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ВИХРЕВЫЕ КОЛЬЦА: ИСТОРИЯ И СОВРЕМЕННОСТЬ 
 

b …=“2% ? L “2=2  !=““ =2!,"= 2“  3" *=2 …=  150- 2…   ,“2%!,  ",.-
! "%L ,…= ,*,, *%2%!=  …= = =“  “ * =““, “*%L !=K%2/ c. c % = (1858 .). 
n…= “% !›,2 …  2% *% %K?,  2 %! / % ",› …,, ",.! L, …% , “C ,= …/L 
!=ƒ , C%“" ? ……/L %“ “, 2!, …/  *!3 %"/  ",.! "/  …,2  ,, " =“2…%“-
2,, ",.! "/  *% = . 0  .2%L “2=2 ,  "  2“  32% … …,  … *%2%!/. 
,“2% =2 =2, “*,. "%C!%“%", “" ƒ=……/. “ %  d=L“%…=   *%=*“,= …/. 
",.! "/. *%  “ = /  *!3 %"/  C%C ! …/  “ …,  " , = …%L … “›, = %L 
›, *%“2,, и C! %“2=" …,  ,“2%!, “*% % %Kƒ%!= %“2,› …,L " .*“C !, …-
2= …/., =…= ,2, “*,. , ,“ ……/. ,““ %"=…, . "ƒ=, % L“2",L ",.! "/. 
*% . l%  , “2!,!3 2“  … “*% *, , C!, != , ",› …,  ",.! "/. *%-

. b !=K%2  C!%" …= C% …=  * =““,-,*= ,  "ƒ=, % L“2",L "3. *%=*“,= -
…/. ",.! "/. *%  " , = …%L ›, *%“2,. 

 
o%!3 ,* o,!% %" ,  %“%K ……%  ,“*3“-
“2"% C3“*=2  ,ƒ 2!3K*, /  *% = , 2=* 
3 = …%, 2% " !3  %  …=…,ƒ=2  ,. %*% % 
“ 2, % …% …= !3 % . 
m. b. c% %  «m "“*,L C!%“C *2» (1835). 

 
1. b" …, . q %"= .C, !=-= K/ , …=C,“=…/ ƒ= 23 % = % %C3K ,*%"=…,  

%“…%"%C% = = ? % 3=!= [102] c. c % = (1821–1894), ƒ= %›," % 2 %-
! 2, “*,  %“…%"/ "“ L ",.! "%L ,…= ,*, ,, " =“2…%“2,, 2 %!,, ",› …,  
",.! "/. *%  " , = …%L (… " ƒ*%L) … “›, = %L ›, *%“2,. u%2  !=ƒ , -
…/  %K?,  3 %ƒ!,2 …/  C%… 2,  ",.! "% % ",› …,  K/ , ,“C% ƒ%"=…/ 
?  -, %“%-= , } C %* % , `…=*“= %!% , d %*!,2%  , d *=!2%  " ,. …=-
23!-, %“%-“*,. “,“2 =. ,!= [27], = d›. l=*“" %  [130] C!, "/"%  “"%,. 
ƒ…= …,2/. 3!="… …,L , "" …,, -3… = …2= …% % C%… 2,  2%*= “ ? …,  
(“ . 2=*›  [113]), = %2 …/  =2 =2, “*,  .=!=*2 !,“2,*, “"%L“2" ",.!  " 
“C % …%L “!  "“2! = 2“  " !=K%2=. f. d’` = K != (1749), k. }L != (1755), 
f. k= !=…›= (1760), n. j% , (1827) , d. q2%*“= (1848) (“ . 2= , " [47, 139]), 
,  2% *% c. c %  2*% !=ƒ ,  C%… 2,  C%2 … ,= …% % , ",.! "%-
% ",› …,  ›, *%“2, (,…2 != / C !"% % , "2%!% % * =““= " % 2 ! ,…% %-
,,), ""  %C! …,  ",.! "/. ,…,L , ",.! "/. …,2 L , 3“2=…%",  2!, 
ƒ…= …,2/  2 %! / [102]: 

«b(50%";,( +(-(?,(   …=ƒ/"=  ,…,,, C!%" ……/  " ›, *%L =““  2=*,  
%K!=ƒ% , 2% ,. …=C!=" …,  C%"“ 3 “%"C= = 2 “ …=C!=" …,  …%" ……%L %“, 
"!=? …,  ›=?,. …= …,. =“2,  ›, *%“2,. 

b(50%";,( -(2?,(   …=ƒ/"=  =“2, ›, *%L =““/, *%2%!/  "/  2“  
,ƒ … , “ , ! ƒ "“  2% *, *%…23!= K “*%… …% = % % . …2= C%" !.…%“2, 
C!%" “2, “%%2" 2“2"3 ?,  ",.! "/  ,…,,. 

h““ %"=…,  C%*=ƒ/"= 2, 2% “ ,   "“ . “, , L“2"3 ?,. …= ›, *%“2 , 
“3? “2"3 2 C%2 … ,=  “, , 2%: 

1) …, % …= ›, *=  =“2, = …  %› 2 C!, 2, "% "!=?=2 …%  ",› …, , 
“ , 2% *% %…= …  %K = = = ,  3›  “ “= % % …= = =; 

2) ›, *,  =“2, /, !=“C% %› ……/    *=*% %-…,K3  % …2= "! …, …= 
",.! "%L ,…,,, "“ = K3 32 , C!, “"%  C ! ? …,, C!,…= ›=2  % …%L , 
2%L ›  ",.! "%L ,…,,; 

3) C!%,ƒ" …,  C%C ! …% % “ …,  …= “*%!%“2  "!=? …,    K “*%… …% 
2%…*%L ",.! "%L …,2, …= "“   C!%2 › …,, C%“2% ……% , “%.!=… 2 “"%  " -
, ,…3 C!, C ! ",› …,, …,2,. o%.2% 3 ",.! "/  …,2, % ›…/ "…32!, ›, -
*%“2, ƒ= /*=2 “  " “ K ; %…, % 32 %*=… ,"=2 “  …  ,…= , *=* …=  !=…, =..» 

b% …% ,. 3 K…,*=. C% , !% .=…,*  *%… = XIX ". – …= = = XX ". (…=-
C!, !, [14, 67, 153, 156]) 2!= , ,%……% 32" !› = %“ , 2% 2! 2  C% %› …,  
C! “2="  2 “%K%L %*=ƒ=……3  2 %! 3. n …=*% " *%…  XX " *= %*=ƒ= %“ , 
2% .2% 32" !› …,  %2…%“,2 …% ƒ= *…32%“2, ",.! "/. 2!3K%* 2! K3 2 %-
C% …,2 …/. 32% … …,L, “" ƒ=……/. “ 2%C% % , “*, , "%ƒ %›…%“2 , !=“-
? C …,  , K “*%… …% % " 2" …,  ",.! "/. ,…,L [137, 139]. 
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o!, !…% " 2=*%L ›  -%!  .2, 2 %! / -%! 3 ,!3 2“  (ƒ= =“23  =›  
K ƒ 3C% ,…=…,  , …, c. c % =!) C!=*2, “*, "% "“ . 3 K…,*=. C% , -
!%- , =.!% .=…,*, [3, 40, 44, 50], “C ,= ,ƒ,!%"=……/. %…% !=-, . [19, 42, 48, 
54, 55] , “2=2  . " !=ƒ , …/. .… ,* %C , . [2, 4, 9, 11, 25]. g “  % !=…, ,"=-

“  ,  ““/ *= ,, …=,K%  %“23C…/ , " …= ,%…= …/. K,K ,%2 *=., ,…=-
 “C,“%* ,2 !=23!/ " “2=2  %› 2 %*=ƒ=2 “  … %K%ƒ!, / . d%C% …,2 …/  

““/ *, C! “2=" …/ " %Kƒ%!  [137], " *%2%!%  C!," …% 1035 K,K ,% !=-,-
“*,. ,“2% …,*%" C% ",.! "%L ,…= ,* . 

c. c %  ,“.% ,  ,ƒ 3!="… …,L “%.!=… …,  =““/ (, , 2!= , ,%……% 
…=ƒ/"= %  K ƒ %“%K/. * 2% 3 %“…%"=…,L 3!="… …,  … !=ƒ!/"…%“2,) , ",-
› …,  k. }L !=   , = …%L, % …%!% …%L, … “›, = %L ›, *%“2,, *%2%!/  
" " *2%!…/. %K%ƒ…= …, . (c. c %  ,“C% ƒ%"=  2!= , ,%……3  *% C%-
… …2…3  ƒ=C,“ ) , 2 ",  

 1( ) p
t

∂ + ⋅ = −
∂ ρ
U U U— — , (1) 

 0⋅ =U— , (2) 
 —  – %C !=2%! c= , 2%…=, ( , )p tx  – =" …, , ρ  – C%“2% ……=  C %2…%“2  

›, *%“2, , ( , )tU x  – .L !%"% C%  “*%!%“2,.  
bƒ " !%2%! %2 3!="… …,  (1) “ 3 2%  (2), %… C% 3 ,  "= .*","= …2…/. 

3!="… …,    ƒ=",.! ……%“2, 

 ( )
t

∂ = × ×
∂

U—w w  , , ( ) ( )
t

∂ + ⋅ = ⋅
∂

U U— —w w w , (3) 

 " *2%!  
 = × U—w  (4) 
…=ƒ/"= 2“  " *2%!%  ƒ=",.! ……%“2,. b=›…/  C! , 3? “2"%  C!, %C,“=…,, 
",› …,  ›, *%“2, " 2 ! ,…=. “*%!%“2, , ƒ=",.! ……%“2,  "  2“  %2“32“2",  
… ,ƒ" “2…% % =" …, . q 3 2 %2 2,2 , 2% 2=*=  -%! = ƒ=C,“, 3!="… …,L 
",› …,  , = …%L ›, *%“2,   =“2…/. “ 3 = " %“ “, 2!, …% % ",› -
…,  "“2! = =“  [47] ?  " !=K%2=. f. d’` = K != (1752) , k. }L != (1755). 
n …=*% , ……% c. c %  C% %›,  ,. " %“…%"3 3 …,  % ",.! . " , = -
…%L ›, *%“2, , %*=ƒ=  …= %“…%"  3!="… …,L (3) “"%, ƒ…= …,2/  "/"% /. 

q % …  ,ƒ" “2…%, 2% K%  ",› …,  K “*%… …% = % % ›, *% % %KA = 
%›…% !=ƒ %›,2  …= C ! …%“ …2!= 2 › “2,, !=“2 › …,  , , “›=2,  %KA = 

C% 2!  ="…/  …=C!=" …,  , %*= …% % "!=? …,  " %  …%" ……%L %“,, 
C!%.%  ? L ! ƒ % …2!. n …=*% J. Bertrand [68] …=.% ,  … 3 “2…/  …=-
ƒ/"=2  %*= …/  "!=? …,  =“2, / "!=? …,  %“ L -%! = ,,. b *= “2"  
C!, != %… C!,"% ,  C %“*%  “ ", %"%  2 …,  " K ƒ !=…, …%L ›, *%“2, “ 
C%  “*%!%“2, U y= , 0V = , 0W = , C!, *%2%!%  ›, *,  =“2, / ",›32“  C% 

C! /  ,…, . b “2  “ 2 , “% =“…% c. c % 3 (4), ",› …,   "  2“  
",.! "/  “ ω = ω = 0x y  , ω = −1z .  

}2% C%!% , % " 1868 . K3!…3  C% ,*3 [47] › 3 .2, , 3 …/ , …= 
“2!=…, =. «d%* = %" o=!,›“*%L `*= ,, …=3*». c. c %  %*=ƒ= , 2% 
*% K,…= ,  !=“2 › …,L , , “›=2,L C% 2!  … %!2% %…= …/  …=C!=" …,  
.*","= …2…= “3  !=“2 › …,L C% %!2% %…= …/  …=C!=" …,  , … *%2%!% 3 
"!=? …, . )2% *=“= 2“  C!," ……% % *%…2!C!, !=, 2% ƒ “  L“2",2 …% 
›, *,  =“2, / ",›32“  C% C! /  , …  "!=?= 2“  C% %!K,2= , *=* C =… -
2/. n …=*% K%L K “*%… …% = /L C! %3 % …,* ,“C/2/"= 2 "!=? …,  “"%-
L ,= %…= , "%*!3  %“,, C !C … ,*3  !…%L * C %“*%“2, 2 …, . }2% !=““3›-
…,  %C% …,  A.-J.-C.-B. de Saint-Venant [174], %2 2," ,L, 2% C!, 2=*%  

“ ", %"%  2 …,, ,  ,…,, 2%*= consty =   "  2“  ,…“2" ……/ , C! -
/ ,, …  ,“C/2/"= ?, , C%"%!%2=. b=›…/L ! ƒ3 2=2 C% .2%L ,“*3““,, “%-

“2%  " "/!=K%2*  2*% % , 3K%*% % C%…, =…,  %“%K%L !% , " *2%!= ƒ=",.-
! ……%“2, " *,… =2,*  C!% ““= ",› …, . g= 2, , 2% C%… 2,  ƒ=",.! ……%“-
2, …  %K ƒ=2 …% C! C% = = 2 "!=? …,  "“ L ›, *%“2,. 

p …,  .2,., "… …  *% C=*2…/. , "/   ?,. %“2=2% …% … ",……%, 
" *2%!…/. 3!="… …,L c. c % = (3)   " *2%!= ƒ=",.! ……%“2, (4) C! -
“2="  2 % !% …/  2!3 …%“2,, “" ƒ=……/  “ ,. “3? “2" ……%L … ,… L…%“2  , 
C% …%“2  …  C! % % ……/  , “ % … . d=›  “%"! ……/  *% C 2 !/ , !=“23-
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?  C%…, =…,  =2 =2, “*,. “"%L“2" ,“.% …/. 3!="… …,L …  = 2 C%*= 
C% …% % ! …,  ƒ= = , % ",› …,, , = …%L ›, *%“2, “ C!%,ƒ"% …% ƒ= =…-
…/  …= = …/  !=“C! …,  ƒ=",.! ……%“2,. c 3K%*,L =…= ,ƒ “%"! ……% % 
“%“2% …,  C!%K / ,…= ,*, ƒ=",.! ……%“2, “ 3C%!%  …= -3… = …2= …/   
=“C *2/ “% !›=2 “2=2 , P. G. Saffman [56, 177, 178]. 

