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СКІНЧЕННОЕЛЕМЕНТНЕ ДОСЛІДЖЕННЯ НАПРУЖЕНО-ДЕФОРМОВАНОГО 
СТАНУ НЕОДНОРІДНОЇ ПРЯМОКУТНОЇ ПЛАСТИНИ  
 

Ç âèêîðèñòàííÿì ìåòîäó ñê³í÷åííèõ åëåìåíò³â äîñë³äæóºòüñÿ óçàãàëüíåíèé 
ïëîñêèé íàïðóæåíèé ñòàí ïðÿìîêóòíèêà ç ³çîòðîïíîãî ôóíêö³îíàëüíî-´ðà-
ä³ºíòíîãî ìàòåð³àëó ï³ä ä³ºþ íîðìàëüíîãî íàâàíòàæåííÿ. Ñê³í÷åííîåëå-
ìåíòíó ìîäåëü ïîáóäîâàíî çà äîïîìîãîþ ìåòîäó Áóáíîâà – Ãàëüîðê³íà. Îá-
ëàñòü ò³ëà ðîçáèâàºòüñÿ íà ÷îòèðèêóòí³ ´ðàä³ºíòí³ åëåìåíòè, ùî âðàõî-
âóþòü çàëåæíîñò³ ìîäóëÿ Þíãà òà êîåô³ö³ºíòà Ïóàññîíà â³ä êîîðäèíàò. 
×èñëîâ³ ðîçðàõóíêè ïðîâåäåíî äëÿ âèïàäêó, êîëè ìîäóëü Þíãà º ïîë³íîì³àëü-
íîþ ôóíêö³ºþ. Ïðîàíàë³çîâàíî âïëèâ ´ðàä³ºíòíîñò³ ìàòåð³àëó òà ðîçì³ð³â 
ïðÿìîêóòíèêà íà éîãî íàïðóæåíî-äåôîðìîâàíèé ñòàí. 

 
Âñòóï. Ôóíêö³îíàëüíî-´ðàä³ºíòí³ ìàòåð³àëè (Ô¥Ì) – öå êîìïîçèòè, ÿê³ 

âèãîòîâëåí³ ç äâîõ àáî á³ëüøå ñêëàäîâèõ, â³äíîñíèé âì³ñò êîæíî¿ ç ÿêèõ 
çì³íþºòüñÿ çã³äíî ³ç çàäàíèì ðîçïîä³ëîì â ïåâíîìó ïðîñòîðîâîìó íàïðÿìêó 
[5, 7, 9]. Ô¥Ì ñòâîðþþòüñÿ ç ìåòîþ ïîºäíàííÿ ô³çèêî-ìåõàí³÷íèõ âëàñòè-
âîñòåé, ùî ïðèòàìàíí³ êîæí³é ç³ ñêëàäîâèõ ÷àñòèí. Âèêîðèñòàííÿ Ô¥Ì äàº 
çìîãó çìåíøèòè ïåðåïàä íàïðóæåíü â ò³ë³ ï³ä ä³ºþ íåð³âíîì³ðíîãî íàâàíòà-
æåííÿ, îòðèìàòè ìåíøó êîíöåíòðàö³þ íàïðóæåíü, í³æ ó â³äïîâ³äíîìó åëå-
ìåíò³ ç îäíîð³äíîãî ìàòåð³àëó. 

Áàãàòîêîìïîíåíòí³ ìàòåð³àëè ³ç çàäàíîþ ôóíêö³îíàëüíîþ çì³íîþ âëàñ-
òèâîñòåé ñïî÷àòêó ðîçðîáëÿëèñÿ äëÿ êîñì³÷íî¿ òåõí³êè. Òåïåð âîíè âèêî-
ðèñòîâóþòüñÿ äëÿ âèãîòîâëåííÿ á³îëîã³÷íèõ òà åëåêòðîííèõ ìàòåð³àë³â, çà-
ñòîñîâóþòüñÿ â îïòèö³ òà ìåäèöèí³ [10], â ïåðåòâîðþâà÷àõ åíåðã³¿, õ³ì³÷íî-
ìó âèðîáíèöòâ³ òà àòîìí³é åíåðãåòèö³. 

