
ISSN 0130–9420. Ìàò. ìåòîäè òà ô³ç.-ìåõ. ïîëÿ. 2009. – 52, ¹ 1. – Ñ. 101-106. 101 

ÓÄÊ 539.3 
 
Р. В. Рабош 
 
ДИНАМІЧНА ВЗАЄМОДІЯ ПРУЖНОГО СЕРЕДОВИЩА 
З ТОНКОСТІННИМ КРИВОЛІНІЙНИМ П’ЄЗОЕЛЕКТРИЧНИМ 
ВКЛЮЧЕННЯМ ПРИ ПОЗДОВЖНІХ КОЛИВАННЯХ КОМПОЗИТА 
 

Ç âèêîðèñòàííÿì ìåòîäó çðîùóâàííÿ àñèìïòîòè÷íèõ ðîçêëàä³â îòðèìàíî 
ìîäåë³ äèíàì³÷íî¿ âçàºìîä³¿ òîíêîñò³ííîãî êðèâîë³í³éíîãî ï’ºçîåëåêòðè÷íîãî 
âêëþ÷åííÿ çì³ííî¿ òîâùèíè ç ïðóæíîþ ³çîòðîïíîþ ìàòðèöåþ ïðè óñòàëå-
íèõ êîëèâàííÿõ êîìïîçèòà. Ïðóæíà ñèñòåìà ïåðåáóâàº â óìîâàõ ïîçäîâæíüî-
ãî çñóâó. Ðîçãëÿíóòî ð³çí³ âèïàäêè åëåêòðè÷íèõ ãðàíè÷íèõ óìîâ íà ïîâåðõí³ 
íåîäíîð³äíîñò³. Çàïðîïîíîâàíî àëãîðèòì ïîáóäîâè ïðèìåæîâîøàðîâèõ ïî-
ïðàâîê äëÿ óòî÷íåííÿ ïîâåä³íêè çì³ùåíü ³ íàïðóæåíü â îêîë³ êðàþ âêëþ÷åííÿ 
ïðè ð³çíèõ éîãî ôîðìàõ. 

 
Âçàºìîä³ÿ òîíêîñò³ííèõ ïðóæíèõ âêëþ÷åíü ç îòî÷óþ÷èì ñåðåäîâèùåì 

âèâ÷àëàñÿ ó áàãàòüîõ ïóáë³êàö³ÿõ [1, 6–8, 10, 12, 14], çîêðåìà, ï’ºçîåëåêò-
ðè÷í³ âëàñòèâîñò³ òîíêèõ íåîäíîð³äíîñòåé âðàõîâóâàëèñü ó ðîáîòàõ [2, 13, 
16, 17] òà ïðàöÿõ ³íøèõ àâòîð³â.  

Ó ö³é ðîáîò³ çà äîïîìîãîþ ìåòîä³â òåîð³¿ ñèíãóëÿðíèõ çáóðåíü îòðè-
ìàíî àñèìïòîòè÷íî òî÷í³ åôåêòèâí³ óìîâè äèíàì³÷íî¿ âçàºìîä³¿ òîíêîãî 
êðèâîë³í³éíîãî ï’ºçîåëåêòðè÷íîãî âêëþ÷åííÿ çì³ííî¿ òîâùèíè ç ïðóæíîþ 
ìàòðèöåþ çà óìîâ ïîçäîâæíüîãî çñóâó òà óñòàëåíèõ êîëèâàíü êîìïîçèòà. 
Âèïàäîê òîíêîãî ïðÿìîë³í³éíîãî ï’ºçîåëåêòðè÷íîãî âêëþ÷åííÿ ðîçãëÿíóòî ó 
ñòàòò³ [13]. 
 Íåõàé ó ïðóæíîìó ³çîòðîïíîìó ñåðåäîâèù³ â óìîâàõ ³äåàëüíîãî ìåõà-
í³÷íîãî êîíòàêòó ðîçì³ùåíå òîíêå êðèâîë³í³éíå ï’ºçîåëåêòðè÷íå âêëþ÷åííÿ 
çì³ííî¿ òîâùèíè, ùî çàéìàº îáëàñòü 1 2 1 0 2 1( , ) : ,  2 ( )W W hε = α α α ∈ α ≤ α{ } . 

