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Г. А. Варварецька, В. Г. Попов  
 
ВЗАЄМОДІЯ ГАРМОНІЧНОЇ ХВИЛІ КРУЧЕННЯ З КІЛЬЦЕПОДІБНИМИ 
ДЕФЕКТАМИ В ПРУЖНОМУ ТІЛІ 
 

Ðîçâ’ÿçàíî çàäà÷ó ïðî âèçíà÷åííÿ íàïðóæåíîãî ñòàíó â ³çîòðîïíîìó ïðóæíî-
ìó ò³ë³ íàâêîëî ê³ëüöåïîä³áíèõ äåôåêò³â (òð³ùèíà àáî òîíêå æîðñòêå âêëþ-
÷åííÿ) âíàñë³äîê ä³¿ ãàðìîí³÷íî¿ õâèë³ êðó÷åííÿ. Ìåòîä ðîçâ’ÿçóâàííÿ ´ðóí-
òóºòüñÿ íà âèêîðèñòàíí³ ðîçðèâíèõ ðîçâ’ÿçê³â ð³âíÿííÿ êðóòèëüíèõ êîëè-
âàíü ³ ïîëÿãàº ó çâåäåíí³ âèõ³äíèõ êðàéîâèõ çàäà÷ äî ³íòåãðàëüíèõ ð³âíÿíü 
â³äíîñíî íåâ³äîìèõ ñòðèáê³â êóòîâîãî ïåðåì³ùåííÿ àáî äîòè÷íîãî íàïðó-
æåííÿ. 

 
Ðîçðàõóíêè íà ì³öí³ñòü êîíñòðóêö³é ç óðàõóâàííÿì íàÿâíîñò³ â íèõ 

òð³ùèí àáî òîíêèõ âêëþ÷åíü âèìàãàþòü âèêîðèñòàííÿ êðèòåð³¿â, ÿê³ âñòà-
íîâëþþòü ãðàíè÷íó ð³âíîâàãó ò³ë, ùî ì³ñòÿòü âêàçàí³ äåôåêòè. Îäèí ³ç íàé-
ïîøèðåí³øèõ òàêèõ êðèòåð³¿â áàçóºòüñÿ íà àíàë³ç³ íàïðóæåíîãî ñòàíó â 
îêîë³ äåôåêòó çà äîïîìîãîþ êîåô³ö³ºíò³â ³íòåíñèâíîñò³ íàïðóæåíü (Ê²Í). 
Àëå òåîðåòè÷íå âèçíà÷åííÿ Ê²Í âèìàãàº ðîçâ’ÿçàííÿ â³äïîâ³äíèõ êðàéîâèõ 
çàäà÷ òåîð³¿ ïðóæíîñò³. Ïðè÷îìó ö³ çàäà÷³ ñóòòºâî óñêëàäíþþòüñÿ â óìîâàõ 
äèíàì³÷íîãî, çîêðåìà ñòàö³îíàðíîãî íàâàíòàæåííÿ. Íàéá³ëüø ïîøèðåíèé íà 
ñüîãîäí³ ìåòîä ðîçâ’ÿçóâàííÿ òàêèõ çàäà÷ áàçóºòüñÿ íà çâåäåíí³ ¿õ äî ³íòåã-
ðàëüíèõ ð³âíÿíü [14, 15]. Àëå â öèõ òà ³íøèõ ðîáîòàõ ç öüîãî íàïðÿìêó 
ìàéæå â³äñóòí³ âèïàäêè, êîëè îáëàñòü ðîçòàøóâàííÿ äåôåêòó º íåîäíî-
çâ’ÿçíîþ. Ðîçâ’ÿçêè ïîä³áíèõ çàäà÷ äîñèòü ð³äêî çóñòð³÷àþòüñÿ íàâ³òü ó 
ñòàòè÷í³é ïîñòàíîâö³. Òàê, ðîçâ’ÿçêè äåÿêèõ çàäà÷ ñòàòèêè ò³ë ç ê³ëüöåâèìè 
òð³ùèíàìè ìîæíà çíàéòè â [1, 5, 9, 10, 12, 13]. Íàéá³ëüø çàãàëüíî çàäà÷à 
ãðàíè÷íî¿ ð³âíîâàãè ò³ëà ç íåîäíîçâ’ÿçíîþ òð³ùèíîþ ðîçãëÿíóòà â [9, 12], äå 
äëÿ ðîçâ’ÿçàííÿ çàïðîïîíîâàíî ìåòîä ãðàíè÷íèõ ³íòåãðàëüíèõ ð³âíÿíü. Ùî 
ñòîñóºòüñÿ äèíàì³÷íèõ çàäà÷ äëÿ ò³ë ç íåîäíîçâ’ÿçíèìè äåôåêòàìè, òî âîíè 
ïðàêòè÷íî íå ðîçãëÿäàëèñü íàâ³òü ó ñòàö³îíàðí³é ïîñòàíîâö³. Íèæ÷å ïðîïî-
íóºòüñÿ ðîçâ’ÿçàííÿ îñåñèìåòðè÷íî¿ çàäà÷³ ïðî âèçíà÷åííÿ êîíöåíòðàö³¿ 
íàïðóæåíü íàâêîëî ê³ëüöåïîä³áíîãî äåôåêòó (òð³ùèíè àáî òîíêîãî æîðñòêî-
ãî âêëþ÷åííÿ) â óìîâàõ âçàºìîä³¿ ç õâèëÿìè êðó÷åííÿ. 

