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ПРО ОДНУ ОЗНАКУ ФІГУРНОЇ ЗБІЖНОСТІ ДВОВИМІРНИХ НЕПЕРЕРВНИХ 
ДРОБІВ ІЗ КОМПЛЕКСНИМИ ЕЛЕМЕНТАМИ 
 

Âñòàíîâëåíî íîâó îçíàêó ô³ãóðíî¿ çá³æíîñò³ äâîâèì³ðíèõ íåïåðåðâíèõ äðîá³â 
³ç êîìïëåêñíèìè åëåìåíòàìè, ÿêà º óçàãàëüíåííÿì òåîðåì ïðî ïðîñòó òà 
ïàðí³ ìíîæèíè çá³æíîñò³ äëÿ íåïåðåðâíèõ äðîá³â . 

 
Çàïî÷àòêîâàí³ W. J. Thron [7] äîñë³äæåííÿ ùîäî âèâ÷åííÿ ïàðíèõ ìíî-

æèí çá³æíîñò³ äëÿ íåïåðåðâíèõ äðîá³â áóëè ðîçâèíóò³ òà óçàãàëüíåí³ íå 
ëèøå äëÿ íåïåðåðâíèõ äðîá³â, àëå é äëÿ ¿õ áàãàòîâèì³ðíèõ àíàëîã³â – ã³ë-
ëÿñòèõ ëàíöþãîâèõ ³ äâîâèì³ðíèõ íåïåðåðâíèõ äðîá³â. Îãëÿä ðîá³ò, ùî ñòî-
ñóþòüñÿ ö³º¿ òåìè äîñë³äæåíü äëÿ íåïåðåðâíèõ äðîá³â, çðîáëåíî â [4]. Äî-
ñë³äæåííÿ ïàðíèõ ìíîæèí çá³æíîñò³ äëÿ íåïåðåðâíèõ äðîá³â òàêîæ ïðîäîâ-
æåíî ó ðîáîòàõ [5, 6]. Ó ðîáîò³ [1] ïðîàíàë³çîâàíî ñòàí äîñë³äæåíü öüîãî ïè-
òàííÿ äëÿ ã³ëëÿñòèõ ëàíöþãîâèõ ³ äâîâèì³ðíèõ íåïåðåðâíèõ äðîá³â. 

Öÿ ðîáîòà º ïðîäîâæåííÿì âèâ÷åííÿ çá³æíîñò³ äâîâèì³ðíèõ íåïåðåðâ-
íèõ äðîá³â (ÄÍÄ) ç êîìïëåêñíèìè åëåìåíòàìè âèãëÿäó [2] 
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çà äîïîìîãîþ ìåòîä³â, ðîçãëÿíóòèõ â ðîáîò³ [1]. Â³äì³íí³ñòü ïîëÿãàº â òîìó, 
ùî åëåìåíòè äâîâèì³ðíîãî íåïåðåðâíîãî äðîáó, ÿê³ íàëåæàòü íåïåðåðâíèì 
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[4], à åëåìåíòè , ,  1,2,k ka k =  , – ç ïðîñòî¿ ìíîæèíè [4]. 

Îçíà÷åííÿ 1 [3]. Íàçâåìî n -ìè ô³ãóðíèìè íàáëèæåííÿìè àáî n -ìè 
ô³ãóðíèìè ï³äõ³äíèìè äðîáàìè ÄÍÄ (1) ñê³í÷åíí³ ÄÍÄ âèãëÿäó  
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 Îçíà÷åííÿ 2 [3]. ÄÍÄ (1) íàçèâàþòü ô³ãóðíî çá³æíèì, ÿêùî ³ñíóº ñê³í-
÷åííà ãðàíèöÿ ïîñë³äîâíîñò³ éîãî íàáëèæåíü nf{ } . Âåëè÷èíó ö³º¿ ãðàíèö³ 

íàçèâàþòü çíà÷åííÿì íåñê³í÷åííîãî ÄÍÄ (1). 
Äâîâèì³ðíèìè çàëèøêàìè íàáëèæåíü (2) ÄÍÄ (1) íàçèâàþòü âèðàçè âè-

ãëÿäó 
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à ñê³í÷åíí³ íåïåðåðâí³ äðîáè 
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, ,1,       1,      0,1, ,   0,1, ,   1,2,k j k k k jQ Q k p j+ += = = = =   , (5) 