Òóò 1 2( , )= α αα  – îðòîãîíàëüíà ñèñòåìà êîîðäèíàò, ÿêà çâ’ÿçàíà ³ç ñåðåäèí-

íîþ ë³í³ºþ âêëþ÷åííÿ 0 ,W − += α α[ ]  çà äîïîìîãîþ ð³âíîñò³ 1 2 1( ) ( )= α + α αx nr ; 

1 2( , )x x=x  – äåêàðòîâ³ êîîðäèíàòè; 1( )αr  – ðàä³óñ-âåêòîð ñåðåäèííî¿ ë³í³¿; 

1( )αn  – íîðìàëü äî 0W ; 1( )h α  – òîâùèíà íåîäíîð³äíîñò³. Ìàòåð³àë âêëþ-

÷åííÿ íàëåæèòü äî êðèñòàëîãðàô³÷íîãî êëàñó 6 mm , à â³ñü ñèìåòð³¿ øîñòî-

ãî ïîðÿäêó ïåðïåíäèêóëÿðíà äî ïëîùèíè 1 2Ox x . Â³äíîñíà òîâùèíà âêëþ-

÷åííÿ ìàëà: 
1 0

1
1max ( ) 1

W
a h−

α ∈
ε = α   ( a  – õàðàêòåðíèé ðîçì³ð 0W ). Ïðèïóñ-

êàºìî òàêîæ, ùî äîâæèíè ïîçäîâæí³õ õâèëü ñêëàäîâèõ êîìïîçèòà íàáàãàòî 
á³ëüø³ â³ä òîâùèíè âêëþ÷åííÿ. 
 Çà ïîçäîâæíüîãî çñóâó ïðè óñòàëåíèõ êîëèâàííÿõ çì³ùåííÿ â êîìïîçè-
ò³ òà åëåêòðè÷íèé ïîòåíö³àë ó âêëþ÷åíí³ çàäîâîëüíÿþòü ð³âíÿííÿ [3, 5, 17] 

 2 s in 2( ) ( ) 0,        ( ) ( ) ( ),     \u k u u u u Wε∆ + = = + ∈x x x x x x  , (1) 

 0 2 0 0 0
0( ) ( ) 0,      ( ) ( ) 0Pu k u u∆ + = ∆ − ∆ϕ =x x x x , 

 
0

0 011
0
15

( ) ( ),          P W
e

ε
ε

ϕ = ϕ ∈x x x , (2) 

 0 2 0
0 0 44 15 0 000 44 11

,     ,     (1 ) ,     
c

kck c c c e
c ρ ε

µ
= = = + η η =

ρ
1 1 . 

Òóò ( )u x  òà s ( )u x  – ïîâíå òà ðîçñ³ÿíå ïîëÿ çì³ùåíü ó ìàòðèö³; in ( )u x  – 

çì³ùåííÿ, ùî õàðàêòåðèçóº çàäàíå íàâàíòàæåííÿ; 0 ( )u x  òà 0 ( )ϕ x  – çì³-
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ùåííÿ òà åëåêòðè÷íèé ïîòåíö³àë â íåîäíîð³äíîñò³; k , c , ρ  òà 0k , 0c , 0ρ  – 

õâèëüîâ³ ÷èñëà, øâèäêîñò³, ãóñòèíè ó ìàòðèö³ òà ó âêëþ÷åíí³ â³äïîâ³äíî; 
0
44c , 0

15e  òà 0
11ε  – ïðóæíà ñòàëà, ï’ºçîåëåêòðè÷íà ñòàëà òà ä³åëåêòðè÷íà 

ïðîíèêí³ñòü ìàòåð³àëó íåîäíîð³äíîñò³; µ  – ìîäóëü çñóâó ìàòðèö³; η  – êî-
åô³ö³ºíò åëåêòðîìåõàí³÷íîãî çâ’ÿçêó. 