Ïîñòàíîâêà çàäà÷³. Íåõàé íåîáìåæåíå ïðóæíå ò³ëî ì³ñòèòü òîíêó íå-
îäíîð³äí³ñòü (äåôåêò). Öå ìîæå áóòè òð³ùèíà ó 
ôîðì³ êðóãîâîãî ê³ëüöÿ, ÿêå ó öèë³íäðè÷í³é ñèñ-
òåì³ êîîðäèíàò, ïîâ’ÿçàí³é ç éîãî öåíòðîì, âè-
çíà÷àºòüñÿ ñï³ââ³äíîøåííÿìè 0z = , a r b≤ ≤ , 
0 2≤ θ ≤ π  (äèâ. ðèñ. 1), àáî öå ìîæå áóòè òîíêå 
òîâùèíè h a≤  æîðñòêå âêëþ÷åííÿ, ñåðåäèííà 
ïîâåðõíÿ ÿêîãî çá³ãàºòüñÿ ç âêàçàíèì âèùå 
ê³ëüöåì. 

Ó ò³ë³ â óìîâàõ îñüîâî¿ ñèìåòð³¿ (â³ñü ñèìåò-
ð³¿ çá³ãàºòüñÿ ç â³ññþ Oz ) â³äáóâàþòüñÿ êðóòèëü-
í³ êîëèâàííÿ âíàñë³äîê ïîøèðåííÿ õâèë³ êðó-
÷åííÿ. Öÿ õâèëÿ âèêëèêàº êóòîâå ïåðåì³ùåííÿ ³ äîòè÷í³ íàïðóæåííÿ, ÿê³ 
âèçíà÷àþòüñÿ çà ôîðìóëàìè [6]  
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Òóò G  ³ ρ  – ìîäóëü çñóâó ³ ãóñòèíà ò³ëà; ω  – ÷àñòîòà êîëèâàíü; 2æ , σ  – 

õâèëüîâ³ ñòàë³. Ìíîæíèê i te− ω , ÿêèé âèçíà÷àº çàëåæí³ñòü â³ä ÷àñó, òóò ³ 
íàäàë³ ïðîïóñêàºìî. 
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Îñê³ëüêè â ìàòðèö³ â³äáóâàºòüñÿ ò³ëüêè îñåñèìåòðè÷íà äåôîðìàö³ÿ 
êðó÷åííÿ, òî â³äì³ííèì â³ä íóëÿ º ò³ëüêè êóòîâå ïåðåì³ùåííÿ w . Öå ïåðå-
ì³ùåííÿ ³ â³äïîâ³äí³ êîìïîíåíòè òåíçîðà íàïðóæåíü ïîäàìî ó âèãëÿä³ 

 0 1 0 1
0 1,       ,       z z z r r rw w w θ θ θ θ θ θ= + τ = τ + τ τ = τ + τ , (2) 

äå 1w , 1
zθτ , 1

rθτ  – ïåðåì³ùåííÿ ³ íàïðóæåííÿ â ò³ë³, ÿê³ º ðåçóëüòàòîì äè-

ôðàêö³¿ õâèë³ (1), ùî ïàäàº íà äåôåêòè, ³ ÿê³ ìàþòü áóòè âèçíà÷åí³ â ðå-
çóëüòàò³ ðîçâ’ÿçàííÿ. Êóòîâå ïåðåì³ùåííÿ 1w  â óìîâàõ ãàðìîí³÷íèõ êîëè-
âàíü òà îñüîâî¿ ñèìåòð³¿ çàäîâîëüíÿº ð³âíÿííÿ 
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Ãðàíè÷í³ óìîâè äëÿ öüîãî ð³âíÿííÿ ôîðìóëþþòüñÿ â çàëåæíîñò³ â³ä 
òèïó äåôåêòó. ßêùî ðîçãëÿäàºìî òð³ùèíó, òî íà ¿¿ ïîâåðõí³ ïåðåì³ùåííÿ 
ìàº ðîçðèâ, ñòðèáîê ÿêîãî ïîçíà÷èìî ÷åðåç 

 1 1 1 2( , 0) ( , 0) ( ),       w w r w r r a r b= + − − = χ ≤ ≤ . (4)  

Ïðè öüîìó ç óìîâè çìèêàííÿ òð³ùèíè âèïëèâàº ð³âí³ñòü 

 2 2( ) ( ) 0a bχ = χ = . (5) 

Ñàìó ïîâåðõíþ òð³ùèíè ââàæàºìî â³ëüíîþ â³ä íàïðóæåíü, ùî çàáåçïå÷ó-
ºòüñÿ ð³âí³ñòþ 