 

   
  ) !) ") 

Рис. 1. Мемуар Г. Гельмгольца: а) титульная страница журнала; б) первая страница статьи; 
в) Г. Гельмгольц в конце 1850-х годов. 

l 3=! c. c % = [102] K/  %C3K ,*%"=… K%  150 2 2% 3 " % …%  
,ƒ " 3?,. …=3 …/. ›3!…= =. 2% % "! …, (!,“. 1). q! , ="2%!%" 29 “2=2 L " 
.2%  2%  "“2! =  , …= j. “*%K,, `. j.L ,, }. j!,“2%--  , `. j K = , 
!3 ,. ,ƒ" “2…/. 3 …/. [136]. h…2 ! “…% %2 2,2 , 2% " 1882 . c. c %  
K/  "%ƒ" … , C !=2%!%  b, %  I " …=“ “2" ……%  "%! …“2"% – "C !-
"/  ƒ= “2% 2 "%! …“*%  ƒ"=…,  " o!3““,, K/ % =…% …  ƒ= C% ,2, “*,  , , 
"% ……/  ƒ=“ 3 ,, = ƒ= …=3 …/  2!3 / (!), , c. c %  C%ƒ …  %K="   
C!,“2="*3 «-%…» (von) * “"% 3 , …,. o%“*% *3 .2% C!%,ƒ% % 3›  C%“  
%C3K ,*%"=…,  3=!= [102], 2% "“ 3 " .2%L “2=2  / K3  C,“=2  C!%“2% 
c. c % . f,ƒ…  , 2!3 / .2% % "/ = ? %“  … *% % “2 “2"%,“C/2=-
2   , -, %“%-= XIX " *= 2= …% %C,“=…/ " % !% …%  ,“  *…,  , “2=2 L. 
g “  %›…% 3*=ƒ=2  …= “"%K% …% %“23C…/  " h…2 !… 2  *…, , [38, 43], " *%2%-
!/. ƒ=,…2 ! “%"=……/L ,2=2  %› 2 …=L2, = … L ,  ““/ *,. d%C% …,-
2 …=  ,2 !=23!= C% .2% 3 "%C!%“3 C!," …= " [7, 137]. 

)2% C!," % c. c % =, K/" % .,!3! = =!…,ƒ%……% % != 3…“*% % 
C% *= " o%2“ = , "/C3“*…,*= "% ……% % ,*%-.,!3! , “*% % ,…“2,232= 
t!, !,.=-b, = " a ! ,… , * ,ƒ3 …,  ",.! "% % ",› …,  " ›, *%“2, 
%“2= 2“  …  “%"“   “…/ , C%“*% *3 "% "!   …=C,“=…,  .2%L “2=2 , %… K/  
C!%- ““%!%  -,ƒ,% % ,, , =…=2% ,, " a%……“*%  3…," !“,2 2 , = *% = “2=2   
"/ = ,ƒ C =2,, c %  3›  K/  C!%- ““%!%  -,ƒ,% % ,, " c L K ! -
“*%  3…," !“,2 2  [139]. b% "“ *%  “ 3 = , " ! , [20] …= K=…* 2  C% “ 3 =  
“"% % 70- 2,  – “%K/2, , “%K!=" % 2 …% K!  1891 . " %2  «Kaiserhof» " 
a ! ,…  260 !3ƒ L , C%* %……,*%", c. c %  =  C! *!=“…%  %C,“=…,  “"%-
,. ,““ %"=…,L C% , !% ,…= ,*  , =*3“2,* : «…d= , …  3 = %“  ! ,2  
… *%2%!/  -,ƒ,*%- =2 =2, “*,  ƒ= = ,, , " 2%  ,“  =›  2=*, , …=  
*%2%!/ , 2? 2…% 2!3 , ,“  " ,*,  =2 =2,*, “% "! … }L !=, …=C!, !, 
"%C!%“/ % ",.! "/. ",› …, . , % !=ƒ!/"…%“2, ",› …,  " ›, *%“2 ., "%C!%“ % 
!=“C!%“2!=… …,, ƒ"3*= 3 %2*!/2/. *%… %" %! =……/. 2!3K , C!. m% 2= 
%! %“2 , *=*3  %  K/ "…3 =2  …  " .2,. “ 3 = . *%… …/L ! ƒ3 2=2, 
ƒ…= ,2 …% C!,…,›= =“  %2 “%ƒ…=…, , 2% ! …,  C% %K…/. ƒ= = = C% 2, 
"“ = 3 ="= %“  …  …  ,…= , *=* C32  C%“2 C ……% % %K%K? …,  3 %K…/. 
=“2…/. “ 3 = ", ! %  “ =“2 ,"/. C!%K “*%" /“ ,, C!,.% ," ,. " % %"3 
C%“  % % % K 3› =…,  C% “2%!%…= . “ % 3 “!="…,2  “ K  “ C32…,*% , 
*%2%!/L C! C!,…  "%“.%› …,  …= %!3, …  ƒ…=  %!% ,; % % , “ 2!3 %  
"ƒK,!= 2“  %… , =“2% "/…3› … "%!% =2 “  …=ƒ= , ,K% =  … 2 C!%.% =; 2% 
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!=ƒ / …, , 2% “ 3 =L %2*!/"= 2 3 …%"/  2!%C,…*,, %…, " 32 % 
… “*% *% = , , …=*%… , *% =  3›  %“2, …32=, %…, * “"% 3 “2/ 3, 
…=.% ,2 ,!%*3  %!% 3, C% *%2%!%L %  K/ C% … 2 “ , “ , K/ “3  " !…% 
%2/“*=2  …= = %. b “"%,. “2=2  .  , *%… …%, …  ƒ=…, =  ,2=2   !=““*=ƒ%  % 
2=*,. K 3› =…, ., %C,“/"=  2% *% 2%2 C!%2%! ……/L C32 , C% *%2%!% 3 
2 C !  %… %› 2 K ƒ 2!3 = "ƒ%L2, …= " ! ,…3.»  

l 3=! c. c % = [102] … “*% *% !=ƒ C ! ,ƒ ="= “  , C ! "% , “  
(!,“. 2) …= =… ,L“*,L [103], !3““*,L [21, 60] (C !"/L C ! "%  C%  ! =* , L 
q. `. )=C / ,…= “%C!%"%› = “  …ƒ3!…/  !=ƒ! …,  %2 26 =C!   1902 .) 
, =›  ,2=  …“*,L [104]  ƒ/*,. g= 2, , 2% “ % …  .2= !=K%2= %C3K ,*%"=…= 
" ",  %2 …%L *…, , [22] , ›3!…= …%L “2=2 , [23]. 

   
  ) !) ") 
Рис. 2. Последующие издания мемуара Г. Гельмгольца: а) английский перевод [103], выпол-

ненный P.G.Tait; б) немецкое переиздание [105] с комментариям и поправками A. Wan-
gerin в серии Ostwalds Klassiker der exakten Wissenschaften; в) русский перевод [60], 
выполненный под редакцией С. А. Чаплыгина. 

a% %L ,…2 ! “ * 3=!3 c. c % = C!% ",  d›. l=*“"  [130, 
131] " “" ƒ, “ C! %› ……%L W. Thomson ("C%“ “2",, %!  j ",…) [197] 
2=* …=ƒ/"= %L «",.! "%L 2 %!, L =2% =». p=ƒ","= =  " C%“ … L 2! 2, XIX 
“2% 2,  – …= =  XX “2% 2,  2!3 = ,, " %“…%"…% , K!,2=…“*,. 3 …/. 
W. Thomson, J. J. Thomson, V. M. Hicks ( 2= …/L %Kƒ%! .2,. !=K%2 C!," … " 
[59, 114, 188]) .2= 2 %!,  “3? “2" ……% K=ƒ,!%"= =“  …= C%… 2,, ",.! "% % *% -
= – %K =“2, ƒ=",.! ……%“2, " ",  2%!=, != ,3“ C%C ! …% % “ …,  *%2%!% % 
…% % …  != ,3“= “= % % 2%!= (",.!  l=*“" =, “% =“…% 2 ! ,…% % ,, 

=*= ,*= l. `. k="! …2 "= [40]) – " C%2 … ,= …%  2 …,, , = …%L … -
“›, = %L ›, *%“2,. d›. l=*“"  %2 = : «q !3 %L “2%!%…/, ",.! "%  *% -
% c % =, *%2%!%  Š% “%… C! “2="  2 “ K  *=* ,“2,……3  -%! 3 =2% =, 

" K% L !  3 %" 2"%! 2 .2% 3 3“ %", , … › , *=*%L- ,K% ,ƒ =2% %", *=-
*,  "%%K!=›= , %“ . b%-C !"/., %…% *% , “2" ……% … ,ƒ ……% " %2…% …,, % 
%KA = , …=C! › …,  – "3. … ƒ=",“, /. *% , “2". n…% … ,ƒ ……% , *= “2-
" ……% – " %2…% …,, “2 C …, “ %›…%“2, % "…32! …… % “2!% …, : K3 2 , 
.2% ƒ= *…32/L «3ƒ » , , «“% ,… …,  " C » “ !3 , , ",.! "/ , *% = ,. 
b “2  “ 2  %…% “C%“%K…% * K “*%… …/  ,ƒ … …,  -%! / , %› 2 “%" !-
=2  *% K=…,  !=ƒ , …/. C !,% %" C% %K…% % *3 . h ,“ % “3? “2" ……% !=ƒ-
, …/. “ C …,L ",.! "/. *%  %› 2 K/2  " “ = " ,*%, C!,  … 2 …= %K-
…%“2, " %C3? …,, " “ = "/“%*%L “2 C …, “ %›…%“2, *=*% %- ,K% ,ƒ …,.. f, -
*%“2  c % = , Š% “%…= …  %K = = 2 ,…/ , “"%L“2"= ,, *!%  ,… ! ,,, 
… ,ƒ ……%L C %2…%“2, , “%" ! ……%L C% ",›…%“2,, = “C%“%K, *=*,  %›…% “ -
,2  ƒ= ",› …,  .2%L ›, *%“2,, “2  ,“2/L =2 =2, “*,L =…= ,ƒ. 
Š!3 …%“2, .2% % 2% = … , %" !…/, ƒ=2% “ ="= C%K / …=  …, , – " “"%  !%  
,…“2" ……= .» 
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m “ %2!  …= …= = …/L .…23ƒ,=ƒ  (*=* "“C% ,…=  K!,2=…“*,L -,ƒ,* 
A. Schuster [180] % %“2,› …, . … *% % -,ƒ,*= c. j,!. %-=) , =*2,"…3  
C% !›*3 J. J. Thomson [195] (m%K "“*% % =3! =2= C% -,ƒ,*  ƒ= %2*!/2,  
. *2!%…=), .2= 2 %!,  K/ = " *%…  *%… %" %“2=" …=. q 3 2 3C%  …32 , 2% 
?  " 1940 . =*= ,* b. t. l,2* ",  32" !› =  [51]: «b “ = "%ƒ %›…%, 2% 
, , Š% “%…= – l=*“" = % ",.! "/. =2% =. " %“…%"…%  " !…/, 2. . "%ƒ %›…%, 
2% =L ,  . …2/ =2 !,, (. *2!%…/, C!%2%…/ , 2. .) L“2",2 …% 
, 2 C!,!% 3 ",.! "/. *%  " .-,! . d= … L ,L C!% ! ““ -,ƒ, “*%L …=-
3*, !=ƒ! ,2 .2%2 "%C!%“.» 

o% , % c. c % =, C!%K = … != ,,, ."% ,, , !=ƒ!3 …,  ",.-
! "/. *%  C!," *= = C!,“2= …%  "…, =…,  "/ = ?,.“  3 …/.: 
W. Thomson [198], O. Reynolds [163, 164], Lord Rayleigh [159], R. W. Wood [207], 
J. J. Thomson [192–194], l. `. k="! …2 "= [40] , …% ,. !3 ,.. 

l%›…%, % …=*%, 32" !› =2 , 2% “3? “2"%"=…,  ",.! "/. *%  K/ % ,ƒ-
" “2…% , ƒ= % % % "! …, c. c % =, b. Š% “%…= , d›. l=*“" =. j=* 
3*=ƒ=…% " %K“2% 2 …%L “2=2  [146], C !"/  2=*,  …=K …,  K/ , “" ƒ=…/ “ 
C% " …,  2=K=*=: «m   "  2“  … " !% 2…/ , 2% C !"/  …=K =2  ",.-
! "% % ",› …,  K/  “.! b= 2 ! p= L, “ , " !,2  C%C3  !…% 3 … …, , 2% 
, ……% %… ""  3C%2! K …,  2=K=*=; " !% 2…%, ,  … …% ,  *3!, ?,*, 2% % 
"! …, …  …=K = , 3“2%L ,"/  -%! / K % % 2=K= …% % / =, *%2%!/L %…, 
"/C3“*= ,. m% C!% % K%  "3.“%2 "%“ , “ 2, 2 “% "! …, !% =…2,-
“*,. … L p=   , “.!= t! …“,“= d! L*=, *%2%!/  “ = , C%C3  !…/  2=K=* " 

`… ,,, C! ›   K/ % C% 3 …% …=3 …%  %KA “… …,  / %"/. *% .» 
Š = ",.! "/. *%  C%“2% ……% C!,“32“2"3 2 " “= /. !=ƒ…/. "=!,=…2=. 

