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ЗБІЖНІСТЬ НЕТОЧНИХ РІЗНИЦЕВИХ МЕТОДІВ 
ПРИ УЗАГАЛЬНЕНИХ УМОВАХ ЛІПШИЦЯ  
 

Äîñë³äæåíî çá³æí³ñòü íåòî÷íèõ ìåòîä³â õîðä ³ Ñòåôôåíñåíà äëÿ ðîçâ’ÿçó-
âàííÿ ñèñòåì íåë³í³éíèõ ð³âíÿíü çà óçàãàëüíåíèõ óìîâ Ë³ïøèöÿ äëÿ ïîä³ëå-
íèõ ð³çíèöü ïåðøîãî ïîðÿäêó. Ðîçãëÿäàþòüñÿ ìåòîäè ç êîíòðîëåì â³äíîñíî¿ 
íåâ’ÿçêè. Ðåçóëüòàòè ëåãêî çàáåçïå÷óþòü îö³íêó êóë³ çá³æíîñò³ äëÿ íåòî÷-
íèõ ìåòîä³â. Äëÿ ÷àñòêîâèõ âèïàäê³â ðåçóëüòàòè ñï³âïàäàþòü ç â³äîìèìè.  

 
1. Âñòóï. Íåõàé çàäàíî ð³âíÿííÿ  

 ( ) 0F x = , (1) 

äå n nF D: ⊆ →   – íåë³í³éíèé îïåðàòîð. Äëÿ ìåòîäó Ñòåôôåíñåíà ââà-
æàòèìåìî, ùî ñïðàâäæóºòüñÿ ïîäàííÿ  

 ( ) ( ) 0F x x x= − ϕ = , (2) 

äå ϕ  – íåë³í³éíèé îïåðàòîð ó ïðîñòîð³ n .  

Íåõàé ,x y  – äâ³ ô³êñîâàí³ òî÷êè ç nD ⊆  . Îáìåæåíèé ë³í³éíèé îïå-

ðàòîð, ïîçíà÷åíèé ÷åðåç ( , )F x y , ÿêèé ä³º ç nD ⊆   â n , íàçèâàòèìåìî 

ïîä³ëåíîþ ð³çíèöåþ ïåðøîãî ïîðÿäêó äëÿ îïåðàòîðà F  çà òî÷êàìè x  ³ y , 
ÿêùî âèêîíóºòüñÿ ð³âí³ñòü [7] 

 ( , )( ) ( ) ( )F x y x y F x F y− = − . (3) 

Áóäåìî ââàæàòè, ùî ³ñíóº ïîõ³äíà Ôðåøå îïåðàòîðà ( )F x  â D , ïðè÷îìó 

( , ) ( )F x x F x′= .  
Íåòî÷íèé ³òåðàö³éíèé ïðîöåñ äëÿ ðîçâ’ÿçóâàííÿ ñèñòåì íåë³í³éíèõ ð³â-

íÿíü ìàº çàãàëüíèé âèãëÿä 

 ( )k k k kB F x r∆ = − + , äå 
( )

k
k

k

r

F x
≤ η , 

 1 ,           0,1,2,k k kx x k+ = + ∆ =  , (4) 

äå 0 1,x x−  – ïî÷àòêîâ³ çíà÷åííÿ, kB  – íåâèðîäæåíà ìàòðèöÿ ³ kη  – ïîñë³-

äîâí³ñòü ïðèñêîðþâàëüíèõ ìíîæíèê³â òàêèõ, ùî 0 1k≤ η ≤ . Öåé ïðîöåñ º 

íåòî÷íèì ìåòîäîì Íüþòîíà, ÿêùî ( )kB F x′= , íåòî÷íèì ìåòîäîì õîðä, ÿêùî 

1( , )k k kB F x x −= , ³ íåòî÷íèì ìåòîäîì Ñòåôôåíñåíà, ÿêùî , ( )k k kB F x x= ϕ( ) , 

äå ÷åðåç ( , ) ( , )F x y I x y= − ϕ  ïîçíà÷åíî ïîä³ëåíó ð³çíèöþ ïåðøîãî ïîðÿäêó 

îïåðàòîðà ( ) ( )F x x x= − ϕ , à I  – îäèíè÷íèé îïåðàòîð. Ìåòîä Ñòåôôåíñåíà 
çá³ãàºòüñÿ ç ìåòîäîì õîðä [2, 7, 12], ÿêùî ò³ëüêè íà êîæíîìó êðîö³ çà âèõ³ä-
í³ íàáëèæåííÿ âèáèðàòè âåëè÷èíè , ( )k kx xϕ . 

Çàóâàæèìî, ùî íåòî÷í³ ìåòîäè âêëþ÷àþòü â ñåáå êëàñ ³òåðàö³éíèõ ìå-
òîä³â, â ÿêèõ ³òåðàö³éíèé ìåòîä âèêîðèñòîâóº íàáëèæåíèé ðîçâ’ÿçîê ë³í³é-
íèõ ñèñòåì ìåòîä³â (4). 

Äëÿ íåòî÷íèõ ð³çíèöåâèõ ìåòîä³â âëàñòèâîñò³ ëîêàëüíî¿ çá³æíîñò³ ³ ïî-
ðÿäêó çá³æíîñò³ ìîæíà õàðàêòåðèçóâàòè â òåðì³íàõ ïðèñêîðþâàëüíèõ 

ìíîæíèê³â kη . Ïîçíà÷èìî ÷åðåç ⋅  äåÿêó âåêòîðíó íîðìó â n  ³ ï³äïî-

ðÿäêîâàíó ìàòðè÷íó íîðìó â n n× . Ó [9] ïîêàçàíî, ùî ïðè çâè÷àéíèõ óìî-
âàõ äëÿ ìåòîäó Íüþòîíà i ñòàëèõ kη , ìåíøèõ â³ä 1, ïîñë³äîâí³ñòü kx{ }  ë³-
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í³éíî çá³ãàºòüñÿ äî ðîçâ’ÿçêó x∗  ð³âíÿííÿ (1) ó íîðì³ ( )y F x y∗
∗