 1 0( , 0) ( , 0),           z zr r a r bθ θτ ± = − τ ≤ ≤ . (6) 

Ó âèïàäêó âêëþ÷åííÿ, ç îãëÿäó íà éîãî ìàëó òîâùèíó, â³äïîâ³äí³ ãðà-
íè÷í³ óìîâè ôîðìóëþþòüñÿ íà éîãî ñåðåäèíí³é ïîâåðõí³. Íåõàé ì³æ ò³ëîì ³ 
âêëþ÷åííÿì âèêîíóþòüñÿ óìîâè ïîâíîãî ç÷åïëåííÿ. Òîä³ íà ïîâåðõí³ âêëþ-
÷åííÿ äîòè÷íå íàïðóæåííÿ, âèêëèêàíå õâèëÿìè, â³äáèòèìè â³ä âêëþ÷åííÿ, 
ìàº ðîçðèâ. Äëÿ éîãî ñòðèáêà ââåäåìî ïîçíà÷åííÿ  

 1 1 1
1( , 0) ( , 0) ( ),         z z zr r r a r bθ θ θτ = τ + − τ − = χ ≤ ≤ . (7) 

Äëÿ êóòîâîãî ïåðåì³ùåííÿ íà ïîâåðõí³ âêëþ÷åííÿ âèêîíóºòüñÿ ð³âí³ñòü 

 1 0 0( , 0) ( , 0),         w r r w r a r b± = θ − ≤ ≤ . (8) 

Ó ð³âíîñò³ (8) ÷åðåç 0θ  ïîçíà÷åíî íåâ³äîìèé êóò ïîâîðîòó âêëþ÷åííÿ ï³ä 

ä³ºþ õâèë³. Â³í âèçíà÷àºòüñÿ ç ð³âíÿííÿ ðóõó âêëþ÷åííÿ ÿê æîðñòêîãî ò³ëà 
³ ÿêå ó âèïàäêó ãàðìîí³÷íèõ êîëèâàíü çàïèøåìî ó âèãëÿä³ 
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äå 0I  – ìîìåíò ³íåðö³¿ âêëþ÷åííÿ, à 0ρ  – ãóñòèíà âêëþ÷åííÿ. 

Ðîçâ’ÿçóâàííÿ çàäà÷³ ó âèïàäêó òð³ùèíè. Ìåòîä ðîçâ’ÿçóâàííÿ, ÿêèé 
ïðîïîíóºìî, ïîëÿãàº â òîìó, ùî ïåðåì³ùåííÿ â³äáèòî¿ õâèë³ ïîäàºìî ó âè-
ãëÿä³ ðîçðèâíîãî ðîçâ’ÿçêó ð³âíÿííÿ (3) ç³ ñòðèáêîì (4). Òàêå ïîäàííÿ ìàº 
âèãëÿä [4] 
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Ôîðìóëà (10) äîçâîëÿº çíàõîäèòè ïåðåì³ùåííÿ ó áóäü-ÿê³é òî÷ö³ ò³ëà çà 
óìîâè, ùî â³äîìå ðîçêðèòòÿ òð³ùèíè 2 ( )χ η . Äëÿ éîãî âèçíà÷åííÿ íåîáõ³äíî 
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âèêîðèñòàòè ãðàíè÷íó óìîâó (6). Ïîïåðåäíüî çíàéäåìî äîòè÷í³ íàïðóæåííÿ, 
ÿê³ âõîäÿòü â öþ óìîâó: 

 1 10
2 2( , ) ( ) ( , , )

b

z
a

r z G G r z dθτ = ηχ η η η∫ , (11) 

äå 
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− λ −η = − λ − λη λ λ∫ ææ . 

Ïðè âèâåäåí³ ôîðìóëè (11) áóëî çä³éñíåíî ³íòåãðóâàííÿ ÷àñòèíàìè çà çì³í-
íîþ η  ç óðàõóâàííÿì (5) ³ ââåäåíî ïîçíà÷åííÿ 

 2 2
1( ) ( )χ η = ηχ η
η

′( ) . (12) 

Ï³äñòàâèâøè òåïåð (11) â óìîâó (6), îòðèìàºìî ³íòåãðàëüíå ð³âíÿííÿ 
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x x F x y dx y c

G
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äå 

 0 1( ) ( ) i ziA Gq y J by e
b

σσ= β
β

. 

Ïðè âèâåäåíí³ öüîãî ð³âíÿííÿ â (11) ââåäåíî ïîçíà÷åííÿ 

 2 2 2 0,    ,    ,    ( ) ( ),    ,    abx r by u x bx c b
b

η = = λ = ϕ = χ = =æ æ æ . (14) 

ßäðî ( , )F x y  ³íòåãðàëüíîãî ð³âíÿííÿ (13) âèðàæàºòüñÿ ³íòåãðàëîì 

 01
0

( , ) ( , , ) ,       , ,1 ,       0F x y D u x y du x y c c
∞

= ∈ >∫ [ ] , (15) 

äå 
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æ æ . 