Âèêîðèñòàííÿ àíàë³òè÷íèõ ìåòîä³â ïðè ðîçâ’ÿçóâàíí³ çàäà÷ òåîð³¿ 
ïðóæíîñò³ äëÿ íåîäíîð³äíèõ ò³ë íàøòîâõóºòüñÿ íà çíà÷í³ òðóäíîù³. Òîìó 
äëÿ äîñë³äæåííÿ ïëîñêîãî íàïðóæåíîãî ñòàíó òàêèõ ò³ë âèêîðèñòîâóþòüñÿ 
ð³çí³ ÷èñëîâ³ ìåòîäè, çîêðåìà ìåòîäè ³íòåãðàëüíèõ ð³âíÿíü ³ ãðàíè÷íèõ åëå-
ìåíò³â [12, 13], ñê³í÷åííèõ åëåìåíò³â [2, 5, 7, 9] òà áåçñ³òêîâ³ ìåòîäè [4, 8, 
11]. Ïåðåâàãà ïåðøèõ äâîõ ìåòîä³â – åêîíîì³ÿ îïåðàòèâíî¿ ïàì’ÿò³ ïðè ¿õ 
êîìï’þòåðí³é ðåàë³çàö³¿. Îäíàê ³ñòîòíîþ ïåðåøêîäîþ äëÿ íèõ º ñêëàäí³ñòü 
çàïèñó ï³ä³íòåãðàëüíî¿ ôóíêö³¿ äëÿ áóäü-ÿêîãî òèïó íåîäíîð³äíîñò³ ìàòåð³-
àëó. Íà äàíèé ÷àñ âîíè åôåêòèâí³ äëÿ åêñïîíåíö³éíî¿ çàëåæíîñò³ ìîäóëÿ 
Þíãà â³ä îäí³º¿ ç êîîðäèíàò [3]. Ó öüîìó ïëàí³ ìåòîä ñê³í÷åííèõ åëåìåíò³â 
(ÌÑÅ) ìàº çíà÷íî á³ëüø³ ïåðñïåêòèâè, îñê³ëüêè äàº çìîãó âðàõîâóâàòè øè-
ðîêèé ñïåêòð íåîäíîð³äíîñòåé ìàòåð³àëó. Áåçñ³òêîâ³ ìåòîäè ìàþòü ïåðåâàãó 
íàä ÌÑÅ ó âèïàäêàõ, êîëè º ìîæëèâèìè ñïîòâîðåííÿ òà ïîøêîäæåííÿ ñ³ò-
êè àáî âèñîê³ ´ðàä³ºíòè íàïðóæåíü, íàïðèêëàä, ïðè âåëèêèõ äåôîðìàö³ÿõ 
àáî â ïðîáëåìàõ ðîñòó òð³ùèí [9]. 

Ó ë³òåðàòóð³ ïðè äîñë³äæåíí³ íà-
ïðóæåíîãî ñòàíó íåîäíîð³äíèõ ò³ë âè-
êîðèñòîâóþòü äâà âèäè ñê³í÷åííèõ 
åëåìåíò³â [7, 9]: 
 – çâè÷àéíèé îäíîð³äíèé ñê³í÷åí-
íèé åëåìåíò, â ÿêîìó çà óñåðåäíåí³ 
ô³çèêî-ìåõàí³÷í³ ïàðàìåòðè âèáèðà-
þòüñÿ çíà÷åííÿ öèõ ïàðàìåòð³â ó 
öåíòðàëüí³é òî÷ö³ íåîäíîð³äíîãî åëå-
ìåíòó (ðèñ. 1á), ùî â³äïîâ³äàº êóñêîâî-
îäíîð³äí³é àïðîêñèìàö³¿ âëàñòèâîñòåé 
ìàòåð³àëó; 
 – ´ðàä³ºíòíèé ñê³í÷åííèé åëåìåíò, ùî âðàõîâóº ´ðàä³ºíòè âëàñòèâîñòåé 
ìàòåð³àëó (ðèñ. 1â). 

 
Рис. 1 
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Ñåðåä çàãàëüíîâ³äîìèõ ñê³í÷åííîåëåìåíòíèõ ïàêåò³â âàðòî â³äçíà÷èòè 
FEMAP, ABAQUS òà Comsol Multiphysics, ÿê³ äàþòü çìîãó áåçïîñåðåäíüî 
ìîäåëþâàòè Ô¥Ì. 

Ó ö³é ðîáîò³ äëÿ äîñë³äæåííÿ âïëèâó íåîäíîð³äíîñò³ ìàòåð³àëó òà ãåî-
ìåòðè÷íèõ ïàðàìåòð³â ïðÿìîêóòíîãî ò³ëà íà ïåðåì³ùåííÿ ³ íàïðóæåííÿ â 
öüîìó ò³ë³ ï³ä ä³ºþ íîðìàëüíîãî íàâàíòàæåííÿ âèêîðèñòàíî ìåòîä ñê³í÷åí-
íèõ åëåìåíò³â ç ðîçáèòòÿì îáëàñò³ íà ÷îòèðèêóòí³ ´ðàä³ºíòí³ åëåìåíòè 
(ðèñ. 1â), ÿê³ äîçâîëÿþòü êðàùå âðàõóâàòè íåîäíîð³äí³ñòü ìàòåð³àëó. 

Îïèñ çàäà÷³. Ðîçãëÿíåìî óçàãàëü-
íåíèé ïëîñêèé íàïðóæåíèé ñòàí ïðÿ-
ìîêóòíî¿ ïëàñòèíè äîâæèíè a  ³ âèñîòè 
b  (äàë³ – ïðÿìîêóòíèê), ÿêà ó äåêàðòî-
â³é ñèñòåì³ êîîðäèíàò 1 2x Ox  çàéìàº îá-

ëàñòü Ω  ç ãðàíèöåþ o â à
+Γ = Γ Γ Γ    

à
−Γ . Ìàòåð³àë ò³ëà º ³çîòðîïíèì ³ íå-

îäíîð³äíèì, à éîãî ìîäóëü Þíãà 1 2( , )E x x  

³ êîåô³ö³ºíò Ïóàññîíà 1 2( , )x xν  – íåïå-

ðåðâí³ ôóíêö³¿ êîîðäèíàò. Íà âåðõí³é ãðàí³ âΓ  ïðÿìîêóòíèêà ä³º íîðìàëü-

íå ñòèñêóâàëüíå íàâàíòàæåííÿ 1( )P x , à äîòè÷í³ íàïðóæåííÿ â³äñóòí³. Íà 

íèæí³é ãðàí³ îΓ  âèêîíóþòüñÿ óìîâè ãëàäêîãî çàùåìëåííÿ, çà ÿêîãî äîòè÷í³ 

íàïðóæåííÿ ³ íîðìàëüí³ ïåðåì³ùåííÿ º íóëüîâèìè. Á³÷í³ ñòîðîíè à
+Γ  òà à

−Γ  
íåíàâàíòàæåí³. 