′= . Ïðî-

òå ö³ ðåçóëüòàòè çàëåæàòü â³ä íîðìè ³ îñê³ëüêè ∗⋅  º íåîá÷èñëþâàíà, òî ¿õ 

âàæêî çàñòîñóâàòè. Òîìó äàë³ çóñèëëÿ â÷åíèõ áóëè ñôîêóñîâàí³ íà àíàë³ç³ 

êîíòðîëþ çàëèøêîâî¿ íåâ’ÿçêè ≤ η
( )

k
k

k

r

F x
 ³ íà ¿¿ âïëèâ³ íà âëàñòèâîñò³ 

çá³æíîñò³. Á. Ìîð³í³ [11] ðîçãëÿíóâ íåòî÷í³ ìåòîäè, êîëè êîíòðîëü çâàæåíî¿ 
(ìàñøòàáîâàíî¿) â³äíîñíî¿ íåâ’ÿçêè âèêîíóâàâñÿ íà êîæí³é ³òåðàö³¿. ¯õíÿ 
³òåðàö³éíà ôîðìà º òàêîþ: 

 ( )k k k kB F x r∆ = − + , äå 
( )

k k
k

k k

P r

P F x
≤ θ , 

 1 ,           0,1,2,k k kx x k+ = + ∆ =  , (5) 

äå kP  – îáîðîòíà ìàòðèöÿ äëÿ êîæíîãî k . ßêùî kP I=  äëÿ êîæíîãî k , òî 

(5) çâîäèòüñÿ äî (4). Çàóâàæèìî, ùî íåâ’ÿçêè ó ö³é ôîðì³ âèêîðèñòîâóþòüñÿ 
â ³òåðàö³éíèõ ìåòîäàõ Íüþòîíà ³ç çàñòîñóâàííÿì ïåðåäóìîâ ³ kP  çì³íþºòü-

ñÿ ç ³íäåêñîì k , ÿêùî kB  îá÷èñëåíî. Àëå òàêîæ çâåðòàºìî óâàãó, ùî ðå-

çóëüòàòè, îòðèìàí³ â [11], íå äàþòü ìîæëèâîñò³ ÿñíî ïîáà÷èòè, íàñê³ëüêè 
âåëèêèì º ðàä³óñ êóë³ çá³æíîñò³. 

Ìåòîä õîðä äîñë³äæóâàëè çà óìîâ Ë³ïøèöÿ äëÿ ïîä³ëåíèõ ð³çíèöü àâ-
òîðè ðîá³ò [7, 12]. Òåîðåòè÷í³ äîñë³äæåííÿ ìåòîäó Ñòåôôåíñåíà äëÿ ñêà-
ëÿðíîãî âèïàäêó ïðîâåäåí³ À. Ì. Îñòðîâñüêèì [3]. Íà áàíàõîâèé ïðîñò³ð öåé 
ìåòîä óçàãàëüíèâ Ñ. Þ. Óëüì [4]. Ïðè öüîìó âèÿâëÿºòüñÿ, ùî ïðè âèêîíàíí³ 
ïðèðîäíèõ óìîâ óçàãàëüíåíèé ìåòîä Ñòåôôåíñåíà (áåç âèêîðèñòàííÿ ïî-
õ³äíèõ â³ä îïåðàòîðà) ìàº êâàäðàòè÷íèé ïîðÿäîê çá³æíîñò³, ÿê ³ ìåòîä Íüþ-
òîíà [1]. Ìåòîä Ñòåôôåíñåíà äëÿ ðîçâ’ÿçóâàííÿ íåë³í³éíèõ îïåðàòîðíèõ 
ð³âíÿíü ó áàíàõîâîìó ïðîñòîð³ äîñë³äæóâàâñÿ àâòîðàìè [2, 4] çà óìîâè, ùî 
ïîä³ëåí³ ð³çíèö³ íåë³í³éíîãî îïåðàòîðà ( )F x  çàäîâîëüíÿþòü óìîâó Ë³ïøèöÿ 
ç íåâ³ä’ºìíîþ ñòàëîþ L . Ó ðîáîò³ [6] ðîçãëÿíóòî äåÿêå óçàãàëüíåííÿ ìåòî-
äó Ñòåôôåíñåíà, îäíàê äîñë³äæåííÿ ïðîâåäåíî ïðè äîâîë³ æîðñòêèõ îáìå-
æåííÿõ íà îïåðàòîð ( )F x , çîêðåìà, âèìàãàºòüñÿ îáìåæåí³ñòü íîðìè äðóãî¿ 
ïîõ³äíî¿ Ôðåøå â³ä F . 

Ó ïðàö³ [13] ïðè äîñë³äæåíí³ ìåòîäó Íüþòîíà çàïðîïîíîâàíî óçàãàëü-
íåí³ óìîâè Ë³ïøèöÿ äëÿ îïåðàòîðà ïîõ³äíî¿, â ÿêèõ çàì³ñòü ñòàëî¿ L  âèêî-
ðèñòàíî äåÿêó äîäàòíó ³íòåãðîâíó ôóíêö³þ. Àâòîðîì ó [12] çàïðîïîíîâàíî 
àíàëîã³÷í³ óçàãàëüíåí³ óìîâè Ë³ïøèöÿ äëÿ îïåðàòîðà ïîä³ëåíî¿ ð³çíèö³ ïåð-
øîãî ïîðÿäêó ³ ïðè öèõ óìîâàõ äîñë³äæåíî çá³æí³ñòü ìåòîäó õîðä. Ó ïðàö³ 
[5] âèâ÷àëàñü çá³æí³ñòü ìåòîäó Ñòåôôåíñåíà äëÿ îïåðàòîðíèõ ð³âíÿíü çà 
óçàãàëüíåíèõ óìîâ Ë³ïøèöÿ äëÿ ïåðøèõ ïîä³ëåíèõ ð³çíèöü íåë³í³éíîãî îïå-
ðàòîðà ( )F x . Íåòî÷íèé ìåòîä Íüþòîíà äîñë³äæóâàâñÿ ó [8–11, 14]. Çîêðåìà, 
â ïðàö³ [8] ïðîâåäåíî äîñë³äæåííÿ íåòî÷íîãî ìåòîäó Íüþòîíà ïðè óçàãàëü-
íåíèõ óìîâàõ Ë³ïøèöÿ äëÿ îïåðàòîðà ïîõ³äíî¿ ïåðøîãî ïîðÿäêó. 

