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ДОСЛІДЖЕННЯ ЧАСТОТ ВЛАСНИХ КОЛИВАНЬ 
ТРАНСВЕРСАЛЬНО-ІЗОТРОПНОЇ ЦИЛІНДРИЧНОЇ ПАНЕЛІ 
З КРУГОВИМ ОТВОРОМ 
 

Ðîçãëÿäàºòüñÿ çàäà÷à ïðî âëàñí³ êîëèâàííÿ øàðí³ðíî îïåðòî¿ òðàíñâåðñàëü-
íî-³çîòðîïíî¿ öèë³íäðè÷íî¿ ïàíåë³ ç êðóãîâèì îòâîðîì. Äåôîðìóâàííÿ îáî-
ëîíêè îïèñóºòüñÿ ìîäèô³êîâàíèìè ð³âíÿííÿìè òåîð³¿ îáîëîíîê Òèìîøåíêà. 
×èñëîâèé ðîçâ’ÿçîê çàäà÷³ ïîáóäîâàíî íåïðÿìèì ìåòîäîì ãðàíè÷íèõ ³íòåã-
ðàëüíèõ ð³âíÿíü, ùî ´ðóíòóºòüñÿ íà ïîñë³äîâí³ñíîìó çîáðàæåíí³ ôóíêö³é 
¥ð³íà.  

 
 1. Âñòóï. Çàäà÷³ ïðî êîëèâàííÿ îáîëîíîê ð³çíî¿ ãåîìåòðè÷íî¿ ôîðìè, 
îáîëîíîê ç îòâîðàìè, âèð³çàìè òà âêëþ÷åííÿìè ìàþòü øèðîêå çàñòîñóâàí-
íÿ â ³íæåíåðí³é ïðàêòèö³. Öèì çóìîâëåíà çíà÷íà ê³ëüê³ñòü ïóáë³êàö³é ñòî-
ñîâíî ðîçðîáêè ìåòîä³â ðîçðàõóíêó ³ äîñë³äæåííÿ âëàñíèõ ³ âèìóøåíèõ êî-
ëèâàíü ïëàñòèí ³ îáîëîíîê. Ìåòîä ñê³í÷åííèõ åëåìåíò³â çàñòîñîâóâàëè ïðè 
ðîçâ’ÿçóâàíí³ çàäà÷ ïðî âèçíà÷åííÿ êîëèâàíü àí³çîòðîïíèõ îáîëîíîê ó ïðà-
öÿõ [3, 8]. Êîëèâàííÿì áàãàòîøàðîâèõ òîíêîñò³ííèõ êîíñòðóêö³é ïðèñâÿ÷åí³ 
ðîáîòè [14] ³ [18], äå äëÿ äîñë³äæåííÿ êîëèâàíü ñóö³ëüíèõ êîìïîçèòíèõ îáî-
ëîíîê âèêîðèñòàíî äåâ’ÿòèâóçëîâèé ìåòîä ñê³í÷åííèõ åëåìåíò³â, ÿêèé ´ðóí-
òóºòüñÿ íà òåîð³¿ Ñàíäåðñà ïåðøîãî ïîðÿäêó íàáëèæåííÿ äåôîðìàö³é. Ó 
ðîáîò³ [17] äîñë³äæóâàâñÿ âïëèâ ïîºäíàííÿ ðîçòÿãó ³ çãèíó êîìïîçèòíèõ 
îáîëîíîê íà âëàñí³ ÷àñòîòè êîëèâàíü ç âèêîðèñòàííÿì ð³âíÿííÿ ðóõó òèïó 
Äîííåëà â ïîºäíàíí³ ç ìåòîäîì Ãàëüîðê³íà. Äëÿ âèçíà÷åííÿ ÷àñòîò âëàñíèõ 
êîëèâàíü ëàì³íîâàíèõ îáîëîíîê ó [15] íà îñíîâ³ ð³âíÿíü ðóõó, ÿê³ ´ðóíòó-
þòüñÿ íà ïåðø³é àïðîêñèìàö³¿ êëàñè÷íî¿ òåîð³¿ Ëÿâà, âèêîðèñòàíî çàãàëü-
íèé ìåòîä êâàäðàòóð äëÿ äèôåðåíö³àëüíèõ ð³âíÿíü. Ó ðîáîò³ [21] äîñë³äæó-
âàëèñü â³ëüí³ êîëèâàííÿ ëàì³íîâàíî¿ îáîëîíêè ç ïåðåõðåñíèìè øàðàìè. 
Íåë³í³éíà äèíàì³÷íà ïîâåä³íêà äîâãî¿ öèë³íäðè÷íî¿ ïðóæíî¿ îáîëîíêè ç âè-
êîðèñòàííÿì ïðèíöèïó Ãàì³ëüòîíà âèâ÷àëàñü ó [9]. Ìåòîä êîëîêàö³é ç³ 
ñïëàéí-ôóíêö³ÿìè çàñòîñîâàíî â ðîáîò³ [20] äëÿ ðîçðàõóíêó â³ëüíèõ êîëè-
âàíü öèë³íäðè÷íî¿ øàðóâàòî¿ îáîëîíêè. Äëÿ âèâ÷åííÿ â³ëüíèõ êîëèâàíü 
êîìïîçèòíèõ öèë³íäðè÷íèõ îáîëîíîê ó [10] çàñòîñîâàíî óòî÷íåíèé àíàë³-
òè÷íèé ìåòîä ç âèêîðèñòàííÿì åêâ³âàëåíòíèõ êðèâèí äëÿ íàáëèæåííÿ êðè-
âèíè ñåðåäèííî¿ ïîâåðõí³, à òàêîæ åêâ³âàëåíòíèõ òðàíñâåðñàëüíèõ çñóâíèõ 
æîðñòêîñòåé äëÿ íàáëèæåííÿ ïîâîðîò³â â òðàíñâåðñàëüí³é ïëîùèí³ ïåðå-
ð³çó. Êîëèâàííÿ ³ äåìïôóâàííÿ áàãàòîøàðîâèõ êîìïîçèòíèõ îáîëîíîê äî-
ñë³äæóâàëè ó [7].  

