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ÓÄÊ 539.3 
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КОНТАКТ З ВІДРИВОМ ПРИ ЗГИНІ ПРУЖНОЇ СМУГИ 
ЖОРСТКИМ ДИСКОМ 
 

Ðîçãëÿíóòî çàäà÷ó òåîð³¿ ïðóæíîñò³ ïðî êîíòàêòíó âçàºìîä³þ æîðñòêîãî 
êðóãîâîãî äèñêà ³ ïðóæíî¿ ñìóãè, ÿêà îïèðàºòüñÿ íà äâ³ îïîðè, ç ïîðóøåííÿì 
êîíòàêòó â ñåðåäí³é ÷àñòèí³ îáëàñò³ êîíòàêòó. Íà ï³äñòàâ³ ìåòîäó Â³íåðà 
– Ãîïôà ³íòåãðàëüíå ð³âíÿííÿ çàäà÷³ çâåäåíî äî íåñê³í÷åííî¿ ñèñòåìè àëãåáðè÷-
íèõ ð³âíÿíü. Âèçíà÷åíî ðîçì³ð çîíè â³äðèâó ãðàíèö³ ñìóãè â³ä äèñêà òà ðîçïî-
ä³ë êîíòàêòíèõ íàïðóæåíü. 

 
Ïðè êîíòàêòí³é âçàºìîä³¿ ïðóæíèõ ò³ë (ïðóæíîãî òà æîðñòêîãî ò³ëà) 

îáëàñòü êîíòàêòó ÷àñò³øå çà âñå àáî çàëèøàºòüñÿ íåçì³ííîþ, ÿê, íàïðè-
êëàä, ó çàäà÷³ ïðî âäàâëþâàííÿ øòàìïà ç ïðÿìîë³í³éíîþ îñíîâîþ â ïðóæíó 
ï³âïëîùèíó, àáî çá³ëüøóºòüñÿ ç³ çðîñòàííÿì íàâàíòàæåííÿ. Îñòàííº ìàº 
ì³ñöå ó âèïàäêó âçàºìîä³¿ ïðóæíèõ ò³ë ç ãëàäêîþ îïóêëîþ ìåæåþ. Ðàçîì ç 
òèì, â îêðåìèõ âèïàäêàõ ïîâåðõí³ ò³ë, ùî çíàõîäÿòüñÿ â êîíòàêò³, ìîæóòü 
â³äõîäèòè îäíà â³ä îäíî¿. Òàêå ÿâèùå íîñèòü íàçâó êîíòàêòó ç â³äðèâîì [2] ³ 
äîñë³äæåíî ó âèïàäêó ä³¿ íîðìàëüíî¿ çîñåðåäæåíî¿ ñèëè [3] àáî êðóãëîãî 
äèñêà [7] íà ïðóæíó ñìóãó, ÿêà ëåæèòü íà ïðóæí³é ï³âïëîùèí³. Ï³ä íàâàí-
òàæåííÿì íà çàãàëüí³é ìåæ³ ñìóãè ³ ï³âïëîùèíè óòâîðþºòüñÿ ñê³í÷åííà îá-
ëàñòü êîíòàêòó, à ç îáîõ áîê³â â³ä íå¿ – äâ³ íàï³âíåñê³í÷åíí³ çîíè â³äðèâó. 
Îñåñèìåòðè÷íó çàäà÷ó ïðî êîíòàêò ç â³äðèâîì ïðóæíîãî øàðó òà ï³âïðî-
ñòîðó ðîçãëÿíóòî â ðîáîò³ [3]. 

Âèíèêíåííÿ â³äðèâó ïîâåðõîíü ò³ë ïðè ¿õ êîíòàêòí³é âçàºìîä³¿ ìîæå 
áóòè âèÿâëåíî ïðè ðîçâ’ÿçàíí³ â³äïîâ³äíî¿ çàäà÷³ çà ïðèïóùåííÿ â³äñóòíîñ-
ò³ â³äðèâó. ßêùî ïðè öüîìó íîðìàëüí³ êîíòàêòí³ íàïðóæåííÿ íà äåÿê³é ÷àñ-
òèí³ îáëàñò³ êîíòàêòó ñòàþòü äîäàòíèìè, òîáòî íàïðóæåííÿìè ðîçòÿãó, öå 
îçíà÷àº, ùî ïîâåðõí³ ò³ë ó âèÿâëåíîìó ì³ñö³ ïîâèíí³ âèéòè ç êîíòàêòó. Òàê, 
ïðè ñòèñêàíí³ ïðóæíî¿ ñìóãè íîðìàëüíèìè çîñåðåäæåíèìè ñèëàìè, ïðèêëà-
äåíèìè ó òî÷êàõ ïðîòèëåæíèõ ãðàíåé, íîðìàëüí³ íàïðóæåííÿ íà ë³í³¿ ñè-
ìåòð³¿ ñìóãè º â³ä’ºìíèìè ò³ëüêè íà ñê³í÷åííîìó ³íòåðâàë³, ÷åðåç ñåðåäèíó 
ÿêîãî ïðîõîäèòü ë³í³ÿ ä³¿ çîñåðåäæåíèõ ñèë [6]. Äîâæèíà öüîãî ³íòåðâàëó 
ñêëàäàº 1.34 øèðèíè ñìóãè. Ïîçà âêàçàíèì ³íòåðâàëîì íîðìàëüí³ íàïðó-
æåííÿ íà ë³í³¿ ñèìåòð³¿ ñìóãè º äîäàòíèìè. Ç îãëÿäó íà ñèìåòð³þ öÿ çàäà÷à 
åêâ³âàëåíòíà çàäà÷³ ïðî ä³þ íîðìàëüíî¿ çîñåðåäæåíî¿ ñèëè íà ïðóæíó ñìó-
ãó, îäíà ãðàíü ÿêî¿ çíàõîäèòüñÿ â óìîâàõ ãëàäêîãî êîíòàêòó ç æîðñòêîþ 
îñíîâîþ. Îòðèìàíèé ó [6] ðîçâ’ÿçîê âêàçóº íà òå, ùî ä³ÿ çîñåðåäæåíî¿ ñèëè 
âåäå äî â³äðèâó ñìóãè â³ä îñíîâè ïîçà ïåâíèì â³äð³çêîì ïîáëèçó ë³í³¿ ïðè-
êëàäàííÿ ñèëè. Ðîçâ’ÿçàííÿ çàäà÷³ â óòî÷íåí³é ïîñòàíîâö³ ïðè íàÿâíîñò³ 
â³äðèâó [3] ïîêàçóº, ùî ðîçì³ð îáëàñò³ êîíòàêòó ïðèáëèçíî ó ï³âòîðà ðàçè 
ìåíøèé â³ä éîãî îö³íî÷íîãî çíà÷åííÿ, îòðèìàíîãî â [6]. 

