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РОЗВ’ЯЗОК ОДНОГО КЛАСУ СИСТЕМ ПАРНИХ СУМАТОРНИХ РІВНЯНЬ 
ДЛЯ ПРИЄДНАНИХ ФУНКЦІЙ ЛЕЖАНДРА 
 

Îòðèìàíî â àíàë³òè÷íîìó âèãëÿä³ ðîçâ’ÿçêè îäíîãî êëàñó ñèñòåì ïàðíèõ ñó-
ìàòîðíèõ ð³âíÿíü äëÿ ïðèºäíàíèõ ôóíêö³é Ëåæàíäðà ç äðîáîâèìè ³íäåêñàìè. 
Òàê³ ð³âíÿííÿ âèíèêàþòü ïðè âèâ÷åíí³ âçàºìîä³¿ âåêòîðíèõ åëåêòðîìàãí³ò-
íèõ ïîë³â ç êðóãîâèì êðàºì ïðîâ³äíîãî â³äêðèòîãî êîíóñà ó íèçüêî÷àñòîòí³é 
îáëàñò³. Âèâåäåíî ôîðìóëè ïåðåðîçêëàäó ôóíêö³é Ëåæàíäðà, ÿê³ çàñòîñîâàíî 
äëÿ ïåðåõîäó â³ä ñóìàòîðíèõ ð³âíÿíü äî íåñê³í÷åííèõ ñèñòåì ë³í³éíèõ àëãåá-
ðà¿÷íèõ ð³âíÿíü, ùî ì³ñòÿòü ìàòðè÷í³ îïåðàòîðè òèïó çãîðòêè. Îáåðíåí³ 
äî íèõ îïåðàòîðè âèêîðèñòàíî äëÿ çíàõîäæåííÿ ðîçâ’ÿçêó ó íåîáõ³äíîìó 
êëàñ³ ïîñë³äîâíîñòåé. Íàâåäåíî ïðèêëàä âèçíà÷åííÿ åôåêòó âçàºìîä³¿ TM- ³ 
TE-õâèëü ç êðàºì ñê³í÷åííîãî êîíóñà. 
 

 Äëÿ ðîçâ’ÿçàííÿ çì³øàíèõ êðàéîâèõ çàäà÷ ñêàëÿðíèõ òåîð³é ïîòåíö³à-
ëó ³ äèôðàêö³¿ çà íàÿâíîñò³ ôðàãìåíò³â êàíîí³÷íèõ ïîâåðõîíü ÷àñòî çàñòî-
ñîâóþòü ìåòîä ïàðíèõ ñóìàòîðíèõ ð³âíÿíü, ÿêèé ´ðóíòóºòüñÿ íà ïîäàíí³ 
ðîçâ’ÿçê³â ðÿäàìè âëàñíèõ ôóíêö³é âèä³ëåíèõ ï³äîáëàñòåé ³ âèêîðèñòàíí³ 
âëàñòèâîñò³ ¿õ îðòîãîíàëüíîñò³ [1, 3, 4, 6–9]. Çàñòîñóâàííÿ öüîãî ï³äõîäó äî 
ðîçâ’ÿçàííÿ ñèñòåì ïàðíèõ ñóìàòîðíèõ ð³âíÿíü âåêòîðíèõ çàäà÷ òåîð³¿ äè-
ôðàêö³¿ ç³øòîâõóºòüñÿ ³ç ïðîáëåìîþ âðàõóâàííÿ âçàºìîâïëèâó ïîòåíö³àë³â 
[10]. Ó ö³é ïðàö³ âèä³ëåíî êëàñ âçàºìîçâ’ÿçàíèõ ð³âíÿíü äëÿ ïðèºäíàíèõ 
ôóíêö³é Ëåæàíäðà ç äðîáîâèìè íèæí³ìè ³íäåêñàìè òà ïîáóäîâàíî ¿õ ðîç-
â’ÿçêè â àíàë³òè÷íîìó âèãëÿä³. Ó ÷àñòêîâèõ âèïàäêàõ ö³ ð³âíÿííÿ îïèñóþòü 
äèôðàêö³þ âåêòîðíèõ åëåêòðîìàãí³òíèõ ïîë³â íà ôðàãìåíòàõ ìåòàëåâèõ êî-
í³÷íèõ ïîâåðõîíü ó íèçüêî÷àñòîòíîìó ä³àïàçîí³.  

Çàïèøåìî íàéïðîñò³øó ñèñòåìó ñóìàòîðíèõ ð³âíÿíü òàêîãî òèïó ó âè-
ãëÿä³ 

 1/2 1/2
1

0

lim (cos ) (cos )
n j

N
m m

n z j z
N n

x P b P− −→∞ =
≤ θ ≤ π

θ + θ =∑  

 

(1) (1)
0 1/2

1

(2) (2)
0 1/2

1

tg lim (cos ), [0, ),
2

ctg lim ( cos ), ( , ],
2

p

k

P
m m

p
P p

K
m m

k
K k

x y P

x y P

ν −→∞ =

µ −→∞ =

θ  + θ θ ∈ γ   
= 

θ  + − θ θ ∈ γ π   

∑

∑
 

 1/2 1/2
1

0

lim (cos ) (cos )
n j

N
m m

n n z j j z
N n

x z P b z P− −→∞ =
≤ θ ≤ π

θ − θ =∑  

 

(1) (1)
0 1/2

1

(2) (2)
0 1/2

1

tg lim (cos ), [0, ),
2

ctg lim ( cos ), ( , ],
2

p

k

P
m m

p p
P p

K
m m

k k
K k

X y P

X y P

ν −→∞ =

µ −→∞ =

θ  − ν θ θ ∈ γ   
= 

θ  − µ − θ θ ∈ γ π   

∑

∑
 (1) 

 1/2 1/2
1

0

lim (cos ) (cos )
n j

N
m m

n z j z
N n

x P b P− −→∞ =
≤ θ ≤ π

θ + θ =∑   

 