Íàÿâí³ñòü îòâîð³â â îáîëîíêàõ çíà÷íî óñêëàäíþº ðîçâ’ÿçóâàííÿ êðàéî-
âèõ çàäà÷. Àíàë³ç êîëèâàííÿ ëàì³íîâàíèõ îáîëîíîê ³ ïëàñòèí ç îòâîðîì ³ 
áåç íüîãî ç óðàõóâàííÿì óìîâ äåìïôóâàííÿ âèêîíàíî â [4, 5], à çàäà÷ó ïðî 
îïòèìàëüíèé âèá³ð øàð³â îáîëîíêè äëÿ ìàêñèìàëüíîãî ï³äâèùåííÿ âëàñíî¿ 
÷àñòîòè ðîçâ’ÿçàíî â [6]. Êîëèâàííÿ ï³äêð³ïëåíî¿ êâàäðàòíî¿ ïàíåë³ ç ñèìåò-
ðè÷íèìè êâàäðàòíèìè îòâîðàìè äîñë³äæåíî ó ðîáîò³ [16], à â [11, 13]  – íà-
ïðóæåííÿ ³ äèíàì³÷íó ïîâåä³íêó öèë³íäðè÷íèõ îáîëîíîê ç åë³ïòè÷íèì ³ 
ïðÿìîêóòíèì îòâîðàìè. Ìåòîäîì Ðåëåÿ – Ð³òöà ðîçðàõîâàíî ÷àñòîòè âëàñ-
íèõ êîëèâàíü îáîëîíêè ç êðóãîâèì îòâîðîì ³ ïðîâåäåíî ïîð³âíÿííÿ ðåçóëü-
òàò³â ç åêñïåðèìåíòàëüíèìè äàíèìè [19]. Âïëèâ ðàä³óñà îòâîðó, ðàä³óñà 
êðèâèíè îáîëîíêè òà òîâùèíè ëàì³íîâàíîãî ïîêðèòòÿ íà ÷àñòîòè êîëèâàíü 
ëàì³íîâàíî¿ öèë³íäðè÷íî¿ îáîëîíêè ç êðóãîâèì îòâîðîì âèâ÷åíî â [12]. 

Ó ö³é ðîáîò³ äîñë³äæåíî ÷àñòîòè âëàñíèõ êîëèâàíü öèë³íäðè÷íî¿ òðàíñ-
âåðñàëüíî-³çîòðîïíî¿ ïàíåë³ ç êðóãîâèì îòâîðîì çà íàÿâíîñò³ ð³çíèõ êðàéî-
âèõ óìîâ íà êîíòóð³ îòâîðó òà øàðí³ðíîãî îïèðàííÿ íà êðàÿõ. Âèêîðèñòàíî 
ìîäèô³êîâàíó ìîäåëü Òèìîøåíêà çãèíó îáîëîíêè çà íåõòóâàííÿ æîðñòêèìè 
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ïîâîðîòàìè íàâêîëî íîðìàë³ äî ñåðåäèííî¿ ïîâåðõí³, ùî îá´ðóíòîâàíî ó ðî-
áîò³ [2] äëÿ âèïàäêó ïîïåðå÷íèõ êîëèâàíü òîíêîñò³ííèõ åëåìåíò³â. Ðîçâ’ÿ-
çîê â³äïîâ³äíî¿ êðàéîâî¿ çàäà÷³ áàçóºòüñÿ íà ïîáóäîâ³ ôóíêö³¿ ¥ð³íà ó âè-
ãëÿä³ ãðàíèöü ïîñë³äîâíîñòåé óçàãàëüíåíèõ ÷àñòèííèõ ñóì òðèãîíîìåòðè÷-
íèõ ðÿä³â. Çàäà÷ó çâåäåíî äî ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü, ÿê³ ðîçâ’ÿçàíî 
ìåòîäîì êîëîêàö³é.  

Ïîñòàíîâêà çàäà÷³ òà ïîáóäîâà êëþ÷îâèõ ð³âíÿíü. Ðîçãëÿíåìî çàäà÷ó 
ïðî óñòàëåí³ êîëèâàííÿ òðàíñâåðñàëüíî-³çîòðîïíî¿ öèë³íäðè÷íî¿ ïàíåë³ ç 
êðóãîâèì îòâîðîì ðàä³óñà 0R . Çîâí³øí³ êðà¿ ïàíåë³ øàðí³ðíî îïåðò³. Â³ñü 

1α  íàïðÿìëåíà âçäîâæ äîâæèíè ïàíåë³, 2 Rα = ϕ  – êîëîâà êîîðäèíàòà, ϕ  – 
öåíòðàëüíèé êóò. Ìàòåìàòè÷íà ìîäåëü, ùî îïèñóº íàïðóæåíî-äåôîðìîâà-
íèé ñòàí, áàçóºòüñÿ íà ð³âíÿííÿõ òåîð³¿ îáîëîíîê Òèìîøåíêà [1, 2]: 
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= ; 2h  ³ R  – òîâùèíà òà ðàä³óñ ñåðåäèííî¿ ïîâåðõ-