– %2 , “2!= ,L * K ““ !2…%L C%.  [24] (!,“. 3a) , C% “… ? % .“*,ƒ= 
(!,“. 3K) * ! …ƒ,, N. J. Zabusky [214] …= %…% !=-,  P. G. Saffman [176] 
(!3““*,L C ! "%  [56]) % “3C !%K %›*, * =““, “*% % 3 K…,*= [13] (!,“. 3"), 
%2 …=K …,L ƒ= -,…= , [216] (!,“. 3 ) % !%ƒ…/.  " …,L C!,!% / [217] 
(!,“. 3 ), %2 , !3 …/. ",.! "/. C,“2% 2%" % C3 *   !=““  …,  != %-
"/. %K =*%" [76], %2 % ,!%"=…,  2=* …=ƒ/"= /. =2 %“- !…/. 2 ! ,*%", 
"%ƒ…,*= ?,. C!, "ƒ!/"=. K% %L %?…%“2, …= C%" !.…%“2, g , [5, 10] , 
C ! …%“, /. , , C!, “ L [45] % 3 = …,  "! …/. ƒ= ! ƒ… …,L …= C!% / -
……/. C! C!, 2, . [62]. n2 …% % "…, =…,  ƒ=“ 3›,"= 2 ,“C% ƒ%"=…,  

C%… 2,L ",.! "/. *%  * C!%K  ",› …,  …=“ *% /., C ="=…,  !/K , C%-
23 C2,  [74, 88, 91, 111, 115, 126, 160, 161]. 

h…“2,232%  , !% ,…= ,*, q,K,!“*% % %2 …,  C! %› …% …%"%  ,…2 -
! “…%  C!=*2, “*%  ,“C% ƒ%"=…,  ",.! "/. *% , %K!=ƒ%"=……/. "ƒ!/"% , 

  23 …,  C%›=!%" …= -%…2=…,!3 ?,. … -2 …/. , =ƒ%"/. “*"=›,…=. [8, 
41]: -=*  =“,2“  C3“*= /  C% %“, -%…2=…= ",.! "/  *% % , *%2%!/L 
%2!/"= 2 %! ?3  =““3 %2 3“2   “*"=›,…/. d   23 …,  %! ? % … -2 …% % 
-%…2=…=, "/K!=“/"= ? % % 6 2/“. 2%…… “/!   " “32*,, C%2! K%"= %“  "“ % 6 
*, % != %" "ƒ!/" =2*,. 

o%,“* " Google C% * "/  “ %"=  «Vortex rings / b,.! "/  *% =» 
(English / p3““*,L) = 2 C!, !…% 233000/30000 ““/ %* C% Google Web, C!,-

!…% 12400/1560 ““/ %* C% Google Images , C!, !…% 11700/157 ““/ %* C% 
Google Scholar (“ = ".%  2 …  2% *% *…, ,, …% , “2=2 , "% …% ,. " 3?,. 
…=3 …/. ›3!…= =.). k K%C/2…%, 2% C%,“* C% «H. Helmholtz / c. c % » 
= 2 “%%2" 2“2" ……% ,-!/ 62000/21200, 2730/2290 , 3550/500. j=* %K/ …%, …  
"“  ““/ *, !="…%ƒ…= …/ C% “% !›=…, . 

o!%K / ,…= ,*, ",.! "/. *%  C!,“32“2"3 2 *=* !=ƒ  , , =›  
*=* ="= " !  ,ƒ" “2…/. 3 K…,*%" C% , !% .=…,*  , %K? L -,ƒ,* , …=-
C!, !, o. `CC  [6], d›. a.2 %! [13], c. b,   [19], m. e. f3*%"“*,L [37], 
c. k= K [116], k. l. l, …-Š% “%… [48], k. o!=… 2  , n. Š,2 …“ [54], t. q.--
- … [57], D. J. Acheson [63], A. B. Basset [67], E. Edser [90], T. E. Faber [94], 
T. Kambe [112], L. Lichtenstein [121], A. Ogawa [149], H. Poincaré [156], A. S. Ram-
say [158], W. Wien [206], Y.-Z. Wu, H.-Y. Ma , M.-D. Zhou [208], " %…% !=-, . 
[17, 40, 47, 50, 53, 56, 58, 64, 127, 193], " %Kƒ%!…/. , “C ,= …/. “2=2  . [17, 
26, 28, 39, 46, 65, 66, 69, 71–73, 75, 81, 85, 97, 107, 117, 118, 122–124, 128, 133, 
134, 138, 139, 144, 155, 163, 166–168, 170, 175, 179, 182–187, 189, 192, 194, 196, 
198, 201–204, 209, 210, 212, 213], " C%C3  !…/. *…, =. [27, 61, 84], , =›  " 
*…, =. C% ,“2%!,, .=…,*, ›, *%“2, [18, 82, 83, 92, 180, 207]. 
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  ) !) 

   
 в) г) д) 
Рис. 3. Вихревые кольца в различных проявлениях: а) иллюстрация А. Агина к поэме «Мертвые 

души» [24]; б) фрагмент рецензии [214] на книгу [56]; в) суперобложка учебника [13]; 
г) вихревое кольцо, созданное дельфином (подробности на сайте [216]); д) извержение 
вулкана Этна в Италии в июле 2000 г. (подробности на сайте [217]). 

b,.! "/  *% = " ›, *%“2, %›…% *% C!%,ƒ" “2, *=* " % = …,., 2=* 
, " =K%!=2%!…/. 3“ %", . “ C% %?  *=C  C% *!= ……%L ›, *%“2,, C= = -
?,. …= “"%K% …3  C%" !.…%“2  ›, *%“2, [47]. o !"=  .*“C !, …2= …=  !=K%-
2=, …=C!=" ……=  …= 2= …%  ,ƒ3 …,  %K!=ƒ%"=…,  ƒ=",.! ……%“2, " C%*% -
? L“  ›, *%“2,, C!,…= ›,2 %“…%"=2  l=““= 3“ 2“*% % 2 .…% % , “*% % 
,…“2,232= (qx`) W. B. Roders [169]. n… ,“C% ƒ%"=  *!3 3  C,C 2*3, ƒ=*! C-
……3  …= *!%… 2 L… , , K% %L , ,… !, “*,L “%“3 , ƒ=C% … ……/L ,“2%L 

"% %L (!,“. 6=). h…2 ! “…% %2 2,2 , 2% % !=K%2= "/ = % …%"! ……% “ -
3=!%  c. c % = [102]. q 3 ?, , K/ , C3K ,*= ,, C. Tomlinson [199, 

200] % C!% ““=. -%! ,!%"=…,  ",.! "/. “2!3*23! " ƒ=",“, %“2, %2 -,ƒ,*%-
., , “*,. C=!= 2!%" ›, *%“2 L *=C , , ! ƒ !"3=!= (!,“. 4=). a%  2= -
…/  .*“C !, …2/ C% -%! ,!%"=…,  ",.! "/. *%  C32  "/2= *,"=…,  
-,*“,!%"=……% % %KA = ›, *%“2, ,ƒ %2" !“2,  K/ , C!%" …/ J. J. Thomson, 
H. F. Newall [194]. l…% ,  ,ƒ .2,. !,“3…*%" "%“C!%,ƒ"% , ,“  " *…, =. [40, 47, 
72, 86, 116, 131, 153, 180, 190]. m= …=  "ƒ  , %“%K%  "…, =…,  ƒ=“ 3›,"= 2 
2?=2 …/L !,“3…%* " [169] (!,“. 5=), C%*=ƒ/"= ?,L 2%…*3  “2!3*23!3 ",.! -
"% % / %"% % *% =, C!=*2, “*, “%"C= = ?3  “ “%"! ……%L -%2% !=-, L 
(!,“. 5K). 

 
( ) 

 
(b) 
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!) 
Рис. 4. Формирование вихревых колец раз-

личной структуры при падении капель 
подкрашенной жидкости [199]. 

Рис. 5. Схема спиралевидной структуры 
сечения вихревого кольца: а) по ра-
боте [169]; б) современная фото-
графия в [36]. 

 
  ) !) ") 
Рис. 6. Первые устройства для генерации вихревых колец: а) капельница над цилиндрическим 

резервуаром [169]; б) коробка с резиновой диафрагмой [190]; в) схема эксперимента в 
письме [191]. 

nK!=ƒ%"=…,  ",.! "/. *%  C!, C% %?, “2!3L %C,“=…% " !=K%2  E. Reusch 
[162], " *%2%!%L K% %  "…, =…,  3 …% -,ƒ, “*% 3 %KA “… …,  %K!=ƒ%"=-
…,  *%  C!, , C3 “…%L ,…› * ,, -,*“,!%"=……% % %KA = ›, *%“2,. m -
“*% *% C%ƒ›  P. G. Tait [190] ,ƒ } ,…K3! “*% % 3…," !“,2 2= (x%2 =… , ) C!%-

%…“2!,!%"=  ! ƒ"/ =L…% C!%“2%L “C%“%K … !,!%"=…,  / %"/. ",.! "/. 
*%  " "%ƒ 3. . n… ,“C% ƒ%"=  *%!%K*3 “ *!3 %"/  %2" !“2,  “ % …%L “2%!%-
…/ , ! ƒ,…%"%L ,=-!= %L “ !3 %L “2%!%…/. c%! …,  “3 -=2= = …,  "…32-
!, *%!%K*, %K!=ƒ3 2 K /L / , *%2%!/L C%“  3 =!= C% ! ƒ,…%"%L ,=-!=  
%K!=ƒ3 2 *% %, 3 =  ? “  %2 3“2!%L“2"= (!,“. 6K). P. G. Tait " “"%,. C3K-
, …/. * , . [190] %2 2, , 2% «… …% ,  ,ƒ %,. !3ƒ L, K% L =“2  

C!%- ““,%…= %", › = ?,  C% 3 ,2  C%."= 3 %2 “"% % …=3 …% % !3*%"% ,2   C% 
“2 “2" ……/  …=3*= , ?  “% “23 … “*,. 2 … % …%*!=2…% C ! “*=ƒ/"= , 
%C,“=…,  /“ ……/. .*“C !, …2%" c. c % = C% … != ,, ",.! "/. 
*% …». b. Š% “%… ("/ = ?,L“  ,…› … !, *%2%!/L " 1866 . 3“C …% C!% %-
›,  *=K  ! ƒ `2 =…2, “*,L %* =…), C%“ 2," P. G. Tait " “ ! ,…   …"=!  
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1867 . } ,…K3!  [191], «…3",  “%K“2" ……/ , =ƒ= , .*“C !, …2 “ / %"/-
, *% = ,…» , K/  …=“2% *% C%!=› … .*“C !, …2% , 2% " C,“  (%2 22 

 …"=!  1867 .) c. c % 3 [191] …=C,“= : «e“ , 2/ C%C!%K3  (.*“C !,-
…2), 2% ! ƒ"/ =L…% C!%“2% “-%! ,!%"=2  *% = " -32 ,= 2!%  , " L  

“ …, , *%2%!/  “C%“%K…/ ", =2 “  “ ", , %L … ,ƒ ……%L "!=?=2 …%L “*%-
!%“2 », C! %“2="," 3 %C,“=…,  , “. 3 .*“C !, …2= (!,“. 6"). 

m “*% *% C%ƒ›  A. Oberbeck [148] C% !%K…% C! “2=",  !=ƒ , …/  “,23-
= ,, %K!=ƒ%"=…,  ",.! "/. *%  C!, ,“2 …,, , C3 “…/. “2!3L , ,. ."%-

,, " ƒ=",“, %“2, %2 …= = …/. , !=…, …/. 3“ %",L. a/ % C%*=ƒ=…%, 2% 
…= ,“2 …,  “2!3L “3? “2" ……% " , 2 “, / 2! …, , K = % =!  *%2%!/  …=-
K = 2“  2*=  !=…, = › 3 C%*% ? L“  ›, *%“2  , “2!3 L, -%! ,!3-
? L ",.! "%  *% %. nKƒ%! !=K%2 C% … != ,, ",.! "/. *%  C!, %!,ƒ%…-

2= …%  !=“C% %› …,, ,…› *2%!= “% !›,2“  " !=K%2  [12]. 
q % …  .%!% % ,ƒ" “2…%, 2% %K/ …/L "%ƒ 3 …/L =!,* " ! ƒ,…%"%L %K%-