íàçèâàþòü îäíîâèì³ðíèìè çàëèøêàìè ÄÍÄ (1). 
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Âðàõîâóþ÷è ôîðìóëè (2), (3) òà ïîçíà÷åííÿ (4), (5), ìàºìî 
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Äëÿ äîñë³äæåííÿ âëàñòèâîñòåé ïîñë³äîâíîñòåé ô³ãóðíèõ ï³äõ³äíèõ äðî-
á³â ÄÍÄ (1) âèêîðèñòîâóþòü ôîðìóëó ð³çíèö³ (äëÿ 2 1n p> + ) [2] 
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 Ëåìà. Íåõàé åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü òàê³ óìîâè: 

 , ,           1,2,k ka r k≤ =  , (9) 

 2 , 1 , 2 1 2,            ,        0,1, ,   1,2k j k k k ja r a r k j+ + −≤ ≤ = =  ,  (10) 

 2 1, 1 , 2 22(1 ),   2(1 ),   0,1, ,   1,2k j k k k ja r a r k j+ + +≥ + ≥ + = =  , (11) 
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äå 1 2, , ,r r r g  – ä³éñí³ ñòàë³, 1 20,  0 1,  0 1,  0r r r g≥ ≤ < ≤ < > .  
Òîä³ äëÿ îäíîâèì³ðíèõ çàëèøê³â ÄÍÄ (1) ñïðàâäæóþòüñÿ òàê³ îö³íêè: 
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à äâîâèì³ðí³ çàëèøêè ÄÍÄ (1) çàäîâîëüíÿþòü íåð³âíîñò³ 

 ( ) ,        1,2, ,        1,2,p
kQ g k p≥ = =  .  (15) 

Ä î â å ä å í í ÿ. Ïðàâèëüí³ñòü îö³íîê (13), (14) äîâîäèòüñÿ àíàëîã³÷íî, 
ÿê ïðè äîâåäåíí³ ëåìè â [1]. 

Ïåðåâ³ðèìî ïðàâèëüí³ñòü îö³íîê (15) äëÿ 1p =  ³ 2p = : 
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ßêùî îö³íêè (15) ñïðàâäæóþòüñÿ äëÿ äåÿêîãî çíà÷åííÿ 0p >  òà k =  

1,2,=  , òî 
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Îòæå, äëÿ âñ³õ çíà÷åíü 0p >  òà 1,2,k =   îö³íêè (15) ïðàâèëüí³. ◊ 
Òåîðåìà. ßêùî äëÿ åëåìåíò³â ÄÍÄ (1) ñïðàâäæóþòüñÿ óìîâè (11), (12) 

òà óìîâè 
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 , (1 ),         1,2,j ja r j≤ − ε =  , (16) 
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Âðàõîâóþ÷è óìîâó (16) òà îö³íêó (15), ìàºìî 
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Ï³äñòàâëÿþ÷è íàâåäåí³ îö³íêè ó ôîðìóëó (17), îäåðæèìî 
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Îòæå, 2lim 0n p
n

f f
→∞

− → , êîëè p → ∞ . 

Ïðèïóñòèìî, ùî íåð³âíîñò³ (18) íå âèêîíóþòüñÿ. Íàïðèêëàä, íåõàé 

 2
1 2

1 11,         1,          
3 3

r r r g< < < < > . 
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Ðîçãëÿíåìî ôóíêö³îíàëüíèé ÄÍÄ âèãëÿäó 

 ,ˆˆ
ˆ0

1

( )
( )

1 ( )
D k k

k k

a z
z

z

∞

=
Φ +

+ Φ
, 

 , ,ˆ ˆ
ˆ

1 1

( ) ( )
( ) ,         0,1,

1 1D D
k j k k k j

k
j j

a z a z
z k

∞ ∞
+ +

= =
Φ = + =  , (19) 

äå 

 ˆ
, ,                  ( ) , 1,2,k k k ka z a z k= =  , 

 ˆ ˆ
, 2 1 , 2 1 2 , 2 ,( ) ,        ( )k k j k k j k j k k j ka z a z a z a z+ − + − + += = ,  

 ,ˆ ˆ
, 2 2 2 1, 2 1,( ) ,            k k j k k j k j k k j ka z a a a+ + + − + −= = , 

 0,1, ,     1,2,k j= =  . (20) 

Â îáëàñò³ 1:
1

z zε
 = < − ε 

D  åëåìåíòè ôóíêö³îíàëüíîãî ÄÍÄ (19), (20) 

çàäîâîëüíÿþòü óìîâè ëåìè, òîìó äëÿ éîãî ô³ãóðíèõ íàáëèæåíü ñïðàâäæó-
ºòüñÿ íåð³âí³ñòü 

 ( )
( )

ˆˆ ˆ ˆ
1,1 1,0

20 2
11

( )
( ) ( )

1( )
n

n n

a z a rf z z r
r gQ z−

≤ + ≤ + +Φ −
. 