í³ îáîëîíêè; ρ  – ãóñòèíà ìàòåð³àëó; 1 2 1 2,  ,  ,  ,  w u uγ γ  – êóòè ïîâîðîòó íîð-

ìàë³ äî ñåðåäèííî¿ ïîâåðõí³, ïðîãèí ³ ïåðåì³ùåííÿ; ,  ,  i ij ijQ M N  – âíóòð³ø-

í³ çóñèëëÿ; ,  i iq m  – çîâí³øíº íàâàíòàæåííÿ.  
Ïåðåì³ùåííÿ äîâ³ëüíî¿ òî÷êè îáîëîíêè çíàõîäèìî çà ôîðìóëàìè 

 1 2 3 1 2 1 2 3 3( , , ) ( , ) ( , ) ,    1,2,    i i iu u i u wα α α = α α + γ α α α = = . (3) 

Íîðìàëüí³ òà äîòè÷í³ êîìïîíåíòè ïåðåì³ùåíü ³ çóñèëü óçäîâæ äåÿêî¿ 
ãëàäêî¿ êðèâî¿ C  ç îäèíè÷íèì íîðìàëüíèì ³ òàíãåíö³àëüíèì âåêòîðàìè 

1 1 2 2 1 2( , ),  ( , )n nα α α α{ } , 1 1 2 2 1 2( , ),  ( , )α α α ατ τ{ } , 1 2 2 1( ,  )n nτ = − τ = −  âèçíà÷à-
ºìî çà ôîðìóëàìè 

 1 2 1 2
1 2 1 2

,       n
u u u uu n n uτ

∂ ∂ ∂ ∂   = − + = − τ + τ   ∂α ∂α ∂α ∂α   
, 

 1 2 1 2
1 2 1 2

,       n n n τ
∂γ ∂γ ∂γ ∂γ   γ = − + γ = − τ + τ   ∂α ∂α ∂α ∂α   

, 

 2 2
11 1 12 1 2 22 22nM M n M n n M n= + + ,  

 2 2
11 1 12 1 2 22 2 1 1 2 22 ,       n nN N n N n n N n Q Q n Q n= + + = + .  (4) 

Êðàéîâ³ óìîâè ïðè 1 0α = , 1 1α =  , 2 0α = , 2 kα = π , ùî â³äïîâ³äàþòü 
øàðí³ðíîìó îïèðàííþ, òàê³: 

 0,      0,      0,      0,      0n nw M N uτ τ= = = = γ = .  (5) 
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Ðîçãëÿíåìî äâà òèïè êðàéîâèõ óìîâ íà êîíòóð³ îòâîðó: 
à) çàäàþòüñÿ ïåðåì³ùåííÿ, êóòè ïîâîðîòó òà ïðîãèí íà êîíòóð³, ÿê³ 

çì³íþþòüñÿ çà ãàðìîí³÷íèì çàêîíîì çà ÷àñîâîþ êîîðäèíàòîþ: 
 0 0 0 0 0 0sin ,      sin ,      sinn nu u t t w w t= θ γ = γ θ = θ( ) ( ) ( ) ;  (6) 

á) çàäàþòüñÿ ðîçïîä³ëåí³ çóñèëëÿ òà ìîìåíòè: 
 0 0 0 0 0 0sin ,      sin ,      sinn n nQ Q t M M t N N t= θ = θ = θ( ) ( ) ( ) ,  (7) 

äå 1 2( , )α = α α ; 1 2( ), ( )n nξ ξ{ }  – îäèíè÷íèé íîðìàëüíèé âåêòîð äî ë³í³¿ L , 

0 0 0, ,w Q M  – àìïë³òóäè ïðîãèíó, ïåðåð³çóâàëüíî¿ ñèëè òà ìîìåíòó. Òàêèé 

òèï ìåæîâèõ óìîâ â³äïîâ³äàº âèïàäêó óñòàëåíèõ êîëèâàíü îáîëîíêè, òîáòî 
âñ³ ñèëîâ³ ³ ê³íåìàòè÷í³ õàðàêòåðèñòèêè çì³íþâàòèìóòüñÿ òàêîæ çà ãàðìî-
í³÷íèì çàêîíîì. 

Ïðèéìàþ÷è íåõòîâíî ìàëèìè ïîâîðîòè åëåìåíòà îáîëîíêè íàâêîëî 
íîðìàë³ äî ñåðåäèííî¿ ïîâåðõí³ [2], ââåäåìî ó âèðàçè äëÿ âåëè÷èí 12M , 

21M , 12N , 21N  äîïîì³æí³ ôóíêö³¿ ,  H T  (ðåàêö³¿ íà ïîâîðîòè) òà ìàë³ ïà-

ðàìåòðè 1 1/Dβ = , 2 1/Bβ = : 
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Ñèñòåìà ð³âíÿíü (1), (2) ç óðàõóâàííÿì çàëåæíîñòåé (8) ïðè 1 0β = , 2 0β =  
– ìîäèô³êîâàíà ìîäåëü Òèìîøåíêà äåôîðìóâàííÿ îáîëîíêè. Ð³âíÿííÿ (8) 
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ïîòåíö³àëè êóò³â ïîâîðîòó ³ îñüîâèõ ïåðåì³ùåíü 
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Ï³ñëÿ ïåðåòâîðåííÿ ñï³ââ³äíîøåííÿ (2) ç óðàõóâàííÿì çàëåæíîñòåé (9) 
³ ï³äñòàíîâêè ¿õ ó ð³âíÿííÿ ñèñòåìè (1) îäåðæèìî òàêó ñèñòåìó ð³âíÿíü: 
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Îòæå, äëÿ âèçíà÷åííÿ íåâ³äîìèõ ôóíêö³é ìàºìî ñèñòåìó ð³âíÿíü (10) ³ 
ãðàíè÷í³ óìîâè (5), (6) àáî (5), (7). 