²íø³ çàäà÷³ ïðî êîíòàêò ç â³äðèâîì ó ë³òåðàòóð³ íå ðîçãëÿäàëèñÿ. Îä-
íàê äî âêàçàíîãî êëàñó çàäà÷ ñë³ä â³äíåñòè òàêîæ ³ çàäà÷ó ïðî çãèí æîðñò-
êèì êðóãëèì äèñêîì ïðóæíî¿ ñìóãè, ÿêà îïèðàºòüñÿ íà äâ³ îïîðè. Çà óìîâè 
áåçâ³äðèâíîãî êîíòàêòó öÿ çàäà÷à ðîçâ’ÿçàíà â ðîáîò³ [5]. Àíàë³ç íîðìàëü-
íèõ êîíòàêòíèõ íàïðóæåíü çà îòðèìàíèì ðîçâ’ÿçêîì ïîêàçóº, ùî, êîëè â³ä-
íîøåííÿ ðîçì³ðó îáëàñò³ êîíòàêòó äî øèðèíè ñìóãè ïåðåâèùóº 5, ìåæà 
ñìóãè â³äðèâàºòüñÿ â³ä ìåæ³ äèñêà ó ñåðåäí³é ÷àñòèí³ îáëàñò³ êîíòàêòó. 
Íèæ÷å ç âèêîðèñòàííÿì ìåòîäó Â³íåðà – Ãîïôà ³ ï³äõîäó ðîáîòè [1] íàâåäå-
íî àíàë³òè÷íèé ðîçâ’ÿçîê ö³º¿ çàäà÷³ çà óìîâè êîíòàêòó ç â³äðèâîì. 

Ïîñòàíîâêà çàäà÷³. Â óìîâàõ ïëîñêî¿ äåôîðìàö³¿ ðîçãëÿíåìî ïðóæíó 
ñìóãó x− ∞ < < ∞ , h y h− ≤ ≤ , ÿêà îïèðàºòüñÿ íèæíüîþ ãðàííþ y h= −  íà 

äâ³ òî÷êîâ³ îïîðè x L= − , x L= +  , à ó âåðõíþ ¿¿ ãðàíü y h=  âäàâëþºòü-
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ñÿ íîðìàëüíîþ ñèëîþ P  æîðñòêèé 
êðóãëèé äèñê ðàä³óñà R . Ïðèïóñêàºìî, 
ùî îáëàñòü êîíòàêòó ñìóãè òà äèñêà 
ðîçä³ëÿºòüñÿ íà äâ³ ÷àñòèíè: 10 x≤ ≤   

³ 1 x− ≤ ≤   , R , ì³æ ÿêèìè óòâî-

ðþºòüñÿ çîíà â³äðèâó 1 1x< < −    
(ðèñ. 1). Ñèëè òåðòÿ â îáëàñò³ êîíòàêòó 
íå âðàõîâóºìî. 

Êðàéîâ³ óìîâè çàäà÷³ º òàêèìè: 

 
2

1 1
1 ,        0 ,        

2 2y y h
u x x x

R=
 = − ≤ ≤ − ≤ ≤ 
 

     , 

 1 10,       0,       ,       y y h
x x x

=
σ = < < < − >    , 

 ( ) ( ) ,         
2y y h
P x L x L x

=−
σ = − δ + + δ − − − ∞ < < ∞[ ] , 

 0,         yx y h
x

=±
τ = − ∞ < < ∞ , (1) 

äå ( )xδ  – äåëüòà-ôóíêö³ÿ Ä³ðàêà. Äîâæèíó   â³äð³çêà, íà êðàÿõ ÿêîãî 
âñòàíîâëþþòüñÿ îáëàñò³ êîíòàêòó, ââàæàºìî çàäàíîþ. Âîíà çâ’ÿçàíà ç ñè-
ëîþ P  óìîâîþ ð³âíîâàãè 

 
1

0

2 y y h
dx P

=
σ = −∫



. (2) 

Ðîçì³ð 1  êîæíî¿ ³ç îáëàñòåé êîíòàêòó, à ðàçîì ç öèì ³ ðîçì³ð 12−   çîíè 
â³äðèâó ï³äëÿãàþòü âèçíà÷åííþ. 