²íòåãðàë ó ôîðìóë³ (15) ðîçá³æíèé ³ éîãî ñë³ä ðîçóì³òè â óçàãàëüíå-
íîìó ñåíñ³. Äëÿ íàäàííÿ éîìó öüîãî ñåíñó íåîáõ³äíî äîñë³äèòè àñèìïòîòèêó 
ï³ä³íòåãðàëüíî¿ ôóíêö³¿ ïðè u → + ∞ . Çà äîïîìîãîþ ñèñòåìè êîìï’þòåðíî¿ 
ìàòåìàòèêè Maple [7] çíàéäåíî 
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Íåõàé A  – äîñòàòíüî âåëèêå ÷èñëî: 1
0max (1, )A −> æ . Çàïèøåìî ³íòåã-

ðàë ç ôîðìóëè (15) ó âèãëÿä³ 
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 1 2( , ) ( , ) ( , ) ( , )F x y F x y F x y F x y∞= + + ,  

 
12

20
1 0 0 1 0

0

( , ) 1 ( ) ( )
2

F x y i u J ux J uy du= − −∫
æ

æ æ , 

 2 01
1

( , ) ( , , )
A

F x y D u x y du= ∫ , 

 01( , ) ( , , )
A

F x y D u x y du
+∞

∞ = ∫ . (17) 

Â îñòàííüîìó ç öèõ ³íòåãðàë³â ï³ä³íòåãðàëüíó ôóíêö³þ íàáëèçèìî çà 
äîïîìîãîþ àñèìïòîòè÷íîãî ðîçâèíåííÿ (16) ³ çíà÷åííÿ ðîçá³æíèõ ³íòåãðàë³â, 
ÿê³ ïðè öüîìó âèíèêàþòü, çíàéäåìî çà äîïîìîãîþ òåîð³¿ Ôóð’º ïåðåòâîðåíü 
â³ä óçàãàëüíåíèõ ôóíêö³é. Âèêîðèñòîâóþ÷è â³äîì³ ôîðìóëè ç [8], çàïèøåìî 
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æ

æ( ) . (18) 

²íø³ ³íòåãðàëè (ç ðîçâèíåííÿ (16)) 

 0 0sin ( ) cos ( )
( ) ,      ( ) ,      2,3k kk k

A A

uz uz
s z du c z du k

u u

+∞ +∞

= = =∫ ∫
æ æ

, 

âèçíà÷àþòü âæå íåïåðåðâí³ ôóíêö³¿. Çà äîïîìîãîþ (18) äëÿ îñòàííüîãî ç ³í-
òåãðàë³â (17) îòðèìóºìî 

 1 3
1 1( , ) ( , ) ln ( , )

2
F x y b x y z F x y

xy z
− −

∞ −
 = − − +  π

, 

 3 0 0 1 1 2 2 3 3 0 0( , ) ( ) ( ) ( ) ( ) ( )F x y b s z b c z b s z b c z b c z− − − − − − − − + += + − − + −  

 1 1 2 2 3 3( ) ( ) ( )b s z b c z b c z+ + + + + +− − + . 

Îñòàòî÷íî ³íòåãðàëüíå ð³âíÿííÿ (13) ïåðåòâîðþºòüñÿ äî âèãëÿäó  

 
1

0
1

( )1 1( ) ( , ) ln ( , )
2

c

q y
x b x y x y R x y dx

x y G
− ϕ − − − + = π − ∫ , (19) 

äå 

 1 2 3( , ) 2 ( , ) ( , ) ( , )R x y xy F x y F x y F x y= π + +( ) . 

Äî ð³âíÿííÿ (19) íåîáõ³äíî ùå äîäàòè óìîâó 

 
1

( ) 0
c

x x dxϕ =∫ , (20) 

ÿêà âèïëèâàº ç óìîâè çìèêàííÿ òð³ùèíè (5) ç óðàõóâàííÿì ïîçíà÷åííÿ (12). 
×èñåëüíå ðîçâ’ÿçóâàííÿ (19) ç óìîâîþ (20) çðó÷í³øå âèêîíóâàòè íà 

ïðîì³æêó 1,1−[ ] . Äëÿ öüîãî ïåðåéäåìî äî íîâèõ çì³ííèõ çà ôîðìóëàìè 

 0 0
1( ),        ( ),        

2
cx c y c −= γ τ + = γ ζ + γ = , 

 0 0
1 ,           ( ) ( )
1

cc q c
c

+= τ = ϕ γ τ +
−

( ) , (21) 

³ çàì³ñòü ð³âíÿííÿ (19) ç óìîâîþ (20) îòðèìàºìî 
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1

0
0

01

1 1( ) ( , ) ln ( , ) ( ),  1 1,
2

c
q b S d f

c
−

τ +  τ − − τ ζ τ − ζ + τ ζ τ = ζ − ≤ ζ ≤ π ζ + τ − ζ ∫  

 
1

0
1

( ) ( ) 0c q d
−

τ + τ τ =∫ . (22) 

Ó ð³âíÿíí³ (22) ïîçíà÷åíî 

 0 0 0( , ) ( , ) ln ( ), ( )S b R c cτ ζ = − τ ζ γ + γ γ τ + γ ζ +( ) , 

 0 0 0
0

0 0

( ) 3 4
( ) ,         ( , )

8( )( )
q b c c

f b
G c c

γ τ + τ + ζ +
ζ = τ ζ =

τ + ζ +
( )

. 