Îòðèìàíà ìàòåìàòè÷íà ìîäåëü ïîäàºòüñÿ íå ï’ÿòüìà ð³âíÿííÿìè, à 
òðüîìà. Öå ñóòòºâî åêîíîìèòü êîìï’þòåðí³ ðåñóðñè ïðè ÷èñëîâèõ ðîçðàõóí-
êàõ, à ïîõèáêà îá÷èñëåíü âèÿâëÿºòüñÿ íåâåëèêîþ [2]. 

Óçàãàëüíåíèé ìåòîä Ôóð’º ³ ìåòîä ãðàíè÷íèõ åëåìåíò³â ðîçâ’ÿçóâàí-
íÿ êðàéîâî¿ çàäà÷³. Äëÿ ïîáóäîâè ðîçâ’ÿçêó ñôîðìóëüîâàíèõ çàäà÷ âèêî-
ðèñòàºìî íåïðÿìèé ìåòîä ãðàíè÷íèõ åëåìåíò³â. Ââàæàºìî, ùî â êâàäðàò³ 

1 2 1 1 2 2( , ) ,  r r rΠ = α α α α − α ≤ ε α − α ≤ ε:{ }  îáîëîíêà íàâàíòàæåíà çóñèëëÿ-

ìè, ðîçïîä³ëåíèìè ñèìåòðè÷íî â³äíîñíî éîãî îñåé ñèìåòð³¿ (ïàðàëåëüíèõ äî 
ñòîð³í). Ð³âíîä³éí³ öèõ çóñèëü – íîðìàëüíà ñèëà, ìîìåíò òà îñüîâà ñèëà 

1 0sinrT tθ( ) , 2 0sinrT tθ( ) , 3 0sinrT tθ( )  çì³íþþòüñÿ çà ãàðìîí³÷íèì çàêîíîì ³ç 

÷àñòîòîþ 0θ . Ïðè öüîìó ð³âíîä³éíèé ìîìåíò îð³ºíòîâàíèé çà íàïðÿìêîì 

îäèíè÷íîãî âåêòîðà 1 2,r rn n{ } . Äëÿ ìîäåëþâàííÿ ö³º¿ ä³¿ âèêîðèñòàºìî δ -ïî-
ä³áí³ ôóíêö³¿ [2]: 

 3 2 1 1 1 2 2 2 0, , sinr r rq T tε ε= δ α α δ α α θ( ) ( ) ( ) , 

 3 1 1 1 2 2 2 0, , sinr r r r
i im T n tε ε= δ α α δ α α θ( ) ( ) ( ) , 

 1 1 1 1 2 2 2 0, , sinr r r r
i iq T n tε ε= δ α α δ α α θ( ) ( ) ( ) ,  (11) 

äå 

 
1 , ,

( , ) 2

0, ,

r
ri i

r i i
i i i

r
i i

g
ε

 ξ − ξ  ξ − ξ ≤ ε  δ ξ ξ = ε ε  
 ξ − ξ > ε

 

( )g ξ  – ñïàäíà ãëàäêà ôóíêö³ÿ, 0 1≤ ξ ≤ , (1) 0g = , 
1

0

( ) 1g dξ ξ =∫ . 

Ðîçâ’ÿçîê ñèñòåìè ð³âíÿíü (10), ùî çàäîâîëüíÿº óìîâè (5), øóêàºìî ó 
âèãëÿä³, ÿêèé äàº çìîãó àâòîìàòè÷íî çàäîâîëüíèòè óìîâè øàðí³ðíîãî îïè-
ðàííÿ íà ãðàíèö³ ïàíåë³: 

 0
1 1

( , ) ( )

( , ) ( ) ( ) sin

( , ) ( )

r r
km

r r
km km

r rk m
km

u u

t

w w

ε
ε ∞ ∞

ε
ε

ε= =
ε

   α α α
   γ α α = γ α Φ α θ   
   α α α   

∑ ∑ ( ) ,  (12) 

äå 1 1 2 2( ) sin ( ) sin ( )km k mΦ α = λ α λ α , 1n k
kπλ = λ =


, 2n m
m
R

λ = λ = .  

Çîáðàçèâøè δ -ïîä³áí³ ôóíêö³¿ ó ôîðìóëàõ (11) ó âèãëÿä³ 

 
1

2, sin sinr r
k k k

k

∞

ε
=

δ ξ ξ = ϕ λ ε λ ξ λ ξ∑
( ) ( ) ( ) ( )  

àáî 

 
1

2 1, cos cos
2

r r
k k k

k

∞

ε
=

 
δ ξ ξ = + ϕ λ ε λ ξ λ ξ 

 
∑

( ) ( ) ( ) ( ) , 

äå 
1

0

( , ) ( )cos ( )k kg s s dsϕ λ ε = λ ε∫ , 1k kλ = λ  àáî 2mλ , ³, ï³äñòàâèâøè ¿õ ó (10), 

îòðèìàºìî ñèñòåìó àëãåáðè÷íèõ ð³âíÿíü â³äíîñíî êîåô³ö³ºíò³â êëþ÷îâèõ 
ôóíêö³é: 