²íòåãðàëüíå ð³âíÿííÿ çàäà÷³. Äëÿ ïîáóäîâè ³íòåãðàëüíîãî ð³âíÿííÿ 
ðîçãëÿíåìî îñíîâíó çì³øàíó çàäà÷ó äëÿ ñìóãè ç òàêèìè êðàéîâèìè óìîâà-
ìè: 

 1( ),           ( )
2y yy h y h

u s x p x
G= =−

= σ = , 

 0,            yx y h
x

=±
τ = − ∞ < < ∞ , (3) 

äå G  – ìîäóëü çñóâó; ( )s x  ³ ( )p x  – çàäàí³ ôóíêö³¿. Ðîçâ’ÿçàâøè ¿¿ ìåòîäîì 
³íòåãðàëüíîãî ïåðåòâîðåííÿ Ôóð’º çà êîîðäèíàòîþ x , îòðèìóºìî 

 1(2 ) ( ) 2(1 ) (2 ) ( )1
2 1 (2 )

y i x

y h

h s h p
e d

G h

∞
− µ

= −∞

σ µλ µ µ + − ν λ µ µ
= µ

− ν ∆ µ∫
 

, 

 1 1( ) ( ) ,           ( ) ( )
2 2

i x i xp p x e dx s s x e dx
∞ ∞

µ µ

−∞ −∞

µ = µ =
π π∫ ∫  , 

 2 2
1( ) sh ,      ( ) sh ch ,      ( ) sh2 2λ τ = τ − τ λ τ = τ + τ τ ∆ τ = τ + τ , (4) 

äå ν  – êîåô³ö³ºíò Ïóàññîíà. 
Âèêîðèñòàºìî ðîçâ’ÿçîê (4) îñíîâíî¿ çì³øàíî¿ çàäà÷³ (3) ÿê ðîçâ’ÿçîê 

ðîçãëÿäóâàíî¿ êîíòàêòíî¿ çàäà÷³. Çã³äíî ç êðàéîâèìè óìîâàìè (1) ïîêëàäåìî 

 ( ) ( ) ( ) ,         
4
Pp x x L x L x
G

= − δ + + δ − − − ∞ < < ∞[ ] , 

 
2

1 1
1( ) ,        0 ,        

2 2
s x x x x

R
 = − ≤ ≤ − ≤ ≤ 
 

     , (5) 

 
Рис. 1 
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³ ââåäåìî íåâ³äîìó ôóíêö³þ ( )s x′′ , 0x < , 1 1x< < −   , x >  , íîðìàëüíèõ 
ïåðåì³ùåíü òî÷îê â³ëüíî¿ ÷àñòèíè âåðõíüî¿ ãðàí³ ñìóãè. Òîä³ 

 ( )( )
8

i L i LPp e e
G

− µ µ +µ = − +
π

 ( ) , 

 1 1( )2 1 1 1( ) ( ) ( 1)(1 )
2 2

i ii rs s r e dr e e
i R

∞
µ µ −µ

−∞

′′µ µ = − = − − + +π π µ
∫     

 
1

1

0

( ) i rs r e dr
− ∞

µ

−∞

  ′′+ + +    
∫ ∫ ∫

 

 

. (6) 

Ïîäàííÿ ðîçâ’ÿçêó (4), (6) çàáåçïå÷óº âèêîíàííÿ óñ³õ êðàéîâèõ óìîâ (1), 
îêð³ì äðóãî¿. 

Çàäîâîëüíèâøè âèðàçàìè (4), (6) äðóãó ç êðàéîâèõ óìîâ (1) ³ âèêî-
íàâøè çàì³íè 

 1
0,    2 ,    2 ,    ,    ,    

2 2 2 2
Lx h r h a c

h h h h
τµ = = ξ = η = = ξ =

 , (7) 

â³äíîñíî íîâî¿ íåâ³äîìî¿ ôóíêö³¿ 

 ( ) (2 ),     0,     ,     s h c a c a′′ϕ η = η − ∞ < η < < η < − < η < ∞ ,  (8) 

îòðèìàºìî ³íòåãðàëüíå ð³âíÿííÿ 

 
0

( ) ( ) ( )
a c

c a

d f
− ∞

−∞

 + + ξ − η ϕ η η = ξ 
 ∫ ∫ ∫ k , 

 0,      ,      c a c a− ∞ < ξ < < ξ < − < ξ < ∞ , (9) 

 ( ) ( )1( ) ( ) ,         ( )
2 ( )

ie d
∞
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λ τξ − η = τ τ τ =
π τ∆ τ∫ K Kk , 

 0 0( )1( )(1 ) 1( )
4 2 ( )

i i a iP
f e e e d
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∞
− τξ τ ξ + − τξ

−∞

λ τ− νξ = − + τ −
π ∆ τ∫ ( )  

 ( )( )2 1 ( 1) 1
2

i c i a c ih e e e d
R i

∞
τ τ − − τξ

−∞

τ− − + τ
π τ∫ K ( ) . 

Ï³ñëÿ ïåðåòâîðåííÿ ³íòåãðàë³â çà òåîð³ºþ ëèøê³â ïðàâà ÷àñòèíà ³íòåãðàëü-
íîãî ð³âíÿííÿ (9) íàáóâàº âèãëÿäó 

 0 01

1

( )(1 )
( )

4 ( )
k ks s ak

kk

isP
f e e

Gh i is

∞
− ξ+ξ − ξ−ξ −

=

λ− νξ = + −′∆∑ ( )  

 
2

1

( )2 sgn ( ) sgn
( )

k ks c sk

k k k

ish c e e
R s is

∞
− ξ− − ξ

=

λ
− ξ − − ξ ⋅ +

′∆
∑ (  

 sgn ( ) sgn ( )k ks a s a ca e a c e− ξ− − ξ− ++ ξ − − ξ − + ) , (10) 

äå ks , 1, 2,k =  , – êîðåí³ ð³âíÿííÿ ( ) 0is∆ =  ³ç ï³âïëîùèíè Re 0s > . 