(1) (1)
0 1/2

1

(2) (2)
0 1/2

1

tg lim (cos ), [0, ),
2

ctg lim ( cos ), ( , ],
2

p

k

P
m m

p
P p

K
m m

k
K k

x y P

x y P

σ −→∞ =

λ −→∞ =

θ  + θ θ ∈ γ 
 = 

θ  + − θ θ ∈ γ π   

∑

∑

 

 
 



49 

 1/2 1/2
1

0

lim (cos ) (cos )
n j

N
m m

n n z j j z
N n

x z P b z P− −→∞ =
≤ θ ≤ π

θ − θ =∑   

  

(1) (1)
0 1/2

1

(2) (2)
0 1/2

1

tg lim (cos ), [0, ),
2

ctg lim ( cos ), ( , ].
2

p

k

P
m m

p p
P p

K
m m

k k
K k

X y P

X y P

σ −→∞ =

λ −→∞ =

θ  − σ θ θ ∈ γ 
 = 

θ  − λ − θ θ ∈ γ π   

∑

∑

 

 
 (2) 

 Òóò 1N P K= + − , 1N P K= + −  – ïàðàìåòðè ðåäóêö³¿; 1
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êîåô³ö³ºíòè; ( ) ( ) ( ) ( )
0 0 0 0( , )X X x x=     , ( ) ( ) ( ) ( )

0 0 0 0( , )X X x x=       – ë³í³éí³ ôîðìè 

â³äíîñíî íåâ³äîìèõ ( ) ( )
0 0,x x  , 1,2= ; ,j jb b  – â³äîì³ âåëè÷èíè, 0j >  – äî-

â³ëüíå ö³ëå ÷èñëî; 1/2 ( )m
tP − ⋅  – ïðèºäíàí³ ôóíêö³¿ Ëåæàíäðà; ³íäåêñè ôóíêö³é 
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P
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1
K
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P

p p=σ{ } , 1
K

k k=λ{ }  – çàëåæí³ â³ä êóòà γ  ðîçõèëó êîíóñà, 0 < γ < π , 

/2γ ≠ π , çðîñòàþ÷³ ïîñë³äîâíîñò³ ä³éñíèõ äîäàòíèõ êîðåí³â òðàíñöåíäåíòíèõ 
ð³âíÿíü 

 1/2 1/2(cos ) 0,              ( cos ) 0m mP Pν− µ−γ = − γ = , (3′) 
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∂ ∂γ = − γ =
∂γ ∂γ

. (3″) 

Íåõàé çâ’ÿçîê ì³æ ñóìàòîðíèìè ð³âíÿííÿìè (1), (2) çàäàºòüñÿ ñï³ââ³ä-
íîøåííÿìè 
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äå jg   – â³äîì³ ñòàë³, , 1,2j = .  

Óâåäåìî ïðîñò³ð ïîñë³äîâíîñòåé [5] 
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→∞
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Íåîáõ³äíî çíàéòè ðîçâ’ÿçêè ð³âíÿíü (1), (2) ó êëàñ³ ïîñë³äîâíîñòåé (5):  

 ( ) ( ), , , ( 2)x x y y b mλ λ λ λ ∈ σ = +   ,  (6) 

äå 1,2= , , , ,p k p kλ ≡ ν µ σ λ{ } . 
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1/2 (cos ) ( )m mP O −

λ− θ = λ , êîëè λ → ∞  ( Im 0λ = ) [2], òî óìîâà 

(6) çàáåçïå÷óº àáñîëþòíó é ð³âíîì³ðíó çà ïàðàìåòðîì θ  çá³æí³ñòü ðÿä³â (1), 
(2) ³ âèêîíàííÿ óìîâè íà êðàþ êîí³÷íî¿ ïîâåðõí³  
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äå 1,2= ; ρ  – â³äñòàíü äî êðàþ 1ρ  êîí³÷íî¿ îáëàñò³.  

Ïîêëàäåìî θ = γ  ó ïåðøîìó ç ð³âíÿíü (1) , à ïåðøå ç ð³âíÿíü (2) ïðî-

äèôåðåíö³þºìî ïî÷ëåííî çà çì³ííîþ θ  ³ òàêîæ ïîêëàäåìî θ = γ . Âðàõîâó-

þ÷è ãðàíè÷í³ óìîâè (3), îòðèìóºìî ð³âíÿííÿ, ÿê³ çâ’ÿçóþòü íåâ³äîì³ (1)
0x , 
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Ðÿä (9) çá³ãàºòüñÿ äî ñâîº¿ ôóíêö³¿ ó êîæí³é ç êóòîâèõ îáëàñòåé, 
âêëþ÷àþ÷è ¿õ ìåæ³. 

Ä î â å ä å í í ÿ.  Ðîçãëÿíåìî òàêèé ³íòåãðàë óçäîâæ êðóãîâîãî êîíòóðó: 
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Òóò RC  – êîëî ðàä³óñà R , çíàê « + » áåðåìî â êóòîâ³é îáëàñò³ 0 < θ < γ , à 

« − » – â îáëàñò³ γ < θ < π . Ï³ä³íòåãðàëüíà ôóíêö³ÿ â (11) º íåïàðíîþ, ìàº 

ïðîñò³ ïîëþñè íà ä³éñí³é îñ³ â òî÷êàõ 1/2,  nt t z= ± = ±  ³ ,  kt k= ± η =  

1, , ( )P K=  , äå k kη = ± ν , êîëè 0 < θ < γ , ³ k kη = ± µ , êîëè γ < θ < π . Çà 

óìîâè, ùî t → ∞  ( arg t− π < < π ), öÿ ôóíêö³ÿ ïðÿìóº äî íóëÿ íå ïîâ³ëü-

í³øå, ÿê Im -3 tO t e− ⋅ θ γ−( ) .  