Ó ö³é ïðàö³ ðîçãëÿäàºìî íåòî÷í³ ð³çíèöåâ³ ìåòîäè ïðè óçàãàëüíåíèõ 
óìîâàõ Ë³ïøèöÿ, äå çä³éñíþºòüñÿ êîíòðîëü çâàæåíî¿ â³äíîñíî¿ íåâ’ÿçêè íà 
êîæí³é ³òåðàö³¿. Îòðèìàí³ ðåçóëüòàòè ìàþòü ñèëó ïðè øèðîêî âèêîðèñòî-
âóâàíèõ ã³ïîòåçàõ íà F  ³ ñï³âïàäàþòü ç òåîð³ºþ ìåòîä³â õîðä ³ Ñòåôôåí-
ñåíà ó âèïàäêó çíèêíåííÿ íåâ’ÿçêè, òîáòî ïðè 0kθ = , äëÿ êîæíîãî k . Ðå-

çóëüòàòè òàêîæ äàþòü ìîæëèâ³ñòü âñòàíîâèòè, íàñê³ëüêè âåëèêèì º ðàä³óñ 
êóë³ çá³æíîñò³. 

2. Äîïîì³æí³ ëåìè. Ïîçíà÷èìî ÷åðåç 0 0( , ) :B x r x x x r= − <{ }  â³ä-

êðèòó, à ÷åðåç 0 0( , )B x r x x x r= : − ≤{ }  – çàìêíóòó êóë³ ðàä³óñà r  ç 

öåíòðîì ó òî÷ö³ 0x . 
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Óìîâó íà îïåðàòîð ( , )F x y  ïîä³ëåíî¿ ð³çíèö³  

 ( , ) ( , )       , , ,F x y F u v L x u y v x y u v D− ≤ − + − ∀ ∈( )  (6) 

íàçèâàòèìåìî óìîâîþ Ë³ïøèöÿ â îáëàñò³ D  ç³ ñòàëîþ L . 
ßêùî âèêîíóºòüñÿ óìîâà 

 0 0 0 0( , ) ( )       , ( , )F x y F x L x x y x x y B x r′− ≤ − + − ∀ ∈( ) , (7) 

òî íàçâåìî ¿¿ öåíòðàëüíîþ óìîâîþ Ë³ïøèöÿ ó êóë³ 0( , )B x r  ç³ ñòàëîþ L . 

Êð³ì öüîãî, L  â óìîâàõ Ë³ïøèöÿ íå îáîâ’ÿçêîâî ìàº áóòè ñòàëîþ, à ìî-
æå áóòè äîäàòíîþ ³íòåãðîâíîþ ôóíêö³ºþ. Ó öüîìó âèïàäêó (6) ³ (7) áóäóòü 
çàì³íåí³ â³äïîâ³äíî íà 

 
0

( , ) ( , ) ( )        , , ,
x u y v

F x y F u v L u du x y u v D
− + −

− ≤ ∀ ∈∫  (8) 

òà 

 
− + −

′− ≤ ∀ ∈∫
0 0

0 0
0

( , ) ( ) ( )       , ( , )
x x y x

F x y F x L u du x y B x r . (9) 

Óìîâè Ë³ïøèöÿ (8) ³ (9) íàçèâàòèìåìî óçàãàëüíåíèìè óìîâàìè Ë³ïøèöÿ àáî 
òàêèìè, ùî ì³ñòÿòü L  ó ñåðåäíüîìó. 

Íàäàë³ áóäåìî ïðèïóñêàòè íåïåðåðâí³ñòü îïåðàòîðà ( )F x  ÷è ( )xϕ  ó ïî-
òð³áí³é îáëàñò³. 

Âèêîðèñòîâóþ÷è òåîðåìó Áàíàõà [1], îòðèìóºìî òàêèé ðåçóëüòàò.  

Ëåìà 1. Ïðèïóñòèìî, ùî ³ñíóº 1( )F x∗ −′ , F  ìàº ïîä³ëåí³ ð³çíèö³ 
( , )F x y , ÿê³ çàäîâîëüíÿþòü öåíòðàëüíó óìîâó Ë³ïøèöÿ ç L  â ñåðåäíüîìó:  

 
ρ +ρ

∗ − ∗′ − ≤ ∀ ∈ α∫
( ) ( )

1

0

( ) ( , ) ( )       , ( , )
x y

F x F x y I L u du x y B x r , (10) 

äå L  – äîäàòíà ³íòåãðîâíà ôóíêö³ÿ, ( )x x x∗ρ = − . Íåõàé r  çàäîâîëüíÿº 

óìîâó 

 
2

0

( ) 1
r

L u du ≤∫ . (11) 

Òîä³ ïîä³ëåíà ð³çíèöÿ ( , )F x y  îáîðîòíà â ö³é êóë³ ³  

 
( ) ( ) 1

1

0

( , ) ( ) 1 ( )
x y

F x y F x L u du
ρ +ρ −

− ∗  ′ ≤ − 
 ∫ . 