Îòæå, âñ³ ô³ãóðí³ ï³äõ³äí³ äðîáè ÄÍÄ (19), (20) – öå ãîëîìîðôí³ ôóíêö³¿, 
ð³âíîì³ðíî îáìåæåí³ â îáëàñò³ εD . ßêùî 

2

1 2

1 1: min , ,
3 3

g
z z z

r r r
  ∈ = <   

  
D ,  

òî, ÿê áóëî ïîêàçàíî âèùå, ÄÍÄ (19), (20) çá³ãàºòüñÿ ð³âíîì³ðíî. Î÷åâèäíî, 
ùî ε⊂D D , òîìó çà òåîðåìîþ Ìîíòåëÿ – Â³òàë³ [2] öåé äð³á çá³ãàºòüñÿ ð³â-

íîì³ðíî íà êîìïàêòàõ îáëàñò³ εD , çîêðåìà, íà ìíîæèí³ 1{ } , à öå îçíà÷àº, 

ùî ÄÍÄ (1) çá³ãàºòüñÿ ô³ãóðíî. Ïðè öüîìó 

 1,0
2

1

(1 )
(1 )

1n

a r
f r

r g
− ε≤ + − ε +

−
, 

 1,0
2

1

(1 )
lim (1 )

1n
n

a r
f f r

r g→∞

− ε= ≤ + − ε +
−

. 

²íø³ âèïàäêè ïîðóøåííÿ óìîâ (18) äîñë³äæóþòüñÿ àíàëîã³÷íî. Çîêðåìà, 
ÿêùî 

 2
1 2

1 1,         1,          
3 3

r r r g< < < > , 

òî åëåìåíòè ôóíêö³îíàëüíîãî äðîáó (19) âèçíà÷àþòüñÿ ó òàêèé ñïîñ³á: 

 ˆ
, ,                  ( ) , 1,2,k k k ka z a z k= =  , 

 ˆ ˆ
, 2 1 , 2 1 2 , 2 ,( ) ,        ( )k k j k k j k j k k j ka z a z a z a z+ − + − + += = ,  

 ,ˆ ˆ
, 2 2 2 1, 2 1,( ) ,            k k j k k j k j k k j ka z a a a+ + + − + −= = , 

 0,1, ,     1,2,k j= =  . 

Òåîðåìó äîâåäåíî. ◊ 
Ïîêàæåìî, ùî äîâåäåíà òåîðåìà º óçàãàëüíåííÿì òåîðåì ïðî ïðîñòó òà 

ïàðí³ ìíîæèíè çá³æíîñò³ äëÿ íåïåðåðâíèõ äðîá³â. Ðîçãëÿíåìî ïðèêëàäè. 
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Ïðèêëàä 1. Íåõàé åëåìåíòè ÄÍÄ (1) º íàñòóïíèìè: 

 2 , 2 1,0,      2,        0,1, ,   1,2,k j k k j ka a k j+ + += ≥ = =  , 

 1, ,   1,2,k ka a k+ = =  , 

äå 

 , 2 11 max , ,      0k k j
ra g r a
g + −

 ≥ + + = 
 

, 

 , 2 2,      0,1, ,      1,2,k k ja k j+ ≥ = =  , 

à åëåìåíòè , ,  1,2,j ja j =  , çàäîâîëüíÿþòü äðóãó ç óìîâ (16), òî äîñë³äæóâà-

íèé ÄÍÄ ïåðåòâîðþºòüñÿ íà çâè÷àéíèé íåïåðåðâíèé äð³á âèãëÿäó  

 

1,1

,
1,0 1,0

2,21
2

(1 )
1

(1 )
1

1

D
k k

k

a
a a

a a
a a

a

∞

=

++ = +
+

++ + 

,  

åëåìåíòè ÿêîãî çàäîâîëüíÿþòü óìîâè òåîðåìè Âîðï³öüêîãî 

,
2

1 ,         2,3,
41

k ka
k

a
≤ =

+
 , 

³ çíà÷åííÿ òàêîãî äðîáó íàëåæèòü êðóãó 1,0
(1 )r

z a
g
− ε≤ + . & 

Ïðèêëàä 2. Íåõàé åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü òàê³ óìîâè: 