Íåõàé R → ∞  ³ êîíòóð RC  ïðÿìóº äî êîëà íåñê³í÷åííîãî ðàä³óñà çà 

ñèñòåìîþ ïðàâèëüíèõ êîíòóð³â. Òîä³, âðàõîâóþ÷è ïîâåä³íêó ï³ä³íòåãðàëüíî¿ 

ôóíêö³¿ íà êîíòóð³ RC , çíàõîäèìî, ùî ( ) 0
nz

J± θ → , êîëè ,P K → ∞ . ßêùî 

òåïåð çàì³íèìî ³íòåãðàë (11) ðÿäîì ëèøê³â ³ çâàæàþ÷è íà òå, ùî 
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äå 1,2,3,m =  , 1 2 1ε = ε = , 3 2ε = , 4 6,  ε =  , îòðèìàºìî ð³âí³ñòü (9).  

Äëÿ êîðåí³â òðàíñöåíäåíòíèõ ð³âíÿíü (3′) ñïðàâäæóþòüñÿ àñèìïòîòè÷í³ 
ôîðìóëè, êîëè k → ∞ : 
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à 1/2
1/2 ( cos ) ( )

k

m m
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t
−
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∂

[ ] . Îòæå, åëåìåíòè ðÿäó (9) çà ô³êñîâàíèõ 

çíà÷åíü nz  ïðÿìóþòü äî íóëÿ, ÿê 3( )O k− , â îáëàñòÿõ ïåðåá³ãó ïàðàìåòðà 

θ , à öåé ðÿä º àáñîëþòíî é ð³âíîì³ðíî çá³æíèì ó êîæí³é ç êóòîâèõ 
îáëàñòåé. Íà ìåæàõ êóòîâèõ îáëàñòåé, êîëè θ = γ , ôîðìóëà (9) ïåðåòâî-

ðþºòüñÿ ó òîòîæí³ñòü, ùî âèïëèâàº ³ç âèðàç³â (3′) ³ (10). Ëåìó 1 äîâåäåíî. ◊ 
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Ðÿä (14) çá³ãàºòüñÿ äî ñâîº¿ ôóíêö³¿ ó êîæí³é ç êóòîâèõ îáëàñòåé. 

Ä î â å ä å í í ÿ.  Ðîçãëÿíåìî ³íòåãðàë óçäîâæ êðóãîâîãî êîíòóðó 
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.  (16) 

Òóò çíàê « + » áåðåòüñÿ â êóòîâ³é îáëàñò³ 0 < θ < γ , à « − » – â îáëàñò³ γ < θ <  
< π . Ï³ä³íòåãðàëüíà ôóíêö³ÿ â (16) ìàº ïðîñò³ ïîëþñè íà ä³éñí³é îñ³ â òî÷-

êàõ 1/2,  nt t= ± = ± η  ³ kt z= ± , 1/2,  1, ,kz m k k N= + − =  . ßêùî t → ∞ , 
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Îòæå, ï³ä³íòåãðàëüíà ôóíêö³ÿ (16) çà ô³êñîâàíèõ nη  ïðÿìóº äî íóëÿ íå ïî-

â³ëüí³øå, ÿê 3t− , é ³íòåãðàë (16) ïðÿìóº äî íóëÿ, êîëè R → ∞ .  
Äàë³, ïîñòóïàþ÷è àíàëîã³÷íî, ÿê ïðè äîâåäåíí³ ëåìè 1, ³ âðàõîâóþ÷è, 

ùî äëÿ êîðåí³â òðàíñöåíäåíòíèõ ð³âíÿíü (3″), êîëè k → ∞ , ñïðàâäæóþòüñÿ 
àñèìïòîòè÷í³ ôîðìóëè  

 3 1 3 1(1/ ),     (1/ )
4 2 4 2k k

m mk O k k O k   σ = π − + + λ = π − + +   γ π − γ   
,  (17) 

îòðèìóºìî äîâåäåííÿ ëåìè 2. ◊ 
Çàóâàæèìî, ùî ëåìè 1, 2 çàëèøàþòüñÿ ïðàâèëüíèìè ³ çà óìîâ, êîëè 

ïàðàìåòðè nz  ³ pη  ïðÿìóþòü äî íåñê³í÷åííîñò³.  

Ï³äñòàâèìî ôîðìóëè (9) ³ (14) â³äïîâ³äíî ó ë³âó ÷àñòèíó ð³âíÿííÿ (1) òà 
ïðàâó ÷àñòèíó ð³âíÿííÿ (2) ³ îáìåæèìîñÿ â îòðèìàíèõ ðÿäàõ ñê³í÷åííîþ 
ê³ëüê³ñòþ äîäàíê³â. Ç îãëÿäó íà ë³í³éíó íåçàëåæí³ñòü ôóíêö³é Ëåæàíäðà òà 
â³äïîâ³äíèõ òðèãîíîìåòðè÷íèõ ôóíêö³é ïåðåéäåìî â³ä ñóìàòîðíèõ ð³âíÿíü 
äî åêâ³âàëåíòíèõ ñê³í÷åííèõ ñèñòåì ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü. Äëÿ 
öüîãî ïðèð³âíþºìî äî íóëÿ êîåô³ö³ºíòè á³ëÿ îäíàêîâèõ ôóíêö³é Ëåæàíäðà. 

Âèêëþ÷èâøè ç îòðèìàíèõ ð³âíÿíü (1)
py , (2)

ky , nx , 1, , , 1, , ,  p P k K n= = =   

1, ,N=  , îòðèìàºìî ñèñòåìè ð³âíÿíü â³äíîñíî íåâ³äîìèõ nx{ }  ³ (1) (2), ,p ky y { } { }  

1, ,n N=  , 1, ,p P=  , 1, ,k K=  . Äàë³ ïðèð³âíþºìî äî íóëÿ êîåô³ö³ºíòè 
á³ëÿ òðèãîíîìåòðè÷íèõ ôóíêö³é, ùî äàº ùå â³ñ³ì ë³í³éíèõ àëãåáðà¿÷íèõ 

ð³âíÿíü â³äíîñíî nx{ } , (1)
py{ } , (2)

ky{ }  ³ ( ) ( )
0 0,x x{ } { }  , 1,2= . Âðàõîâóþ÷è 

ñï³ââ³äíîøåííÿ (4), (8), âèêëþ÷àºìî ç íèõ ( ) ( )
0 0,x x   ³ ôîðìóºìî ð³âíÿííÿ, ÿê³ 