 
1
2
2

3

( )
1( ) ( ) ( )

( )

r r
km

km r r
ij km km km

rr
km

u T

L w C T
B

T

ε

ε

ε

   α
   α = ε Θ α   
   γ α   

[ ]{ } , 
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äå 

 

( )
0 0

( ) 0 ( ) 0

( )
0 0

r
km

r r
km km

r
km

n

n

 ∂Φ α
− ∂ 

Θ α = Φ α 
 ∂Φ α

−  ∂

[ ] , 

 (3) (2) (1)
11 12 21,    1km km km

km km km km kmL L L
B B
Λ Λ     = − ∆ ∆ + ∆ = = − ν∆ + + ∆     

     
, 

 
2

(1) 2 2 0
13 31 22 1 1 2 2

2
,      2km km km

km km

h
L L L k k k k

B B B
θΛ Λ = = ∆ = − ∆ + + ν + − 

 
( ) , 

 23 32 33,      km km km
km km km km

DL L L
B B D
Λ Λ = = ∆ = − ∆ ∆ + ∆ 

 
, 

 2 2 (1) 2 2
1 2 1 1 2 2,          km k m km k mk k∆ = λ + λ ∆ = λ + λ , 

 (2) 2 2 (3) 2 2 2 2
2 1 1 2 1 1 2 2,     km k m km k mk k k k∆ = λ + λ ∆ = λ + λ . 

Ðîçâ’ÿçîê ö³º¿ ñèñòåìè ìàº âèãëÿä 

 

( )
1( ) ( ) ( )

( )

r
km

r r r
km km km km

r
km

u

w C U T
B

ε

ε

ε

 α
 α = − ε Θ α 
 γ α 

[ ][ ]{ } . (13) 

Òóò 

 
11 2 3
2

,          1 2 3 2

1 2 3 3

[ ]

r

km km km
r

km km km km
r

km km km

Tu u u
U w w w T T

T

     = =  
   γ γ γ   

{ } ,  

 1 22 33 23 32 2 32 13 12 33
0 0

1 1,     km km km km km km km km
km kmu L L L L u L L L L= − = − −

Ω Ω
( ) ( ) , 

 3 12 23 13 22 1 23 31 21 33
0 0

1 1,     km km km km km km km km
km kmu L L L L w L L L L= − = −

Ω Ω
( ) ( ) , 

 2 11 33 13 31 3 21 13 11 23
0 0

1 1,    km km km km km km km km
km kmw L L L L w L L L L= − − = −

Ω Ω
( ) ( ) , 

 1 21 32 22 31 2 11 22 12 21
0 0

1 1,     km km km km km km km km
km kmL L L L L L L Lγ = − γ = − −

Ω Ω
( ) ( ) , 

 3 13 31 11 32 1 1 2 22
0

1 4,     ( ) ( ) ( )km km km km
km km k mL L L L Cγ = − ε = ϕ λ ε ϕ λ ε

Ω
( )


, 

 0 det ijLΩ = . 

Ïîäâ³éí³ ðÿäè â (13) ð³âíîì³ðíî çá³ãàþòüñÿ ïðè 0ε ≠ , òîìó ìîæíà çðî-
áèòè ãðàíè÷íèé ïåðåõ³ä ïðè 0ε → . Íàïðèêëàä, ÿêùî ( ) 2(1 )g s s= − , òî 

22 2( ) sin ( ) ( )k k kϕ λ ε = λ ε λ ε/ / /[ ] , òîìó ç îãëÿäó íà îö³íêó 2( ) (1 )k kOϕ λ ε = /  ðÿ-

äè â (12) ð³âíîì³ðíî çá³ãàþòüñÿ. ßêùî ó âèðàçàõ (13) ïåðåéòè äî ãðàíèö³, 
êîëè 0ε → , òî îäåðæèìî ôóíêö³¿ ¥ð³íà êðàéîâèõ çàäà÷³ (10), (5), (6) àáî 
(10), (5), (7) [2]. 

Ðîçãëÿíåìî çàäà÷ó ïðî íàâàíòàæåííÿ øàðí³ðíî îïåðòî¿ ïàíåë³ íåâ³äî-
ìèìè ñèëàìè òà ìîìåíòàìè 1 0( ) sinT tξ θ , 2 0( ) sinT tξ θ , 3 0( ) sinT tξ θ , ðîçïîä³-

ëåíèìè óçäîâæ ë³í³¿ L . Óçàãàëüíåíèé ðîçâ’ÿçîê çàäà÷³ ïîäàìî ó âèãëÿä³ ³í-
òåãðàëüíèõ çîáðàæåíü: 
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 1 1 2 2
0 , 1

( )1( , ) lim ( ) ( ) ( ) ( )km
km km km km

k mL

w t C w T w T
B n

∞

ε→ =

∂Φ ξ
α = ε ξ + Φ ξ ξ + ∂

∑∫  

 3 3 0

( )
( ) ( ) ( ) sinkm

km kmw T d t
n

∂Φ ξ 
+ ξ Φ α ξ θ∂ 

 ( ) , 

 1 1 2 2
0 , 1

( )1( , ) lim ( ) ( ) ( ) ( )km
km km km km

k mL

u t C u T u T
B n

∞

ε→ =

∂Φ ξ
α = ε ξ + Φ ξ ξ + ∂

∑∫  

 3 3 0

( )
( ) ( ) ( ) sinkm

km kmu T d t
n

∂Φ ξ 
+ ξ Φ α ξ θ∂ 

 ( ) , 

 1 1 2 2
0 , 1

( )1( , ) lim ( ) ( ) ( ) ( )km
km km km km

k mL

t C T T
B n

∞

ε→ =

∂Φ ξ
γ α = ε γ ξ + γ Φ ξ ξ + ∂

∑∫  

 3 3 0

( )
( ) ( ) ( ) sinkm

km kmT d t
n

∂Φ ξ 
+ γ ξ Φ α ξ θ∂ 

 ( ) .  (14) 