 2 , 2 1,0,     2,     0,1, ,     1,2,k j k k j ka a k j+ + += ≥ = =  , 

 1, ,             1,2,k ka a k+ = =  ,  

äå 2
2

2
1 max ,

1 2
r

a g r
r

 ≥ + +  + 
, , 0,  1,2,j ja j= =  , à äëÿ åëåìåíò³â ,k k ja + , 

0,1, ,  1,2,k j= =  , âèêîíóþòüñÿ óìîâè ëåìè ³ òåîðåìè. Òîä³ íåïåðåðâíèé 
äð³á 

0,
1,0

1 1D
k

k

a
a

∞

=
+   

çàäîâîëüíÿº óìîâè òåîðåìè ïðî ïàðí³ ìíîæèíè çá³æíîñò³ [4, òåîðåìà 4.46] ³ 

îáëàñòü çíà÷åíü òàêîãî äðîáó íàëåæèòü êðóãó 1,0 2 (1 )z a r≤ + − ε . & 

Ïðèêëàä 3. ßêùî åëåìåíòàìè ÄÍÄ (1) º  

 , 2 1 , 20,    2,      0,1, ,    1,2,k k j k k ja a k j+ − += ≥ = =  ,  

 , 0,          1,2,j ja j= =  , 

à äëÿ åëåìåíò³â , , 0,1, ,  2,3,k j ka k j+ = =  , âèêîíóþòüñÿ óìîâè ëåìè ³ òåî-

ðåìè, ïðè÷îìó 1, 1(1 )(1 ), 1,2,k ka r g k+ ≥ + + =  , òî âñòàíîâëåíà òåîðåìà – öå 

òåîðåìà ïðî çá³æí³ñòü íåïåðåðâíîãî äðîáó ,0

1 1D k

k

a∞

=
, åëåìåíòè ÿêîãî íàëå-

æàòü ïàðíèì ìíîæèíàì çá³æíîñò³, ïðè÷îìó 1,0

11

a
z

r
≤

−
. & 

 



35 

 1. Àíòîíîâà Ò. Ì., Ñóñü Î. Ì. Ïðî ïàðí³ ìíîæèíè çá³æíîñò³ äëÿ äâîâèì³ðíèõ íå-
ïåðåðâíèõ äðîá³â ³ç êîìïëåêñíèìè åëåìåíòàìè // Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. 
– 2007. – 50, ¹ 3. – Ñ. 94–101. 

 2. Áîäíàð Ä. È. Âåòâÿùèåñÿ öåïíûå äðîáè. – Êèåâ: Íàóê. äóìêà, 1986. – 176 ñ. 
 3. Êó÷ì³íñüêà Õ. É., Ñóñü Î. Ì., Âîçíà Ñ. Ì. Àïðîêñèìàòèâí³ âëàñòèâîñò³ äâîâè-

ì³ðíèõ íåïåðåðâíèõ äðîá³â // Óêð. ìàò. æóðí. – 2003. – 55, ¹ 1. – Ñ. 30–44. 
 4. Jones W. B., Thron W. J. Continued fractions: Analytic theory and applications. – 

Reading, MA.: Addison-Wesley Publ. Co., 1980. – 428 p. – Encyclopedia Math. 
Appl. – Vol. 11.  

 5. Lorentzen L. Continued fractions with circular twin value sets // Trans. Amer. 
Math. Soc. –2008. – 360, No. 8. – P. 4287–4304. 

 6. McLaughlin J., Wyshinski N. J. A convergence theorem for continued fractions 

of the form 1 /1n nK a∞
=  // J. Comp. and Appl. Math. – 2005. – 179, No. 1-2. – 

P. 255–262. 
 7. Thron W. J. Twin convergence regions for continued fractions // Duke Math. J. – 

1943. – 10. – P. 677– 685. 
 
ОБ ОДНОМ ПРИЗНАКЕ ФИГУРНОЙ СХОДИМОСТИ ДВУМЕРНЫХ НЕПРЕРЫВНЫХ 
ДРОБЕЙ С КОМПЛЕКСНЫМИ ЭЛЕМЕНТАМИ 
 
Óñòàíîâëåí íîâûé ïðèçíàê ôèãóðíîé ñõîäèìîñòè äâóìåðíûõ íåïðåðûâíûõ äðîáåé 
ñ êîìïëåêñíûìè ýëåìåíòàìè, êîòîðûé îáîáùàåò òåîðåìû î ïðîñòîé è ïàðíûõ 
îáëàñòÿõ ñõîäèìîñòè äëÿ íåïðåðûâíûõ äðîáåé.  
 
ON ONE OF FIGURED CONVERGENCE CRITERION FOR TWO-DIMENSIONAL CONTINUED 
FRACTIONS WITH COMPLEX ELEMENTS  
 
New criterion of figured convergence for two-dimensional continued fractions with 
complex elements has been established. This criterion is generalization of theorems 
about twin-convergence regions and simple convergence region for continued fractions. 
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