% *  , , / …/L C3ƒ/!  ,= 2!%  … “*% *% “=…2, …2%" “C%“%K … C%“  
“%%K? …,  3 C%“23C=2 …%L “*%!%“2, “ 2*, “=…2, 2!%" " “ *3… 3 % 32 
C ! “2,2 “  …= !=““2% …,  % % …% % 2!=. q !3 %L “2%!%…/, “ , “ 2%L ›  
“*%!%“2  "/2% *…32  2=*3  ›  =““3 "%ƒ 3.= K ƒ %K% % *,, 2% %…= C!%L 2 
!=““2% …,  " 10–15 !=ƒ C! "/ = ?  C!, !="…/. …= = …/. ƒ…= …, . *,… -
2, “*%L .… ! ,, [218]. }2%2 .*“C !, …2 =“2% C%"2%!  =*= ,* l. `. k="-
! …2 " (!,“. 7) " “"%,. * , . [41], C!%"%   ! ƒ"/ =L…% %!, ,…= …%  %KA “-
… …,  …=K …, : «d % " 2% , 2% "%ƒ 3. " =!  %2 %!%› … %2 "%ƒ 3.=, " 
*%2%!%  %… ",› 2“ , =! 2,2 *=* 2" ! %  2 %, , “, / “%C!%2," …,  
K/“2!% 2%! %ƒ 2 % ",› …, . q%"“  ,…=  %K“2%,2 % “ C%! , L / = 
, , "%ƒ 3.=, "/2% *…32% % ,ƒ %2" !“2,  , , ,ƒ K=*=. o !,- !,L…/   “ %, 
2%! %ƒ 2“  %*!3›= ?,  … C% ",›…/  "%ƒ 3.% , = …2!= …=  =“2  .2%L 
“2!3, ",› 2“  K/“2! . Š32-2% .2= ",›3?=  C%! ,  / = , C!,…, = 2 
-%! 3 ",.! "% % *% =. r 2=*% % *% = “%C!%2," …,  ƒ…= ,2 …% … , 
C!, !…% 2=* › , *=*  *=2,2  K! "…%,  2=?,2  % "% %*% ». 

  
  ) !) 

Рис. 7. Академик М. А. Лаврентьев и вихревые кольца [41]: а) М. А. Лаврентьев во время 
проведения эксперимента на одном из островов Обского водохранилища в середине 
1960 годов.; б) демонстрация вихревого кольца во вступительной лекции на открытии 
летней ФМШ в Академгородке в 1976 г. 

j,… =2, “*,  , % 2!, “*,  =“ 2=K/ %K!=ƒ3 /. ",.! "/. *%  
ƒ=",“ 2 %2 %KA = , , C3 “= "/2= *,"= % % "%ƒ 3.=. b “"% L !=K%2  l. `. k="-
! …2 " C,“= : «b,.! "/  *% = %!=ƒ % K% % !=ƒ != (!= ,3“%  % 2 2-
!%") , K% L “*%!%“2, ( % 100 2!%" " “ *3… 3) %›…% C% 3 ,2  “ C% %-
?  "ƒ!/" =2/. " ? “2". b K=*  , , " 2!3K , ƒ=*!/2%L “ % …% % *%… =, C!%,ƒ-
"% ,2“  C% !/" ƒ=! =, !=“C% %› ……% % 3 …=. b,.! "%  *% %, C% 3 = %  
C!, C% !/"  ƒ=! = " “%  %*% % 1 *, % != = " K=*  != ,3“%  2 2!=, C!%.%-
,2 !=““2% …,  “"/  500 2!%", C!,  "/ 2= 2 %…% “ .=!=*2 !…/  “",“-
2% , C%.%›,  C= 3  ! =*2,"…% % “= % 2=. l/ = , 2=*,  %C/2/, 
3 ,…," ,“    .2% % …= % …%  ,ƒ … %K,2= /. %“2!%"%" nK“*% % %!  ("% %-
.!=…, ,?= m%"%“,K,!“*%L c}q). a %  / %"%  *% % K/“2!% "ƒ /"= % , ,“ -
ƒ= % " … K .  “ 3 = , 2% …% , , *2% …=K =  % ,ƒ = ,, % “,. …%! C! K/-
"= 2 " 3" ! ……%“2,, 2% ", , « 2= ?3  2=! *3»...». 
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m “ %2!  …= K% %  ,“ % !=K%2, C%“" ? ……/. =……%L C!%K , …%-
,  "=›…/  , ,…2 ! “…/  "%C!%“/, * … L %2…%“ ?, “ , % C%“ … % "! -
…, %“2="= ,“  K ƒ %2" 2=. h““ %"=…, , C!%" ……/  " *%…  C!% % % 

" *= *=* " qqqp, 2=* , " qx`, “C%“%K“2"%"= , “, …% 3 “ ", 3 " .2%L %K =“-
2,. m= %“…%"  …% % ,“ ……/. %C/2%" [12, 36, 78, 79, 81, 85, 100, 106, 134, 143, 
145, 146, 201, 202, 204, 209, 210, 212] “%ƒ =…= =2 =2, “*=  %  [10, 17, 
35, 33, 52, 56, 64, 97, 152], C%ƒ"%  ?=  %C!  2  ƒ=*%… ",› …,  [7, 34, 39, 
42, 46, 73, 75, 76, 124, 144, 165, 175, 184, 187], “2!3*23!3 ",.! "/. *%  [5, 54, 
72, 93, 98, 133, 166], *% , “2"% C!, “, [45, 81, 101, 182, 185], *%2%!%  %…, %-
32 C ! …%“,2 , , !3 ,  .=!=*2 !,“2,*,. d 2= …/L %Kƒ%! ,!%"%L ,2 !=-
23!/ C% .2% 3 "%C!%“3 C!," … " !=K%2  [137]. 

b = … L  K3  !=““ =2!,"=  “ 3 =L, " *%2%!%  “%%2…% …,  =ƒ,-
32= …%L ƒ=",.! ……%“2, ",.! "% % *% = * , ,… !, “*% 3 != ,3“3 %  -

!= %“2= 2“  C%“2% ……/  " C! =. *=› % % ",.! "% % *% =. t. d=L“%… [89] 
!=ƒ!=K%2=  3C!%? ……3  %  "ƒ=, % L“2",  2%…*,. *%=*“,= …/. ",.! -
"/. *%  “ *!3 %"/ ,  != , = … *% % != ,3“=,   *%2%!%L ,…= ,*=  ! 
*%  %› 2 …  !=““ =2!,"=2 “ . }2= %  , 2 ,…2 ! “…3  = , 2%…%"3 
“2!3*23!3 [147]. o%“  t. d=L“%…= .2= %  ,“C% ƒ%"= =“  W. M. Hicks [107] 

  C% !%K…% % ,ƒ3 …,   " …,  .=! / "3. ",.! "/. *% . q % …  %-
 ,“C% ƒ3 2“  "% …% ,. “2=2  . “ =…= ,2, “*, , , ,“ ……/ , ,““ %-

"=…, , "ƒ=, % L“2",L ",.! "/. *%  " , = …%L K ƒ !=…, …%L ›, *%“2, 
[28, 32, 96, 95], 2!=*2%"=…,, .*“C !, …2= …/. …=K …,L "ƒ=, % L“2",L 
",.! "/. *%  [129, 141, 142, 205], … ,…2 !,!3 %“2, , .=%2, “*,.  " …,L 
" = , 2%…%"/. “,“2 =. [70, 77, 147, 154, 187], C ! ,"=…,, C=““,"…%L %*!3-
›= ? L ›, *%“2, [215] , " .*“C !, …2= …%  ,ƒ3 …,, "ƒ=, % L“2",  ",.-
! "/. *%  “ C %“*%“2 , , %“ “, 2!, …/ , 2" ! / , 2 = , [49, 157, 176]. 

m  …  ,…2 ! “…%L , %› “2% ……%L %*=ƒ= =“  C% ,*= …= “2!=…, =. 
,!%"%L …=3 …%L ,2 !=23!/ %2…%“,2 …% “= %,… 3 ,!%"=……%L “*%!%“2, ,ƒ%-
,!%"=……% % ",.! "% % *% = " K ƒ !=…, …%L “! . b ,2,!3 %L !=…  !%K%-

2  c. c % = [102] K/  !=““ %2! … “ 3 =L "ƒ=, % L“2",  "3. *%=*“,-
= …/. K “*%… …% 2%…*,. *!3 %"/. ",.! "/. …,2 L " , = …%L K ƒ !=…, …%L 
›, *%“2,. a/ % C%*=ƒ=…%, 2% *=› %  *% % %K = = 2 “= %,… 3 ,!%"=……%L 
“*%!%“2  SU , …=C!=" ……%L C !C … ,*3  !…% * C %“*%“2, *% =. Š %! 2,-
“*,  ,““ %"=…,  ",› …,  % ,…% …% % ",.! "% % *% = 2%!%, = …%L 

-%! / “ != ,3“%   != a  , != ,3“= R  …2!= …%L ,…,, 2%!= ( )a R  C!,-
"%  2 * “ 3 ? L -%! 3    “= %,… 3 ,!%"=……%L “*%!%“2,: 

 
2

2
8 8ln ln

4S
R a RU C O

R a aR

Γ ⎛ ⎛⎞ ⎞= − +⎟ ⎟⎜ ⎜π ⎠ ⎠⎝ ⎝
, (5) 

 Γ  – ,…2 …“,"…%“2  ",.! "% % *% = (… ,ƒ ……=  " , ,…= "“ “2",  
2 %!  c. c % =), !="…=  ,!*3  ,, …=" ……% % C%   “*%!%“2, " %  
C!%,ƒ"% …% % ƒ= *…32% % *%…23!=, %."=2/"= ? % ",.! "%   !%, , C  – *%…-
“2=…2=. 

n2…%“,2 …% .2%L *%…“2=…2/ " ,!%"%L …=3 …%L ,2 !=23!  % %  "!   
K/ , !=ƒ…% =“, . g…= …,  1 4C = /  K/ % C! “2=" …% (K ƒ %*=ƒ=2 “2"=, 
!,“. 8) W. Thomson [196] , C%ƒ …  W. M. Hicks [107], A. B. Basset [67], F. W. Dy-
son [89] , A. Gray [99]. b “"% L !=K%2  F. W. Hicks [107] ""  … ƒ=",“, % %2 
j. m L =…=, *%2%!/L ,“C% ƒ%"=  ,.   !3 ,. ƒ= = , 2 ! ,… «2%!%, = …/  
-3…* ,,». }2% ƒ…= …,  *%…“2=…2/ C  “%%2" 2“2"3 2 “ 3 = , C!, *%2%!%  %2…%-

…,  ƒ=",.! ……%“2, * !=““2% …,  % …2!= …%L ,…,, 2%!= "…32!,  != 
*% = rω/  %“2= 2“  … ,ƒ ……%L " , ,…%L. g…= …,  1C =  K/ % C! “2=" -
…% T. C. Lewis [119], J. Thomson [193], m. e. f3*%"“*,  [37] , L. Lichtenstein 
[120]   % …%!% …% % !=“C! …,  ƒ=",.! ……%“2, "…32!,  !=. d 2= , ,“-
*3““,L %2…%“,2 …% .2,. ,C%2 ƒ, = 2=*›  *!3 %"%L -%! /  != *% = %›…% 
…=L2, " [95, 120, 181]. 

c. k= K [42] C!,"  . =…2…%  %*=ƒ=2 “2"% ƒ…= …,  1 4C = / . }2%2 ! -
ƒ3 2=2 C%"2%! “  "% "“ . = … L ,. ,ƒ =…, . .2%L *…, ,, % …=*% .2% %*=-
ƒ=2 “2"% %2“32“2"%"= % " “%%2" 2“2"3 ?  “2  C !"% % ,ƒ =…,  [116]. e % 
%*=ƒ=2 “2"% %“…%"=…% …= 2% …%  "/ ,“ …,, , C3 “= P  " %  %“, ",› -
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…,  , *,… 2, “*%L .… ! ,, T  ›, *%“2,, “% !›=? L 2%…*%  *!3 %"%  ",.! -
"%  *% %:  

 
2 2

2 2 2
2 2

3 1 8 7 3 81 ,  ln ln
4 2 4 16

a R a RP R T R
a aR R

⎛ ⎛⎞ ⎞= πρΓ + + = ρΓ − + +⎟ ⎟⎜ ⎜⎠ ⎠⎝ ⎝
… … . (6) 

g=2 , ,“C% ƒ3  “%%2…% …, , C% 3 ……%  c. c %  [102] 

 ∂=
∂S
TU
P

, (7) 

*%2%!%   "  2“  “C!=" ,"/  2% *%   “ 3 =  … ,ƒ ……% % %KA = *% = 
2( const)a R = , %… C% 3 ,  "/!=› …,    “= %,… 3 ,!%"=……%L “*%!%“2, % ,-

…% …% % ",.! "% % *% =, " 2% …%“2, “%"C= = ?  “ "/!=› …,  (5). 

 

Рис. 8. Страницы работы Г. Гельмгольца [102], на которых приводится выражение для самоин-
дуцированной скорости вихревого кольца. 