çâ’ÿçóþòü íåâ³äîì³ nx{ }  ³ (1) (2),p ky y { } { } . Îòðèìàí³ ð³âíÿííÿ ãðóïóºìî ó äâ³ 

çâ’ÿçàí³ ñê³í÷åíí³ ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü ïîðÿäêó N N×  ³ 
N N× , ÿê³ çàïèøåìî òàê:  

 
1111 12

2 2 2 2 2 2
1 1 1

1 2
,   1

2

N N N
jn n n

j
k n mn n nk n k n k j

z gx x yg g
b k

z z z z= = =

++
− − = =

ξ − βξ − ξ − ξ −
∑ ∑ ∑

  
 

, 

 
1

,            2, ,
N

jn

k n k jn

bx
k N

z z=

= − =
ξ − ξ +∑


 , (18) 

 2122
212 2 2 2 2 2

1 1 1

21 2
,   1

2

N N N
p p p m j

m
p p pk p k p k p k j

y y x g bg
g k

z z z z= = =

β−
− + β = − =

ξ − ξ − ξ − ξ −
∑ ∑ ∑

   
  

, 

 , 1
1

2 ,              2, ,
N

p
k j j

p k p

y
b k N

z +
=

= − δ =
ξ −

∑
    

. (19) 

Òóò 
21sin ( )m

m
m β = γ Γ

 ε
; jnδ  – ñèìâîë Êðîíåêåðà; nξ{ } , nz{ } , kξ{ } , pz{ }  

– çðîñòàþ÷³ ïîñë³äîâíîñò³:  

 1 1 1
1

1 1,     
2 2

N
P K

k p p k k n
n

z n m= =
=

   ξ ∈ ξ = ν µ ∈ + −   
   

 { } { } ,  (20′) 

 1 1 1
2

1 3 ,       
2

N
P K

k p p p k k
k

k m z = =
=

   ξ ∈ ξ = + − ∈ σ λ   
   

   
2

{ } { } ,  (20″) 
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 ( , )n m n nx q z x= γ


,  (21) 

 
(1)

1 (1) (1) (2) (2)
(2)

1

, ,
   ( , ) ,   ( , )

, ,

P
p p p p

p p m p p k m k kK
p p k k

y z
y y q y y q y

y z

= + −

=

 ∈ σ= = σ γ = λ γ
∈ λ


        
 

{ }

{ }
, (22) 

 ( , ) ,              
( , )

j
j m n j j

j

b
b q z b b

z
= γ =

α γ

 
 .  (23)  

Óâåäåìî äî ðîçãëÿäó äâ³ ãðàíè÷í³ íåñê³í÷åíí³ ñèñòåìè ë³í³éíèõ àëãåá-

ðà¿÷íèõ ð³âíÿíü (ÍÑËÀÐ), ÿê³ óòâîðèìî ç (18), (19), êîëè , , ,k n k pz zξ ξ → ∞  . 

Çàïèøåìî ¿õ òàê: 

 1 1AX A X DY F+ + =
   , 

 1 2CY C Y BX F+ + =
     ,  (24) 

äå 1n nX x ∞
==

 { } , 1n nY y ∞
==

  { } ; : knA a{ } , (1)
1 : knA a{ } , : knD d{ } , : kpC c{ } , 1:C  

(1): kpc{ } , : kpB b{ } , , , 1, ,k n p = ∞ , – íåñê³í÷åíí³ ìàòðèö³, ÿê³ ìàþòü òàê³ 

åëåìåíòè: 

 1 1,         kn kp
k n k p

a c
z z

= =
ξ − ξ − 

,  (25) 

 11(1) 2 2
1 1 , 1, 1,
2

0, 1, 1,
kn k n

g k n
a z

k n

  − + = ≥ =   ξ −
 > ≥

 

 12 2 2
1 , 1, 1,

( )
0, 1, 1,

kn m k n

g k n
d z

k n

− = ≥= β ξ −
 > ≥

 [ ]   (26) 

 22(1) 2 2
1 1 , 1, 1,
2

0, 1, 1,
kp k p

g k p
c z

k p

  − − = ≥   = ξ −
 > ≥

    

 
21 2 2

1 , 1, 1,

0, 1, 1,

m
k pkp

g k p
zb

k p

β = ≥ ξ −= 
 > ≥

  (27) 

(1) (2)
1 1 2 1,  kj k kj kF f F f∞ ∞

= == =
  

{ } { }  – â³äîì³ âåêòîðè: 

 
11 2 2 21 2 2(1) (2)

, 1

1 1( ) , 1, 2 , 1,
      

1 , 1, 2 , 1.

j j m j
k j k jkj kj

j k j jk j

b z g k g b kz zf f
b k b kz +

 + = − β = ξ −  ξ −= = 
 − > − δ >ξ + 

 
 

 


 

   (28) 
Ðîçãëÿíåìî ïàðí³ ìåðîìîðôí³ ôóíêö³¿  

 1
2

1/2 1/2

1 cos ( )
2

( , )
1 1 (cos ) ( cos )
4 2

m m

m m
T m

m P Pν− ν−

 Γ ν + + π ν + 
 ν =

   ν − Γ ν − + γ − γ   
   

[ ]
,  (29′) 

 
1/2 1/2

2
2

1 (cos ) ( cos )
2

( , )
1 1 cos ( )
4 2

m md dm P P
d d

T m
m m

ν − ν −
 Γ ν − + γ − γ  γ γ ν =

   ν − Γ ν + + π ν +   
   

[ ]
,  (29″) 
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ÿê³ º ðåãóëÿðíèìè ó ñìóç³ : Re 1/2Π ν <{ } . Çà ìåæàìè ö³º¿ ñìóãè âîíè ìà-

þòü ïðîñò³ ä³éñí³ íóë³ é ïîëþñè, ÿê³ äëÿ ôóíêö³¿ (29′) ðîçì³ùóþòüñÿ â³äïî-
â³äíî â òî÷êàõ nzν = ± , kν = ± ξ  (äèâ. ôîðìóëó (20′) äëÿ , ,P K N → ∞ ), à 

äëÿ ôóíêö³¿ (29″) çá³ãàþòüñÿ ç òî÷êàìè nzν = ±  , kν = ± ξ , , 1, ,k n = ∞  (äèâ. 