Ðîçâ’ÿçîê ð³âíÿííÿ (22) ðîçøóêóºìî ó âèãëÿä³ 

 
2

( )
( )

1

g
q

τ
τ =

− τ
 (23) 

³ áóäóºìî ìåòîäîì ìåõàí³÷íèõ êâàäðàòóð [2, 11]. Öå äîçâîëÿº íàáëèçèòè (22) 
òàêîþ ñèñòåìîþ ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü: 

 0
0

01

1 ( , ) ( , ) ( )
2

n
mm

m m k km m k k
k m km

ca
g b C S f

c
=

τ +  − − τ ζ + τ ζ = ζ π ζ + τ − ζ 
∑ , 

  1,2, , 1k n= − , 

 0
1

( ) 0
n

m m m
m

a c g
=

τ + =∑ . 

Òóò 

 
(2 1)

,      cos ,      ( ),     1, ,
2m m m m
m

a g g m n
n n

π −π= τ = = τ =  , 

 cos ,         1,2, , 1k
k k n
n

πζ = = − . (24) 

Âåëè÷èíè kmC  – êîåô³ö³ºíòè êâàäðàòóðíî¿ ôîðìóëè äëÿ ³íòåãðàëà ç ëîãà-

ðèôì³÷íîþ îñîáëèâ³ñòþ [11]: 

 
1

1

(2 1)
cos cos

2ln2 2
n

km
j

j m jk
n nC

j

−

=

π − π

= − − ∑ . 

Ï³ñëÿ ðîçâ’ÿçàííÿ ñèñòåìè (24) íåâ³äîìó ôóíêö³þ ( )g τ  íàáëèæàºìî ³í-
òåðïîëÿö³éíèì ìíîãî÷ëåíîì 

 1 1
1

( )
( ) ( ),        ( )

( )( )

n
n

n n m
n m mm

T
g g g g

T− −
=

τ
τ ≈ τ τ = ′ τ τ − τ∑ , (25) 

äå ( )nT τ  – ìíîãî÷ëåí ×åáèøåâà. 

Äëÿ ìåõàí³êè ðóéíóâàííÿ íàéá³ëüøó ö³êàâ³ñòü ñòàíîâëÿòü êîåô³ö³ºíòè 
³íòåíñèâíîñò³ íàïðóæåíü (Ê²Í), ÿê³ ó ðîçãëÿäóâàíîìó âèïàäêó âèçíà÷àþòü-
ñÿ ôîðìóëàìè 

 1 2
0 0

lim ( ,0) ,      lim ( ,0)z z
r a r b

K r a r K r r bθ θ→ − → +
= τ ⋅ − = τ ⋅ − . (26) 

Ç ôîðìóëè (11) äëÿ íàïðóæåíü íàâêîëî êðîìîê òð³ùèíè âèïëèâàº íà-
ñòóïíà àñèìïòîòè÷íà ôîðìóëà: 

 
1

0
0 2 01

( )
( ),0 (1)

2 1
z

cgG db c O
cθ

−

τ +τ ττ γ ζ + = − +
π ζ + τ − ζ− τ

∫( ) , 

 1 0,         1 0ζ → − − ζ → + . 
Ï³ñëÿ íàáëèæåííÿ ï³ä³íòåãðàëüíî¿ ôóíêö³¿ çà äîïîìîãîþ ³íòåðïîëÿö³éíîãî 
ìíîãî÷ëåíà âèãëÿäó (25) ³ îá÷èñëåííÿ ³íòåãðàë³â ç îñòàííüî¿ ôîðìóëè ìàºìî 
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 0

2
10

( )
(1)

( )( )2 1

n
m n

z m
n m mm

c TG g O
Tc

θ
=

τ + ζ
τ = +′ τ τ − ζζ + ζ −

∑ , 

 1 0,           1 0ζ → − − ζ → + . (27) 
Ï³äñòàâèâøè (27) ó (26) ³ çä³éñíèâøè ãðàíè÷íèé ïåðåõ³ä, ï³ñëÿ ïåðåòâî-

ðåíü îòðèìóºìî òàê³ ôîðìóëè äëÿ îá÷èñëåííÿ çíà÷åíü Ê²Í íàâêîëî ê³ëü-
öåâî¿ òð³ùèíè: 

 1
1 0

1

( 1)
( 1) tg

22 2

n n
m m

m m
m

K
k g c

G b n c =

γγ −
= = − τ +∑ , 

 2
2 0

1

(2 1)
( 1) ctg ,    

2 22 2

n
m m

m m m
m

K m
k g c

G b n =

γγ π −= = − τ + γ =∑ . (28) 

