( , , ) ( , ) ( , )u va s w a s a s
s

∂ ∂+ θ ω + θ + θ
∂ ∂θ

. (12) 

q-%! 3 ,!%"=……=  *!= "=  ƒ= = = …= “%K“2" ……/  ƒ…= …,    “,“-
2  ,-- ! … ,= …/. 3!="… …,L " =“2…/. C!%,ƒ"% …/. ! = =“  2%-
%  “C =L…-*% %*= ,, [9–11, 17]. 

d   ,“*% /. C ! ? …,L C!,  2=*%  C! “2=" …,  [4, 15]: 

 1 2( , ) ( ) ( ),        ( , ) ( ) ( )
N N

i i i i
i i

u s u s v s v s
+β +β

=− α =− α

θ = θ ϕ θ = θ ϕ∑ ∑ , 

 3( , ) ( ) ( )
N

i i
i

w s w s
+ γ

=− δ

θ = θ ϕ∑ , (13) 

 ( )iu θ , ( )iv θ , ( )iw θ , 0, ,i N= … , – ,“*% /  -3…* ,,; 1 ( )i sϕ , 2 ( )i sϕ  – 

-3…* ,,, C%“2!% ……/  “ C% %?  ,… L…/. *% K,…= ,L B -“C =L…%" 2! -
2 L “2 C …, ( 4N ≥ ), 3 ( )i sϕ  – -3…* ,,, C%“2!% ……/  “ C% %?  ,… L…/. 

*% K,…= ,L B -“C =L…%" C 2%L “2 C …, ( 6N ≥ ), *%2%!/  2% …% 3 %" 2"%-
! 2 !=…, …/  3“ %",  C!, consts =  [4, 15]. n“…%"…/  C! , 3? “2"= 
B -“C =L…%" %K3“ %" …/ “ 3 ?, : 

– 3“2%L ,"%“2  %2…%“,2 …% %*= …/. "%ƒ 3? …,L, 2% “2  C%" -
…,  “C =L…%" " %*! “2…%“2, 2% *, …  " , 2 …= C%" …,  “C =L…= " % ; 

– K%  3 %" 2"%!,2 …%L “.% , %“2 , " %2 , ,  %2 “ 3 =  C!, -
… …,  …% % …%" *=* -3…* ,L =CC!%*“, = ,,; 

– C!%“2%2%L , 3 %K“2"%  C!, "/ ,“ …,, , ! = ,ƒ= ,, “C =L…--3…*-
,L …= “%"! ……/. C !“%…= …/. *% C 2 !=.. 

d   *!= "/. 3“ %",L 2,C= C, Sc, S " (13) “ 3 2 C% %›,2  α = β =  
0= γ = δ = . e“ , 2% *% % ,… *%…23! %K% % *, 0s =  (, , s L= ) “"%K% … 

(F), 2% " (13) “ 3 2 C% %›,2  1α = , 0β = , 2γ = , 0δ = , ( 0,  1,α = β =  γ =  
0,  2= δ = ). e“ , ›  %K% % *= “"%K% …= C% 2%! = , 2% 1α = β = , 2γ = δ = . 

o!, … …3 "/. ƒ…= …, . C=!= 2!%" , ,α β γ  , , δ  “%%2" 2“2"3 ?,  *% -

K,…= ,, B -“C =L…%" C! “2="  2 % ,… ,…“2" ……/L B -“C =L… %C! -
……%L “2 C …,, = “%%2" 2“2"3 ?,  *!= "/  3“ %",  C!,“% ,… 2“  * 

“,“2  3!="… …,L (12). 
o% “2="," (13) " 3!="… …,  (12), K3  2! K%"=2 , 2%K/ %…, 2% …% 

3 %" 2"%! ,“  " ƒ= =……/. 2% *=. *% %*= ,, 0,k Lξ ∈ [ ] , 0, ,k N= … . b 

“ 3 =  2…% % ,“ = 3ƒ %" “ 2*, ( 2 1N n= + , 3n ≥ ) , C!, 3“ %",,, 2% 
3ƒ / *% %*= ,, 3 %" 2"%! 2 2! K%"=…, : 2 2 2 1,q q qs s +ξ ∈ [ ] , 2 1q+ξ ∈ 

2 2 1,q qs s +∈ [ ] , 0, ,q n= … , …= %2! ƒ*  2 2 1,q qs s +[ ]  ,  "= 3ƒ = *% %*= ,,, = 

…= “%“ …,. %2! ƒ*=. 2 1 2 2,q qs s+ +[ ]  3ƒ / *% %*= ,, %2“32“2"3 2. m= *=›-

%  ,ƒ %2! ƒ*%" 2 2 1,q qs s +[ ]  2% *, *% %*= ,, "/K,!= 2“  “ 3 ?,  %K!=-

ƒ% : 2 2 1q qs z hξ = + , 2 1 2 1q qs z h+ξ = + , 0, ,q n= … ,  1z  , 2z  – *%!…, C% ,-