ôîðìóëó (20″) äëÿ , ,P K N → ∞ ). Ôóíêö³¿ 1( , )T mν , 2 ( , )T mν  äîïóñêàþòü êà-
íîí³÷íó ôàêòîðèçàö³þ â³äíîñíî óÿâíî¿ îñ³ ìåòîäîì íåñê³í÷åííèõ äîáóòê³â: 

 ( , ) ( , ) ( , )T m T m T m+ −ν = ν ν   ,  (30) 

äå ( , )T m+ ν , ( , )T m− ν , 1,2= , – ôóíêö³¿, ðåãóëÿðí³ â³äïîâ³äíî ó ï³âïëîùè-

íàõ 1Re
2

ν > − , 1Re
2

ν < : 

 1/2
1

1( , ) 2
1 3 5 (2 1)

mT m i
m

+ ν = π ×
⋅ ⋅ −  

 
2

1/2
1/2 1/2

1 1 1
1/2 1/2(cos ) ( cos )m m mP P− −

 ν ν   × + + ×    −   γ − γ 


[ ]
 

 
1

/

2

1 1
2

m n

nn

e e
−∞

νχ −ν ξ

=

ν   × Γ ν + +    ξ    
∏ ,  (31′) 

 2 1/2
1 1( , ) 1 3 5 (2 1)

2m
T m i m+ ν = ⋅ ⋅ − ×

π
[ ]  

 
1/2

1/2 1/2(cos ) ( cos ) 1
3/2

m md dP P
d d− −

   ν × γ − γ + ×   γ γ    
[ ] [ ]  

 /

1

11 1
1/2 2

m nz

nn

e e
m z

∞
νχ −ν

=

ν ν     × × + Γ ν + +      −      
∏   ,  (31″) 

äå 0 ( ) ln ln
γ γ π − γ π − γχ γ = +
π π π π

, 

 0
3( ) ( ) ( )
4 2m m m

m S S χ = χ γ − ψ + − γ − π − γ 
 

, 

 
1

1

1 1( )
2 4m

nn

mS n
−∞

=

   γ = γ π + − −    ν   
∑ , 

 0
1( ) ( ) ( )
4 2m m m

m S S χ = χ γ − ψ + − γ − π − γ 
 

  ,  

 
1

1

3 1( )
2 4m

nn

mS n
−∞

=

   γ = γ π + − −    σ   
∑ , 

( )ψ ⋅  – ëîãàðèôì³÷íà ïîõ³äíà ãàììà ôóíêö³¿; ( , ) ( , ); ( , )T m T m T m− + ±ν = − ν ν =    
1/2O −= ν( ) , êîëè ν → ∞  â îáëàñòÿõ ðåãóëÿðíîñò³. 

Òåîðåìà 1. Äëÿ ìàòðè÷íèõ îïåðàòîð³â : knA a{ } , : knC c{ }  ç åëåìåí-

òàìè (25) ³ñíóþòü ë³âî- òà ïðàâîñòîðîíí³ îáåðíåí³ îïåðàòîðè, ÿê³ º êî-
ìóòàòèâíèìè:  

 1 1A A AA I− −= = , 

 1 1C C CC I− −= = .  (32) 
Ìàòðè÷í³ åëåìåíòè îáåðíåíèõ îïåðàòîð³â âèðàæàþòüñÿ ÷åðåç ôóíê-

ö³¿ (31) ó âèãëÿä³ 



55 

 
111 (1)

1 1: ( , ) ( , ) ( )
kpk p p kA T m T z m z

−−− − − ′τ = ξ − ξ 
 

′{ }[ ] [ ] ,  (33) 

 
111 (2)

2 2: ( , ) ( , ) ( )
kpk p p kC T m T z m z

−−− − − ′τ = ξ − ξ 
 

′  { }[ ] [ ] ,  (34) 

äå I  – îäèíè÷íèé îïåðàòîð, ( , ) ( , )
p

p
u u

dT u m T u m
du

− −

=
′ =[ ]  .  

Ä î â å ä å í í ÿ  òåîðåìè 1 áàçóºòüñÿ íà ï³äñóìîâóâàíí³ â àíàë³òè÷íî-
ìó âèãëÿä³ ðÿä³â, ÿê³ â³äïîâ³äàþòü äîáóòêó íåñê³í÷åííèõ ìàòðèöü (32) [4, 9]. ◊  

Òåîðåìà 2. Ðîçâ’ÿçîê ñèñòåìè ð³âíÿíü (24) ³ñíóº ó ïðîñòîð³ ïîñë³äîâ-
íîñòåé (5) ç 0 1/2< σ < .  

Ä î â å ä å í í ÿ. Âðàõîâóþ÷è ñï³ââ³äíîøåííÿ (32), çàïèøåìî ñèñòåìó 
ð³âíÿíü (24) òàê: 

 1 1 1
1 1X A F A A X A DY− − −= − −

    , 

 1 1 1
2 1Y C F C C Y C BX− − −= − −

      ,  (35) 
³, çâàæàþ÷è íà ôîðìóëè (26)–(28) ³ (33), (34), îñòàòî÷íî îòðèìàºìî òàê³ ð³â-
íÿííÿ: 

 (1) (1)
1 1n n njx = υ τ + ϕ


, 

 (2) (2)
2 1 ,           1, ,n n njy n= υ τ + ϕ = ∞


  . (36) 

Òóò  

 11 12
1 2 2 2 2

1 11 1

1 2
2

p p

mp pp p

x yg g

z z

∞ ∞

= =

+
υ = +

βξ − ξ −
∑ ∑

 
 