Ðîçâ’ÿçàííÿ ³íòåãðàëüíîãî ð³âíÿííÿ. Çâåäåìî ³íòåãðàëüíå ð³âíÿííÿ (9) 
äî íåñê³í÷åííî¿ ñèñòåìè àëãåáðè÷íèõ ð³âíÿíü. Ïðèéìàþ÷è, ùî ( ) 0ϕ η =  äëÿ 

0 c< η <  ³ a c a− < η < , ïðîäîâæèìî ³íòåãðàëüíå ð³âíÿííÿ (9) íà âñþ ÷èñ-
ëîâó â³ñü: 
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0, 0,  ,  ,

( ) ( )
( ) ( ) , 0 ,  ,

c a c a

d
d c a c a

∞
∞

−∞
−∞

η < < η < − η > 
 ξ − η ϕ η η − = ξ − η ϕ η η < η < − < η < 

∫ ∫
k

k
 

 
( ), 0,  ,  ,

0, 0 ,  ,

f c a c a

c a c a

ξ η < < η < − η > 
=  

< η < − < η < 
 (11) 

³ çàñòîñóºìî äî íüîãî ³íòåãðàëüíå ïåðåòâîðåííÿ Ôóð’º. Â³äíîñíî íåâ³äîìèõ 
ôóíêö³é 
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 1 1
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2 2( ) ( ) ( ) ( )
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iz izc

a c

ez e d d e z
∞− −

+ ξ −

− −∞

Ψ = ξ ξ − η ϕ η η = Ψ
π ∫ ∫ k , (12) 

àíàë³òè÷íèõ â³äïîâ³äíî ó ï³âïëîùèíàõ Im z c+> , Im z c−< , 0,  0c c+ −< > , 
êîìïëåêñíî¿ ïëîùèíè, îòðèìàºìî ñèñòåìó ôóíêö³îíàëüíèõ ð³âíÿíü Â³íåðà –
 Ãîïôà [4] 

 ( )
1 2 1 1 2( ) ( ) ( ) ( ) ( ) ( ) ( )iza izc iz a cz e z e z z z e z F z+ + − + − +Φ + Φ + Φ − Ψ − Ψ =K [ ] , 

 ( 2 )
2 2( ) ( )iz a cz e z+ − −Φ = Φ , 

 1,2 1,2( ) ( ),     Imizcz e z c z c+ − + −Ψ = Ψ < < . (13) 

Ïðàâà ÷àñòèíà ñèñòåìè ð³âíÿíü (13) ìàº âèãëÿä 
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Óìîâè ñèìåòð³¿ çàäà÷³ â³äíîñíî ïðÿìî¿ 2x = /  ïðèâîäÿòü äî òîòîæíîñ-
òåé 

 1 1 2 2( ) ( ),         ( ) ( ),         ( ) ( )a z z z z− + − +ϕ − ξ ≡ ϕ ξ Φ − ≡ Φ Φ − ≡ Φ , 

 1 2 2 1( ) ( ),       ( ) ( )z z z z− + − +Ψ − ≡ Ψ Ψ − ≡ Ψ . (14) 
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Êîåô³ö³ºíò ( )zK  ñèñòåìè ôóíêö³îíàëüíèõ ð³âíÿíü (13) ôàêòîðèçóºìî ó 
íåñê³í÷åíí³ äîáóòêè 

 
1
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1

( ) ( ) ( ),     ( ) ( ) 1 1
12 n nn

z iz izz z z z z
s

−∞
+ − + −

=

   = ≡ − = − −   ζ   ∏K K K K K , (15) 

äå ( )z±K  – â³äì³íí³ â³ä íóëÿ ôóíêö³¿, àíàë³òè÷í³ ó âåðõí³é ( Im z c+> ) òà 

íèæí³é ( Im z c−< ) ï³âïëîùèíàõ â³äïîâ³äíî; nζ , 1, 2,n =  , – êîðåí³ ð³âíÿí-

íÿ ( ) 0isλ =  ³ç ï³âïëîùèíè Re 0s > . 
Ç óðàõóâàííÿì (15) ³ç ïåðøîãî ³ ïåðåäîñòàííüîãî ð³âíÿíü (13) ìàºìî 
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12 ( )

iz a c
iza izc z e zz z e z e z z
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+ − +
− + + −
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[ ]  

 1 2 1( ) ( ) ( )
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iza izce F z e F z F z

z z

+ + −

+ +

+
= +

K K
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2

( ) 1
1 2 1
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12 ( )
iz a c izc zz z e z z e z

z

−
+ − + + − −

−

Ψ
Φ + Φ + Φ − −K

K
[ ]  

 ( ) 2 1 1 2( ) ( ) ( ) ( )

( ) ( ) ( )

izc
iz a c izcz e F z F z F z

e e
z z z

+ − + − +
− −

− − −

Ψ +
− = +

K K K
. (16) 

Äîäàíêè ³ç ð³âíÿíü (16), ÿê³ íå º àíàë³òè÷íèìè ôóíêö³ÿìè ó âåðõí³é àáî 
íèæí³é ï³âïëîùèí³, ïîäàìî ó âèãëÿä³ ð³çíèöü àíàë³òè÷íèõ ó âåðõí³é òà 
íèæí³é ï³âïëîùèíàõ ôóíêö³é: 

 
2

1 2( ) ( ) ( ) ( ) ( )
12

iza izcz z e z e z z z− + + + −Φ + Φ = χ − χK [ ] , 

 
2

1 1 1( ) ( ) ( ) ( )
12

izcz e z z z z− + − + −− Φ = χ − χK , 

 ( ) 2 1
2 2

( ) ( )
( ) ( )

( )

izc
iz a c z e F z

e z z
z

+ − +
− + −

−

Ψ +
= χ − χ

K
, 

 1 2
1 1

( ) ( )
( ) ( ),         ( ) ( )

( ) ( )

F z F z
f z f z f z f z

z z

− +
+ − + −

+ −= − − = −
K K

. 