Ó âèïàäêó êðàéîâèõ óìîâ (6), ï³äñòàâèâøè ð³âíîñò³ (14) ó ôîðìóëó (6) ³ 
çðîáèâøè ãðàíè÷íèé ïåðåõ³ä ïðè 0α → α , 0 Lα ∈ , îòðèìàºìî ñèñòåìó 

òðüîõ ³íòåãðàëüíèõ ð³âíÿíü 

 1 1 2 2
0 , 1

( )1lim ( ) ( ) ( ) ( )km
km km km km

k mL

C w T w T
B n

∞

ε→ =

∂Φ ξ
ε ξ + Φ ξ ξ + ∂

∑∫  

 3 3 0

( )
( ) ( ) ( )km

km kmw T d w
n

∂Φ ξ 
+ ξ Φ α ξ =∂ 

 , 

 1 1 2 2
0 , 1

( )1lim ( ) ( ) ( ) ( )km
km km km km

k mL

C u T u T
B n

∞

ε→ =

∂Φ ξ
ε ξ + Φ ξ ξ + ∂

∑∫  

 3 3 0

( ) ( )
( ) ( )km km

kmu T d u
n n

∂Φ ξ ∂Φ α
+ ξ ξ =∂ ∂

 , 

 1 1 2 2
0 , 1

( )1lim ( ) ( ) ( ) ( )km
km km km km

k mL

C T T
B n

∞

ε→ =

∂Φ ξ
ε γ ξ + γ Φ ξ ξ + ∂

∑∫  

 3 3 0

( ) ( )
( ) ( )km km

km T d
n n

∂Φ ξ ∂Φ α
+ γ ξ ξ = γ∂ ∂

 .  (15) 

Ó âèïàäêó êðàéîâèõ óìîâ (7), ï³äñòàâèâøè ð³âíîñò³ (14) ó âèðàçè (4) 
äëÿ çóñèëü, à ïîò³ì ó ôîðìóëó (7), îòðèìàºìî òàêó ñèñòåìó ³íòåãðàëüíèõ 
ð³âíÿíü: 

 1 1 1
0 , 1

( )1 1( ) lim ( ) ( ) ( )
2

km
km km

k mL

T C Q T
B n

∞

ε→ =

∂Φ ξ
ξ + ε α ξ + ∂

∑∫  

 2 2 3 3 0

( )
( ) ( ) ( ) ( ) ( ) ( )km

km km kmQ T Q T d Q
n

∂Φ ξ 
+ α Φ ξ ξ + α ξ ξ =∂ 

 , 

 2 1 1
0 , 1

( )1 1( ) lim ( ) ( ) ( )
2

km
km km

k mL

T C M T
B n

∞

ε→ =

∂Φ ξ
ξ + ε α ξ + ∂

∑∫  

 2 2 3 3 0

( )
( ) ( ) ( ) ( ) ( ) ( )km

km km kmM T M T d M
n

∂Φ ξ 
+ α Φ ξ ξ + α ξ ξ =∂ 

 , 

 3 1 1
0 , 1

( )1 1( ) lim ( ) ( ) ( )
2

km
km km

k mL

T C N T
B n

∞

ε→ =

∂Φ ξ
ξ ε α ξ + ∂

∑∫  

 2 2 3 3 0

( )
( ) ( ) ( ) ( ) ( ) ( )km

km km kmN T N T d N
n

∂Φ ξ 
+ α Φ ξ ξ + α ξ ξ =∂ 

 , (16) 
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äå 
 1 1 1 1( ) ( ) ( )ikm ikm ikm ikm k kmQ w k u nα = Λ − γ + + λ Φ α +(  

 2 2 2 2( ) ( )ikm ikm ikm m kmw k u n+ − γ + + λ Φ α ) , 

 2 2
4 1 1 2 2 2 1( ) ( ) ( ) ( ) ( )ikm ikm km ikm kmN B u w n k k n k k α = Φ α + + ν + + ν Φ α

 
( ) , 

 4( ) ( ),         1,3ikm ikm kmM D iα = γ Φ α = , 

 
2

1 2 3
1 2 1 2

( ) ( ) ( )
( ) ,    ( ) ,   ( )km km km

km km km

∂Φ α ∂Φ α ∂ Φ α
Φ α = Φ α = Φ α =

∂α ∂α ∂α ∂α
, 

 2 2 2 2 2 2
4 1 1 2 2 2 1( ) ( ) ( ) ( )km km k m m kn nΦ α = Φ α λ + νλ + λ + νλ −( )  

 1 2 1 2 32(1 ) ( )k m kmn n− − ν λ λ Φ α . 

Íàáëèæåíèé ðîçâ’ÿçîê ñèñòåì ð³âíÿíü (15) ³ (16) øóêàºìî ìåòîäîì êî-

ëîêàö³é. Ë³í³þ L  àïðîêñèìóºìî ëàìàíîþ ë³í³ºþ L∗ , ñêëàäåíîþ ç ïðÿìîë³-

í³éíèõ â³äð³çê³â ,  1, ,rL r N=  , óçäîâæ êîæíîãî ç ÿêèõ íåâ³äîì³ ãóñòèíè 

íàáóâàþòü çíà÷åíü 1 1( ) ( , )r rT T εξ = δ ξ ξ , 2 2( ) ( , )r rT T εξ = δ ξ ξ , 3 3( ) ( , )r rT T εξ = δ ξ ξ . 