Ä î â å ä å í í ÿ.  Ñïðàâä³, ç òîòîæíîñò³ 

 
−− ∗ ∗ −′ ′= − − 11 1( , ) ( ) ( ) ( , )F x y F x I I F x F x y[ ]( ) , 

âðàõîâóþ÷è (10) ³ (11), çà òåîðåìîþ Áàíàõà îòðèìàºìî 

 1
( ) ( )

0

1( , ) ( )

1 ( )
x y

F x y F x

L u du

− ∗
ρ +ρ

′ ≤

− ∫
. ◊ 

Ëåìà 2. Íåõàé 
0

1( ) ( ) ,  0
t

h t L u du t r
t

= ≤ ≤∫ , äå ( )L u  – äîäàòíà ³íòåã-

ðîâíà òà ìîíîòîííî íåñïàäíà ôóíêö³ÿ íà 0, r[ ] . Òîä³ ( )h t  º ìîíîòîííî 

íåñïàäíîþ â³äíîñíî t . 
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Ä î â å ä å í í ÿ.  Ñïðàâä³, ïðè ìîíîòîííîñò³ L  ìàºìî 

 
2 1 2 1

1
2 1 2 2 10 0 0

1 1 1 1 1( ) ( )
t t t t

t

L u du L u du
t t t t t

    − = + − ≥        ∫ ∫ ∫ ∫  

 
2 1

1

1
2 2 1 0

1 1 1( )
t t

t

L t du
t t t

  ≥ + − =    ∫ ∫  

 2 1
1 1

2 2 1

1 1( ) 0
t t

L t t
t t t
−  = + − =    

, 1 20 t t< < . 

Îòæå, 
0

1( ) ( )
t

h t L u du
t

= ∫  º ìîíîòîííî íåñïàäíîþ â³äíîñíî t . ◊ 

3. Çá³æí³ñòü íåòî÷íèõ ð³çíèöåâèõ ìåòîä³â ç êîíòðîëåì çâàæåíî¿ íå-
â’ÿçêè. Âèâ÷èìî çá³æí³ñòü íåòî÷íèõ ìåòîäó õîðä òà ìåòîäó Ñòåôôåíñåíà 
â³äïîâ³äíî ïðè 1( )k k kB F x x −= ,  ³ , ( )k k kB F x x= ϕ( )  äëÿ êîæíîãî k . Ðàä³óñ 

îáëàñò³ çá³æíîñò³ ³ ïîðÿäîê çá³æíîñò³ ìåòîäó õîðä âñòàíîâëþº òàêà òåîðåìà.  
Òåîðåìà 1. Íåõàé F  – íåë³í³éíèé îïåðàòîð, âèçíà÷åíèé ó â³äêðèò³é 

îïóêë³é îáëàñò³ D  ïðîñòîðó n  ç³ çíà÷åííÿìè ó ïðîñòîð³ n . Ïðèïóñ-
òèìî, ùî:  

(³) ( ) 0F x =  ìàº ðîçâ’ÿçîê ( , )x B x r D∗ ∗∈ ⊂ , ó ÿêîìó ³ñíóº ïîõ³äíà 

Ôðåøå ( )F x∗′  ³ âîíà º îáîðîòíîþ; 

(³³) F  ìàº ïîä³ëåí³ ð³çíèö³ â ( , )B x r∗ , ÿê³ çàäîâîëüíÿþòü óìîâó Ë³ï-
øèöÿ ç L  â ñåðåäíüîìó: 

 
( ) ( )

1

0

( ) ( , ) ( , ) ( )
x y

F x F x x F x y L u du
ρ +ρ

∗ − ∗ ∗′ − ≤ ∫( ) , (12) 

äå , ( , )x y B x r∗∈ , ( )y y x∗ρ = −  ³ ôóíêö³ÿ L  º íåñïàäíîþ; 

(³³³) ïîêëàäåìî 

  1( , )k k kB F x x −= , 

 1
1 1 1( , ) ( , ) cond ( , )k k k k k k k k k k k kv P F x x P F x x P F x x−

− − −= θ ⋅ = θ( ) ( ) ( ) , 

äå 1kv v≤ < .  

Íåõàé 0r >  çàäîâîëüíÿº íåð³âí³ñòü 

 0
2

0

(1 ) ( )

1

1 ( )

r

r

v L u du v

L u du

+ +

≤

−

∫

∫
. (13) 

Òîä³ íåòî÷íèé ìåòîä õîðä çá³ãàºòüñÿ äëÿ âñ³õ ∗
− ∈1 0, ( , )x x B x r  ³ 

1nx x ∗
+ − ≤  

 

−

− −

ρρ

−ρ +ρ ρ +ρ

−

  +    ≤ ρ + ρ 
  ρ − −    

∫ ∫

∫ ∫

01

0 1 0 1

( )( )

0 0
1( ) ( ) ( ) ( )

1
0 0

( ) 1 ( )

( ) ( )

( ) 1 ( ) 1 ( )

xx

k kx x x x

L u du L u du v

x x

x L u du L u du

, 

  (14) 
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äå 

 

01

1 0

( )( )

0 0
( ) ( )

0

( ) 1 ( )

1,       1 2

1 ( )

xx

x x

L u du L u du v

q n

L u du

−

−

ρρ

ρ +ρ

 + + 
 

= < = , ,

−

∫ ∫

∫
 .  (15) 

Ä î â å ä å í í ÿ. Âèáåðåìî äîâ³ëüíî 0 1, ( , )x x B x r∗
− ∈ , äå r  çàäîâîëü-

íÿº (13), òîä³ q , âèçíà÷åíå çà (15), áóäå ìåíøèì í³æ 1. Ä³éñíî, ïðè ìîíî-

òîííîñò³ L  çà ëåìîþ 2 ìàºìî, ùî 
0

1 ( )
t

L u du
t ∫  º íåñïàäíîþ â³äíîñíî t . Òîìó 

 

01

1 0 10

( )( )

0 0
1( ) ( ) ( ) ( )

1
0 0

( ) 1 ( )

( )