, 

 22
2 21 2 2 2 2

1 11 1

1 2
2

p p
m

p pp p

x yg
g

z z

∞ ∞

= =

−
υ = − β +

ξ − ξ −
∑ ∑

 
 

,  (37) 

 
(1) (1)
1 11(1)

2 2
21

( )n j j nk
nj j

k jkj

b z g
b

zz

∞

=

τ + τ
ϕ = −

ξ +ξ −
∑




, 

 
(2)

21 1(2) (2)
2 2
1

2
2m j n

nj nj j
j

g b
b

z

β τ
ϕ = − − τ

ξ −

 
 .  (38) 

Äëÿ ï³äñóìîâóâàííÿ ðÿäó ó ïåðø³é ³ç ôîðìóë (38) ðîçãëÿíåìî ó êîìï-
ëåêñí³é ïëîùèí³ òàêèé ³íòåãðàë óçäîâæ êðóãîâîãî êîíòóðó:  

 1 ( , )1
2 ( )( )

R

nj
n jC

T t m
I dt

i t z t z

−

=
π − +∫ .  (39) 

Ï³ä³íòåãðàëüíà ôóíêö³ÿ â (39) ïðÿìóº äî íóëÿ, ÿê 5/2t− , êîëè t → ∞ , çà 
âèíÿòêîì äèñêðåòíî¿ ìíîæèíè òî÷îê, äå öÿ ôóíêö³ÿ ìàº ïðîñò³ ïîëþñè t =  

jz= −  ³ kt = ξ , 1, ,k = ∞ . (Çàóâàæèìî, ùî î÷åâèäíèé íóëü çíàìåííèêà ö³º¿ 

ôóíêö³¿ â òî÷ö³ nt z=  êîìïåíñóºòüñÿ íóëåì ôóíêö³¿ 1 ( , )T t m−  ó ö³é òî÷ö³.) 

Ñïðÿìîâóþ÷è ðàä³óñ êðóãîâîãî êîíòóðó ³íòåãðóâàííÿ RC  äî íåñê³í÷åííîñò³ 

³ çàñòîñîâóþ÷è òåîðåìó ïðî ëèøêè ç óðàõóâàííÿì ôîðìóëè (33), îòðèìàºìî 

 
(1) (1)

1 1

12 1

( , )

( ) ( , )

jnk n

k j jk n j n

T z m

z zz z T z m

+∞

−
=

τ τ
= − −

ξ + ξ ++ ′∑ [ ]
. (40) 

Çàïèøåìî òåïåð àñèìïòîòè÷í³ îö³íêè ïîõ³äíèõ ôóíêö³é (31) ó òî÷êàõ 

,k pzξ  ( ,k pzξ  ) äëÿ âèïàäêó, êîëè ,p k → ∞ : 
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 1/2
( , ), 1,

( , ) ,        
( , ), 2.

k p

t k p

zd T t m O
dt z

− −

=ζ

ξ =
= ζ ζ =  ξ =

 ( )[ ]




 (41) 

Âèêîðèñòîâóþ÷è ñï³ââ³äíîøåííÿ (41), çíàõîäèìî, ùî 

 
1/2

( )
1/2

,         1,2
( )

p
pk

k p k

u
O

u

 
τ = = 

η − η 
  .  (42) 

Òóò k kη = ξ  ³ p pu z= , êîëè 1= , òà k kη = ξ  ³ p pu z=  , êîëè 2= . 

Äëÿ âèðàç³â (37) î÷åâèäíîþ º òàêà îö³íêà: 

 
1/2 1/2

(1) (2)
2 2 2 2

1 11 1n nn n

n nc c c
z z

∞ ∞− −

= =

υ ≤ + ≤
ξ − ξ −

∑ ∑      , (43) 

äå (1) (2),  ,  ,  1,2c c c =    , – ñòàë³ âåëè÷èíè. 
Âèêîðèñòîâóþ÷è ôîðìóëè (41)–(43), çíàõîäèìî àñèìïòîòè÷íó ïîâåä³í-

êó âèðàç³â (36), (38) ³ (40), ç ÿêèõ âèïëèâàº, ùî , ( )n nx y b∈ σ
  , äå 0 1/2< σ < . 

Òåîðåìó 2 äîâåäåíî. ◊ 
Òåîðåìà 3. Íåâ³äîì³ êîåô³ö³ºíòè 1 2,υ υ  (37) ó çîáðàæåíí³ (36) º ðîç-

â’ÿçêàìè ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü äðóãîãî ïîðÿäêó 

 11 1 12 2 1s s hυ + υ = , 

 21 1 22 2 2s s hυ + υ = ,  (44) 
äå 

 
(1) (2)
1 111 12

11 122 2 2 2
1 11 1

1 2
1 ,      

2
n n

mn nn n

g g
s s

z z

∞ ∞

= =

τ τ+
= − = −

βξ − ξ −
∑ ∑  

,  (45′) 

 
(2) (1)
1 122

22 21 212 2 2 2
1 11 1

1 2
1 ,      

2
p p

m
p pp p

g
s s g

z z

∞ ∞

= =

τ τ−
= − = β

ξ − ξ −
∑ ∑ 

,  (45″) 

 
(1) (1) (2)

11 11 12
1 2 2 2 2 2 2

11 1 11 1 1

1 2
2

j nj nj nj
j

n mn n nj n n

z g g g
h b

zz z z

∞ ∞ ∞

= = =

+ ϕ ϕ ϕ+
= − + +

ξ − βξ − ξ − ξ −
∑ ∑ ∑


 

,  (46′) 

 
(2) (2) (1)

21 22
2 212 2 2 2 2 2

1 1 111 1 1

2 1 2
2

pj pj pjm
j m

p p ppj p p

g g
h b g

zz z z

∞ ∞ ∞

= = =

ϕ ϕ ϕβ −
= − − + − β

ξ −ξ − ξ − ξ −
∑ ∑ ∑


  

. (46″) 