Â³äð³çîê rL  çàäàºìî äîâæèíîþ 2 r , ñåðåäíüîþ òî÷êîþ 1 2,r r rξ ξ ξ( )  ³ íàïðÿì-

íèì îäèíè÷íèì âåêòîðîì 1 2 1 2, ( ), ( )r r r rτ τ = τ ξ τ ξ{ } { } . Ãðàíèö³ ñóì òðèãîíîìåò-

ðè÷íèõ ðÿä³â, êîëè 0ε → , ó ñèñòåìàõ (15) ³ (16) íàáëèæàºìî â³äïîâ³äíèìè 
÷àñòèííèìè ñóìàìè ïîðÿäêó K  ³ Ì  äëÿ äîñòàòíüî ìàëîãî 0ε ≠ . 

Îá÷èñëèâøè ³íòåãðàëè ó ñèñòåì³ ³íòåãðàëüíèõ ð³âíÿíü (15) ç óðàõóâàí-
íÿì çðîáëåíèõ ïðèïóùåíü ³ ì³í³ì³çóâàâøè íåâ’ÿçêó ðîçâ’ÿçêó â êîíòðîëü-

íèõ òî÷êàõ 1 2( ; ),  1, ,q q q q Nα α α =  , ÿê³ º ñåðåäèíàìè â³äð³çê³â qL , çàì³ñòü 
ñèñòåìè ³íòåãðàëüíèõ ð³âíÿíü îòðèìàºìî ñèñòåìó àëãåáðè÷íèõ ð³âíÿíü: 

 
1 2 3 1 0

1 2 3 02
1

01 2 3 3

( , ) ( , ) ( , )

( , ) ( , ) ( , ) ,    1, ,

( , ) ( , ) ( , )

r q r q r q r
N

r q r q r q r

r q r q r qr r

u u u T u
q NT

ww w w T=

 α ε α ε α ε         γ α ε γ α ε γ α ε = γ =    
    α ε α ε α ε    

∑  , (17) 

äå 

 
1 1

( ) ( )
( , ) ( )

K K r q
r q
i km ikm

k m

u C u
n n= =

∂Φ α ∂Φ αα ε = ε
∂ ∂∑ ∑ , 

 2 2
1 1

( )
( , ) ( ) ( )

K K q
r q r

km km
k m

u C u
n= =

∂Φ αα ε = ε Φ α
∂∑ ∑ , 

 
1 1

( ) ( )
( , ) ( )

K K r q
r q
i km ikm

k m

C
n n= =

∂Φ α ∂Φ αγ α ε = ε γ
∂ ∂∑ ∑ , 

 2 2
1 1

( )
( , ) ( ) ( )

K K q
r q r

km km
k m

C
n= =

∂Φ αγ α ε = ε γ Φ α
∂∑ ∑ , 

 
1 1

( )
( , ) ( ) ( )

K K r
r q q
i km ikm

k m

w C w
n= =

∂Φ αα ε = ε Φ α
∂∑ ∑ , 

 2 2
1 1

( , ) ( ) ( ) ( ),          1,3
K K

r q r q
km km

k m

w C w i
= =

α ε = ε Φ α Φ α =∑ ∑ . 

 Ïîä³áíî ñèñòåìó ³íòåãðàëüíèõ ð³âíÿíü (16) çâåäåìî äî ñèñòåìè àëãåá-
ðè÷íèõ ð³âíÿíü 
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1 2 3 1 0

01 2 3 2
1

01 2 3 3

( , ) ( , ) ( , )

( , ) ( , ) ( , ) ,     1, ,

( , ) ( , ) ( , )

r q r q r q r
N

r q r q r q r

r q r q r qr r

Q Q Q T Q
MM M M q NT
NN N N T=

 α ε α ε α ε         α ε α ε α ε = =    
    α ε α ε α ε    

∑  ,  (18) 

äå 

 
1 1

( )
( , ) ( ) ( )

K K r
r q q
i km ikm

k m

Q C Q
n= =

∂Φ αα ε = ε α
∂∑ ∑ , 

 2 2
1 1

( , ) ( ) ( ) ( )
K K

r q q r
km km

k m

Q C Q
= =

α ε = ε α Φ α∑ ∑ , 

 
1 1

( )
( , ) ( ) ( )

K K r
r q q
i km ikm

k m

M C M
n= =

∂Φ αα ε = ε α
∂∑ ∑ , 

 2 2
1 1

( , ) ( ) ( ) ( )
K K

r q q r
km km

k m

M C M
= =

α ε = ε α Φ α∑ ∑ , 

 
1 1

( )
( , ) ( ) ( )

K K r
r q q
i km ikm

k m

N C N
n= =

∂Φ αα ε = ε α
∂∑ ∑ , 

 2 2
1 1

( , ) ( ) ( ) ( ),      1,3
K K

r q q r
km km

k m

N C N i
= =

α ε = ε α Φ α =∑ ∑ . 