Ðîçâèâàþ÷è â³äïîâ³äí³ ³íòåãðàëè òèïó Êîø³ [4] â ðÿä çà òåîð³ºþ ëèøê³â, 
îòðèìóºìî 

 2
1 2

1

1( ) ( ) ( )k k k k k
kk

z s is is
s iz

∞
− + +

=

χ = − α Φ + β Φ
+∑ [ ] , 

 
2

1
1

1
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( ) k k k
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s is
z

s iz

−∞
+

=

β Φ −
χ = −

−∑ , 

 2 2 1
1

1( ) ( ) ( ) kc
k k k k
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z i F i e
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∞
− ζ− + +

=

χ = − ζ γ Ψ ζ + ζ
ζ +∑ [ ] , 

 
0

0

3
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1

( )( )(1 )
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12 ( )4 2 ( ) ( )

kiz k k
k

kkk

izP ef z e i
iziGh z z

∞ − ζ ξ− ξ− −
+

=

 ζ λ ζλ− ν= − − ζ − ′ ζ −λ ζπ ∆
∑ K

K
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1

1
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( ) ( )

ks a
k

kk k k

is e
s izi is is

∞ − +ξ

+
=

λ
− ++′∆ 

∑
K

 

 ( )

1

2 ( ) 1
122

k ks c s a ck k

kk

sh iz z e e
s izR

∞
−−

=

α + − − + +π  
∑K ( ) , 
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3

2121
1

1

( )( ) 2( ) ( )
122( )

k k k k k k

k kk

s A F iF z h izf z z
s iz izRz

∞
− +

−
=

β ζ γ − ζ = − + − − ζ + π
∑K

K
, 

 ( )
3

( )
,         

( ) ( )

k
k

s a
s a ck

k k k
k k k

is e
e

s is is

−
−

+

λ
α = β = α

′∆ K
, 

 
2

( 2 )( )
( )

12 ( )
k a ck k

k k
k

i
i e

i
− ζ −+ζ ∆ ζ

γ = − ζ′λ ζ
K , 

 01
2

( )(1 ) 2 1 ,        1,2,
( )4 2 2

ksk
k

k k

isP hA i e k
isGh R s

− ξλ− ν= − =
λπ π

 . 

Ï³ñëÿ öüîãî ð³âíÿííÿ (16) íàáóâàþòü âèãëÿäó 

 ( )
1 2 1 2

1 ( ) ( ) ( ) ( )
( )

iz a c iza izcz e z e F z e F z
z

+ − + + +
+ Ψ + Ψ + + −

K
[ ]  

 
2

1( ) ( ) ( ) ( ) ( ) ( )
12
zz f z z z z f z+ + − − − −− χ + = Φ − χ +K , 

 
2

( )
1 2 1 2 1( ) ( ) ( ) ( ) ( ) ( )

12
iz a cz z e z z z z f z+ − + + + + +Φ + Φ − χ − χ + =K [ ]  

 1 1
1 2 1

( ) ( )
( ) ( ) ( )

( ) ( )
izcz F z

e z z f z
z z

− −
− − − −

− −

Ψ
= + − χ − χ +

K K
. (17) 

Îáèäâ³ ÷àñòèíè êîæíîãî ³ç ð³âíÿíü (17) àíàë³òè÷íî ïðîäîâæóþòü îäíà îäíó 
íà âñþ êîìïëåêñíó ïëîùèíó ³ º ïîäàííÿìè äîâ³ëüíî¿ ö³ëî¿ ôóíêö³¿. Ç óìîâ 
íà íåñê³í÷åííîñò³ 

 3 2
1 2( ) ( ),           ( ) (1),           ( ) (1)z O z z o z o± − − += Φ = Φ =K / , 

 1 1 1
1,2( ) ( ),              ( ) ( ),         ( ) ( )z O z f z O z z O z− − − − + −χ = = χ = , 

 1
1 ( ) ( ),              f z O z z+ −= → ∞ ,  

âèïëèâàº, ùî îáèäâ³ ÷àñòèíè ïåðøîãî ³ äðóãîãî ð³âíÿíü (17) º äîâ³ëüíèìè 
ñòàëèìè C  ³ 1C  â³äïîâ³äíî. Îòæå, îòðèìóºìî 

 ( )
1 2 1 2( ) ( ) ( ) ( ) ( ) ( ) ( )iz a c iza izcz e z z z f z C e F z e F z+ − + + + + + +Ψ + Ψ = χ − + − −K [ ] , 

 1 2
12( ) ( ) ( )

( )
z z f z C

z z
− − −

−Φ = χ − +
K

[ ] , 

 ( )
2 1 1 2 1 12

12( ) ( ) ( ) ( ) ( )
( )

iz a cz e z z z f z C
z z

+ − + + + +
+Φ + Φ = χ + χ − +

K
[ ], 

 1 1 2 1 1 1( ) ( ) ( ) ( ) ( ) ( )izcz z z z f z C e F z− − − − − − −Ψ = χ + χ − + −K [ ] . (18) 