Ðîçâ’ÿçóâàííÿ çàäà÷³ äëÿ âèïàäêó âêëþ÷åííÿ. ßêùî äåôåêòîì º 
âêëþ÷åííÿ, òî ïåðåì³ùåííÿ ðîçðèâíî¿ õâèë³ ñë³ä øóêàòè ó âèãëÿä³ ðîçâ’ÿç-
êó ð³âíÿííÿ (3) ç³ ñòðèáêîì (7). Òàêèé ðîçðèâíèé ðîçâ’ÿçîê ìàº âèãëÿä [4] 

 11
1 2

( )
( , ) ( , , )

b

a

w r z G r z d
G

χ η
= η η η∫ . (29) 

Äëÿ âèçíà÷åííÿ íåâ³äîìîãî ñòðèáêà äîòè÷íîãî íàïðóæåííÿ âíàñë³äîê ðåàë³-
çàö³¿ ãðàíè÷íî¿ óìîâè (8) îòðèìóºìî ³íòåãðàëüíå ð³âíÿííÿ  

 
1

0 0( ) ( , ) ( )
c

x x F x y dx y q yϕ = θ +∫ . (30) 

Ó ð³âíÿíí³ (30) âèêîðèñòàíî ïîçíà÷åííÿ (14) ³ ââåäåíî ôóíêö³¿ 

 1
0 1 0 0

0 0

( )
( ) ,            ( )

bx
x q y J y

G
χ αϕ = = − β

β
ææ ( ) , 

 11
0

( , ) ( , , )F x y D u x y du
+∞

= ∫ , 

 1 0 1 0
11 2

( ) ( )
( , , )

2 1

uJ ux J uy
D u x y

u
= −

−

æ æ
. (31) 

Äëÿ âèçíà÷åííÿ ñèíãóëÿðíî¿ ñêëàäîâî¿ ÿäðà ( , )F x y  ïîïåðåäíüî ³íòåã-
ðàë, ÿêèé éîãî âèçíà÷àº, çàïèñóºìî ó âèãëÿä³ (17), äå  

 
12

0
1 1 0 1 02

0

( , ) ( ) ( )
2 1

i uF x y J ux J uy du
u

=
−

∫
æ

æ æ , 

 2 11 11
1

( , ) ( , , ) ,        ( , ) ( , , )
A

A

F x y D u x y du F x y D u x y du
+∞

∞= =∫ ∫ . 

Äëÿ 11( , , )D u x y  îòðèìóºìî àñèìïòîòè÷íå ðîçâèíåííÿ, àíàëîã³÷íå äî (16): 

 
3

11 01
0 0

( , )1( , , ) cos
22 ( )

k
k

k

d x y kD u x y uz
xy u

−
−

+
=

 π = + +   π 
∑ æ

æ
 

 
3

5
0 0 01

0 0

( , )
sin ( ) sin ( )

2( )
k

k
k

d x y kuz uz O u
u

+
+ + −

+
=

π + + +    
∑ æ æ æ

æ
( ) , 

 z x y± = ± . (32) 
Â ðåçóëüòàò³ íàáëèæåííÿ ï³ä³íòåãðàëüíî¿ ôóíêö³¿ â ³íòåãðàë³ ïî íåñê³í÷åí-
íîìó ïðîì³æêó çà ôîðìóëîþ (32) çíàõîäèìî 

 3
1( , ) ln ( , )

2
F x y z F x y

xy
−

∞
 = + π

, 

äå 3 ( , )F x y  – íåïåðåðâíà òà îáìåæåíà ïðè ,  1c x y≤ ≤  ôóíêö³ÿ, ÿêà ìàº 
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âèãëÿä êîìá³íàö³¿ ôóíêö³é ( ),  ( ),  0,1,2,3k kc z s z k± ± = . Çà äîïîìîãîþ îñòàí-

íüî¿ ôîðìóëè ³íòåãðàëüíå ð³âíÿííÿ (30) ïåðåòâîðþºìî äî âèãëÿäó 

 
1

0 0
1 ( ) ln ( , ) ( ),       ,1
2

c

xx x y R x y dx y q y y c
y

ϕ − + = θ + ∈
π ∫ [ ][ ] . 

Öå ð³âíÿííÿ äëÿ ÷èñåëüíîãî ðîçâ’ÿçóâàííÿ ï³ñëÿ ââåäåííÿ íîâèõ çì³ííèõ ³ 
ïîçíà÷åíü (21) çàïèñóºìî äëÿ ïðîì³æêó 1,1−[ ] : 

 
1

0
0 0

01

( ) ln ( , ) ( ) ( )
2

c
q S d c f

c
−

τ +γ τ τ − ζ + τ ζ τ = θ γ ζ + + ζ
π ζ +∫ [ ] , (33) 

äå 
 0 0 0 0( , ) ln ( ), ( ) ,         ( ) ( )S R c c f q cτ ζ = γ + γ τ + γ ζ + ζ = γ ζ +( ) ( ) . 