 Êîìïîíåíòè òåíçîð³â íàïðóæåíü 3 ( )iσ x  ³ 0
3 ( )iσ x  òà âåêòîðà åëåêòðè÷íî¿ 

³íäóêö³¿ 0 ( )iD x  âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè [3, 5] 

 2
3

( )
( ) ,      1,2,      \i

i i

u
i W

H ε
µ ∂σ = = ∈

∂α
x

x x  , 

 
0

0 0 2 044
3 ( ) ( ) ( )i P

i i

c
u

H
∂σ = + η ϕ

∂α
x x x( ) , 

 
0

0 0 015( ) ( ) ( ) ,     1,2,     i P
i i

e
D u i W

H ε
∂= − ϕ = ∈

∂α
x x x x( ) , 

 1
1 1 2 1 2 1

1

( )
( ) 1 ( ) ,     1,     ( )H A k H A∗ ∂ α

= α + α α = α =
∂α

( )
r

 (3) 

( 1( )k∗ α  – êðèâèíà ñåðåäèííî¿ ë³í³¿ 0W ). Êð³ì öüîãî, âèêîíóºòüñÿ óìîâà 

Çîììåðôåëüäà 

 s s s2( ) exp ( ),    ,    
4 4
iu ikR i f R

kR R
π ≈ − = = → ∞ π  

xx xν ν , (4) 

äå s( )f ν  – êîìïëåêñíà àìïë³òóäà ðîçñ³ÿííÿ. 
 Íà ìåæ³ ïîä³ëó ñåðåäîâèù âèêîíóþòüñÿ óìîâè ³äåàëüíîãî ìåõàí³÷íîãî 
êîíòàêòó 

 0 0 0 0
3 3( ) ( ),       ( ) ( ) ,     1,2,      i i i iu u n n i Wε= σ = σ = ∈ ∂x x x x x , (5) 

äå 0 0 0
1 2,n n=n ( )  – çîâí³øíÿ íîðìàëü äî Wε∂ .  

 Ðîçãëÿíåìî äâà âèïàäêè ãðàíè÷íèõ åëåêòðè÷íèõ óìîâ: 

 εϕ = ∈ ∂0 ( ) 0,         Wx x , (6) 

 0 0( ) 0,     1,2,        i iD n i Wε= = ∈ ∂x x . (7) 

 Äëÿ îòðèìàííÿ åôåêòèâíèõ ãðàíè÷íèõ óìîâ íà ñåðåäèíí³é ë³í³¿ âêëþ-
÷åííÿ, ÿê³ àñèìïòîòè÷íî òî÷íî ìîäåëþþòü âçàºìîä³þ ñêëàäîâèõ êîìïîçèòà 
çà óìîâ (6) àáî (7), âèêîðèñòàºìî ìåòîä çðîùóâàííÿ àñèìïòîòè÷íèõ ðîçêëà-
ä³â [4, 6, 8, 14]. Íåâ³äîì³ ôóíêö³¿ ïîäàìî ó âèãëÿä³ àñèìïòîòè÷íèõ ðîçêëàä³â 
çà ñòåïåíÿìè ε : 

 s s 2
1 2

0

( ) ( , ) ,       \j
j

j

u u W
∞

ε
=

= α α ε ∈∑x x  , 

 0 0 0 0
1, 2 1 2

0 0

( ) ( , ) ,    ( ) ( , ) ,     j j
j P Pj

j j

u u W
∞ ∞

ε
= =

= α α ε ϕ = ϕ α α ε ∈∑ ∑x x x , 

 2 2α = α ε/ . (8) 

 Âèä³ëèìî òðè ð³çí³ ä³àïàçîíè [6] çì³íè âåëè÷èíè 0
44ñγ = µ/ : 

 1°) 1ε ≤ γ ≤
ε

; 2°) 0 ≤ γ ≤ ε ; 3°) 1 ≤ γ < ∞
ε

. (9) 
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 Ä³àïàçîí 1° â³äïîâ³äàº íåîäíîð³äíîñò³ ñëàáî¿ êîíòðàñòíîñò³, à ä³àïàçîíè 
2° ³ 3° îïèñóþòü âèïàäêè âêëþ÷åíü ìàëî¿ ³ âåëèêî¿ æîðñòêîñòåé â³äïîâ³äíî. 
 Ï³äñòàâëÿþ÷è ðîçêëàäè (8) ó ñï³ââ³äíîøåííÿ (1)–(6) àáî (1)–(5), (7) òà 
ïðèð³âíþþ÷è âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ε , ó êîæíîìó ç ä³àïàçîí³â (9) 
ç òî÷í³ñòþ äî ãîëîâíèõ ÷ëåí³â îòðèìàºìî (çíà÷åííÿ ³íäåêñó 1=  àáî 2=  
â³äïîâ³äàþòü ãðàíè÷íèì óìîâàì (6) àáî (7)) 
 ä³àïàçîí 1°: 

 
in

1
2

1 ( )
( )

u
u h+

−
− γ ∂≈ α
γ ∂α

x[ ] 