Ââàæàºìî, ùî îá’ºìí³ ñèëè â³äñóòí³. 
Ìàòåìàòè÷íå ôîðìóëþâàííÿ ìîäåë³. Êîìïîíåíòè òåíçîðà íàïðóæåíü 

ijσ  â îáëàñò³ ïðÿìîêóòíèêà çàäîâîëüíÿþòü ð³âíÿííÿ ð³âíîâàãè 
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Çàïèñàâøè òåíçîð ïðóæíèõ ñòàëèõ íåîäíîð³äíîãî ³çîòðîïíîãî ìàòåð³à-
ëó ÷åðåç ìîäóëü Þíãà òà êîåô³ö³ºíò Ïóàññîíà [12] 

 1 2( , )ijkc x x =  

 1 2 1 2
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E x x x x
x x x x

ν = δ δ + δ δ + δ δ + ν − ν 
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çàêîí Ãóêà äëÿ òàêîãî ìàòåð³àëó ïîäàìî ó âèãëÿä³ 
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, (3) 

äå ku  – êîìïîíåíòè âåêòîðà ïåðåì³ùåíü. 

Êðàéîâ³ óìîâè íà êîíòóð³ Γ  çàïèøåìî ó âèãëÿä³ 

 22 1 2 1 12 1 2 1 2( , ) ( ),     ( , ) 0,     ( , ) âx x P x x x x xσ = − σ = ∈ Γ , 

 12 1 2 2 1 2 1 2( , ) 0,             ( , ) 0,     ( , ) îx x u x x x xσ = = ∈ Γ , 

 11 1 2 12 1 2 1 2( , ) 0,             ( , ) 0,    ( , ) a ax x x x x x + −σ = σ = ∈ Γ Γ . (4) 

 Çàñòîñóâàâøè äëÿ ðîçâ’ÿçóâàííÿ ö³º¿ çàäà÷³ ìåòîä Áóáíîâà – Ãàëüîð-
ê³íà òà âèêîðèñòàâøè ³çîïàðàìåòðè÷íå ïåðåòâîðåííÿ êîæíîãî ÷îòèðèêóòíî-
ãî ñê³í÷åííîãî åëåìåíòà â êâàäðàò , : 1 , 1∗Ω = ξ η − ≤ ξ η ≤{ } , îòðèìóºìî ñèñ-

òåìó ð³âíÿíü â³äíîñíî íåâ³äîìèõ âóçëîâèõ ïåðåì³ùåíü ( )( )e mu  [1, 2, 6]: 

 
Рис. 2 
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 1, , ,e N=   (5) 

äå 1( , ) (1 )(1 )
4m m mϕ ξ η = + ξ ξ + η η  – á³ë³í³éíà ñèñòåìà áàçèñíèõ ôóíêö³¿; kpJ  

– êîìïîíåíòè ÿêîá³àíà ïåðåõîäó â ëîêàëüíó ñèñòåìó êîîðäèíàò ( , )ξ η ; N – 
ê³ëüê³ñòü ñê³í÷åííèõ åëåìåíò³â. 
 Àíàë³ç ÷èñëîâèõ ðåçóëüòàò³â. ×èñëîâ³ ðîçðàõóíêè ïðîâåäåíî äëÿ ìà-
òåð³àëó ç îäíîâèì³ðíîþ íåîäíîð³äí³ñòþ, êîëè ìîäóëü Þíãà º ôóíêö³ºþ îä-
í³º¿ ç êîîðäèíàò 1x  àáî 2x , à êîåô³ö³ºíò Ïóàññîíà ñòàëèé ( 0.25ν = ). Ó âñ³õ 
ðîçãëÿíóòèõ ïðèêëàäàõ ââàæàºìî, ùî íà âåðõí³é ãðàí³ ïðÿìîêóòíèêà ä³º 
ð³âíîì³ðíèé òèñê 1( ) 1.0P x = Mïà.  

Ôoðìà äåôîðìîâàíîãî ïðÿìîêóòíèêà. Äîñë³äèìî âïëèâ íåîäíîð³ä-
íîñò³ ìàòåð³àëó íà ôîðìó äåôîðìîâàíîãî ïðÿìîêóòíèêà âèñîòîþ 0.1b = ì ³ 
äîâæèíîþ 0.2a = ì. Ðîçãëÿíåìî ÷îòèðè âèäè êâàäðàòè÷íî¿ çàëåæíîñò³ ìî-
äóëÿ Þíãà â³ä êîîðäèíàò: 

 
2
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   = + ⋅     

[Ïà], (6a) 
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2
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1 2( , ) 2 3 1 10

/2
x

E x x
a

= ⋅  + −    
[Ïà], (6ã) 

äëÿ êîæíî¿ ç ÿêèõ ì³í³ìàëüíå òà ìàêñèìàëüíå çíà÷åííÿ ìîäóëÿ Þíãà ñòà-

íîâëÿòü 92 10⋅ Ïà ³ 95 10⋅ Ïà â³äïîâ³äíî ³ äîñÿãàþòüñÿ íà ïðîòèëåæíèõ ãî-
ðèçîíòàëüíèõ (ó âèïàäêàõ (6a) ³ (6á)) àáî âåðòèêàëüíèõ (ó âèïàäêàõ (6â) ³ 
(6ã)) ãðàíÿõ. Ó ö³é ñòàòò³ â³äíîøåííÿ max minE E/  ìàòåð³àëó âèáèðàëè ç ä³à-