}2%2 C% .%  K/  C%ƒ›  %K%K? … P. G. Saffman [175] , N. Rott [171, 172]   
ƒ=“2/" % ",.! "% %  != “ … ,… !2…%L ›, *%“2  "…32!,  !=. b ! ƒ3 2=2  
C% 3 = 2“  ƒ…= …,  1 2C = / . d 2= …%  %K“3› …,  !=ƒ , …/. % L !=“-
C! …,  ƒ=",.! ……%“2, "…32!, *% = C! %“2=" …% " !=K%2  R. J. Donnelly 
[87]. h…2 ! “…% %2 2,2 , 2% d›. l=*“"  [132] " “"%  C,“  * b. Š% “%…3, 
*%2%!%  K/ % …=C,“=…% C%“  %C3K ,*%"=…,  “2=2 , [196], %…“2!,!3 2 = K-
!=, “*%  C! %K!=ƒ%"=…, , *%2%!%  C!,"% ,2 * C!=", …% 3 ƒ…= …,  *,… 2,-
“*%L .… ! ,, ,ƒ% ,!%"=……% % ",.! "% % *% =. q !3 %L “2%!%…/, %C3“*=…,  

"2%!% % “ = = % % " (6) C!,"% ,2 * % ,K% …% 3 ƒ…= …,  7 4C = /  " "/!=› -
…,, (5). 

b *%…  XIX " *= M. J. M. Hill [110] C! “2=",  ?  % …% ! …,  3!="… -
…,  c. c % =   ƒ=",.! ……%“2, – ƒ…= …,2/L “- !, “*,L ",.!  – 2% -
…%  ! …,    C! …% % “ 3 =  2% “2% % ",.! "% % *% = “ ,… L…/  
!=“C! …,  ƒ=",.! ……%“2, " %  ! . L. E. Fraenkel [95, 96] , J. Norbury 
[144] C!%" , =…= ,2, “*,  ,““ %"=…,  , ,“ ……/L =…= ,ƒ 3“2%L ,"% % 
",› …,  ",.! "% % *% = › 3 C! …/ , “ 3 = , 2%…*% %  != , “- -
!, “*% % ",.!  u, = (C% !%K…%“2, %›…% …=L2, " !=K%2=. [97, 98]). g…= …,  
“= %,… 3 ,!%"=……%L “*%!%“2, , !=“C! …,  C%   “*%!%“2, %*% % 2%…*% % 2%-
!%, = …% % ",.! "% % *% = “ *!3 %"/  C%C ! …/  “ …,  K/ , C% 3 -
…/ t. d=L“%…%  [89]. o!, .2%  K/ % 3“2=…%" …%, C!, “2= ,%…=!…%  ",› …,, 
*% = %›…% "/ ,2  2!, %K =“2, ›, *%“2, “ !=ƒ , …/  .=!=*2 !%  ",-
› …,  ›, *%“2,: 1°) ",.! "%  ",› …,  "…32!,  != ",.! "% % *% = “ … ,ƒ-

……/  %KA %  , ,…2 …“,"…%“2 ; 2°) "!=?=2 …%  C%2 … ,= …%  ",› …,  
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›, *%“2,, C!, = ? L * ",.! "% 3  !3, … ,ƒ ……% % %KA =, *%2%!%  “%C!%-
"%› = 2 C%“23C=2 …%  ",› …,  ",.! "% % *% = " %  %“, “, 2!,,; 
3°°) C%2 … ,= …%  ",› …,  %“2= …%L =“2, ›, *%“2,, C%*% ? L“  …= K “*%-
… …%“2,. p=ƒ , ,  " ",› …, . › 3 ",.! "%L %K =“2  1° , C%2 … ,= …/-
, %K =“2 , 2° , 3° " …=“2% ?  "!   .%!% % ,ƒ3 …% [19, 40, 42, 47, 48, 57]. 

c%!=ƒ % …  "…, =…,  3 …% "ƒ=, % L“2",  %K =“2 L 2° , 3°. 
b "3 !…%  “ 3 =  ",› …,  ",.! "%L C=!/, “%“2% ? L ,ƒ "3. C! %-

,… L…/. ",.! "/. …,2 L “ !="…/ , C% %-
3 , …% “ C!%2,"%C% %›…/ , C% ƒ…=*3 ,…-
2 …“,"…%“2 ,, “%C!%"%› = ?=  C=!3 ›, -
*%“2  2° -%! ,!3 2 . ,C“, *%2%!/L K/  …=-
ƒ"=… «=2 %“- !%L» (W. Thomson [196]), «2 -
% » (k. o!=… 2  [54]), «",.! "/  C3ƒ/! » 

(I. S. Sulliivan [189]). o% =…= % ,, “ .2,  
“ 3 =  %K =“2  ›, *%“2,, “%C!%"%› = ?=  
C%“23C=2 …%  ",› …,  ",.! "% % *% =, 
K/ = %2 …= " C,“ =. d›. l=*“" = 
[132], !=K%2=. O. Reynolds [163], c. k= K= [42], 
O. J. Lodge [125] , E. F. Northrup [145]. 

b C!%2,"%C% %›…%“2  ",.! "%L C=! , 
-%! = , !=ƒ !/ =2 %“- !/ ",.! "% % 
*% = ƒ=",“,2 %2 %2…% …,  != ,3“= C%C -
! …% % “ …,   != *% = * % != ,3“3 
n a R= /  (!,“. 9). d   2% “2/. ",.! "/. *%-

, 0.0116n > , …=" ……=  “*%!%“2  …= %“, 
",› …,  %*=ƒ/"= 2“  K%  “= %,… 3 ,-
!%"=……%L “*%!%“2, *% =. b ! ƒ3 2=2  =2-
%“- != ",.!  C! “2="  2 “%K%L “ -%!-
,!%"=……3  “- !3 (“ . !,“. 5). b C! …%  

“ 3 = , ≈ 0.0116n , .2, “*%!%“2, %*=ƒ/"= 2-
“  % ,…=*%"/ , , =2 %“- != ",.! "% % *% -
= " C%C ! …%  “ …,, C! “2="  2 “%K%L 

«"%“ !*3» [32]. m=*%… ,   2%…*,. ",.! -
"/. *% , 0.0116n < , …=" ……=  “*%!%“2  
",.!  …= %“, ",› …,  “2=…%",2“  …  
“= %,… 3 ,!%"=……%L “*%!%“2, *% =. b .2%  
“ 3 =  =2 %“- != ",.! "% % *% = C! “2="  2 “%K%L 2%!, %."=2/"= ?,L 
2%…*%   !% ",.! "% % *% =. W. M. Hicks [108] ,“ ……% C% 3 ,  %2…% …,  
*,… 2, “*%L .… ! ,, %K =“2 L 1°, 2° , 3° ",.! "% % *% = * %K? L *,… 2,-
“*%L .… ! ,, ",› …,  ›, *%“2,   !=ƒ…/. %2…%“,2 …/. 2% ?,…. }2, 

! ƒ3 2=2/ C! “2=" …/ " 2=K . 1. 
Таблица 1. Распределение кинетической энергии между объемами жидкости вихревого 

кольца [108] 

n a R= /  3
*%V R/  3

=2V R/  1 ,T T %/  2 ,T T %/  3 ,T T %/  

0.0005 0.000005 0.56 0.3 70.4 29.3 
0.0116 0.002 1.36 0.7 72.4 26.9 
0.05 0.05 1.68 2.6 67.0 30.4 
0.1 0.2 2.18 5.2 62.8 32.0 

b C! …%  “ 3 = , ≈ 0.0116n , !=…, = =2 %“- !/ " C%C ! …%  “ -
…,, ",.! "% % *% = -%! ,!3 2 “ C=!=2!,“3, *%2%!=  %2  2 %*!3›= ?3  

›, *%“2  (!,“. 9). b “ 3 =  0.0116n >  ",.! "%  *% % , 2 "  ,C !K% ,-
“*,  2% *, A  , B  (" 2! . !…%  “ 3 =  – "  *!3 %"/  ,…,,). `…= ,ƒ 

3“2%L ,"% % , … 3“2%L ,"% % …% %%K!=ƒ, , %K!=ƒ%"=……% % .2, , ,C !K% , “-
*, , 2% *= ,, " 2 %!,, ,…= , “*,. “,“2  %2*!/"= 2 “ % …  …%"/  "%ƒ-
%›…%“2, " C%…, =…,, C!% ““%" ƒ=."=2= , "/ …,  %*!3›= ? L ›, *%“2, 

=2 %“- !%L *% = C!, "… “ …,, C !,% , “*% % "%ƒ 3? …,  " ",.! "%  *% -
%. o% !%K…%“2, %›…% …=L2, " … ="…,. !=K%2=. [135, 182, 185, 186]. 

 
 ) 

 
!) 

 
") 

Рис. 9. Атмосфера вихревого кольца 
в поперечном сечении при: 
а) 0.0116;n >  б) 0.0116;n =  
в) 0.0116n <  [54]. 
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b .2%L “2=2  %K“3 ,  2% *% 2% " , …, , *%2%!%  C!%,ƒ"  C%“ …,L 
!=ƒ  (§6) 3=!= c. c % =, “" ƒ=……/L “ %“ “, 2!, …/ , 2 …, , 
“ %*= ,ƒ%"=……%L ƒ=",.! ……%“2 , , , K%  2% …% “ % …,  , , … “*% *, , 
*%=*“,= …/ , ",.! "/ , *% = , " , = …%L … “›, = %L ›, *%“2, C%-
“2% ……%L C %2…%“2,. d=›  2=*=  ƒ= = =   C!%,ƒ"% …% % %C3“2, % % !=“C! -

…,  ƒ=",.! ……%“2, "…32!, *% =  "  2“  ! ƒ"/ =L…% “ %›…%L , 2! K3-
2 C!, … …,  2% %" *%…23!…%L ,…= ,*, [135, 186]. 

b = … L  K3  !=““ =2!,"=2  “ 3 =L, " *%2%!%  %2…% …,  =ƒ, 3-
2= …%L ƒ=",.! ……%“2, * != ,3“3 ",.! "% % *% = " C! =. ",.! "% %  != 
%“2= 2“  C%“2% ……%L " , ,…%L. d   2=*% % 2,C, …% % “ 3 =  F. Dyson [89] !=ƒ-
!=K%2=  3C!%? ……3  %  "ƒ=, % L“2",  2%…*,. *%=*“,= …/. ",.! "/. 
*% , " *%2%!/. C%C ! …%  “ …,   != %“2= 2“  *!3 %"/  C!, … ,ƒ ……%  
%KA  ",.! "% % *% =. o%ƒ …  W. M. Hicks [109] ,“C% ƒ%"=  .23 %  

  ,ƒ3 …,  %“%K ……%“2 L  " …,  « .=! =» "3. *%=*“,= …/. ",.! "/. 
*%  ( =“2% .23 %  ",.! "/. *%  …=ƒ/"= , «Dyson – Hicks model» 
[187]). g…= ,2 …% C%ƒ›  %  t. d=L“%…= K/ = C ! “ %2! …= [150] ,, …= ,-
…=  “ 2% % "! …,, “% =“…% Google Scholar, ISI , Scopus databases, %…= ,“C% -
ƒ%"= =“  " K%   40 !=K%2=., “" ƒ=……/. “ =…= ,2, “*, , , ,“ ……/ , 
,““ %"=…, , "ƒ=, % L“2",  ",.! "/. *%  " K ƒ !=…, …%L … " ƒ*%L “! -

 [28–32, 46, 140, 152, 165, 167, 187, 202, 204], %K%“…%"=…,  .*“C !, …2= …/. 
…=K …,L "ƒ=, % L“2",  ",.! "/. *%  [80, 151, 209, 210], !=““ %2! …,  
… ,…2 !,!3 %“2, , .=%2, “*,.  " …,L " c= , 2%…%"/. “,“2 =. [179, 182, 
185, 186, 201] , " =K%!=2%!…/. ,““ %"=…, . "ƒ=, % L“2",  ",.! "/. *%  
“ C %“*%“2  , %“ “, 2!, …/ , 2" ! / , 2 = , [124, 173, 189, 211, 213]. 

2. r!="… …,  ",› …,  %“ “, 2!, …/. ",.! "/. *% . j=* K/ % %2-
…% "% "" …,,, %“…%"%C% = = ? L !=K%2%L " ,…= ,*  ƒ=",.! ……%“2,  ",-

=“  !=K%2= c % = [102], " *%2%!%L "C !"/  K/ , “-%! 3 ,!%"=…/ ƒ=*%-
…/ (2 %! /)   ",.! "% % ",› …,  " != *=. % , , = …%L ›, *%“2, 
C!, 3“ %",, C%2 … ,= …%“2, "… …,. “,  , … “›, = %“2, % …%!% …%L ›, -
*%“2,. o!, …,2 …% * %“ “, 2!, …%L ƒ= =  % ",› …,, “,“2 / ",.! -
"/. *%  " , = …%L K ƒ !=…, …%L ›, *%“2, 2 %! / c % = C%ƒ"%  -
2 “ =2  … *%2%!/  "=›…/  ƒ= =…,  % ƒ=*%…% !…%“2 . ,. ",› …, . b%-

C !"/., ",.! "/  *% = 3 =“2"3 2 " ",› …,, " != *=. C!,… 2%L % , 
›, *%“2, “*%  3 % …% % %  "!  . hƒ "2%!%L 2 %! / c % = “ 3 2, 
2% " C!% ““  ",› …,  %KA  2%!%%K!=ƒ…% % ",.! "% % *% = %“2= 2“  C%-
“2% ……/ . m=*%… , ,ƒ 2! 2 L 2 %! / “ 3 2, 2% " , ,…= ,…2 …“,"…%“2, 
",.!  