,  

 
in

2 2 in1
0 1

2 1 1 1 1

1 ( ) ( )
( ) ( )

( ) ( )
h uu k k h u

A A

+

∗
−

− γ α ∂∂ ∂  ≈ + − γ α ∂α α ∂α α ∂α 
x

x( ) , 

 1 0 2,     0,     1,2Wα ∈ α = = , 

 
in

0 0 in 1
1 1 1 1 1 2

2

( ,0)
( ) ( ) ( ,0) ( , 0) ( , 0)

2
( )s s

P

u
u u u u − 1∂ αε≈ ϕ ≈ α + α + + α − + γ α

∂α
x x  , 

 Wε∈x ; (10) 

 ä³àïàçîí 2°: 

 
s in
01

1 0 2
2 2 2

( )( ) ( )
,    0,   ,  0,  1,2

uh u uu W
+

+
−

−

∂α ∂ ∂   ≈ + ≈ α ∈ α = =   γ ∂α ∂α ∂α  
x x[ ]


 , 

 0 0 1 1
1 1 2

2

( )1( ) ( ) ( , 0) ( , 0) ,    
2

)P

u
u u u x W−

ε
∂ α , 0

≈ ϕ ≈ α + + α − + γ ∈
∂α

(x x x ; (11) 

 ä³àïàçîí 3°: 

 2 s in1
1 0 0

2 1 1 1 1

( )
0,   ( ) ( ) ( )

( ) ( )
huu h k u u

A A

+
+
− ∗

−

γ α∂ ∂ ∂  ≈ ≈ − + γ α +  ∂α α ∂α α ∂α   
x x[ ] ( ) , 

 1 0 2,    0,    1,2Wα ∈ α = = , 

 0 0 s in
0 1 1( ) ( ) ( ,0) ( ,0),     Pu u u Wε≈ ϕ ≈ α + α ∈x x x . (12) 

Òóò ³ íàäàë³ 1γ = γ , 2 ∗γ = γ , 2(1 )∗γ = γ + η ; 1 1( , 0) ( , 0)+
−ζ = ζ α + − ζ α −[ ] , 

1 1( ) ( , 0) ( , 0)+
−ζ = ζ α + + ζ α − . 

 Çàçíà÷èìî, ùî ó âèïàäêó çàòóïëåíèõ ê³íö³â âêëþ÷åííÿ ( 1 0( ) ,h hα →  

1 0,  const 0h±α → α = ≠ ) ó ä³àïàçîí³ 3° äî óìîâ (12) äîäàºòüñÿ êðàéîâà 

óìîâà [6] 

 1
1

0,              u
±

∂ = α = α
∂α

. (13) 

 Ñï³ââ³äíîøåííÿ (10)–(13) ç òî÷í³ñòþ äî ãîëîâíèõ ÷ëåí³â ðîçêëàä³â (8) 
âèçíà÷àþòü ðîçâ’ÿçêè ðîçãëÿíóòèõ çàäà÷ âñþäè, çà âèíÿòêîì ìàëèõ îêîë³â 
ê³íö³â âêëþ÷åííÿ, äå âèíèêàþòü ïðèìåæîâ³ øàðè. Ó öèõ îêîëàõ ðîçâ’ÿçêè 
øóêàºìî ó âèãëÿä³ âíóòð³øí³õ àñèìïòîòè÷íèõ ðîçêëàä³â [6, 8, 14]. Àëãîðèòì 
ïîáóäîâè ïðèìåæîâîøàðîâèõ ïîïðàâîê ïðî³ëþñòðóºìî íà ïðèêëàä³ âêëþ-

÷åííÿ ìàëî¿ æîðñòêîñò³ (ä³àïàçîí 2°: 0 ≤ γ ≤ ε ). Ââåäåìî ïîëÿðíó ñèñòåìó 

êîîðäèíàò 1 cosrτ = θ , 2 sin ,  rτ = θ − π < θ < π . Ó ñèñòåì³ 1 2( , )τ τ  àñèìïòî-