ïàçîíó max min2 10E E≤ ≤/  çà àíàëîã³ºþ äî ïðàöü [3, 7, 9]. 
Ïåðø³ äâ³ ôîðìóëè (6a) ³ (6á) â³äïîâ³äàþòü íåîäíîð³äíîìó ïî âèñîò³ 

ïðÿìîêóòíèêó, êîëè âåðõí³ øàðè æîðñòê³ø³ (6a) àáî ïîäàòëèâ³ø³ (6á), í³æ 
íèæí³. Îñòàíí³ äâ³ çàëåæíîñò³ (6â) ³ (6ã) îïèñóþòü ïîçäîâæíþ íåîäíîð³ä-
í³ñòü ïðÿìîêóòíèêà, ìàòåð³àë á³÷íèõ øàð³â ÿêîãî æîðñòê³øèé (6â) àáî ïî-
äàòëèâ³øèé (6ã), í³æ ìàòåð³àë ïîáëèçó âåðòèêàëüíî¿ îñ³ 2 0x = . 

Ôîðìà ïðÿìîêóòíèêà ï³ñëÿ íàâàíòàæåííÿ äëÿ öèõ ÷îòèðüîõ âèä³â íå-
îäíîð³äíîñò³ ìàòåð³àëó çîáðàæåíà íà ðèñ. 3à–3ã â³äïîâ³äíî. Òóò ïåðåì³ùåí-
íÿ êîíòóðó ò³ëà çá³ëüøåíî â 5000 ðàç³â. 

Ó âèïàäêó ïðÿìîêóòíèêà, íåîäíîð³äíîãî ïî âèñîò³, éîãî âåðõíÿ ãðàíü 
ñòàº âãíóòîþ, à íèæíÿ âèäîâæåíîþ á³ëüøå, í³æ âåðõíÿ (ðèñ. 3à), ÿêùî 
âåðõí³ øàðè ïðÿìîêóòíèêà æîðñòê³ø³ (âèïàäîê çàëåæíîñò³ (6a)). ßêùî æ 
ìàòåð³àë íèæí³õ øàð³â ò³ëà æîðñòê³øèé (âèïàäîê çàëåæíîñò³ (6á)), òî âåðõ-
íÿ ãðàíü ïðÿìîêóòíèêà îïóêëà ³ á³ëüøå âèäîâæåíà, í³æ íèæíÿ (ðèñ. 3á). 
Êîëè íåîäíîð³äí³ñòü ìàòåð³àëó çì³íþºòüñÿ ó ïîçäîâæíüîìó íàïðÿì³ òà ìà-
òåð³àë ïîäàòëèâ³øèé ïîñåðåäèí³ ïðÿìîêóòíèêà (âèïàäîê çàëåæíîñò³ (6â)), 
âåðõíÿ ñòîðîíà ñòàº âãíóòîþ íà ñåðåäí³é ÷àñòèí³ é îïóêëîþ ïîáëèçó êðà¿â, 
à íèæíÿ ãðàíü âèäîâæóºòüñÿ á³ëüøå, í³æ âåðõíÿ (ðèñ. 3â). Êîëè æ ïðÿìî-
êóòíèê ïîäàòëèâ³øèé íà êðàÿõ (âèïàäîê çàëåæíîñò³ (6á)), òî âñÿ âåðõíÿ 
ãðàíü º îïóêëîþ òà á³ëüøå âèäîâæåíà, í³æ íèæíÿ (ðèñ. 3á). 
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Рис. 3  
Íà ðèñ. 4 çîáðàæåíî íîðìàëüí³ ïåðåì³ùåííÿ 2u  âåðõíüî¿ ãðàí³ ïðÿìî-

êóòíèêà äëÿ çàëåæíîñòåé (6) ìîäóëÿ Þí-
ãà â³ä êîîðäèíàòè 1x  ÷è 2x  (êðèâèì 3–6 
â³äïîâ³äàþòü çàëåæíîñò³ (6à)–(6â)). Ïðè 
íåîäíîð³äíîñò³ ïî îñ³ 1Ox  ïåðåïàäè 2u  
(êðèâ³ 5, 6) âçäîâæ ãðàí³ çíà÷íî á³ëüø³, 
í³æ ïðè íåîäíîð³äíîñò³ ïî îñ³ 2Ox  (êðèâ³ 
3, 4). Îäíàê çà áóäü-ÿêîãî ðîçãëÿíóòîãî 
õàðàêòåðó çì³íè ìîäóëÿ Þíãà â ä³àïàçîí³ 

9 92 10 5 10⋅ ÷ ⋅ Ïà íîðìàëüí³ ïåðåì³ùåííÿ 
âåðõíüî¿ ãðàí³ ëåæàòü ó ìåæàõ ì³æ ïåðå-
ì³ùåííÿìè îäíîð³äíîãî ïðÿìîêóòíèêà ç 

ìîäóëÿìè Þíãà 92 10⋅ Ïà (êðèâà 1) òà 95 10⋅ Ïà (êðèâà 2). 
Äàë³ ðîçãëÿíåìî âïëèâ äîâæèíè ïðÿìîêóòíèêà òà ´ðàä³ºíòíîñò³ ìàòåð³-

àëó íà ðîçïîä³ë íàïðóæåíü.  