…% = k ›=… != "2%!% % C%! *= …= %2! ƒ*  0,1[ ] , *%2%!/  !="…/: 1
1
2

z = −  

3
6

−  , 2
1 3
2 6

z = + . Š=*%L "/K%! 2% * *% %*= ,,  "  2“  %C2, = …/  

, “3? “2" ……% C%"/ = 2 C%! %* 2% …%“2, =CC!%*“, = ,,. o%“  "“ . 
C! %K!=ƒ%"=…,L C% 3 ,  “,“2 3 1N + + α + β + δ + γ  ,… L…/. ,-- ! …-

,= …/. 3!="… …,L %2…%“,2 …% iu , iv  , iw , *%2%!3  %›…% ƒ=C,“=2  " 
…%! = …%L -%!  j% , 
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 0 1 2( , ) ,           dY Y
d

= θ ω θ ≤ θ ≤ θ
θ

A , (14) 

 , , , , , , ,Y u u v v w w w w′ ′ ′ ′′ ′′′= { } , ( ) ( ) ( ), ,i i i
Nu u u−α +β= …( ) , ( ) ( ) , ,i iv v v−α= …(  

( ), 0, 1,  i
Nv i+β =… ) , ( ) ( ) ( ), ,i j j

Nw w w−δ + γ= …( ) , 0, ,3j = … ; Y  – " *2%! ,“*% /. 

-3…* ,L; 0( , )θ ωA  – *"= !=2…=  =2!, = C%! *= 8( 1 )N + + α + β + δ + γ . 

c!=…, …/  3“ %",  (6)–(10)   “,“2 / (12) %›…% ƒ=C,“=2  " ",  

 1 2 2( ) 0,         ( ) 0Y Yθ = θ =1B B . (15) 

g= = = …= “%K“2" ……/  ƒ…= …,    “,“2 / %K/*…%" ……/. ,-- -
! … ,= …/. 3!="… …,L (14) “ !=…, …/ , 3“ %", , (15) ! = =“  2%-
%  ,“*! 2…%L %!2% %…= ,ƒ= ,, " “2  “ 2% %  C% = %"% % C%,“*= [2–4, 

12, 13, 15, 16]. 
3. p ƒ3 2=2/ ,““ %"=…,L. q C% %?  %C,“=……%L " C. 1 2% ,*, 

% % !=-, “*%L ,…2 !- !% 2!,, ,““ %"= “  
“C *2! ! ƒ%…=…“…/. *% K=…,L *%…“% …% ƒ=? -
……%L ,ƒ%2!%C…%L *!3 %"%L , ,… !, “*%L %K%-
% *, C%“2% ……%L 2% ?,…/ (!,“. 5, !=ƒ !/ C!,-

" …/ " ). o! %› ……/  ,“ ……/L , .*“C -
!, …2= …/L C% .% / C%ƒ"%  2 C!%"% ,2  ! -

…,  ƒ= =  % “"%K% …/. *% K=…, . 3C!3 ,. 
, ,… !%" 2=*›  " “ 3 =  C ! ……%L 2% ?,…/. 

o=!= …% K/ , C!%" …/ !=“ 2/ =“2%2 , 
-%!  “%K“2" ……/. *% K=…,L “ C% %?  %C,“=…-
…%L " C. 2 2% ,*, “C =L…-*% %*= ,,. 

u=!=*2 !,“2,*, %K% % *, 2=*%"/: R =  
0.044=  – != ,3“ “! ,……%L C%" !.…%“2,; L =  
0.12=  – ,…= %K% % *,; 0 0.00445h =  – 2% -

?,…= %K% % *,. l .=…, “*,  “"%L“2"= =2 !,= = 

(“2=  40X ): 112.14 10E = ⋅ o=, 0.2588ν = , ρ =  

7850= * / 3. 
b 2=K . 1 C! “2=" …/ .*“C !, …2= …/  , .*“Cif  , !=“ 2…/  ,!=“if  

=“2%2/, 1, ,15i = … , !=““ =2!,"= %L %K% % *,   .*“C !, …2= …% % 
*% , “2"= C% 3"% … C% %K!=ƒ3 ? L , …=C!="  ? L “%%2" 2“2" ……% m  , 
n , = 2=*›  %2…%“,2 …=  !=“.% , %“2  ,ƒ ! …,L , "/ ,“ …,L ε .  
 Таблица 1 

i  n  m  , .*“Cif , c  ,!=“if , c  ε , % 

1 1 4 2238 2389 6.7 
2 – – – 3774 – 
3 1 6 4544 4582 0.8 
4 2 4 6722 6860 2.0 
5 2 6 7047 7078 0.4 
6 – – – 7103 – 
7 1 8 8346 8388 0.5 
8 2 8 10090 10121 0.3 
9 3 8 10406 10561 1.5 
10 – – – 10804 – 
11 3 6 11856 12068 1.8 
12 3 4 12469 13229 6.1 
13 1 10 13193 13236 0.3 
14 – – – 13887 – 
15 2 10 14700 14734 0.23 