 
( )

( ) const
S

dSΓ = ⋅ =∫ nww . (8) 

g “  n – ,…, …/L " *2%!, C !C … ,*3  !…/L C %?= , C%C ! …% % “ …,  
*% =. 

p=““ %2!,  " , ,… !, “*%L “,“2  *%%! ,…=2 ( , , )r zϕ  % ,…% …%  ,ƒ%-
,!%"=……%  ",.! "%  *% %, %K = = ?  %“ "%L “, 2!, L C% %*!3›…%L *%-

%! ,…=2  (!,“. 10). b .2%  “ 3 =  C%  ƒ=",.! ……%“2, , 2 % …3 *% C%… …23 
" *2%!= (0, ,0)= ωw , = C%  “*%!%“2, – " : = ( ,0, )r zU UU . Š% = " *2%!…%  
3!="… …,  c % =   ƒ=",.! ……%“2, (3) “"% ,2“  * % …% 3 “*=  !…% 3 
3!="… …, , “" ƒ/"= ? 3 3 %"3  *% C%… …23 " *2%!= ƒ=",.! ……%“2, “ 
%“ "%L , != ,= …%L *% C%… …2= , “*%!%“2,: 

 0r zU U
t r r r z r
∂ ω ∂ ω ∂ ω⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

. (9) 

r!="… …,  (9) , 2 =“2…%  ! …,  

 ω = const
r

, (10) 

%2" = ?  2=* …=ƒ/"= % 3 “ 3 =  !="…% !…%L ƒ=",.! ……%“2, "…32!, ",.-
! "% % *% =. n2 2, , 2% ! …,  (10)  "…% %2 "! …, …  ƒ=",“,2, C%.2% 3 
%…% “C!=" ,"% *=*   3“2=…%"," %“ , 2=* ,   … “2= ,%…=!…% % ",› -
…,  ",.! L. 

o%“*% *3 ",› …,  ›, *%“2, "…  *% =  "  2“  C%2 … ,= …/ , … %K-
.% , %, 2%K/ ! …,  (10) %K!=?= %“  " …3  "…  %K =“2,, ƒ=… 2%L ",.! . 
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m= C%" !.…%“2, *% = “%“2="  ?,  “*%!%“2, % ›…/ K/2  … C! !/"…/, C!, 
.2%  "%ƒ…,*= 2 2,C, …=  ƒ= = = % “* L*  C%2 … ,= …% % , ",.! "% % ",› -
…,L [40, 42, 44]. nC! …,  2% …%L -%! / C%C ! …% % “ …,, ",.! "% % 
*% =, “% =“3 ? %“  “ ƒ=*%…%  ",› …,  %K =“2, ƒ=",.! ……%“2, (9), C! -
“2="  2 “ %›…3  ƒ= = 3. q3? “2" ……%  3C!%? …,  %“2, = 2“  C!, ,ƒ3 …,, 
2%…*,. 2%!%, = …/. ",.! "/. *% , 3 *%2%!/. -%! = C%C ! …% % “ …,  
C!,K ,ƒ,2 …% *!3 %"= . Š% = ",› …,  ",.!  “%C!%"%› = 2“  -%! = , L 
!=…, / ",.!  C!, … ,ƒ ……%L *!3 %"%L -%!  C%C ! …% % “ …,  , !=“C! -

…,  ƒ=",.! ……%“2, "…32!, *% =. 

  
Рис. 10. Геометрия задачи. Рис. 11. Поперечное сечение вихревого 

кольца. 

h“.%   ,ƒ !=" …“2"= (10), %*!3›…3  *% C%… …23 " *2%!= ƒ=",.! ……%“2, 
%›…% C! “2=",2  " ",  

 
∂ ∂

ω = − =
∂ ∂

z rU U
rM

z r
, (11) 

 M  – *%…“2=…2=. o!,…, =  "% "…, =…,  “" ƒ  › 3 -3…* , L 2%*= , *% -
C%… …2= , C%   “*%!%“2, 

 1 1,       r zU U
r z r r

∂Ψ ∂Ψ= − =
∂ ∂

, (12) 

3!="… …,  (11)   %“ “, 2!, …% % 2 …,  … “›, = %L ›, *%“2, C!,…,-
= 2 ",  

 
2 2 2

2 2
1 "…32!, *% =,

0 "…  *% =.
r M

r rr z

⎧∂ Ψ ∂Ψ ∂ Ψ −− + = ⎨∂∂ ∂ ⎩
 (13) 

b"%   ƒ= …3 C ! ……/. Ψ = Φr  , C% = = , 2% ( , , )r zΦ = Φ ϕ , "/!=› -
…,  (13) “"% ,2“  * 3!="… …,  o3=““%…= , k=C =“= “%%2" 2“2" ……% 

 
2 2 2 2

2 2 2 2
1 1 "…32!, *% =,

0 "…  *% =,
r M

r rr r z

⎧∂ Φ ∂Φ ∂ Φ ∂ Φ −+ + + = ⎨∂∂ ∂ϕ ∂ ⎩
 (14) 

" , ,… !, “*%L “,“2  *%%! ,…=2. o% = = , 2% -3…* ,  2%*= Ψ  ,  C!%-
,ƒ"% …/  … C! !/"…/ …= C%" !.…%“2, ",.! "% % *% =, ! …,  (14) “ 3 2%  
C!,… 2%L C% “2=…%"*, %›…% ƒ=C,“=2  *=* 

 
2 2 2 1 2

( )

cos
( , )

4 ( ) ( ) 2 cosV

r dVMrr z
z z r r rr

∗
∗ ∗

∗ ∗ ∗

ϕ
Ψ =

π − + + − ϕ∫ /[ ]
. (15) 

g “  ,…2 !,!%"=…,  …3›…% C!%"% ,2  C% "“ 3 %KA 3 *% =. d   %“ “, -
2!, …% % 2%!%, = …% % ",.!  “ *!3 %"/  C%C ! …/  “ …,  ,…2 !=  

(15) %› 2 K/2  "/ ,“ … … C%“! “2" ……%, % …=*% .2%2 C32  %*=ƒ/"= 2“  " “ -
= “ %›…/ . b !=K%2  [89] 3*=ƒ=… !3 %L “C%“%K, C!, *%2%!%  "/ ,“ …,  C!%-

"%  2“  ƒ…= ,2 …% C!%? . 
b"  …%"/  %*= …/  C ! ……/ , “" ƒ=……/  “ …2!%  2 › “2, C%C -

! …% % “ …,  *% = (!,“. 12): 

 ,       K Kr R r z Z z′ ′= − = + . (16) 

b .2,. *%%! ,…=2=. -3…* ,  2%*= (15) C!,…, = 2 ",  
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 ( , )r z∗ ∗Ψ =  

 
2

2 2 2 1/2
( )

( ) cos
4 ( ) ( ) ( ) 2( ) cos

K

K K KV

R r d dr dzMr

z Z z r R r R r r

∗

∗ ∗ ∗

′ ′ ′− ϕ ϕ
=

π ′ ′ ′− − + + − − − ϕ∫ [ ]
. (17) 

b"  %K%ƒ…= …,  

 
2

0

I F d
π

= ϕ =∫  

 
2 2

2 2 2 1/2
0

( ) cos

( ) ( ) ( ) 2( ) cos
K

K K K

R r d

z Z z r R r R r r

π

∗ ∗ ∗

′− ϕ ϕ
=

′ ′ ′− − + + − − − ϕ∫ [ ]
. (18) 

b “, 3 2% %, 2% C% /…2 != …%  "/!=› …,  ƒ=C,“=…% %2…%“,2 …% !=ƒ-
…%“2 L KR r′−  , KZ z′+ , %›…% ƒ= 2,2 , 2% 

 ,           ( 1)
( ) ( )

n n n n
n

n n n n
K K

F F F F

Z z R r

∂ ∂ ∂ ∂= = −
′ ′∂ ∂ ∂ ∂

. (19) 

b .2%  “ 3 =  !=ƒ %› …,  (18) " !  Š L %!= " %*! “2…%“2, ( 0r z′ ′= = ) 
C!,…, = 2 ",  

 
0, 0
0

1( , ) ( ) ( )
! ! ( ) ( )

n m
n m

n m
rn m
z

I r z I z r
n m z r

∞ +

′==
′=

∂′ ′ ′ ′= =
′ ′∂ ∂

∑  

 
0, 0
0

( 1)
( ) ( )

! !

m n m
n m

n m
rn m K K
z

z r I
n m Z R

∞ +

′==
′=

− ∂ ′ ′=
∂ ∂

∑ .  (20) 

Š=*,  %K!=ƒ% , ƒ…= …,  -3…* ,, 2%*= " 2% *  ( , )r z∗ ∗  %C!  2“  

 
( )

( , ) exp
4 K KS

Mrr z r r dr dz
Z R

∗
∗ ∗ ∂ ∂⎡ ⎤′ ′ ′ ′Ψ = − ×⎣ ⎦π ∂ ∂∫  

 
2 2

2 2 2 1/2
0

cos

( ) ( ) 2 cos
K

K K K

R d

z Z r R R r

π

∗ ∗ ∗

ϕ ϕ
×

− + + − ϕ∫ [ ]
. (21) 

g “  ,…2 !,!%"=…,  C!%"% ,2“  … ƒ=",“, % C% %*!3›…%L *%%! ,…=2  , C% 
C %?= , C%C ! …% % “ …,  *% =. o% = =  

 
2 2

2
2 2

cos ,     sin ,     
K K K K

L L L
R Z Z R

∂ ∂ ∂ ∂= α = α = +
∂ ∂ ∂ ∂

, (22) 

C% 3 = , 2% ,…2 !=  C% C%C ! …% 3 “ …,  ",.! "% % *% = !=" … 

 
( )

exp ( cos sin )
S

L r z dz dr′ ′ ′ ′− α − α∫ [ ]  (23) 

, C%“  ƒ= …/ 

 1 1( cos sin ),       ( sin cos )
K K

r z r z
a a

′ ′ ′ ′ξ = α − α η = − α − α  (24) 

,…2 !,!%"=…,  C!%"% ,2“  K ƒ *=*,.- ,K% ƒ=2!3 … …,L. b *%… …%  ,2%  ƒ…=-
…,  -3…* ,, 2%*= C! “2="  2“  " ",  ! = %C !=2%!%", L“2"3 ?,. …= 

%C! ……/L ,…2 !=  

 2 41 1( , ) 1 ( ) ( )
2 8 192

K
K K

Mr a
r z La La

∗
∗ ∗ ⎧ ⎫

Ψ = + + + ×⎨ ⎬
⎩ ⎭

…  

 
2 2

2 2 2 1/2
0

cos

( ) ( ) 2 cos
K

K K K

R d

z Z r R R r

π

∗ ∗ ∗

ϕ ϕ
×

− + + − ϕ∫ [ ]
. (25) 

h…2 !=  ,ƒ (25) "/!=›= 2“  ! ƒ C% …/  . ,C2, “*,  ,…2 != / C !-
"% % ( )kK  , "2%!% % ( )kE  !% =: 

 
2 2

2 2 2 1/2
0

cos

( ) ( ) 2 cos
K

K K K

R d

z Z r R R r

π

∗ ∗ ∗

ϕ ϕ
=

− + + − ϕ∫ [ ]
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2

2 ( ) ( ) ( )KkR
k k bK k

kr R∗
⎡ ⎤= − −⎣ ⎦K E{ } ,  (26) 

 2
2 2

4

( ) ( )
K

K K

R r
k

z Z r R

∗

∗ ∗
=

− + −
. 

o3“2  % ,…% …%  ,ƒ% ,!%"=……%  ",.! "%  *% % ",› 2“  “ %“ "%L “*%-

!%“2  ( )KZ t , = % != ,= …=  “*%!%“2  !="…= ( )KR t . h“.%   ,ƒ 3“ %",  C%-

“2% …“2"= %KA = ",.! "% % *% = =2 constK Ka R , “ 3 2, 2% “*%!%“2  ,ƒ -
… …,  != ,3“= C%C ! …% % “ …,  

 = − 1
2

K
K K

K

a
a R

R
  (27) 

  2%…*% % *% = “%“2="  2 " , ,…3, …= C%! %* … 3  != ,= …%L *% -
C%… …2/ “*%!%“2, ",.! . 

m%! = …3  *% C%… …23 “*%!%“2, " C!%,ƒ"% …%L 2% *  …= C%" !.…%“2, 
*% = %›…% C! “2=",2  " ",  

 β = β − β −( ) sin cosK K KU Z R a ,  (28) 

 β  – 3 %  " “,“2  *%%! ,…=2, “" ƒ=……%L “ …2!%  C%C ! …% % “ …,  
",.! . }23 ›  “*%!%“2  %›…% %C! ,2  ,ƒ ƒ…= …,  -3…* ,, 2%*=, "/ ,“-
……%L …= C%" !.…%“2,  != *% = 

 1( ) ( , )
K

U r z
r a

∗ ∗
∗

∂β = Ψ
∂β

.  (29) 

g “  ( , )r z∗ ∗  – *%%! ,…=2/ 2% *, …= C%" !.…%“2, ",.! : 

 cos ,      sinK K K Kr R a z Z a∗ ∗= − β = + β , (29) 