Çàëåæí³ñòü íàïðóæåíü â³ä äîâæèíè ïðÿìîêóòíèêà. Ó ðàç³ îäíî-
ð³äíîãî ïðÿìîêóòíèêà çà ð³âíîì³ðíîãî òèñêó 1( ) 1P x = ÌÏà íà âåðõíþ ãðàíü 
âèíèêàº îäíîð³äíèé íàïðóæåíèé ñòàí, çà ÿêîãî ó êîæí³é òî÷ö³ ò³ëà íîð-
ìàëüí³ íàïðóæåííÿ 11 0σ = ÌÏà, 22 1σ = − ÌÏà, à ìàêñèìàëüí³ äîòè÷í³ íà-

ïðóæåííÿ max 0.5τ = − ÌÏà. Äîñë³äèìî, ÿê âïëèâàº íà íàïðóæåíèé ñòàí ò³-
ëà íåîäíîð³äí³ñòü ìàòåð³àëó ïðÿìîêóòíèêà òà çì³íà éîãî äîâæèíè äëÿ âè-
ïàäêó çì³ííîãî ïî âèñîò³ ìîäóëÿ Þíãà. Ïîð³âíþâàòèìåìî íàïðóæåííÿ ó 
êâàäðàò³ ( a b= ) òà â ïðÿìîêóòíèêó äîâæèíîþ 3a b= . Ë³í³éí³ ðîçì³ðè ïðÿ-
ìîêóòíèêà íà ðèñ. 5–7 ïîäàíî ó äåöèìåòðàõ.  

Íà ðèñ. 5 íàâåäåíî ðîçïîä³ëè íàïðóæåíü 11 max,  σ τ  ó ò³ë³, ìîäóëü Þíãà 

1 2( , )E x x  ÿêîãî çì³íþºòüñÿ çà çàêîíîì (6à). Ó öüîìó ðàç³ âåðõí³ øàðè º 
æîðñòê³ø³ â³ä íèæí³õ. Ó âèïàäêó êâàäðàòà ìàêñèìàëüí³ ðîçòÿãóâàëüí³ íà-
ïðóæåííÿ 11σ  âåëè÷èíîþ 0.0071 ÌÏà âèíèêàþòü ó òî÷ö³ (0, 0.733) (ðèñ. 5à), 

à ìàêñèìàëüí³ äîòè÷í³ íàïðóæåííÿ max 0.505τ = ÌÏà – ó òî÷ö³ (0, 0.533) 
(ðèñ. 5â). Ó ïðÿìîêóòíèêó åêñòðåìóìè öèõ íàïðóæåíü äîñÿãàþòüñÿ òàêîæ 
íà âåðòèêàëüí³é îñ³ ò³ëà, ïðîòå ïåðåì³ùóþòüñÿ íà ãðàíèöþ îáëàñò³ (ðèñ. 5á, 
ðèñ. 5ã). Çîêðåìà, ìàêñèìàëüí³ ðîçòÿãóâàëüí³ 11 0.137σ = ÌÏà çíàõîäÿòüñÿ â 

òî÷ö³ (0, )b , à ìàêñèìàëüí³ ñòèñêóâàëüí³ 11 0.067σ = − ÌÏà – â òî÷ö³ (0, 0). 

Ìàêñèìàëüí³ äîòè÷í³ max 0.578=τ ÌÏà òàêîæ ëîêàë³çóþòüñÿ ïî öåíòðó 

âåðõíüî¿ ãðàí³ (ðèñ. 5ã). Ðîçðàõóíêè ïîêàçàëè, ùî íàïðóæåííÿ 22σ  ó âñüîìó 
ò³ë³ º ñòèñêóâàëüíèìè ³ ¿õ ìàêñèìóì äîñÿãàºòüñÿ ïîñåðåäèí³ íèæíüî¿ ãðàí³. 

 
Рис. 4 
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 11σ , ÌÏà 

  
 à) á)  

 maxτ , ÌÏà 

  
 â) ã)  

Рис. 5 
Íà ðèñ. 6 çîáðàæåíî ðîçïîä³ë íàïðóæåíü ó ò³ë³ ïðè çì³í³ ìîäóëÿ Þíãà 

1 2( , )E x x  ïî âèñîò³ çã³äíî ç ôîðìóëîþ (6á), òîáòî, êîëè ìàòåð³àë âåðõí³õ 
øàð³â º ïîäàòëèâ³øèì.  
 11σ , ÌÏà 

  
 à) á)  

 maxτ , ÌÏà 

  
 â) ã)  

Рис. 6 
Ó âèïàäêó êâàäðàòà ìàêñèìàëüí³ ðîçòÿãóâàëüí³ íàïðóæåííÿ 11 =σ  

0.042= ÌÏà çíàõîäÿòüñÿ ó òî÷ö³ (0, 0), à ìàêñèìàëüí³ ñòèñêóâàëüí³ 11σ =  
0.010= − ÌÏà – íà âåðòèêàëüí³é îñ³ ò³ëà íà ãëèáèí³ 0.33 â³ä âåðõíüî¿ ãðàí³ 