 
Рис. 5 



116 

m= !,“. 6–11 C! “2=" …/ .*“C !, …2= …/  , !=“ 2…/  -%! / 
! ƒ%…=…“…/. *% K=…,L .2,. %K% % *   =“2%2 if , 1, 2, 7, 8, 13, 15i = . 
  

 

1f

  
  ) !) 

Рис. 6 
  

 

2f

  
  )  !) 

Рис. 7 
  

 

7f

  
  )  !) 

Рис. 8 
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8f

  
  )  !) 

Рис. 9 
  

 

13f

  
  )  !) 

Рис. 10 
  

 

15f

  
  )  !) 

Рис. 11 
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b/"% /. hƒ =…= ,ƒ= ! ƒ3 2=2%", C!," ……/. " 2=K . 1, “ 3 2, 2% 
…=,K%  !=“.%› …,  › 3 .*“C !, …2= …/ , , ,“ ……/ , ! -
ƒ3 2=2= , …=K = 2“  2% *%   =“2%2 1f  , 12f  (6.7% , 6.1%). j 2=*% 3 
›  "/"% 3 %›…% C!, 2,, !=““ =2!,"=  -%! / “"%K% …/. *% K=…,L …= 
!,“. 6–11. a% ,…“2"% !=“ 2…/. =“2%2 .%!% % *%! ,!3 2 “ .*“C !,-

…2= …/ , =……/ ,, 2% %"%!,2 % %“2=2% …%L 2% …%“2, ,C%2 ƒ j,!.-
%-= – k "=   C!=*2, “*,. !=“ 2%". q 3 2 %2 2,2 , 2% " !=“ 2  
-, 3!,!3 2 =“2%2/, *%2%!/  …  %K…=!3›,"= 2“  C!, “%%2" 2“2"3 ?  
,ƒ ! …,, (   2,.*“Cf , 6,.*“Cf , 14,.*“Cf  " 2=K . 1). }2%2 -=*2 %›…% %2… “2, * 

… 2% …%“2, 2% ,*, ,ƒ ! …, , C%“*% *3 “%%2" 2“2"3 ?,  -%! /  "  -
2“  ,K% % …  K ,ƒ*, , (“ ., …=C!, !, !,“. 6 , !,“. 7   =“2%2 1f  , 2f ), 
,K%  "  2“  %“ “, 2!, …/ , , ,. 2!3 …% "/ ",2  .*“C !, …2= …%. 

 
 1. ` K=! 3  … q. `. nK?=  2 %!,  =…,ƒ%2!%C…/. %K% % *. – l%“*"=: m=3*=, 

1974. – 446 “. 
 2. a “C= %"= e. h., c!, %! …*% “. l., j,2=L %!% “*,L `. a., x,…*=!  `. h. h“-

“ %"=…,  “"%K% …,. *% K=…,L … % …%!% …,. , ,… !, “*,. %K% % * " 
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ТЕОРЕТИКО-ЕКСПЕРИМЕНТАЛЬНЕ ДОСЛІДЖЕННЯ ЧАСТОТ ВІЛЬНИХ 
КОЛИВАНЬ КРУГОВИХ ЦИЛІНДРИЧНИХ ОБОЛОНОК 
 
p%ƒ  =G2 “  2% ,*= % % !=-S …%_ S…2 !- !% 2!S_   ",ƒ…= ……  =“2%2 
"S …,. *% ,"=…  Sƒ%2!%C…,. *!3 %",. , S… !, …,. %K% %…%*, = 2=*%› C%!S"… -
2 “  *“C !, …2= …S ! ƒ3 2=2, ƒ ! ƒ3 2=2= , !%ƒ!=.3…*S" =“2%2 ,. 

%K% %…%* …= %“…%"S 2% ,*, “C =L…-*% %*= S_. 
 
THEORETICAL-EXPERIMENTAL INVESTIGATION OF FREE VIBRATIONS’ 
FREQUENCIES OF CIRCULAR CYLINDRICAL SHELLS 
 
The method of holography interferometry is examined for determination of frequencies 
of free vibrations of isotropic circular cylindrical shells, and also experimental results 
are compared with the results of calculations of frequencies of these shells on the basis 
of the of spline-collocation method. 
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