( ) 1 ( ) 1 ( )

xx

x x x x

L u du L u du v

q x

x L u du L u du

−

− −

ρρ

−ρ +ρ ρ +ρ

−

 + 
 

= ρ + <
 ρ −  − 

∫ ∫

∫ ∫
 

 0 0
2 2

0 0

( ) 1 ( )

1

1 ( ) 1 ( )

r r

r r

L u du L u du v

L u du L u du

 + 
 

< + ≤

− −

∫ ∫

∫ ∫
. (16) 

ßêùî ( , )kx B x r∗∈ , òî çã³äíî ç (5) ìàºìî 

 1 1
1 1 1( , ) ( ) ( , )k k k k k k k kx x x x F x x F x F x x r∗ ∗ − −

+ − −− = − − + =  

 1 1
1( , ) ( , ) ( , ) ( , )k k kF x x F x x F x x F x x− ∗ ∗ ∗ ∗ − ∗

−= − −[  

 1 1
1 1( , ) ( ) ( , )k k k k k k k kF x x x x F x x P P r∗ − −

− −− − +] . 

Òîä³ ç îãëÿäó íà ëåìó 1 ³ óìîâè (12) îòðèìàºìî 

 1
1 1( , ) ( , )k k kx x F x x F x x∗ − ∗ ∗

+ −− ≤ ×  

 1
1( , ) ( , ) ( , )k k k kF x x F x x F x x x x∗ ∗ − ∗ ∗

−× − ⋅ − +[ ]  

 

1

1

( )

1 0
1 ( ) ( )

0

( )

( , ) ( )

1 ( )

k

k k

x

k k k k k k kx x

L u du

P F x x P F x

L u du

−

−

ρ

−
− ρ +ρ+ θ ⋅ ≤ ρ +

−

∫

∫
( )  

 1 1
1 1 1( , ) ( , ) ( , ) ( )( )k k k k k k k k k kP F x x P F x x F x x F x− −

− − −+ θ ⋅ ≤  

 

1

1 1

( ) ( )

0 0
( ) ( ) ( ) ( )

0 0

( ) 1 ( )

( )

1 ( ) 1 ( )

k k

k k k k

x x

k

kx x x x

L u du L u du v

x

L u du L u du

−

− −

ρ ρ

ρ +ρ ρ +ρ

  +    ≤ + ρ 
 − − 
 

∫ ∫

∫ ∫
. 

Ïîêëàâøè ó ö³é íåð³âíîñò³ 0k = , îòðèìàºìî 

 1 0 0x x q x x x x∗ ∗ ∗− ≤ − < − . 
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Îòæå, 1 ( , )x B x r∗∈ . Öå ïîêàçóº, ùî (5) ìîæíà ïîâòîðèòè íåñê³í÷åííó ê³ëü-

ê³ñòü ðàç³â. Çà ìàòåìàòè÷íîþ ³íäóêö³ºþ âñ³ ( , )kx B x r∗∈  ³ ( )k kx x x∗ρ = −  

ìîíîòîííî ñïàäàº. Äàë³, äëÿ âñ³õ 0,1,k =   ìàºìî 

 

1

1

( )

1
0

1 ( ) ( )

1
0

( ) ( )

( )

( ) 1 ( )

k

k k

x

k

k kx x

k

x L u du

x x x

x L u du

−

−

ρ

−
∗

+ ρ +ρ

−

ρ

− ≤ ⋅ ρ +
 ρ − 
 

∫

∫
 

 
1

( )

0
( ) ( )

0

1 ( )

( )

1 ( )

k

k k

x

k

kx x

L u du v

x

L u du
−

ρ

ρ +ρ

 + 
 

+ ⋅ ρ ≤

−

∫

∫
 

 

1

0 1

( )

0
1( ) ( )

1
0

( )

( )

( ) 1 ( )

x

kx x

L u du

x

x L u du

−

−

ρ

−ρ +ρ

−



≤ ρ +

  ρ −   

∫

∫
 

 

0

0 1

( )

0
( ) ( )

0

1 ( )

( )

1 ( )

x

kx x

L u du v

x

L u du
−

ρ

ρ +ρ

 +    + ρ
− 


∫

∫
. 

Òàêèì ÷èíîì, îòðèìàëè (14). ◊ 
Íåõàé ð³âíÿííÿ (1) ìàº âèãëÿä 

 ( ) ( ) 0F x x x= − ϕ = , (17) 

äå : n nDϕ ⊆ →   – íåë³í³éíèé îïåðàòîð. 
Äîâåäåìî òåïåð çá³æí³ñòü íåòî÷íîãî ìåòîäó Ñòåôôåíñåíà äëÿ ðîçâ’ÿ-

çóâàííÿ ð³âíÿííÿ (17), ñôîðìóëþâàâøè ñïî÷àòêó â³äïîâ³äíó ëåìó. 

Ëåìà 3. Ïðèïóñòèìî, ùî ³ñíóº 1( )F x∗ −′ , F  ìàº ïîä³ëåí³ ð³çíèö³ 
( , ) ( , )F x y I x y= − ϕ , ÿê³ çàäîâîëüíÿþòü öåíòðàëüíó óìîâó Ë³ïøèöÿ ç L  â 

ñåðåäíüîìó: 

 
ρ +ρ

∗ − ∗′ − ≤ ∀ ∈ α∫
( ) ( )

1

0

( ) ( , ) ( )        , ( , )
x y

F x F x y I L u du x y B x r  (18) 

³ 
  ( , )x y Mϕ ≤ ,   (19) 

äå ( )y x= ϕ , L  – äîäàòíà ³íòåãðîâíà ôóíêö³ÿ, max 1, Mα = { } , ( )xρ =  

x x∗= − . Íåõàé r  çàäîâîëüíÿº óìîâó 

 
(1 )

0

( ) 1
M r

L u du
+

≤∫ . 