Âèìàãàþ÷è, ùîá ôóíêö³¿ 1 ( )z−Φ  ³ ( )
2 1( ) ( )iz a cz e z+ − +Φ + Φ  áóëè àíàë³òè÷íè-

ìè ó òî÷ö³ 0z = , çíàõîäèìî, ùî 

 1 1 1 2(0) (0),         (0) (0) (0)C f C f− − + + += − χ = − χ − χ ,  (19) 

³ ïðèõîäèìî äî äîäàòêîâèõ óìîâ 

 
0

( ) ( ) 0
z

d f z z
dz

− −
=

− χ =[ ]  

 1 2 1 0
( ) ( ) ( ) 0

z
d z z f z
dz

+ + +
=

χ + χ − =[ ] . (20) 
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Ç óðàõóâàííÿì ð³âíîñòåé (19) ³ ïåðøî¿ ç óìîâ (20) âèðàçè äëÿ ôóíêö³é 

1 ( )z−Φ , 2 ( )z+Φ  íàáóâàþòü âèãëÿäó 

 1
12( ) ( ) ( )
( )

z z f z
z

− − −
−Φ = χ −

K
[ ] , 

 ( 2 )
2 2

12( ) ( )iz a cz e z
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∗Φ = Φ/ , 

 1 2

1

( ) ( )
( ) k k k k

kk

is is
z

s iz

+ +∞
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=
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, 

 ( 2 )
1 2 1 1 2 1

1( ) ( ) ( ) ( ) (0) (0) (0)
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iz a cz e z z f z f
z

− − + + + + + +
∗ +Φ = χ + χ − − χ − χ + +

K
/ [ ]  

 ( 2 )
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1 ( ) ( ) ( ) (0)
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iz a ce z z f z
z

− + + + +
−+ χ − + χ − − − − χ −

K
/ [  

 ( 2 ) 2
2 1

( )
(0) (0)
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iz a c F z
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+
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+ −− χ + + −
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]  

 
( 2 ) ( 2 )

2 (0)
2 ( ) ( )

iz a c iz a cF e e
z z

+ − − −

+ −
 

− + 
 K K

, (21) 

äå 1b  – êîåô³ö³ºíò ðîçâèíåííÿ 

 2
1 1

1

1 1 11 ( ) 0,      
( )

( ),      
n nn

b iz O iz z b
sz

∞

+
=

 = + + → = − ζ ∑
K

. 

 Ç³ ñï³ââ³äíîøåíü (0) 0∗Φ =  ³ ( ) ( )z z∗ ∗Φ − ≡ Φ  âèïëèâàº, ùî 2( ) ( )z O z∗Φ = , 

2 ( ) (1)z O+Φ = , 0z → . Çâ³äñè ç óðàõóâàííÿì îö³íêè 1 1( ) ( ) (1)z z O+ −Φ = Φ − = , 

0z → , ³ òðåòüîãî ç³ ñï³ââ³äíîøåíü (18) ïðèõîäèìî äî âèñíîâêó, ùî äðóãà 
äîäàòêîâà óìîâà (20) âèêîíóºòüñÿ àâòîìàòè÷íî. Âèêîðèñòîâóþ÷è öþ óìîâó, 

âèðàç äëÿ ôóíêö³¿ 2 ( )z+Φ  ³ç (21) çâîäèìî äî âèãëÿäó 

 1 2 1
2

( ) ( ) ( )12( )
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z z f z
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z z

+ − −
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 K
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, (22) 
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1( ) ( ) ( ) kc
k k k
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z i i F i e
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∞
− ζ− + +

=

χ = γ Ψ ζ + ζ
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( ) 21( ) (0) ( )
122( )

F z h if z F z
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s A F i
i

s iz iz

∞
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β γ − ζ + + − ζ + ∑ . 

Ïîêëàâøè nz is= −  ó ïåðø³é ç ð³âíîñòåé (21), nz is=  – ó ïåðø³é ç ð³â-

íîñòåé (22), à â îñòàíí³é ç ð³âíîñòåé (18) – nz i= − ζ , 1, 2,n =  , ç óðàõóâàí-

íÿì òîòîæíîñòåé (14) îòðèìàºìî íåñê³í÷åííó ñèñòåìó àëãåáðè÷íèõ ð³âíÿíü: 

 1
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k k k k
n n n

k nk

x y
x g

s s

∞

=
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+∑ , 
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=
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k n k nk
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s
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=

β γ + δ + = = − ζ ζ − ζ ∑  ,  (23) 

â³äíîñíî íåâ³äîìèõ 
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P hg g g g
sGh R

δ− ν= + =
π π

  , 
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1 0 1
1 2

1

( ) ( )1 ,    1,2,
2 12 ( )( )2

k
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n n
n k k nkn

b i i e
g n

s i ss

− ζ ξ+∞

=

− ξ ζ λ ζ ζ = δ + + = ′λ ζ ζ − ∑ K  . 

Ðåãóëÿðíà íåñê³í÷åííà ñèñòåìà àëãåáðè÷íèõ ð³âíÿíü (23) ìàº åêñïîíåí-
ö³àëüíî ñïàäí³ çà k  êîåô³ö³ºíòè ( ~ 2ks kπ / , k → ∞ ) ³ â³äíîñèòüñÿ äî òèïó 

Ïóàíêàðå – Êîõà. Òîìó äëÿ ¿¿ ðîçâ’ÿçóâàííÿ åôåêòèâíèì º çàñòîñóâàííÿ 
ìåòîäó ðåäóêö³¿. 