= ƒ…= …,  ( , )r z∗ ∗Ψ  %C!  2“  “ C% %?  (25). 
b = … L    "/ ,“ …,  -3…* ,, 2%*= …= C%" !.…%“2, 2%!%, = …%-

% *% = 3 %K…% !=ƒ %›,2  (25) " !  C% = % 3 C=!= 2!3 /K Ks a R= . h“-
C% ƒ3  ,ƒ" “2…/  !=ƒ %› …,  C% …/. . ,C2, “*,. ,…2 != %" " !  C% 

%C% …,2 …% 3 % 3  = −2 21m k  [1] 

 
2

44 1( ) 1 ln ( )
2 2

mk O m
m

⎛ ⎞= + − +⎜ ⎟
⎝ ⎠

E , 

 
2

44 4( ) ln ln 1 ( )
4

mk O m
m m

⎛ ⎞= + − +⎜ ⎟
⎝ ⎠

K ,  (30) 

  = + β +
2 3

2 4cos ( )
4 4
s sm O s , 

 −= − β + β +
2

3 14 8ln ln cos cos2 ( ln )
2 8
s s O s s

m s
, 

…=.% , , 2% ƒ…= …,  -3…* ,, 2%*= …= C%" !.…%“2, ",.! "% % *% = %C! -
 2“  “%%2…% …,  

 
2 2 4( ) ( )

( , ) 1
2 8 192

K K K KMr R a La La
r z

∗
∗ ∗ ⎡ ⎤Ψ = + + + ×⎢ ⎥⎣ ⎦

…  

 8 8ln 1 cos ln 3cos
2
s

s s
⎧ ⎛ ⎞ ⎛ ⎞× − + β − β +⎜ ⎟ ⎜ ⎟⎨
⎝ ⎠ ⎝ ⎠⎩

 

 
2 8 83cos2 ln 6 ln 10cos2 11

16
s

s s
⎫⎛ ⎞+ β + − β −⎜ ⎟ ⎬

⎝ ⎠ ⎭
.  (31) 

l%›…% C%*=ƒ=2 , 2% ,…2 !=  ", = 

 
2 2 2 1/2

0

cos

( ) ( ) 2 cos
K

K K K

R d
J

z Z r R R r

π

∗ ∗ ∗

ϕ ϕ
=

− + + − ϕ∫ [ ]
 (32) 

 "  2“  ! …,  3!="… …,  
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 ∂ ∂ ∂+ − =
∂∂ ∂

2 2

2 2
1 0
K KK K

J J J
R RZ R

 (33) 

, C%.2% 3 

 2 4 1( ) 3 ,     ( ) 3K K
K K K K

J JL JR L JR
R R R R
∂ ∂ ∂⎛ ⎞= = ⎜ ⎟∂ ∂ ∂⎝ ⎠

. (34) 

Š=*,  %K!=ƒ%  

 
22 2

2 2 2 1/2
0

( ) cos
8 ( ) ( ) 2 cos
K K

K K K

La R d

z Z r R R r

π

∗ ∗ ∗

ϕ ϕ
=

− + + − ϕ∫ [ ]
 

 
2

3 18( 3cos ) 6 ln 3cos2 9 ( ln )
8 32
s s O s s

s
−⎛ ⎞= − β + − β − +⎜ ⎟

⎝ ⎠
, (35) 

 
24 2

2 2 2 1/2
0

( ) cos
192 ( ) ( ) 2 cos

K K

K K K

La R d

z Z r R R r

π

∗ ∗ ∗

ϕ ϕ
=

− + + − ϕ∫ [ ]
 

 
2

3 1cos2 ( ln )
64
s O s s−= β + . (35) 

n*%… =2 …% C% 3 = , 2% -3…* ,  2%*= …= C%" !.…%“2, 2%!%, = …% % 
",.! "% % *% = "/!=›= 2“  “ 3 ? L ƒ=",“, %“2 : 

 8 8( , ) ln 2 cos 4cos ln
2 8

KR sr z
s s

∗ ∗ Γ ⎧ ⎛ ⎞ ⎛ ⎞Ψ = − + β − β +⎜ ⎟ ⎜ ⎟⎨π ⎝ ⎠ ⎝ ⎠⎩
 

 
2

3 18 820 ln 4cos ln 15cos 2 ( ln )
64
s O s s

s s
− ⎫⎛ ⎞+ − β − β − +⎜ ⎟ ⎬

⎝ ⎠ ⎭
, (36) 

 Γ = π 2
K KMR a  – ,…2 …“,"…%“2  ",.!  (8). 

d,-- ! … ,!3  (36) C% %*!3›…%L *%%! ,…=2  β , C% 3 =  2=*%  "/!=-
› …,    …%! = …%L *% C%… …2/ “*%!%“2, …= C%" !.…%“2, ",.! "% % *% =: 

 8 1 3 8 17( ) sin ln sin2 ln
4 4 4 16K

U s
R s s

⎧Γ ⎛ ⎞ ⎛ ⎞β = β − + β − +⎜ ⎟ ⎜ ⎟⎨π ⎝ ⎠ ⎝ ⎠⎩
 

 2 18 1ln ( ln )
2 4
s O s s

s
− ⎫⎛ ⎞+ − +⎜ ⎟ ⎬

⎝ ⎠ ⎭
. (37) 

q!="…,"=  "/!=› …,  (36) , (27), ƒ=* = , 2% “= %,… 3 ,!%"=……=  
“*%!%“2  ,ƒ% ,!%"=……% % ",.! "% % *% = " K ƒ !=…, …%L ›, *%“2, , 2 
“ 3 ?,  != ,= …3  , %“ "3  *% C%… …2/ “*%!%“2,: 

 
8 10,       ln ln

4 4
K K K

K K
K K K K

R a R
R Z O

R a R a
Γ ⎛ ⎞ ⎛ ⎞= = − +⎜ ⎟ ⎜ ⎟π ⎝ ⎠ ⎝ ⎠

. (38) 

hƒ% ,!%"=……%  ",.! "%  *% % %K = = 2 2% *% %“ "%L “*%!%“2 , *%2%!=  
… ,… L…% ƒ=",“,2 %2 %2…%“,2 …%L 2% ?,…/ ",.! . 

p=““ %2!,  “,“2 3 N  %“ “, 2!, …/. ",.! "/. *%  “ ,…2 …“,"…%“-
2 , Γi , 1, ,i N= … , != ,3“%" iR , !=“C% %› ……/. " 2% *=. iZ  " , ,… !, “-

*%L “,“2  *%%! ,…=2 ( , , )r zϕ . j=› %  ",.! "%  *% = C! “2="  2 “%K%L 

2%! “ = /  *!3 %"/  C%C ! …/  “ …,  ia , / 1i i in a R= . o!, 3“ %",,, 
2% !=““2% …,  › 3 *% = , " C!% ““  ",› …,  %“2= 2“  K% , , C% 
“!="… …,  “ C%C ! …/  “ …,  ",.! L, *=› %  j -  *% %, …="%  ?  C%  
“*%!%“2, …= i -  *% %, %›…% !=““ =2!,"=2  *=* ",.! "3  …,2  ,…2 …“,"…%“-
2  Γ j . b .2%  “ 3 = , ,“.%   ,ƒ (25) , (26), ƒ…= …,  -3…* ,, 2%*=, …=" …-

…%  …= i -  *% % C!,…, = 2 ",  

 2( , ) ( ) ( ) ( )
2

j i j
i i ij ij ij ij

ij

R R
R Z k k k k

k

Γ ⎡ ⎤Ψ = − −⎢ ⎥π ⎣ ⎦
K E K{ } , (39) 

  =
+ + −

2
2 2

4

( ) ( )

i j
ij

i j i j

R R
k

R R Z Z
. 



200 

r ,2/"=  “" ƒ  › 3 -3…* , L 2%*= , *% C%… …2= , C%   “*%!%“2, (12), 
C% 3 =  “ 3 ?,  ,-- ! … ,= …/  3!="… …, , *%2%!/  %C,“/"= 2 ",-
› …,  ",.! "/. *%  " K ƒ !=…, …%L “! : 

 1i

i i i

dR U
dt R Z

∂= −
Γ ∂

, (40) 

 
8 1 1ln

4 4
i i i

i i i i i

dZ R U
dt R a R R

Γ ∂⎛ ⎞= − +⎜ ⎟π Γ ∂⎝ ⎠
, (41) 

 =2 consti iR a , (42) 

  
1 1

2 2( ) ( )
4

N N
i j

i j ij ij ij
ij iji j

U R R k k k
k k= =

Γ Γ ⎛ ⎞⎡ ⎤= − −⎜ ⎟⎢ ⎥π ⎣ ⎦⎝ ⎠
′∑∑ K E . 

b C!," ……%  "/!=› …,, 2!,. 3 ƒ…=*= “3 / %ƒ…= = 2 %C3“*=…,  “,…-
3  !…% % “ = = % % i j= . r!="… …,  (42) "/!=›= 2 ƒ=*%… “%.!=… …,  %KA = 
",.! "% % *% = " != *=. % , , = …%L … “›, = %L ›, *%“2,. }2% 
3“ %",  %›…% "… “2, " 3!="… …,  ",› …, . b *%… …%  ,2%  C% 3 =  2=-
*3  “,“2 3 %K/*…%" ……/. ,-- ! … ,= …/. 3!="… …,L C !"% % C%! *=: 

 
2

max1 min

( ) 2
( ) ( ) ( )

2

N
j j i i ji

ij ij ij
ij

Z Z R RdR
k k k

dt R R R=

Γ − ⎡ ⎤= − −⎢ ⎥π ⎣ ⎦
′∑ K E E , (43) 

 3 ln
4 2

i i
i i

i

dZ
R C

dt R
Γ ⎛ ⎞= − +⎜ ⎟π ⎝ ⎠

 

 
2

max1 min

2 ( )
( ) ( ) ( )

2

N
j j j i

ij ij ij
ij

R R R
k k k

R R R=

Γ −⎡ ⎤+ − −⎢ ⎥π ⎣ ⎦
′∑ K E E , (44) 

 2 2 2 2 2 2
max min( ) ( ) ,      ( ) ( )i j i j i j i jR R R Z Z R R R Z Z= + + − = − + − , 

 = − + +0
0
8 3 1ln ln

2 4i i
i

C R
n

. 

q,“2 = 3!="… …,L (43) , (44) %K = = 2 "3   … ƒ=",“, / , ,…"=!,=…2=-
, ",› …,  

 2

1

const
N

i i
j

P R
=

= Γ =∑ , (45) 

 2

1

3 3ln const
2 2

N

i i i i
j

W R R C U
=

⎛ ⎞= Γ − − + =⎜ ⎟
⎝ ⎠∑ , (46) 

*%2%!/  “%%2" 2“2" ……% "/!=›= 2 ƒ=*%… “%.!=… …,  , C3 “= " %  %“, ",-
› …,  , ƒ=*%… “%.!=… …,  .… ! ,, *% . q = = %  C%  ƒ…=*%  “3 / " (46) 
%C!  2 .… ! ,  ,ƒ% ,!%"=……/. *% , = -3…* ,  U  – .… ! ,  "ƒ=, % L-
“2",  ",.! "/. *% . 

3. bƒ=, % L“2",  "3. ",.! "/. *% . n ,…% …%  ",.! "%  *% % " 
K ƒ !=…, …%L “!  ",› 2“  “2= ,%…=!…%. n …=*%, %› 2 , 3 =“2"%"=2  " 2=-
*%  ›  ",› …,, "= %“ “, 2!, …/. ",.! "/. *% =, % %  "!   K/ % 
… ,ƒ" “2…%. m *%2%!3   “…%“2  " .2%  "%C!%“  C!% “…, , !=K%2/ [32, 165], " *%-
2%!/. K/ , C%*=ƒ=…/ 3“ %", , C!, *%2%!/. "= ",.! "/. *% = ", = 2“  
“2= ,%…=!…% “ % ,…=*%"/ , %“ "/ , “*%!%“2 ,. 

d   ƒ= =……/. ,…2 …“,"…%“2 L *%  1 2( , )Γ Γ  , ,. %2…%“,2 …/. 2% ?,… 
0 0
1 2( , )n n  C!, “2= ,%…=!…%  ",› …,, " C!%,ƒ"% …/L % …2 "! …, % ›…/ 

"/C% … 2 “  3“ %",  

 1 2 1 20,       0R R Z Z= = − = . (47) 

`…= ,ƒ ƒ…= …,L != ,= …/. *% C%… …2 “*%!%“2, *%  (43) C%*=ƒ/"= 2, 
2% != ,= …/  “*%!%“2, !="…/ …3  " “ 3 = , *% = ",.! "/  *% = …=.%-
 2“  …= K “*%… …%  3 = …,, !3  %2 !3 = ( 1 2Z Z− = ∞ ). }2%2 “ 3 =L “%%2-
" 2“2"3 2 ,ƒ% ,!%"=……/  ",.! "/  *% = . q !3 %L “2%!%…/, != ,= …/  
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“*%!%“2, *%  K3 32 !="…/ …3 , “ , ",.!, …=.%  2“  " % …%L C %“*%“2,, 
=1 2Z Z . Š% = "2%!%  3“ %",  (47) = 2 “ 3 ?3  “" ƒ  › 3 != ,3“= , , 

,…2 …“,"…%“2 , ",.! "/. *% : 

 