Òîä³ ( , )F x y  îáîðîòíà â ö³é êóë³ òà 

 
( ) ( ) 1

1

0

( , ) ( ) 1 ( )
x y

F x y F x L u du
ρ +ρ −

− ∗  ′ ≤ − 
 ∫ . 
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Ä î â å ä å í í ÿ.  Ñïðàâä³, ç òîòîæíîñò³ 

 
11 1( , ) ( ) ( ) ( , )F x y F x I I F x F x y

−− ∗ ∗ −′ ′= − −[ ]( ) , 

âðàõîâóþ÷è (18) ³ (19), çà òåîðåìîþ Áàíàõà îòðèìàºìî 

 1
( ) ( )

0

1( , ) ( )

1 ( )
x y

F x y F x

L u du

− ∗
ρ +ρ

′ ≤

− ∫
. ◊ 

Òåîðåìà 2. Íåõàé ( ) ( )F x x x= − ϕ  – íåë³í³éíèé îïåðàòîð, âèçíà÷åíèé ó 

â³äêðèò³é îïóêë³é îáëàñò³ D  ïðîñòîðó n  ç³ çíà÷åííÿìè ó ïðîñòîð³ 
n . Ïðèïóñòèìî, ùî: 

(³) ( ) 0F x =  ìàº ðîçâ’ÿçîê ( , )x B x r D∗ ∗∈ ⊂ , ó ÿêîìó ³ñíóº ïîõ³äíà 

Ôðåøå ( )F x∗′  ³ âîíà º îáîðîòíîþ;  

(³³) äëÿ âñ³õ ,x y  ³ç ñôåðè ( , )B x r D∗ α ⊂  îïåðàòîð F  ìàº ïîä³ëåí³ 

ð³çíèö³ ( , ) ( , )F x y I x y= − ϕ , ÿê³ çàäîâîëüíÿþòü öåíòðàëüíó óìîâó 

Ë³ïøèöÿ ç L  â ñåðåäíüîìó: 

 
( ) ( )

1

0

( ) ( , ) ( , ) ( )
x y

F x F x x F x y L u du
ρ +ρ

∗ − ∗ ∗′ − ≤ ∫( )  (20) 

³ 

 ( , )x x M∗ϕ ≤ ,  (21) 

äå max 1;Mα = { } , ( )x x x∗ρ = −  ³ L  – íåñïàäíà.  

(³³³) ïîêëàäåìî  
, ( )k k kB F x x= ϕ( ) ,  

1( , ( )) ( , ( )) cond ( , ( ))k k k k k k k k k k k kv P F x x P F x x P F x x−= θ ϕ ⋅ ϕ = θ ϕ( ) ( ) ( ) , 

äå 1kv v≤ < .  

Íåõàé 0r >  çàäîâîëüíÿº íåð³âí³ñòü 

 0 0
(1 ) (1 )

0 0

( ) 1 ( )

1

1 ( ) 1 ( )

Mr r

M r M r

L u du L u du v

L u du L u du
+ +

 + 
 

+ ≤

− −

∫ ∫

∫ ∫
. (22) 

Òîä³ íåòî÷íèé ìåòîä Ñòåôôåíñåíà (5) çá³ãàºòüñÿ äëÿ âñ³õ 0 ( , )x B x r∗∈  ³  

 1nx x+ ∗− ≤  

 

ρ ϕ ρ

ρ +ρ ϕ ρ +ρ ϕ

  +  
  ≤ ρ ϕ + ρ 

  ρ ϕ − −    

∫ ∫

∫ ∫

0 0

0 0 0 0

( ( )) ( )

0 0
( ) ( ( )) ( ) ( ( ))

0
0 0

( ) 1 ( )

( ) ( )

( ) 1 ( ) 1 ( )

x x

k kx x x x

L u du L u du v

x x

x L u du L u du

( )

( )

, 

  (23) 
äå 

 

ρ ϕ ρ

ρ +ρ ϕ ρ +ρ ϕ

 + 
 

= + <

−−

∫ ∫

∫∫

0 0

0 0 00

( ( )) ( )

0 0
( ) ( ( )) ( ) ( ( ))

00

( ) 1 ( )

1

1 ( )1 ( )

x x

x x x x

L u du L u du v

q

L u duL u du

.  (24) 
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Ä î â å ä å í í ÿ.  Âèáåðåìî äîâ³ëüíî 0 ( , )x B x r∗∈ , äå r  çàäîâîëüíÿº (22), 

òîä³ q , âèçíà÷åíå çà (24), áóäå ìåíøèì â³ä 1. Ñïðàâä³, ïðè ìîíîòîííîñò³ L  

çà ëåìîþ 2 ôóíêö³ÿ 
0

1 ( )
t

L u du
t ∫  º íåñïàäíîþ â³äíîñíî t . Äàë³ îäåðæèìî 

 

ρ ϕ ρ

ρ ϕ +ρ ρ +ρ ϕ

 ρ ϕ + 
 

= + ≤
 ρ ϕ − − 
 

∫ ∫

∫ ∫

0 0

0 0 0 0

( ( )) ( )

0
0 0

( ( )) ( ) ( ) ( ( ))

0
0 0

( ) ( ) 1 ( )

( ) 1 ( ) 1 ( )

x x

x x x x

x L u du L u du v

q

x L u du L u du

( )

( )

 

  
0

0 0
(1 ) (1 )

0 0

( ( )) ( ) 1 ( )

1 ( ) 1 ( )

Mr r

M r M r

x L u du L u du v

Mr L u du L u du
+ +

 ρ ϕ + 
 

≤ + ≤
 − − 
 

∫ ∫

∫ ∫
 

 0 0
(1 ) (1 )

0 0

( ) 1 ( )

1

1 ( ) 1 ( )

Mr r

M r M r

Mr L u du L u du v

Mr L u du L u du
+ +

 + 
 

≤ + ≤
 − − 
 

∫ ∫

∫ ∫
. 