Ïîäàâøè íåâ³äîì³ kx , ky , kz  ó âèãëÿä³ 

 
(1 ) (1 )2 2,         
4 2 2 4 2 2k k k k k k

P Ph hx x x y y y
Gh R Gh R

− ν − ν= + = +
π π π π

   , 

 
(1 ) 2 ,           1,2,
4 2 2

k k k
P hz z z k

Gh R

− ν= + =
π π

  , 

äå kx , ky , kz  – ðîçâ’ÿçîê ñèñòåìè ð³âíÿíü (23) ç ïðàâîþ ÷àñòèíîþ ng , à 

kx


, ky


, kz


 – ðîçâ’ÿçîê ö³º¿ æ ñèñòåìè ç ïðàâîþ ÷àñòèíîþ ng


, , 1,2,k n =  , 

³ç óìîâè ð³âíîâàãè (2) çíàõîäèìî íàñòóïíå ñï³ââ³äíîøåííÿ ì³æ ïàðàìåòðà-

ìè 2 ( 2 )h R π/  ³ (1 ) (4 2 )P Gh− ν π/ : 
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k ks c s a ck
k k

k k k

ish e e x y
R s is
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Äëÿ âèçíà÷åííÿ ïàðàìåòðà 1 (2 )c h=  /  ñëóæèòü ïåðøà äîäàòêîâà óìî-
âà (24), ÿêà íàáóâàº âèãëÿäó 

  1 0

1

(1 )
( )

24 2
k k k k

k

bP
x y

Gh

∞

=

− ξ− ν α + β = −
π

∑  

 01

1
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kk k
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kk

i hi e
i R

∞
− ζ ξ+

=

ζ λ ζ − ζ +′λ ζ  π
∑ K . 

Êîíòàêòí³ íàïðóæåííÿ. Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (5)–(12), âèðàç ³ç 
(4) äëÿ íîðìàëüíèõ íàïðóæåíü íà âåðõí³é ãðàí³ ñìóãè ïîäàìî ó âèãëÿä³ 

 1 2
1 1( ) ( ) ( ) ( )

2 1 2
y i c

y h

f e
G

∞
− + τ

= −∞

σ 
= ξ − τ Φ τ + Φ τ +− ν π

∫ K (  

 1 ( ) i a ie e d+ τ − τξ 
+ Φ τ τ


) . (24) 

Çàñòîñîâóþ÷è òåîð³þ ëèøê³â, ³ç (24) îòðèìóºìî íîðìàëüí³ íàïðóæåííÿ â 
îáëàñò³ êîíòàêòó 10 x< <  : 

 
1

( )2
2 1 ( )

ky sk
k

k kky h

is
x e

G s is

∞
− ξ

==

σ λπ= − +′− ν ∆∑ [ (  

 ( ) ( ) ,
2

]          k ks a s c
k

xe y e
h

− −ξ − −ξ+ + ξ =) . (25) 

Îá÷èñëåííÿ áåçðîçì³ðíèõ êîíòàêòíèõ íàïðóæåíü 1(2 ) y y h
G P

=
σ = σ /  çà 

ôîðìóëîþ (25) ïîêàçóþòü, ùî ïðè äîñòàòíüî âåëèêèõ â³äñòàíÿõ ì³æ îïîðà-
ìè (2 20L h+ ≥ ) ðîçïîä³ë êîíòàêòíèõ íàïðó-
æåíü, ÿêîìó â³äïîâ³äàº ñóö³ëüíà êðèâà íà ðèñ. 2, 
íå çàëåæèòü ÿê â³ä â³äñòàí³ ì³æ îïîðàìè, òàê ³ 
â³ä äîâæèíè   â³äð³çêà, íà êðàÿõ ÿêîãî âñòàíîâ-
ëþþòüñÿ îáëàñò³ êîíòàêòó, ÿêùî ê³íö³ öüîãî â³ä-
ð³çêó íå ï³äõîäÿòü áëèçüêî äî îïîð (íàïðèêëàä, 
ÿêùî 0.9(2 )L< +   ó âèïàäêó 2 20L h+ = , àáî 

0.99(2 )L< +   ó âèïàäêó 2 32L h+ = ). Ïðè 

öüîìó ðîçì³ð 1  îáëàñòåé êîíòàêòó çàëèøàºòüñÿ 

íåçì³ííèì ³ ñêëàäàº 2.506 â³ä øèðèíè ñìóãè 2h . 
Íàéìåíøå çíà÷åííÿ â³äíîñíî¿ äîâæèíè (2 )h/ , 

ïðè ÿêîìó ìàº ì³ñöå êîíòàêò ç â³äðèâîì, äîð³âíþº 5. Ïðè (2 ) 5h </  äèñê 
çíàõîäèòüñÿ ç³ ñìóãîþ ó áåçâ³äðèâíîìó êîíòàêò³, ùî ñï³âïàäàº ç ðåçóëüòà-
òîì ðîáîòè [5]. Äëÿ ìåíøèõ â³äñòàíåé ì³æ îïîðàìè (10 2 20h L h< + < ) ¿õ 
âïëèâ íà ðîçïîä³ë êîíòàêòíèõ íàïðóæåíü, îñîáëèâî ïðè íàáëèæåíí³ êðà¿â 
îáëàñòåé êîíòàêòó äî îïîð, ñòàº ïîì³òíèì. Â îäíîìó ç òàêèõ âèïàäê³â – äëÿ 
â³äñòàí³ ì³æ îïîðàìè 12h  ³ äîâæèí³ 11h=  – ðîçïîä³ë áåçðîçì³ðíèõ íà-
ïðóæåíü σ  çîáðàæóº ïóíêòèðíà êðèâà íà ðèñ. 2. Ïðè öüîìó 1 2 2.520h = / . 