Äèñêðåòí³ àíàëîãè ³íòåãðàëüíèõ âèðàç³â äëÿ ïðîãèíó ïàíåë³ òà íîð-
ìàëüíèõ äî êðèâî¿ L  êîìïîíåíò êóòà ïîâîðîòó, ïåðåð³çóâàëüíî¿ ñèëè òà 
ìîìåíòó îäåðæèìî ç ôîðìóë (14) ³ (4) ó âèãëÿä³ 

 
( )
( )
( )

1 2 3 1

1 2 3 02
1

1 2 3 3

( , ) ( , ) ( , ),
, ( , ) ( , ) ( , ) sin
, ( , ) ( , ) ( , )

r r r r
N

r r r r
n

r r rr r
n

w w w Tw t
t tT

u t u u u T=

 α ε α ε α ε  α      γ α = γ α ε γ α ε γ α ε θ    
   α    α ε α ε α ε   

∑ ( ) , 

 
( )
( )
( )

1 2 3 1

1 2 3 02
1

1 2 3 3

( , ) ( , ) ( , ),
, ( , ) ( , ) ( , ) sin
, ( , ) ( , ) ( , )

r r r r
Nn

r r r r
n

r r rr r
n

Q Q Q TQ t
M t M M M tT
N t N N N T=

 α ε α ε α ε  α      α = α ε α ε α ε θ    
   α    α ε α ε α ε   

∑ ( ) . (19) 

Òàêèì ÷èíîì, çà çíàéäåíèìè ç (17) ³ (18) çíà÷åííÿìè ïàðàìåòð³â k
iT  

õàðàêòåðèñòèêè íàïðóæåíî-äåôîðìîâàíîãî ñòàíó øóêàºìî çà ôîðìóëàìè 
(19). ×àñòîòè âëàñíèõ êîëèâàíü ïàíåë³ çíàõîäèìî ç óìîâ ³ñíóâàííÿ íåòðèâ³-
àëüíîãî ðîçâ’ÿçêó îäíîð³äíî¿ ñèñòåìè ð³âíÿíü (17) àáî (18). 

×èñëîâ³ ðåçóëüòàòè. Ó òàáë. 1 äëÿ âèïàäêó ãðàíè÷íèõ óìîâ òèïó (7) 

íàâåäåíî çàëåæí³ñòü çâåäåíèõ ÷àñòîò 2
02 /h Dθ = ρ θ  âëàñíèõ êîëèâàíü 

òðàíñâåðñàëüíî-³çîòðîïíî¿ ïàíåë³ â³ä â³äíîñíîãî ðàä³óñà 0/R R R=  îòâîðó 

äëÿ ð³çíèõ çíà÷åíü â³äíîøåííÿ /G G′ . Îá÷èñëåííÿ ïðîâåäåíî ïðè òàêèõ 

âõ³äíèõ äàíèõ: 1= ì; / 1/R = π ; / 0.005ε = ; / 0.025h = ; / 1E E∗ = ; 
510E∗ = êã/ì2; 400K M= = ; /(2(1 ))G E= + ν . 

 Таблиця 1 
/G G′  

R  
0.2  1  5 

0 55.91 56.14 56.43 
0.1 52.05 56.07 56.44 
0.2 51.79 56.07 56.42 
0.3 51.38 56.03 56.52 
0.4 51.09 55.97 56.50 
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Ïðè îá÷èñëåíí³ âëàñíèõ ÷àñòîò äëÿ ð³çíèõ çíà÷åíü ðàä³óñà îòâîðó áðà-
ëè ð³çíó ê³ëüê³ñòü òî÷îê êîëîêàö³é (â³ä 20 äî 44), îñê³ëüêè â³äð³çêè ðîçáèòòÿ 
ïîâèíí³ ìàòè ïðèáëèçíî îäíàêîâó äîâæèíó äëÿ òîãî, ùîá òî÷í³ñòü îá÷èñ-
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ИССЛЕДОВАНИЕ ЧАСТОТ СОБСТВЕННЫХ КОЛЕБАНИЙ 
ТРАНСВЕРСАЛЬНО-ИЗОТРОПНОЙ ЦИЛИНДРИЧЕСКОЙ ПАНЕЛИ 
С КРУГОВЫМ ОТВЕРСТИЕМ 
 
Ðàññìàòðèâàåòñÿ çàäà÷à î ñîáñòâåííûõ êîëåáàíèÿõ öèëèíäðè÷åñêîé øàðíèðíî 
îïåðòîé òðàíñâåðñàëüíî-èçîòðîïíîé ïàíåëè ñ êðóãîâûì îòâåðñòèåì. Èññëåäîâà-
íèÿ áàçèðóþòñÿ íà ìîäèôèöèðîâàííûõ óðàâíåíèÿõ òåîðèè îáîëî÷åê Òèìîøåíêî. 
×èñëåííîå ðåøåíèå ýòîé çàäà÷è ïîñòðîåíî íåïðÿìûì ìåòîäîì ãðàíè÷íûõ èíòåã-
ðàëüíûõ óðàâíåíèé, êîòîðûé áàçèðóåòñÿ íà ïîñëåäîâàòåëüíîñòíîì èçîáðàæåíèè 
ôóíêöèé Ãðèíà.  
 
INVESTIGATION OF FREQUENCIES OF NATURAL  
VIBRATIONS OF TRANSVERSALLY-ISOTROPIC CYLINDRICAL 
PANEL WITH CIRCULAR HOLE  
 
The problem on natural vibrations of the hinged supported cylindrical transversally-iso-
tropic panel with circular hole is considered. Investigations are based on the modified 
equations of Tymoshenko shell theory. Numerical solution of the problem is found by 
the indirect method of boundary integral equations based on the sequential approach to 
constructing Green’s functions.  
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