Ä î â å ä å í í ÿ. Ï³äñòàâèìî ôîðìóëè (36) ó ÍÑËÀÐ (24). Îñê³ëüêè 
âèêîíóþòüñÿ ñï³ââ³äíîøåííÿ (32), òî äëÿ áóäü ÿêîãî ö³ëîãî 1k >  óñ³ k -ò³ 
ð³âíÿííÿ êîæíî¿ ³ç ñèñòåì (24) çàäîâîëüíÿþòüñÿ òîòîæíî. Äàë³, ï³äñòàâëÿ-
þ÷è âèðàçè (36) ó ïåðø³ ð³âíÿííÿ ñèñòåì (24) ( 1k = ), îòðèìóºìî ñèñòåìó 
ð³âíÿíü (44). Öèì òåîðåìó 3 äîâåäåíî. ◊ 

Íàñë³äîê. Íåõàé 11 22 12 21 0s s s s− ≠ . Òîä³ ðîçâ’ÿçîê ÍÑËÀÐ (24) îòðèìó-
ºìî â àíàë³òè÷íîìó âèãëÿä³ ç ðîçâ’ÿçêó ñèñòåìè (44) ³ ôîðìóë (36). 

Çàóâàæåííÿ. ßêùî 11 1/2g = − , 22 1/2g = , 12 21 0g g= = , òî ÍÑËÀÐ (24) 
ðîçïàäàºòüñÿ íà äâ³ íåçàëåæí³ íåñê³í÷åíí³ ñèñòåìè, ðîçâ’ÿçêè ÿêèõ âèçíà-
÷àþòüñÿ ôîðìóëîþ (36), êîëè 1 2, 0υ υ = .  

Ïîâåðíåìîñü äî ñê³í÷åííèõ ñèñòåì ð³âíÿíü (18), (19) ³ ñôîðìóëþºìî 
òåîðåìó. 

Òåîðåìà 4. Êîëè , , ,P K P K → ∞ , äëÿ â³äíîøåííÿ ïàðàìåòð³â ðåäóêö³¿ 
ñèñòåì (18), (19) âèêîíóþòüñÿ îö³íêè 

 ,         P P
K K

γ γ
→ →

π − γ π − γ
. (47) 
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Ä î â å ä å í í ÿ. Îñê³ëüêè ð³âíÿííÿ ñèñòåìè (18) ³ íåâ³äîì³ â ñèñòåì³ 
(19) ðîçòàøîâàí³ â³äïîâ³äíî äî çðîñòàþ÷èõ ïîñë³äîâíîñòåé  

 1 1 1 1 11/2 ,     P K P K
k p p k k p p p k kz= = = =ξ ∈ ξ = ν µ ∈ σ λ  { } { } { } { } { } , 

òî â³äíîøåííÿ (47) áåçïîñåðåäíüî âèïëèâàº ³ç ë³í³éíî¿ çàëåæíîñò³ ãîëîâíèõ 
÷ëåí³â àñèìïòîòèê (12), (17) íóë³â ö³ëèõ ôóíêö³é  

1/2 1/2( cos ),         (cos )m m
t tP P− −

∂± γ γ
∂γ

[ ]   

â³ä ïàðàìåòðà k , êîëè k → ∞ . ◊ 
Òåîðåìà 5. Âèðàç (36) º ãðàíèöåþ ïîñë³äîâíîñò³ ðîçâ’ÿçê³â ñê³í÷åííèõ 

ñèñòåì ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü (18), (19) çà óìîâè, ùî , , ,P K P K →  
→ ∞  çà ïðàâèëîì (47). 

Ä î â å ä å í í ÿ  áàçóºòüñÿ íà îö³íö³ ð³çíèö³ çà íîðìîþ (5) â³äïîâ³ä-
íèõ ìàòðè÷íèõ îïåðàòîð³â ñèñòåì ð³âíÿíü (18), (19) ³ (24). ◊ 

Îçíà÷åííÿ. Ðîçâ’ÿçêàìè ñóìàòîðíèõ ð³âíÿíü (1), (2) ââàæàòèìåìî ãðà-

íèöþ ¿õ ïîñë³äîâíîñò³, êîëè ïàðàìåòðè , , ,P K P K  ðåäóêö³¿ ðÿä³â ïðÿìóþòü 

äî íåñê³í÷åííîñò³ ( , , ,P K P K → ∞ ) çà ïðàâèëîì (47).  
Òîä³ òàê³ ðîçâ’ÿçêè îòðèìóºìî çà ôîðìóëàìè (21), (22) ³ (36) ³ äëÿ íèõ 

ñïðàâäæóºòüñÿ  
Òåîðåìà 6. Ðîçâ’ÿçêè ñóìàòîðíèõ ð³âíÿíü (1), (2) íàëåæèòü äî êëàñó 

ïîñë³äîâíîñòåé (6).  

Ä î â å ä å í í ÿ. Çà óìîâè, ùî ö³ëî÷èñëîâ³ ïàðàìåòðè , ,n p k → ∞ , 
ñïðàâäæóþòüñÿ òàê³ àñèìïòîòè÷í³ ñï³ââ³äíîøåííÿ: 

 3/2 3/2( , ) , ( , ) , ,( )       ( )      m m
m n mq z O n q t O t t p k+ ± +γ = γ = ≡ { } . (48) 

Òîä³, âðàõîâóþ÷è ôîðìóëè (21), (22), (36) ³ (48), îòðèìóºìî òâåðäæåííÿ òåî-
ðåìè 6. ◊ 

Ïðèêëàä. ßêùî 1 1
11 22 1 1(2 ) (2 )g g sc − −= = ≡ ρ , 12g Z= − , 1

21g Z−= − , äå 

s i= − ω εµ , /Z = µ ε , ω  – êðóãîâà ÷àñòîòà, ε , µ  – â³äïîâ³äíî ä³åëåêòðè÷-
íà ³ ìàãí³òíà ïðîíèêíîñò³ ñåðåäîâèùà ç ìåòàëåâèì êîí³÷íèì åêðàíîì ñê³í-
÷åííî¿ äîâæèíè 1c , òîä³ ñóìàòîðí³ ð³âíÿííÿ (1), (2) ç òî÷í³ñòþ äî ÷ëåí³â ïî-