òèêà òîâùèíè âêëþ÷åííÿ 1( )h α  ïðè 1 ±α → α  ìàº âèãëÿä 1 0 1( )h g δτ ε τ +  , 

1 0τ → , 0 const 0g = ≠ , 0δ ≥ . Òîä³ ³ç ð³âíîñòåé (2), (11) çíàõîäèìî [8, 14] 

s
0 1( , ) sin ,        0,       0 1

2
u r a b r rθθ + → ≤ δ < ,  

äå 0 1,a b  – â³äîì³ êîåô³ö³ºíòè, ùî âèçíà÷àþòüñÿ ÷åðåç ïðèêëàäåíå íàâàíòà-

æåííÿ.  
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 Ââåäåìî âíóòð³øí³ çì³íí³ 

 0,     1,2,   ,   2 ,   1 (1 )i ia i r a r a gτ = ε τ = = ε = = − δæ æ æ æ/ /( ) . (14) 

Ó çì³ííèõ 1τ  òà 2τ  ïðè 0ε →  ê³íåöü íåîäíîð³äíîñò³ òðàíñôîðìóºòüñÿ â îá-

ëàñòü 1 2 1 2 1( , ) : 0,  P δ= τ τ τ < τ < τ{ } , ÿêà îáìåæåíà ïàðàáîëîþ P∂ . Âèçíà-

÷èâøè àñèìïòîòèêó ïîë³â s ( )u x  òà in ( )u x  ïðè 0r →  ³ âèêîðèñòàâøè ïðèí-
öèï Ôðåíêåëÿ óçãîäæåííÿ àñèìïòîòè÷íèõ ðîçêëàä³â [15], çíàõîäèìî, ùî 
âíóòð³øí³ àñèìïòîòèêè (ïðè 0ε → ) íåîáõ³äíî øóêàòè ó âèãëÿä³  

 2 2
0 1( , ) ( , ) ( , ),       ( , ) \   u r v r v r r Pθ θ + ε θ θ ∈ æ/  ,  

 0 0 2 0
0 1( , ) ( , ) ( , ),         ( , )u r v r v r r Pθ θ + ε θ θ ∈ æ/ , 

 0 0 2 0
0 1( , ) ( , ) ( , ),        ( , )P r r r r Pϕ θ ψ θ + ε ψ θ θ ∈ æ/ . (15) 

Ïðè öüîìó ÷ëåíè ðîçêëàä³â (15) çàäîâîëüíÿþòü óìîâè 

 0 0 in
0 0 0 0 0 1 1,      ( , ) sin

2
v v a a v r a b r θ= = ψ = + ϕ = , 

 0 0 1 2
1 1 2 1 1 2 1 2( , ) ( , ) ,      v a b r r− δ+ψ τ τ = τ τ = τ → ∞/ , 

äå in
0a  – êîåô³ö³ºíò â àñèìïòîòè÷íîìó ïîäàíí³ 

in in in in
0 1 1( , ) cos sin 0,        u r a r a b rθ ≈ + θ + θ →( ) . 

 Ï³äñòàâëÿþ÷è àñèìïòîòèêè (15) ó ð³âíÿííÿ (1), (2) òà óìîâè êîíòàêòó 
(5)–(7) (ïîïåðåäíüî çàïèñàâøè ¿õ ó çì³ííèõ 1τ , 2τ ) òà ïðèð³âíÿâøè âåëè÷è-
íè ïðè îäíàêîâèõ ñòåïåíÿõ ε , îòðèìàºìî 

 2
1 1 2 1 2( , ) 0,                ( , ) \v P∆ τ τ = τ τ ∈  , 

 0 0 0
1 1 2 1 1 2 1 1 2 1 2( , ) 0,       ( , ) ( , ) 0,       ( , )v v P∆ τ τ = ∆ τ τ − ∆ψ τ τ = τ τ ∈ , 

 0 1
1 1 1 2,              0,             ( , )

v
v v P

n
∂

= = τ τ ∈ ∂
∂

, 

 0
1 1 20,                ( , ) Pψ = τ τ ∈ ∂  (äëÿ óìîâè (6)),  

 
0 0
1 1

1 20,       ( , )
v

P
n n

∂ ∂ψ
− = τ τ ∈ ∂

∂ ∂
 (äëÿ óìîâè (7)). (16) 