(ðèñ. 6a). Ìàêñèìàëüí³ äîòè÷í³ max 0.553τ = ÌÏà ëîêàë³çîâàí³ â íèæí³õ ë³âî-

ìó ³ ïðàâîìó êóòàõ (ðèñ. 6â). Ó ïðÿìîêóòíèêó åêñòðåìóìè 11σ  ëîêàë³çó-

þòüñÿ íà ãðàíèö³ îáëàñò³. Çîêðåìà, ìàêñèìàëüí³ ðîçòÿãóâàëüí³ 11 0.14σ = ÌÏà 
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çíàõîäÿòüñÿ â òî÷ö³ (0, 0), à ìàêñèìàëüí³ ñòèñêóâàëüí³ íàïðóæåííÿ 11σ =  
0.06= − ÌÏà – â òî÷ö³ (0, )b  (ðèñ. 6á). Íà â³äì³íó â³ä êâàäðàòà, â ïðÿìîêóò-

íèêó (ðèñ. 6ã) ìàêñèìàëüí³ äîòè÷í³ íàïðóæåííÿ max 0.595τ = ÌÏà çíàõî-

äÿòüñÿ â òî÷ö³ (0, 0). Ìàêñèìàëüí³ ñòèñêóâàëüí³ çíà÷åííÿ íàïðóæåííÿ 22σ  
çîñåðåäæóþòüñÿ â íèæí³õ êóòàõ. 

Çàëåæí³ñòü íàïðóæåíü â³ä ´ðàä³ºíòíîñò³ ìàòåð³àëó. Äîñë³äèìî, 
ÿê âïëèâàº çá³ëüøåííÿ íåîäíîð³äíîñò³ ìàòåð³àëó íà íàïðóæåíèé ñòàí ïðÿ-
ìîêóòíèêà ç äîâæèíîþ 0.2a = ì ³ âèñîòîþ 0.1b = ì. Ïîð³âíþâàòèìåìî íà-

ïðóæåííÿ ó ò³ëàõ ç ìîäóëåì Þíãà 2 9
1 2 2( , ) 2 3( ) 10E x x x b= + ⋅/[ ] [Ïà] ³ 

2 9
1 2 2( , ) 2 11( ) 10E x x x b= + ⋅/[ ] [Ïà] (ðèñ. 7), ì³í³ìàëüíå çíà÷åííÿ ÿêèõ îäíàêî-

âå (äîð³âíþº 92 10⋅ Ïà) ³ äîñÿãàºòüñÿ íà íèæí³é ãðàí³, à ìàêñèìàëüí³ çíà-

÷åííÿ íà âåðõí³é ãðàí³ äîð³âíþþòü 95 10⋅ Ïà ³ 913 10⋅ Ïà â³äïîâ³äíî. Ó 
ïåðøîìó âèïàäêó ìàòåð³àë ìåíø ´ðàä³ºíòíèé ( max min/ 2.5E E = ), ó äðóãîìó 

– á³ëüø ´ðàä³ºíòíèé ( max min/ 6.5E E = ).  

 11σ , ÌÏà 

   
 à) max min/ 2.5E E =   á) max min/ 6.5E E =  

 maxτ , ÌÏà 

  
 â) max min/ 2.5E E =   ã) max min/ 6.5E E =  

Рис. 7 
Ó ðàç³ ìåíøî¿ ´ðàä³ºíòíîñò³ ìàòåð³àëó ( 2 9

1 2 2/( , ) 2 3( ) 10E x x x b= + ⋅[ ] [Ïà]) 

ìàêñèìàëüí³ ðîçòÿãóâàëüí³ íàïðóæåííÿ 11σ  âåëè÷èíîþ 0.062 Ïà âèíèêàþòü 

â òî÷ö³ (0, )a , à ìàêñèìàëüí³ ñòèñêóâàëüí³ 11 0.03σ = − ÌÏà – â òî÷ö³ (0, 0) 

(ðèñ. 7à). Ìàêñèìàëüí³ äîòè÷í³ max 0.54τ = ÌÏà ëîêàë³çóþòüñÿ ïî öåíòðó 

âåðõíüî¿ ãðàí³ (ðèñ. 7â). Äëÿ á³ëüø ´ðàä³ºíòíîãî ìàòåð³àëó ( 1 2( , )E x x =  
2 9

22 11( ) 10x b= + ⋅/[ ] [Ïà]) ìàêñèìàëüí³ ðîçòÿãóâàëüí³ íàïðóæåííÿ ( 11σ =  
0.061= ÌÏà ) ïðàêòè÷íî íå çì³íþþòüñÿ, ïðîòå ïåðåì³ùàþòüñÿ âñåðåäèíó 

ò³ëà íà 0.167 â³ä âåðõíüî¿ ãðàí³. Ìàêñèìàëüí³ ñòèñêóâàëüí³ 11σ  çá³ëüøóþòü-

ñÿ äî 0.09 ÌÏà áåç çì³íè ¿õ ïîçèö³¿ (ðèñ. 7á). Ìàêñèìàëüí³ äîòè÷í³ maxτ =  
0.539= ÌÏà çíàõîäÿòüñÿ â òî÷ö³ (0, )a , à íà ãëèáèí³ 0.233 â³ä âåðõíüî¿ ãðàí³ 