Äî ð³âíÿííÿ (33) íåîáõ³äíî äîäàòè ð³âí³ñòü (9) äëÿ âèçíà÷åííÿ íåâ³äî-
ìîãî êóòà ïîâîðîòó âêëþ÷åííÿ, ÿêó â íîâèõ ïîçíà÷åííÿõ çàïèøåìî ÿê 

 
1 3

2
0 2 0 2 2 4

01

4
( ) ( ) ,       ,       

(1 )
hc q d
bc−

γθ = − β τ + τ τ β = ε =
− ε∫ æ

. (34) 

Ðîçâ’ÿçîê ð³âíÿííÿ (33) òåæ ðîçøóêóºìî ó âèãëÿä³ (23) ³ áóäóºìî ìå-
òîäîì ìåõàí³÷íèõ êâàäðàòóð. Âíàñë³äîê öüîãî ð³âíÿííÿ (33), (34) çàì³íþºìî 
òàêîþ ñèñòåìîþ ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü: 

 0
0 0

01

( , ) ( ) ( )
2

n
m

m m km m k k k
km

c
a g C S c f

c
=

τ +γ
+ τ η = θ γ η + + η

π η +∑ [ ] , 

 1,2, ,k m=  , 

 2
0 2 0

1

( )
n

m m m
m

a g c
=

θ = − β τ +∑ . (35) 

Òóò 

 cos ,                  1,2, ,
1k

k k n
n

πη = =
+

 , 

 
1

1

(2 1)
cos cos

2 1ln2 2
n

km
j

j m jk
n nC

j

−

=

π + π
+= − − ∑ . 

Ï³ñëÿ ðîçâ’ÿçàííÿ ñèñòåìè (35) íåâ³äîì³ ôóíêö³¿ íàáëèæàºìî ³íòåðïî-
ëÿö³éíèì ìíîãî÷ëåíîì (25). 

Äëÿ îö³íêè êîíöåíòðàö³¿ íàïðóæåíü íàâêîëî êðîìêè ê³ëüöåâîãî âêëþ-
÷åííÿ ââåäåìî äî ðîçãëÿäó êîåô³ö³ºíòè ïðè îñîáëèâîñò³ ñòðèáêà íàïðóæåíü 

 1 1
0

lim ( )
r a

K r a r
→ +

= − χ , 

 2 1
0

lim ( )
r b

K b r r
→ −

= − χ , 

ÿê³ äàë³ íàçèâàòèìåìî Ê²Í äëÿ âêëþ÷åííÿ. Ç óðàõóâàííÿì ïåðåïîçíà÷åíü 
(14), (21) çàïèøåìî 

 1 0
1 0

lim ( ) ( )K G b c a q
ζ→− +

= γ ζ + − ζ , 

 2 0
1 0

lim ( ) ( )K G b b c q
ζ→ −

= − γ ζ + ζ . 

Ï³äñòàâèâøè â îñòàíí³ ôîðìóëè (23) ³ (25) òà âèêîíàâøè ïåðåòâîðåííÿ, 
îñòàòî÷íî çíàõîäèìî 

 1
1

1

( 1)
( 1) tg

2 2

n n
m m

m
m

K
k g

nG b =

γ−γ
= = −∑ , 

 2
2

1

1 ( 1) ctg
2 2

n
m m

m
m

K
k g

nG b =

γγ
= = − −∑ . (36) 
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Ðåçóëüòàòè ÷èñåëüíîãî àíàë³çó òà âèñíîâêè. Çà äîïîìîãîþ îòðèìàíèõ 
ôîðìóë (27) ³ (36) ïðîâåäåíî êîìï’þòåðíå äîñë³äæåííÿ çàëåæíîñò³ Ê²Í äëÿ 

òð³ùèíè ³ âêëþ÷åííÿ ïðè ð³çíèõ çíà÷åííÿõ â³äíîøåííÿ ac
b

=  çîâí³øíüîãî 

òà âíóòð³øíüîãî ðàä³óñ³â. Ðåçóëüòàòè ðîçðàõóíê³â ïîêàçàíî ó âèãëÿä³ ãðà-
ô³ê³â íà ðèñ. 2–5. ×èñëîâèé àíàë³ç ïîêàçàâ, ùî ïðè ä³¿ õâèë³ êðó÷åííÿ äëÿ 
äåôåêò³â îáîõ òèï³â íàéá³ëüøà êîíöåíòðàö³ÿ íàïðóæåíü ñïîñòåð³ãàºòüñÿ 

ïðè çíà÷åííÿõ â³äíîøåííÿ 0
2

g σ= æ  õâèëüîâèõ ñòàëèõ, áëèçüêèõ äî îäèíèö³. 

Òîìó ãðàô³êè íàâåäåíî äëÿ 0 0.95g = . Êðèâ³ â³äïîâ³äàþòü çíà÷åííÿì â³äíî-

øåííÿ ðàä³óñ³â äåôåêò³â 0.1, 0.3, 0.5, 0.7, 0.9ac
b

= = . 