 Ïðèìåæîâîøàðîâ³ ïîïðàâêè (15), (16) îïèñóþòü íàïðóæåíî-äåôîðìîâà-
íèé ñòàí êîìïîçèòà â îêîë³ êðàþ âêëþ÷åííÿ ïðè 0 1≤ δ < . Ó âèïàäêó 1δ ≥  
ïðèìåæîâèõ øàð³â íå âèíèêàº [6]. 
 Çàñòîñîâóþ÷è ìåòîä ñêëàäåíèõ àñèìïòîòè÷íèõ ðîçêëàä³â [9, 15] äî 
åôåêòèâíèõ êðàéîâèõ óìîâ (10)–(13), îòðèìàºìî ìîäåëü äèíàì³÷íî¿ âçàºìî-
ä³¿ ìàòðèö³ ç òîíêèì êðèâîë³í³éíèì ï’ºçîåëåêòðè÷íèì âêëþ÷åííÿì çì³ííî¿ 
òîâùèíè òà äîâ³ëüíî¿ æîðñòêîñò³ ó âèïàäêó óìîâè (6) ( 1= ) àáî óìîâè (7) 
( 2= ): 

 in1

2

( )
( )

2
h

u u u
+

+
−

−

α ∂ ≈ − γ γ ∂α 


[ ] , 

 21
0 1

2 1 1 1 1

( )1 ( ) ( )
2 ( ) ( )

hu k h u
A A

+
+

∗ −
−

γ α∂ ∂ ∂   ≈ − + γ α +  ∂α α ∂α α ∂α   
  

 2 in1
1 1

1 1 1 1

( )1 ( ) ( ,0)
( ) ( )

h
k h u

A A
α∂ ∂ + + α α α ∂α α ∂α 

, 

 1 0 2,     0,     1,2Wα ∈ α = = , 

 0 0 1 1
1 1 2

2

( )1( ) ( ) ( , 0) ( , 0) ,    
2P

u
u u u W−

ε
∂ α , 0

≈ ϕ ≈ α + + α − + γ α ∈
∂α

x x x( ) .  (17) 
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 Ó âèïàäêó çàòóïëåíèõ ê³íö³â âêëþ÷åííÿ äî óìîâ (16) ñë³ä äîäàòè ð³â-
í³ñòü (13). 
 Åôåêòèâí³ñòü îòðèìàíèõ àñèìïòîòè÷íî íàáëèæåíèõ óìîâ ïðî³ëþñòðóº-
ìî íà ïðèêëàä³ çàäà÷³ âèïðîì³íþâàííÿ, êîëè äæåðåëî SH-õâèëü çíàõîäèòü-
ñÿ â öåíòð³ òîíêî¿ öèë³íäðè÷íî¿ ï’ºçîåëåêòðè÷íî¿ îáîëîíêè. Â ïîëÿðí³é ñèñ-
òåì³ êîîðäèíàò ( , )R θ  îáîëîíêà (âêëþ÷åííÿ) çàéìàº îáëàñòü ( , ) :W Rε = θ{  

0 0: 2 2,  0,2R h R R h− ≤ ≤ + θ ∈ π/ / [ ]} , à in (1)
0 0( ) ( )u R u H kR= , äå (1)

0H  – ôóíê-

ö³ÿ Ãàíêåëÿ 1-ãî ðîäó. ×èñëîâ³ ðîçðàõóíêè ïðîâåäåíî ïðè 1 2
0

−
∗ρ = ργ æ , ε =  

0h R= / , 0k h kh −
∗= γ æ , 0.25=æ  ³ 0.5η = . 

Íà ðèñ. 1 ³ ðèñ. 2 íàâåäåíî çàëåæíîñò³ ìîäóëÿ íîðìîâàíî¿ àìïë³òóäè 

âèïðîì³íþâàííÿ s
04 1 ( )f f u∗ = + /ν  â³ä ïàðàìåòðà γ  â³äïîâ³äíî äëÿ ε =  

0.01=  ³ 0.1ε =  ïðè õâèëüîâèõ ðîçì³ðàõ îáîëîíêè 0 0.1kR =  òà 0 1kR = . Ñó-

ö³ëüí³ ë³í³¿ â³äïîâ³äàþòü íàáëèæåí³é ìîäåë³ äëÿ âêëþ÷åíü äîâ³ëüíî¿ æîðñò-
êîñò³ (17) ïðè 2= , à ë³í³¿, ìàðêîâàí³ òðèêóòíèêàìè àáî êîëàìè, – òî÷íèì 
çíà÷åííÿì, îòðèìàíèì ïðè óìîâàõ (5), (6) àáî (5), (7). Íàâåäåí³ ðåçóëüòàòè 
îòðèìàíî ìåòîäîì â³äîêðåìëåííÿ çì³ííèõ [11]. 