óòâîðþºòüñÿ ëîêàëüíèé ìàêñèìóì max 0.537τ = ÌÏà (ðèñ. 7ã). Íàïðóæåííÿ 

22σ  ó âñüîìó ò³ë³ º ñòèñêóâàëüíèìè ³ ¿õ ìàêñèìóì äîñÿãàºòüñÿ ïî öåíòðó 
íèæíüî¿ ãðàí³. 
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Äàë³ ðîçãëÿíåìî ïðÿìîêóòíèê, â ÿêîãî âåðõí³ øàðè ì’ÿêø³, à íèæí³ 
æîðñòê³ø³ (ðèñ. 8). Ìîäóëü Þíãà ââàæàºìî ô³êñîâàíèì íà âåðõí³é ãðàí³ 

( 9
1 2( ) 2 10,E x x = ⋅ [Ïà]). Ó âèïàäêó çàëåæíîñò³ ìîäóëÿ Þíãà 1 2( , )E x x =  

2 9
22 3(1 ) 10x b= + − ⋅/[ ] [Ïà] ìàêñèìàëüí³ ñòèñêóâàëüí³ íàïðóæåííÿ ëîêàë³çó-

þòüñÿ â òî÷ö³ (0, 0), à ìàêñèìàëüí³ ðîçòÿãóâàëüí³ 11 0.098σ = ÌÏà – íà âåð-
òèêàëüí³é îñ³ ò³ëà íà âèñîò³ 0.8667 â³ä íèæíüî¿ ãðàí³ (ðèñ. 8à). Ìàêñèìàëüí³ 

max 0.59τ = ÌÏà çíàõîäÿòüñÿ â íèæí³õ êóòàõ (ðèñ. 8â). Ïðè çá³ëüøåíí³ íå-

îäíîð³äíîñò³ ìàòåð³àëó ( 2 9
1 2 2( , ) 2 11(1 ) 10E x x x b= + − ⋅/[ ] [Ïà]) ñïîñòåð³ãàºìî 

çá³ëüøåííÿ åêñòðåìàëüíèõ çíà÷åíü 11σ , çîêðåìà, ìàêñèìàëüí³ ðîçòÿãóâàëü-
í³ äîñÿãàþòü âåëè÷èíè 0.17 ÌÏà, íå çì³íþþ÷è ðîçòàøóâàííÿ, à ìàêñèìàëüí³ 
ñòèñêóâàëüí³ 11 0.08σ = − ÌÏà çíàõîäÿòüñÿ â òî÷ö³ (0, 0.967) (ðèñ. 8á). Ìàêñè-

ìàëüí³ äîòè÷í³ max 0.68τ = ÌÏà çíàõîäÿòüñÿ ó íèæí³õ êóòàõ (ðèñ. 8ã). Ìàêñè-

ìàëüí³ ñòèñêóâàëüí³ 22σ  çíàõîäÿòüñÿ â íèæí³õ êóòàõ â îáîõ âèïàäêàõ. 

 11σ , ÌÏà 

   

 2 9
1 2 2( , ) 2 3(1 ) 10E x x x b= + − ⋅/[ ] [Ïà] 2 9

1 2 2( , ) 2 11(1 ) 10E x x x b= + − ⋅/[ ] [Ïà] 

 à) á)  

 maxτ , ÌÏà 

  

 2 9
1 2 2( , ) 2 3(1 ) 10E x x x b= + − ⋅/[ ] [Ïà] 2 9

1 2 2( , ) 2 11(1 ) 10E x x x b= + − ⋅/[ ] [Ïà] 

 â)  ã)  
Рис. 8 

Âèñíîâêè. Ç âèêîðèñòàííÿì ìåòîäó ñê³í÷åííèõ åëåìåíò³â ðîçâ’ÿçàíî çà-
äà÷ó ïðî óçàãàëüíåíèé ïëîñêèé íàïðóæåíèé ñòàí ïðÿìîêóòíî¿ ïëàñòèíè ç 
³çîòðîïíîãî ôóíêö³îíàëüíî-´ðàä³ºíòíîãî ìàòåð³àëó. Ïðîàíàë³çîâàíî âïëèâ 
âëàñòèâîñòåé ìàòåð³àëó, ìîäóëü Þíãà ÿêîãî º ôóíêö³ºþ îäí³º¿ ç êîîðäèíàò, 
íà ïåðåì³ùåííÿ òà íàïðóæåííÿ â ò³ë³. Âèÿâëåíî, ùî ïðè ñòàëîìó â³äíîøåí-
í³ max minE E/  òà çá³ëüøåíí³ äîâæèíè ïðÿìîêóòíèêà åêñòðåìóìè íàïðóæåíü 

11σ  òà maxτ  çðîñòàþòü ³ ïåðåì³ùàþòüñÿ íà ãðàíèöþ ò³ëà. Ïðè ô³êñîâàíèõ 

ðîçì³ðàõ ïðÿìîêóòíèêà ç³ çá³ëüøåííÿì â³äíîøåííÿ max minE E/  åêñòðåìóìè 

íàïðóæåíü 11σ  òà maxτ  çðîñòàþòü òà çñóâàþòüñÿ ïî âåðòèêàëüí³é îñ³ âñå-
ðåäèíó ò³ëà. Êîëè ìàòåð³àë íà íèæí³é àáî á³÷íèõ ñòîðîíàõ º æîðñòê³øèì, 
âåðõíÿ ãðàíü ïðÿìîêóòíèêà ñòàº âãíóòîþ, êîëè æ ìàòåð³àë ïîäàòëèâ³øèé – 
îïóêëîþ. 