 Íà ðèñ. 2 ïîêàçàíî ãðàô³êè çàëåæíîñò³ â³ä áåçðîçì³ðíîãî õâèëüîâîãî 
÷èñëà 0æ  Ê²Í 1k  íà âíóòð³øí³é ãðàíèö³ òð³ùèíè ( r a= ), íà ðèñ. 3 – íà-

âêîëî çîâí³øíüî¿, 2k . Àíàë³ç ãðàô³ê³â äîçâîëÿº çðîáèòè âèñíîâîê, ùî Ê²Í 

íà âíóòð³øíüîìó êîë³ ïðè çðîñòàíí³ éîãî ðàä³óñà ñïî÷àòêó çá³ëüøóºòüñÿ, à 
ïîò³ì ïî÷èíàº ñïàäàòè. Ùî ñòîñóºòüñÿ Ê²Í á³ëÿ çîâí³øíüîãî êîëà, òî ïðè 
ìàëèõ ðàä³óñàõ âíóòð³øíüîãî êîëà ( 0.1c = ) éîãî ãðàô³ê ó íèçüêî÷àñòîòí³é 
çîí³ ñï³âïàäàº ç â³äîìèìè ðåçóëüòàòàìè äëÿ äèñêîïîä³áíî¿ òð³ùèíè [6]. Ïðè 
çðîñòàíí³ ðàä³óñà âíóòð³øíüîãî êîëà çíà÷åííÿ Ê²Í ìàþòü òåíäåíö³þ äî 
ñïàäàííÿ. Õàðàêòåðíîþ îñîáëèâ³ñòþ óñ³õ ãðàô³ê³â º ³ñíóâàííÿ ìàêñèìóì³â 
àáñîëþòíèõ çíà÷åíü Ê²Í, ïðè÷îìó ÷àñòîòè, ïðè ÿêèõ âîíè ñïîñòåð³ãàþòüñÿ, 
çá³ëüøóþòüñÿ ïðè çðîñòàíí³ âíóòð³øíüîãî ðàä³óñà. 

0.15

0.30

0 3 6

 1k

0æ

= 0.9c

0.1
0.3

0.5

0.7

 

0.25

0.50

0 3 6

 2k

0æ

= 0.9c

0.1

0.3

0.5
0.7

 
 Рис. 2 Рис. 3 

Ãðàô³êè íà ðèñ. 4, ðèñ. 5 ³ëþñòðóþòü ÷àñòîòí³ çàëåæíîñò³ Ê²Í íàâêîëî 
âíóòð³øíüîãî ³ çîâí³øíüîãî ê³ë, ùî îáìåæóþòü ê³ëüöåïîä³áíå âêëþ÷åííÿ. 
Çíà÷åííÿ Ê²Í íàâêîëî âíóòð³øíüîãî êîëà ïðè çðîñòàíí³ éîãî ðàä³óñà ñïî-
÷àòêó çá³ëüøóþòüñÿ, à ïîò³ì ïî÷èíàþòü ñïàäàòè. Ê²Í íàâêîëî çîâí³øíüîãî 
êîëà äëÿ ìàëîãî âíóòð³øíüîãî ðàä³óñà çá³ãàºòüñÿ ç³ çíà÷åííÿìè, ùî â³äïîâ³-
äàþòü äèñêîïîä³áíîìó âêëþ÷åííþ [3], à äàë³ ïðè éîãî çðîñòàíí³ ñïàäàþòü. 
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ВЗАИМОДЕЙСТВИЕ ГАРМОНИЧЕСКОЙ ВОЛНЫ КРУЧЕНИЯ 
С КОЛЬЦЕПОДОБНЫМИ ДЕФЕКТАМИ В УПРУГОМ ТЕЛЕ 
 
Ðåøåíà çàäà÷à îá îïðåäåëåíèè íàïðÿæåííîãî ñîñòîÿíèÿ â èçîòðîïíîì óïðóãîì 
òåëå îêîëî êîëüöåïîäîáíûõ äåôåêòîâ (òðåùèíà èëè òîíêîå æåñòêîå âêëþ÷åíèå) â 
ðåçóëüòàòå äåéñòâèÿ ãàðìîíè÷åñêîé âîëíû êðó÷åíèÿ. Ìåòîä ðåøåíèÿ îñíîâàí íà 
èñïîëüçîâàíèè ðàçðûâíûõ ðåøåíèé óðàâíåíèÿ êðóòèëüíûõ êîëåáàíèé è ñîñòîèò â 
ñâåäåíèè èñõîäíûõ êðàåâûõ çàäà÷ ê èíòåãðàëüíûì óðàâíåíèÿì îòíîñèòåëüíî íå-
èçâåñòíûõ ñêà÷êîâ óãëîâîãî ïåðåìåùåíèÿ èëè êàñàòåëüíîãî íàïðÿæåíèÿ. 
 
INTERACTION OF HARMONIC TORSION WAVE WITH RING-SHAPED 
DEFECTS IN ELASTIC BODY 
 
The problem about determination of the stress state in the isotropic elastic body near the 
ring-shaped defects (crack or thin rigid inclusion) as a result of the harmonic torsion 
wave is solved. The method of solution is based on the use of discontinuous solutions of 
equation of torsional oscillations and consists in the reduction of the obtained boundary 
problems to the integral equations for the unknown jumps of angular displacement or 
tangential stress. 
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