ðÿäêó 2
1 2 1ρ /  îïèñóþòü ðîçñ³ÿííÿ ïðîñòîðîâèõ ìîä ñòàö³îíàðíî¿ åëåêò-

ðîìàãí³òíî¿ õâèë³ íà ñê³í÷åííîìó ³äåàëüíî ïðîâ³äíîìó êîíóñ³. Ç îòðèìàíîãî 
ðîçâ’ÿçêó âèïëèâàº  

Òâåðäæåííÿ. Íåõàé ñê³í÷åííèé êîíóñ çáóäæóºòüñÿ íåñèìåòðè÷íèì ïî-
ëåì ( 0m > ) äîâ³ëüíî¿ j -¿ ìîäè ïîïåðå÷íî¿ åëåêòðè÷íî¿ (TE ) õâèë³ ( 0jb ≡ , 

0jb ≠ ) àáî ïîëåì j -¿ ìîäè ïîïåðå÷íî¿ ìàãí³òíî¿ (TM ) õâèë³ ( 0jb ≠ , 0jb ≡ ), 

òî ó çâ’ÿçêó ç åôåêòîì ì³æïîëÿðèçàö³éíî¿ âçàºìîä³¿ íà êðàþ êîíóñà, ó äè-
ôðàãîâàíîìó ïîë³ çàâæäè áóäå ïðèñóòí³é ïîâíèé ñïåêòð ïðîñòîðîâèõ ìîä 

TE - ³ TM -õâèëü.  

Âèñíîâêè. Âèä³ëåíî êëàñ çâ’ÿçàíèõ ñèñòåì ïàðíèõ ñóìàòîðíèõ ð³âíÿíü 
äëÿ ïðèºäíàíèõ ôóíêö³é Ëåæàíäðà ç äðîáîâèìè íèæí³ìè ³íäåêñàìè òà òðè-
ãîíîìåòðè÷íèõ ôóíêö³é ³ îòðèìàíî ¿õ ðîçâ’ÿçêè â àíàë³òè÷íîìó âèãëÿä³. Ö³ 
ðîçâ’ÿçêè ïîäàíî ÿê ãðàíèö³ ïîñë³äîâíîñò³ ðîçâ’ÿçê³â åêâ³âàëåíòíèõ ñê³í-
÷åííèõ ñèñòåì ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü, êîëè ïàðàìåòðè ðåäóêö³¿ ïðÿ-
ìóþòü äî íåñê³í÷åííîñò³ çà âñòàíîâëåíèì ïðàâèëîì. Ãðàíè÷í³ íåñê³í÷åíí³ 
ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü ì³ñòÿòü ìàòðè÷í³ îïåðàòîðè çãîðòêè. 
Çàïèñàíî îáåðíåí³ äî íèõ îïåðàòîðè, ÿê³ âèêîðèñòàíî äëÿ ôîðìóâàííÿ ðîç-
â’ÿçê³â ñóìàòîðíèõ ð³âíÿíü ó êëàñ³ ïîñë³äîâíîñòåé, ùî çàáåçïå÷óþòü âèêî-
íàííÿ óìîâ íà êðàþ êîí³÷íî¿ îáëàñò³.  
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РЕШЕНИЕ ОДНОГО КЛАССА СИСТЕМ ПАРНЫХ СУММАТОРНЫХ УРАВНЕНИЙ  
ДЛЯ ПРИСОЕДИНЕННЫХ ФУНКЦИЙ ЛЕЖАНДРА 
 
Ïîëó÷åíû â àíàëèòè÷åñêîì âèäå ðåøåíèÿ îäíîãî êëàññà ñèñòåì ïàðíûõ ñóììà-
òîðíûõ óðàâíåíèé äëÿ ïðèñîåäèíåííûõ ôóíêöèé Ëåæàíäðà ñ äðîáíûìè èíäåêñà-
ìè. Òàêèå óðàâíåíèÿ âîçíèêàþò ïðè èçó÷åíèè âçàèìîäåéñòâèÿ âåêòîðíûõ ýëåêò-
ðîìàãíèòíûõ ïîëåé ñ êðàåì êðóãîâîãî îòêðûòîãî ïðîâîäÿùåãî êîíóñà â íèçêî÷àñ-
òîòíîé îáëàñòè. Âûâåäåíû ôîðìóëû ïåðåðàçëîæåíèÿ ôóíêöèé Ëåæàíäðà, êîòî-
ðûå èñïîëüçîâàíû äëÿ ïåðåõîäà îò ñóììàòîðíûõ óðàâíåíèé ê áåñêîíå÷íûì ñèñ-
òåìàì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ñîäåðæàùèì ìàòðè÷íûå îïåðàòîðû 
òèïà ñâåðòêè. Îáðàòíûå ê íèì îïåðàòîðû èñïîëüçîâàíû äëÿ ïîëó÷åíèÿ ðåøåíèé 
â íåîáõîäèìîì êëàññå ïîñëåäîâàòåëüíîñòåé. Ïðèâåäåí ïðèìåð îïèñàíèÿ âçàèìî-
äåéñòâèÿ TM- è TE-âîëí ñ êðàåì êîíå÷íîãî êîíóñà.  
 
SOLUTION OF ONE CLASS OF DUAL SERIES EQUATIONS FOR  
ASSOCIATE LEGENDRE FUNCTIONS 
 
The rigorous solutions of one class of the systems of dual series equations for associate 
Legendre functions with fractional indexes are obtained. Such equations appear when 
the interaction of vector electromagnetic fields with a circular edge of the conductive 
open cone in the low-frequency region is analyzed. The approximate formulae for the 
Legendre functions representation are derived. These formulae are used for transition 
from serious equations to the infinite systems of linear algebraic equations, which con-
tain matrix operators of the convolution type. The operators inverse to them are applied 
for finding the solution in the required class of sequences. The example of the interac-
tion of TM- and TE-waves with the edge of finite cone is given. 
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