114 

 
 1. Çåíêåâè÷ Î., Ìîðãàí Ê. Êîíå÷íûå ýëåìåíòû è àïïðîêñèìàöèÿ. – Ìîñêâà: Ìèð, 

1986. – 318 ñ. 
 2. Ñàâóëà ß. ×èñëîâèé àíàë³ç çàäà÷ ìàòåìàòè÷íî¿ ô³çèêè âàð³àö³éíèìè ìåòîäàìè. 

– Ëüâ³â: Âèäàâí. öåíòð ËÍÓ ³ì. ². Ôðàíêà, 2004. – 221 ñ. 
 3. Anlas G., Santare M. H., Lambros J. Numerical calculation of stress intensity fac-

tors in functionally graded materials // Int. J. Fract. – 2000. – 104. – P. 131–143. 
 4. Dai K. Y., Liu G. R., Lim K. M., Han X., Du S. Y. A meshfree radial point interpo-

lation method for analysis of functionally graded material (FGM) plates // Com-
put. Mech. – 2004. – 34. – P. 213–223. 

 5. Grujicic M., Zhao H. Optimization of 316 stainless steel/alumina functionally gra-
ded material for reduction of damage induced by thermal residual stresses // Ma-
terials Sci. and Eng. – 1998. – 252. – P. 117–132. 

 6. Hutton D. V. Fundamentals of finite element analysis. – New York: McGraw-Hill, 
2004. – 505 p. 

 7. Kim J.-H., Paulino G. H. Isoparametric graded finite elements for nonhomogeneous 
isotropic and orthotropic materials // Trans. ASME. J. Appl. Mech. – 2002. – 69. – 
P. 502–514.  

 8. Liu G. R. Mesh-free methods. Moving beyond the finite element method. – Boca 
Raton: CRC PRESS, 2003 – 693 p. 

 9. Paulino G. H., Kim J.-H. The weak patch test for nonhomogeneous materials mo-
deled with graded finite elements // J. Brazil. Soc. Mech. Sci. and Eng. – 2007. – 
29. – P. 63–81.  

 10. Pompe W. Worch H., Epple M., Friess W., Gelinsky M., Greil P., Hempel U., Scharn-
weber D., Schulte K. Functionally graded materials for biomedical applications // 
Materials Sci. and Eng. – 2003. – 362. – P. 40–60. 

 11. Rao B. N., Rahman S. Mesh-free analysis of cracks in isotropic functionally graded 
materials // Eng. Fract. Mech. – 2003. – 70. – P. 1–27. 

 12. Sladek J., Sladek V., Atluri S. N. Local boundary integral equation (LBIE) method 
for solving problems of elasticity with nonhomogeneous material properties // 
Comput. Mech. – 2000. – 24. – P. 456–462. 

 13. Yue Z. Q., Xiao H. T., Tham L. G., Boundary element analysis of crack problems in 
functionally graded materials // Int. J. Solids Struct. – 2003. – 40. – P. 3273–3291. 

 
КОНЕЧНОЭЛЕМЕНТНОЕ ИССЛЕДОВАНИЕ НАПРЯЖЕННО-ДЕФОРМИРОВАННОГО 
СОСТОЯНИЯ НЕОДНОРОДНОЙ ПРЯМОУГОЛЬНОЙ ПЛАСТИНЫ 
 
Ñ èñïîëüçîâàíèåì ìåòîäà êîíå÷íûõ ýëåìåíòîâ èññëåäóåòñÿ ïëîñêîå íàïðÿæåííîå 
ñîñòîÿíèå ïðÿìîóãîëüíèêà èç èçîòðîïíîãî ôóíêöèîíàëüíî-ãðàäèåíòíîãî ìàòåðè-
àëà ïðè äåéñòâèè íîðìàëüíîé íàãðóçêè. Êîíå÷íîýëåìåíòíàÿ ìîäåëü ïîñòðîåíà ñ 
ïîìîùüþ ìåòîäà Áóáíîâà – Ãàë¸ðêèíà. Îáëàñòü òåëà ðàçáèòà íà ÷åòûðåõóãîëü-
íûå ãðàäèåíòíûå ýëåìåíòû, ó÷èòûâàþùèå çàâèñèìîñòü ìîäóëÿ Þíãà è êîýôôè-
öèåíòà Ïóàññîíà îò êîîðäèíàò. Ðàñ÷åòû âûïîëíåíû äëÿ ñëó÷àÿ, êîãäà ìîäóëü 
Þíãà ÿâëÿåòñÿ ïîëèíîìèàëüíîé ôóíêöèåé. Ïðîàíàëèçèðîâàíî âëèÿíèå ãðàäèåíò-
íîñòè ìàòåðèàëà è ðàçìåðîâ ïðÿìîóãîëüíèêà íà åãî íàïðÿæåííîå ñîñòîÿíèå. 
 
FINITE ELEMENT INVESTIGATION OF STRESS-STRAIN STATE 
OF INHOMOGENEOUS RECTANGULAR PLATE 
 
In this work the plane stress-strain state of isotropic rectangular bodies of functionally 
graded materials is described by the finite element method under normal loading. The 
finite element model is built using the Bubnov – Galerkin method. The area of the body 
is divided into rectangular graded elements which allow to set such spatially variable 
properties of material as Young’s modulus and Poisson’s ratio. We used polynomial 
functions for Young’s modulus and the Poisson’s ratio. On the basis of conducted nu-
merical experiments a number of conclusions is made about dependence of the stress-
strain state of the body on the gradient of material and sizes of the body. 
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