ßêùî ( , )kx B x r∗∈ , òî çã³äíî ç (5) ìàºìî 

 1 1
1 , ( ) ( ) , ( )k k k k k k k kx x x x F x x F x F x x r∗ ∗ − −

+ − = − − ϕ + ϕ =( ) ( )  

 1 1, ( ) ( , ) ( , ) ( , )k k kF x x F x x F x x F x x− ∗ ∗ ∗ ∗ − ∗= − ϕ −( )[ ] [  

 1 1, ( ) ( ) , ( )k k k k k k k kF x x x x F x x P P r∗ − −− ϕ − + ϕ( ) ( )] . 

Òîä³, âèêîðèñòîâóþ÷è ëåìó 3 òà óìîâè (20) ³ (21), îòðèìàºìî 

 1
1 , ( ) ( , )k k kx x F x x F x x∗ − ∗ ∗

+ − ≤ ϕ ×( )  

 1( , ) ( , ) , ( )k k kF x x F x x F x x∗ ∗ − ∗× − ϕ ×( )[ ]  

 1( , ( ))k k k k kx x P F x x∗ −× − + θ ϕ ×( )  

 1, ( ) , ( ) ( )k k k k k kP F x x F x x F x−× ϕ ϕ ≤( ) ( )  

 

( ( )) ( )

0 0
( ) ( ( )) ( ) ( ( ))

0 0

( ) 1 ( )

( )

1 ( ) 1 ( )

k k

k k k k

x x

k

kx x x x

L u du L u du v

x

L u du L u du

ρ ϕ ρ

ρ +ρ ϕ ρ +ρ ϕ

  +  
  ≤ + ρ 

 − − 
 

∫ ∫

∫ ∫
 

³ 

 ( ) ( ) ( ) ( , )k k k k kx x x x x x x x M x x∗ ∗ ∗ ∗ ∗ϕ − = ϕ − ϕ ≤ ϕ − ≤ − . 

Ïîêëàâøè ó öèõ îö³íêàõ 0k = , ä³ñòàíåìî 

 1 0 0 0x x q x x x x x x∗ ∗ ∗ ∗− ≤ − < − ≤ α − , 

 1 1 0 0( )x x M x x M x x x x∗ ∗ ∗ ∗ϕ − ≤ − < − ≤ α − . 
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Îòæå, 1x  ³ 1( )xϕ  íàëåæàòü ñôåð³ ( , )B x r∗ α . Öå ïîêàçóº, ùî (5) ìîæíà ïî-
âòîðèòè íåñê³í÷åííó ê³ëüê³ñòü ðàç³â. Çà ìàòåìàòè÷íîþ ³íäóêö³ºþ âñ³ 

,  ( ) ( , )k kx x B x r∗ϕ ∈ α , à ( )k kx x x∗ρ = −  ³ ( ) ( )k kx x x∗ρ ϕ = ϕ −( )  ìîíîòîííî 

ñïàäàþòü. Äàë³, äëÿ âñ³õ 0,1,k =   ìàºìî 

 

( ( ))

0
1 ( ) ( ( ))

0

( )

( )

( ) 1 ( )

k

k k

x

k kx x

k

L u du

x x x

x L u du

ρ ϕ

∗
+ ρ +ρ ϕ



− ≤ ρ ϕ +

  ρ ϕ −   

∫

∫
( )

( )

 

 

( )

0
( ) ( ( ))

0

1 ( )

( )

1 ( )

k

k k

x

k

kx x

L u du v

x

L u du

ρ

ρ +ρ ϕ

 +  
  + ρ ≤

− 


∫

∫
 

 

0

0 0

( ( ))

0
( ) ( ( ))

0
0

( )

( )

( ) 1 ( )

x

kx x

L u du

x

x L u du

ρ ϕ

ρ +ρ ϕ



≤ ρ ϕ +

  ρ ϕ −   

∫

∫
( )

( )

 

 

0

0 0

( )

0
( ) ( ( ))

0

1 ( )

( )

1 ( )

x

kx x

L u du v

x

L u du

ρ

ρ +ρ ϕ

 +  
  + ρ

− 


∫

∫
. 

Òàêèì ÷èíîì, îòðèìàëè (23). ◊ 
Òåîðåìè 1 ³ 2 äàþòü îö³íêó ðàä³óñà êóë³ çá³æíîñò³ äëÿ íåòî÷íèõ ìåòî-

ä³â õîðä ³ Ñòåôôåíñåíà â³äïîâ³äíî. Çîêðåìà, äëÿ 0v =  îòðèìàºìî îö³íêè 
ðàä³óñ³â çá³æíîñò³ «òî÷íèõ» ìåòîä³â õîðä ³ Ñòåôôåíñåíà, îòðèìàíèõ àâòî-
ðîì ó [5, 12].  

Ïðè âèâ÷åíí³ ìåòîä³â õîðä ³ Ñòåôôåíñåíà òðàäèö³éíèìè º ïðèïóùåí-
íÿ, ùî ïîä³ëåí³ ð³çíèö³ ïåðøîãî ïîðÿäêó íåïåðåðâí³ çà Ë³ïøèöåì. Ââàæà-
þ÷è, ùî L  º ñòàëîþ, îòðèìàºìî ç òåîðåì 1 òà 2 òàê³ íàñë³äêè. 

Íàñë³äîê 1. Ïðèïóñòèìî, ùî ( ) 0F x∗ = , 1( )F x∗ −′  ³ñíóº, F  ìàº ïîä³ëåí³ 
ð³çíèö³, ÿê³ çàäîâîëüíÿþòü óìîâó Ë³ïøèöÿ 

 1( ) ( , ) ( , )F x F x x F x y L x x y x∗ − ∗ ∗ ∗ ∗′ − ≤ − + −( ) ( )  , ( , )x y B x r∗∀ ∈ ,  

äå L  – äîäàòíå ÷èñëî. Íåõàé â (5)  

1( , )k k kB F x x −= ,  

1
1 1 1( , ) ( , ) cond ( , )k k k k k k k k k k k kv P F x x P F x x P F x x−

− − −= θ = θ( ) ( ) ,  

äå 1kv v≤ < . Íåõàé 0r >  çàäîâîëüíÿº ð³âí³ñòü 

 1
(3 )

vr
v L

−=
+

. 