0
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-8 -4 0 4
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lg γ

~134
~  99 ε = 0.01

kR0 = 1

0.1

  
0

3
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-8 -4 0 4

f∗
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~123 ε = 0.1

kR0 = 1

0.1

 

 Рис. 1   Рис. 2 

 Ç àíàë³çó íàâåäåíèõ ãðàô³ê³â âèïëèâàº, ùî ïðè ð³çíèõ â³äíîñíèõ òîâ-
ùèíàõ ³ õâèëüîâèõ ðîçì³ðàõ îáîëîíêè ε  òà 0kR  ïîì³òíå äîáðå ñï³âïàä³ííÿ 

ðåçóëüòàò³â, îòðèìàíèõ ïðè òî÷íîìó ðîçâ’ÿçàíí³ çàäà÷³, òà ðîçâ’ÿçê³â ö³º¿ 
çàäà÷³, îäåðæàíèõ ç âèêîðèñòàííÿì âñòàíîâëåíèõ ó ðîáîò³ åôåêòèâíèõ 
óìîâ ñïðÿæåííÿ (17). Â îáëàñò³ âêëþ÷åíü ìàëî¿ æîðñòêîñò³ ðîçâ’ÿçêè çàäà÷³ 
ìàþòü ðåçîíàíñíèé õàðàêòåð çà ðàõóíîê âëàñíèõ êîëèâàíü çàïîâíþâà÷à 
îáîëîíêè. Âèäíî òàêîæ, ùî çíà÷åííÿ àìïë³òóä âèïðîì³íþâàííÿ f∗  íåñóòòº-
âî â³äð³çíÿþòüñÿ (îêð³ì ðåçîíàíñíèõ ÷àñòîò) ïðè çì³í³ ãðàíè÷íèõ åëåêòðè÷-
íèõ óìîâ (6) íà (7). 
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ДИНАМИЧЕСКОЕ ВЗАИМОДЕЙСТВИЕ УПРУГОЙ СРЕДЫ 
С ТОНКОСТЕННЫМ КРИВОЛИНЕЙНЫМ ПЬЕЗОЭЛЕКТРИЧЕСКИМ ВКЛЮЧЕНИЕМ 
ПРИ ПРОДОЛЬНЫХ КОЛЕБАНИЯХ КОМПОЗИТА 
 
Ñ èñïîëüçîâàíèåì ìåòîäà ñðàùèâàíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ïîëó÷åíû 
ìîäåëè äèíàìè÷åñêîãî âçàèìîäåéñòâèÿ òîíêîñòåííîãî êðèâîëèíåéíîãî ïüåçîýëåêò-
ðè÷åñêîãî âêëþ÷åíèÿ ñìåííîé òîëùèíû ñ óïðóãîé èçîòðîïíîé ñðåäîé ïðè ñòàöè-
îíàðíûõ êîëåáàíèÿõ êîìïîçèòà. Óïðóãàÿ ñèñòåìà íàõîäèòñÿ â óñëîâèÿõ ïðîäîëü-
íîãî ñäâèãà. Ðàññìîòðåíû ðàçëè÷íûå ñëó÷àè ýëåêòðè÷åñêèõ ãðàíè÷íûõ óñëîâèé íà 
ïîâåðõíîñòè íåîäíîðîäíîñòè. Ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ ïîãðàíøàðîâûõ 
ïîïðàâîê äëÿ óòî÷íåíèÿ ïîâåäåíèÿ ñìåùåíèé è íàïðÿæåíèé îêîëî êðàÿ âêëþ÷åíèÿ 
ïðè ðàçíûõ åãî ôîðìàõ. 
 
DYNAMIC INTERACTION BETWEEN ELASTIC MEDIUM AND THIN CURVILINEAR 
PIEZOELECTRIC INCLUSION UNDER LONGITUDINAL VIBRATION OF COMPOSITE 
 
Models of antiplane dynamic interaction between a thin curvilinear piezoelectric inclu-
sion of variable thickness and elastic isotropic medium under stationary vibration of 
composite were obtained using the method of matched asymptotic expansions. The 
problem was considered for different kinds of electrical boundary conditions. Algorithm 
of construction of boundary layer corrections was proposed to refine stress and displa-
cement fields behavior near the tip of inclusion for its different shapes. 
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