 
Рис. 2 
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Âèñíîâêè. Ç âèêîðèñòàííÿì ìåòîäó Â³íåðà – Ãîïôà îòðèìàíî àíàë³òè÷-
íèé ðîçâ’ÿçîê êîíòàêòíî¿ çàäà÷³ ïðî çãèí ïðóæíî¿ ñìóãè, ÿêà îïèðàºòüñÿ íà 
äâ³ òî÷êîâ³ îïîðè, æîðñòêèì êðóãëèì äèñêîì. Ïîêàçàíî, ùî ïðè çðîñòàíí³ 
ñèëè P , ÿêà âäàâëþº æîðñòêèé äèñê ó ïðóæíó ñìóãó, îáëàñòü êîíòàêòó 
çðîñòàº äî ïåâíîãî êðèòè÷íîãî ñòàíó, êîëè ¿¿ ðîçì³ð ó 5 ðàç³â ïåðåâèùóº 
øèðèíó ñìóãè. Ïðè ïîäàëüøîìó çðîñòàíí³ íàâàíòàæåííÿ ñìóãà çãèíàºòüñÿ 
íàñò³ëüêè, ùî îáëàñòü êîíòàêòó ðîçïàäàºòüñÿ íà äâ³ îáëàñò³, ÿê³, çáåð³ãàþ÷è 
ñâ³é â³äíîñíèé ðîçì³ð 2.5, â³ääàëÿþòüñÿ îäíà â³ä îäíî¿, à ì³æ íèìè óòâîðþ-
ºòüñÿ çîíà â³äðèâó äèñêà â³ä ìåæ³ ñìóãè, ÿêà çðîñòàº. Ïðè öüîìó ðîçïîä³ë 
íîðìàëüíèõ íàïðóæåíü ó êîæí³é ç îáëàñòåé êîíòàêòó íå çì³íþºòüñÿ. 
 
 1. Àíòèïîâ Þ. À. Òî÷íîå ðåøåíèå çàäà÷è î âäàâëèâàíèè êîëüöåâîãî øòàìïà â 

ïîëóïðîñòðàíñòâî // Äîêë. ÀÍ ÓÑÑÐ. Ñåð. À. – 1987. – ¹ 7. – Ñ. 29–33. 
 2. Äæîíñîí Ê. Ìåõàíèêà êîíòàêòíîãî âçàèìîäåéñòâèÿ. – Ìîñêâà: Ìèð, 1989. – 

510 ñ. 
 3. Êèð Ë. Ì., Äàíäåðñ Äæ., Öçàé Ê. Ö. Êîíòàêòíàÿ çàäà÷à äëÿ ñëîÿ, ëåæàùåãî íà 

ïîëóïðîñòðàíñòâå // Ïðèêë. ìåõàíèêà. Òð. Àìåð. îá-âà èíæåíåðîâ-ìåõàíèêîâ. – 
Ìîñêâà: Ìèð, 1972. – 39, ¹ 4. – Ñ. 260–266. 

 4. Íîáë Á. Ìåòîä Âèíåðà – Õîïôà. – Ìîñêâà: Èçä-âî èíîñòð. ëèò., 1962. – 280 ñ. 
 5. Óë³òêî À. Ô., Ìîðãóíîâ Ì. Î. Êîíòàêò æîðñòêîãî äèñêó ç òîíêîþ ïðóæíîþ 

ñìóãîþ ïðè çãèí³ // Â³ñí. Êè¿â. óí-òó. Ñåð. Ô³ç.-ìàò. íàóêè. – 2001. – Âèï. 4. – 
C. 164–173. 

 6. Filon L. N. G. On an approximate solution for the bending of a beam of rectangu-
lar cross-section under any system of load // Trans. Roy. Soc. (London). Ser. A. – 
1903. – 201, No. 67. 

 7. Ratwani M., Erdogan F. On the plane contact problem for frictionless elastic layer 
// Int. J. Solids and Struct. – 1973. – 43. – P. 921–936. 

 
КОНТАКТ С ОТРЫВОМ ПРИ ИЗГИБЕ УПРУГОЙ 
ПОЛОСЫ ЖЕСТКИМ ДИСКОМ 
 
Ðàññìîòðåíà çàäà÷à òåîðèè óïðóãîñòè î êîíòàêòíîì âçàèìîäåéñòâèè æåñòêîãî 
êðóãîâîãî äèñêà è óïðóãîé ïîëîñû, îïèðàþùåéñÿ íà äâå îïîðû, ñ íàðóøåíèåì êîí-
òàêòà â ñðåäíåé ÷àñòè îáëàñòè êîíòàêòà. Íà îñíîâå ìåòîäà Âèíåðà − Õîïôà èí-
òåãðàëüíîå óðàâíåíèå çàäà÷è ñâåäåíî ê áåñêîíå÷íîé ñèñòåìå àëãåáðàè÷åñêèõ óðàâ-
íåíèé. Îïðåäåëåíû ðàçìåð çîíû îòðûâà ãðàíèöû ïîëîñû îò äèñêà è ðàñïðåäåëåíèå 
êîíòàêòíûõ íàïðÿæåíèé. 
 
CONTACT WITH TEARING OFF UNDER BENDING 
OF ELASTIC STRIP BY RIGID DISK 
 
The problem of elasticity theory concerning contact interaction between a rigid circular 
disk and an elastic strip, which is holded by two bearings and tearing off from the 
central part of contact domain, has been investigated. Based on Wiener – Hopf method 
the constructed integral equation for this problem has been transformed to an infinite 
system of algebraic equations. The relative dimension of zone where the strip is tearing 
off from the disk and the distribution of contact stresses depending on relative width of 
the disk are found. 
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