Òîä³ íåòî÷íèé ìåòîä õîðä (5) çá³ãàºòüñÿ äëÿ âñ³õ 0 1, ( , )x x B x r∗
− ∈  ³ 

 01
1

1 0

( ) 1 ( )
( )

1 ( ) ( )
k

k k

L x L x v
x x x

L x x
−∗

+
−

ρ + + ρ 
− ≤ ρ − ρ + ρ 

( )

( )
. 
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Íàñë³äîê 2. Ïðèïóñòèìî, ùî: 

(³) ( ) ( ) 0F x x x= − ϕ =  ìàº ðîçâ’ÿçîê ( , )x B x r D∗ ∗∈ ⊂ , ó ÿêîìó ³ñíóº 

ïîõ³äíà Ôðåøå ( )F x∗′  ³ âîíà º îáîðîòíîþ;  

(³³) äëÿ âñ³õ ,x y  ç³ ñôåðè ( , )B x r D∗ α ⊂  îïåðàòîð F  ìàº ïîä³ëåí³ 

ð³çíèö³ ( , ) ( , )F x y I x y= − ϕ , ÿê³ çàäîâîëüíÿþòü öåíòðàëüíó óìîâó Ë³ï-
øèöÿ: 

 1( ) ( , ) ( , )F x F x x F x y L x x y x∗ − ∗ ∗ ∗ ∗′ − ≤ − + −( ) ( )  

³ 

 ( , )x x M∗ϕ ≤ , 

äå max 1,  Mα = { }  ³ 0, 0L M> > ;  

(³³³) ïîêëàäåìî â (5) 

, ( )k k kB F x x= ϕ( ) , 

1( , ( )) , ( ) cond ( , ( ))k k k k k k k k k k k kv P F x x P F x x P F x x−= θ ϕ ⋅ ϕ = θ ϕ( ) ( ) ( ) , 

äå 1kv v≤ < , i íåõàé 0r >  çàäîâîëüíÿº ð³âí³ñòü 

 1
1 2

vr
M v L
−=

+ +( )
. 

Òîä³ íåòî÷íèé ìåòîä Ñòåôôåíñåíà (5) çá³ãàºòüñÿ äëÿ âñ³õ 0x ∈  

( , )B x r∗∈  ³ 

 0
1

0 0

( ) 1 ( )
( )

1 ( ( )) ( )
k

k k

L x L x v
x x x

L x x
∗

+
ρ ϕ + + ρ

− ≤ ρ
− ρ ϕ + ρ
( ) ( )

( )
. 

4. Âèñíîâêè. Ó ïðàöÿõ [5, 12] äîñë³äæåíî ëîêàëüíó çá³æí³ñòü ìåòîä³â 
õîðä ³ Ñòåôôåíñåíà ó âèïàäêó âèêîíàííÿ óçàãàëüíåíèõ óìîâ Ë³ïøèöÿ äëÿ 
ïîä³ëåíèõ ð³çíèöü ïåðøîãî ïîðÿäêó, â ÿêèõ çàì³ñòü ñòàëî¿ Ë³ïøèöÿ âèêî-
ðèñòîâóºòüñÿ äåÿêà äîäàòíà ³íòåãðîâíà ôóíêö³ÿ. Ó ö³é ïðàö³ äîñë³äæåíî ëî-
êàëüíó çá³æí³ñòü íåòî÷íèõ âàð³àíò³â öèõ ìåòîä³â ïðè óçàãàëüíåíèõ óìîâàõ 
Ë³ïøèöÿ. Îòðèìàí³ ðåçóëüòàòè ì³ñòÿòü âæå â³äîì³ äëÿ â³äïîâ³äíèõ òî÷íèõ 
ìåòîä³â ÿê ÷àñòêîâ³ âèïàäêè.  
 
 1. Êàíòîðîâè÷ Ë. Â., Àêèëîâ Ã. Ï. Ôóíêöèîíàëüíûé àíàëèç. – Ìîñêâà: Íàóêà, 

1984. – 752 c.  
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СХОДИМОСТЬ НЕТОЧНЫХ РАЗНОСТНЫХ  
МЕТОДОВ ПРИ ОБОБЩЕННЫХ УСЛОВИЯХ ЛИПШИЦА  
 
Èññëåäîâàíà ñõîäèìîñòü íåòî÷íûõ ìåòîäîâ õîðä è Ñòåôôåíñåíà äëÿ ðåøåíèÿ 
ñèñòåì íåëèíåéíûõ óðàâíåíèé ïðè îáîáùåííûõ óñëîâèÿõ Ëèïøèöà äëÿ ðàçäåëåí-
íûõ ðàçíîñòåé ïåðâîãî ïîðÿäêà. Ðàññìàòðèâàþòñÿ ìåòîäû ñ êîíòðîëåì îòíîñè-
òåëüíîé íåâÿçêè. Ðåçóëüòàòû ëåãêî îáåñïå÷èâàþò îöåíêó øàðà ñõîäèìîñòè äëÿ 
íåòî÷íûõ ìåòîäîâ. Äëÿ ÷àñòíûõ ñëó÷àåâ ðåçóëüòàòû ñîâïàäàþò ñ èçâåñòíûìè. 
 
CONVERGENCE OF INEXACT DIFFERENCE  
METHODS UNDER THE GENERALIZED LIPSCHITZ CONDITIONS  
 
Under the generalized Lipschitz conditions for the first-order divided differences, local 
convergence properties of inexact Secant method and Steffensen method for systems of 
nonlinear equations are investigated. The methods with relative residual are considered. 
The results easily provide the estimate of convergence ball for inexact methods. For a 
special case, the results are affine invariant. 
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