2 2
2 1 2 1 2 1 2 1

1 1

2 22
1 1 2 1 2 2 1 2

2

8 1( ) ln 2 ( ) ( ) ( ) 2 ( )
4

8 1( ) ln 2 ( ) ( ) ( ) 2 ( )
4

R R R R R k k R R R k
n

R R R R R k k R R R k
n

⎛ ⎞− − − − − +⎜ ⎟Γ ⎝ ⎠=
Γ ⎛ ⎞− − + − − +⎜ ⎟

⎝ ⎠

K E E

K E E

[ ]

[ ]

{ }

{ }
. (48) 

“ =! 3 …2%  . ,C2, “*,. ,…2 != %" 

 =
+

2 1 2
2

1 2

4

( )

R R
k

R R
. (49) 

g=",“, %“2  ,…2 …“,"…%“2, "2%!% % ",.! "% % *% = %2 % != ,3“=   
Γ =1 1.0  , =1 1.0R  C!, = =1 2 0.01n n  C%*=ƒ=…= …= !,“. 12. d   K% % 2R  “3-

? “2"3 2 ƒ…= …,  Γ2 , C!, *%2%!%  ",.! -
"/  *% = ", = 2“  “2= ,%…=!…%. d   
2% “2/. *%  “%%2" 2“2"3 ?  ƒ…= …,  
Γ2  "“ = %2!, =2 …%, =   2%…*,. *%-

 , 2“  %K =“2  C% %›,2 …/. ƒ…= -
…,L Γ2    = /. ƒ…= …,L != ,3“= "2%!%-

% ",.! "% % *% =, <2 0.6R . 
d   C!%" …,  =…= ,ƒ= "ƒ=, % L“2-

",  ",.! "/. *%  3 %K…% ƒ= = 3 C!%…%!-
,!%"=2  …= ,…2 …“,"…%“2  Γ1  C !"% % ",.-

! "% % *% = , % …= = …/L != ,3“ 0
1R . 

b = … L  K3  C% = =2 , 2%   C !-

"% % *% = ,  =0
1 0.0Z , = =0 0

1 2 0.01n n . 
hƒ" “2…% [12, 15, 16, 26, 29, 32, 47, 102, 109], 2% "= % ,…=*%"/. ",.! "/. 

*% = 3 =“2"3 2 " C !,% , “*%  "ƒ=, % L“2",,. n…% ƒ=* = 2“  " C%C ! -
……%  C!%“*=*,"=…,, % …% % *% = "…32!, !3 % % …= -%…  … …3 "% % “ -

? …,  " %  %“, “, 2!,, ƒ= “ 2 “= %,… 3 ,!%"=……%L “*%!%“2,. b ,2 !=23-
!  [19, 54, 56, 95, 124, 152, 166, 187, 210] 2=*%  "ƒ=, % L“2",  …=ƒ/"= 2 « -
.=! %L» ",.! "/. *% . 

b !=K%2  [109] “ =…% C! C% %› …, , 2%   %C! …,  %K =“2, %-
C3“2, /. …= = …/. C=!= 2!%" *%    C !,% , “*% % ",› …,  … %K.%-
, % "* ,2  3“ %",  !=" …“2"= “= %,… 3 ,!%"=……/. “*%!%“2 L *%  …= 
K “*%… …%  3 = …,, !3  %2 !3 =. d L“2",2 …%, " .2%  “ 3 =  *% = K3-
32 ,K% 3 =  2 “  =  …= K “*%… …%“2  ( “ , C ! …  *% % , 2 K% -
3  “= %,… 3 ,!%"=……3  “*%!%“2 ), ,K% K3 32 “K ,›=2 “  !3  %2…%“,2 -

…% !3 = ( “ , C ! …  *% % %K = = 2 … L “= %,… 3 ,!%"=……%L “*%!%-
“2 ). d=  C!%,ƒ%L 2 "ƒ=, % L“2",  *% , %…, C% … 2“  “2= , (C -
! …  “2=… 2 ƒ= …,  ,, …=%K%!%2), ,, " “, 3 “, 2!,, ƒ= = , %2…%“,2 …% 

−1 2Z Z , *% = “…%"= 3 =  2“  …= K “*%… …%  "ƒ=, …%  !=““2% …,  , …,*% = 
K%  …  "“2! 2 2“ . 

Š=*,  %K!=ƒ% ,   %C! …,  %K =“2, %C3“2, /. …= = …/. C=!= 2-
!%"   C !,% , “*% % "ƒ=, % L“2",  *%  (“ 3 =L Γ Γ >1 2 0 ) … %K.% , % * 
3“ %",  !=" …“2"= “= %,… 3 ,!%"=……/. “*%!%“2 L ",.! L …= K “*%… …%  3 =-
…,, !3  %2…%“,2 …% !3 = %K=",2  "= ,…"=!,=…2= ",› …, . e“ , %K%-

ƒ…= ,2  ! ƒ ρ1  , ρ2  ƒ…= …,  != ,3“%" *%  …= K “*%… …%“2,, 2% C% 3 =  
“ 3 ?3  “,“2 3 … ,… L…/. 3!="… …,L: 

 
⎛ ⎞ ⎛ ⎞Γ ρ Γ ρ

+ − = + −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ρ ρ⎝ ⎠ ⎝ ⎠
1 1 2 2

0 0
1 1 2 21 2

3 8 1 3 8 1ln ln ln ln
2 4 2 4R Rn n

, (50) 

 Γ ρ + Γ ρ = Γ + Γ2 2 0 2 0 2
1 1 2 2 1 1 2 2[ ] [ ]R R , (51) 

 
Рис. 12. Параметры стационарного вза-

имодействия двух колец. 
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 2 21 2
1 1 2 20 0 0 0

1 1 2 2

3 8 7 3 8 7ln ln ln ln
2 4 2 4R n R n

ρ ρ⎛ ⎞ ⎛ ⎞Γ ρ + − + Γ ρ + − ≤⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 2 0 2 0
1 1 2 20 0

1 2

8 7 8 7ln ln
4 4

R R
n n

⎛ ⎞ ⎛ ⎞≤ Γ − + Γ − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 0 0
1 2 1 2

2 22 ( ) ( )R R k k k
k k

⎛ ⎞⎡ ⎤+ Γ Γ − −⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠
K E . (52) 

b C%“ …  "/!=› …,, … !=" …“2"% C%*=ƒ/"= 2, 2% …= = …=  .… ! ,  
",.! "/. *%  % ›…/ K/2  …  .… ! ,, ",.! L C!, K “*%… …%  3 = -
…,, !3  %2 !3 =. 

m= !,“. 13 C%*=ƒ=…/ %K =“2, …= = …/. C=!= 2!%" "2%!% % *% =   
C !,% , “*% % "ƒ=, % L“2",  C!, Γ =2  

0.5, 1.0, 1.5=  , = =1 2 0.01n n . b, …%, 2% 
C %?=  %K =“2, 3" , ,"= 2“  “ !%“2%  
Γ2  , "ƒ=, …=  « .=! =» "%ƒ %›…= C!, 

K%  Γ2 .  
o !,% , “*%  "ƒ=, % L“2",  .=-

!=*2 !,ƒ3 2“  C%C ! ……/  C!%“*=*,"=-
…,  % …% % ",.! "% % *% = "…32!, !3-
% %. m= !,“. 14 C! “2=" …/ 2!= *2%!,, 
",› …,  ",.! L   “ 3 =  Γ =2 1.0 , 

=0
2 1.0R  , =0

2 2.0Z . Š!= *2%!,  C !"% % 

",.!  1 1( )R Z  …= !,“3…*  C%*=ƒ=…= “C % -
…%L ,…, L, = 2!= *2%!,  "2%!% % *% = 

2 2( )R Z  …=… “ …= 2!,.%"%L ,…, L. o% %-
› …,  ",.! L ! ƒ !="…/  ,…2 !"= / 
"! …, Δ = 5.0t  C%*=ƒ=…/ *!3›% *= ,. q2! *= , …= !,“3…*  3*=ƒ=…/ 
…=C!=" …,  ",› …,  ",.! L. o!, "ƒ=, % L“2",, C ! …  ",.! "%  *% % 
2 C%  " , …,  ƒ= … % ",.!  1 3" , ,"= 2 “"%  “%K“2" ……3  .… ! , . o!, 
.2%  ",.!  2 3" , ,"= 2 “"%L != ,3“ , ƒ=  2“ . q !3 %L “2%!%…/, “%K“2-
" ……=  .… ! ,  ",.!  1 3 … = 2“ , .2%2 ",.!  3 … = 2 “"%L != ,3“ , 
!=ƒ %… 2“ . o%“  C!%“*=*,"=…,  … % ",.!  1 "…32!, K% % *% = 2 
",.!, … 2“  «…=ƒ"=…, ,». Š C !  …  *% % 1 …=.% ,2“  "C ! , 
K% % ",.!  2. o!% ““ 3“*%! …,  ƒ= … % *% = , 2%! %› …,  C ! … % 
*% = C%"2%! 2“ . Š=*=  « .=! =» ",.! "/. *%  " != *=. , = …%L 
›, *%“2, K3 2 C%"2%! 2 “  … % !=…, ……% % %. 

  
Рис. 14. Периодическое взаимодействие 

двух одинаковых вихревых колец. 
Рис. 15. Разовое взаимодействие двух 

колец с интенсивностями одно-
го знака. 

e“ , …= = …/  C=!= 2!/ …  ".%  2 " %K =“2  C=!= 2!%"   C !,% ,-
“*% % "ƒ=, % L“2",  (!,“. 13), 2% ",.! "/  *% = ,K% "%%K?  …  "ƒ=, %-
L“2"3 2, ,K% 3 =“2"3 2 " !=ƒ%"%  "ƒ=, % L“2",, " ƒ=",“, %“2, %2 ƒ…= -

…,L %“ "/. “*%!%“2 L ",.! L. b “ 3 =  K% % ƒ…= …,  %“ "%L “*%!%“2,   
C ! … % ",.! "% % *% = C% %2…% …,  * ƒ= … 3 *% 3, 2% %2…%“,2 …%  
!=““2% …,  › 3 *% = , K3 2 3" , ,"=2 “ , "ƒ=, % L“2",  *%  %2“32-
“2"3 2. e“ , C ! …  *% % %K = = 2 … L %“ "%L “*%!%“2 , 2% ƒ= …,L 
",.!  % %…,2 C ! …,L, C!%,ƒ%L 2 C!%“*=*,"=…,  ƒ= … % *% = "…32!, 

 
Рис. 13. Начальные параметры вих-

рей при периодическом дви-
жении. 
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C ! … %, , ƒ=2 , " “, 3 “, 2!,, ƒ= = ,, 2 C !  3›  C ! …  *% %, 
,   K% 3  %“ "3  “*%!%“2 , 3 = ,2“  …= K “*%… …%“2 . o!, ! 2=*% % "ƒ=-

, % L“2",  C%*=ƒ=… …= !,“. 15   Γ =2 0.5 , =0
2 1.0R  , =0

2 2.0Z  " %K%ƒ…= …,-
 ., C!,… 2/. !=… . 

d   “,“2 /, “%“2% ? L ,ƒ "3. ",.! "/. *%  “ ,…2 …“,"…%“2 , C!%-
2,"%C% %›…/. ƒ…=*%" ( Γ Γ <1 2 0 ) "%ƒ %›…/ 2!, 2,C= "ƒ=, % L“2", . o !"/  
"= .=!=*2 !,ƒ3 2“  "“2! …/  ",› …,  "3. ",.! "/. *%  , C!%“*=*,-
"=…,  % …% % ,ƒ *%  "…32!, !3 % %. o!,  *% = “ … L …= = …%L 
.… ! , L  "  2“  K%  3"“2",2 …/ , * ,ƒ … …,  C% “!="… …,  “ *% -
= ,, %K = = ?, , K% L .… ! , L. 

u=!=*2 !…/L “ 3 =L C!%“*=*,"=…,  … % *% = "…32!, K% % C%-

*=ƒ=… …= !,“. 16   Γ = −2 0.6 , =0
2 0.5R  , =0

2 6.0Z . Š!= *2%!,  C !"% % ",.!  
…= !,“3…*  C%*=ƒ=…= “C % …%L ,…, L, = 2!= *2%!,  "2%!% % *% = C! “2="-
…= 2!,.%"%L ,…, L. o% %› …,  ",.! L ! ƒ !="…/  ,…2 !"= / "! …, 

Δ = 5.0t  …=… “ …/ …= !,“3…*  *!3›% *= ,, “2! *, 3*=ƒ/"= 2 …=C!=" …,  
",› …,  ",.! L. q…= = = ",.!, ",›32“  …="“2! 3 !3  !3 3 “ %“ "/ , 
“*%!%“2 ,, !="…/ , “= %,… 3 ,!%"=……%L “*%!%“2, ",.! "/. *% . o% !  
C!,K ,› …,  ",.! L, …= ,…= 2 “*=ƒ/"=2 “  "ƒ=, …%  " , …, , *%2%!%  “"% ,2-
“  * ƒ= …,  ",.! L , 3" , …,  ,. != ,3“%". b !=““ =2!,"= %  “ 3 =  
",.!  2 =›  … 2 ƒ…=* %“ "%L “*%!%“2, , … *%2%!%  "!   ",› 2“  " %K-
!=2…%  …=C!=" …,,. o%“  C!%“*=*,"=…,  ",.!  1 …=  *% %  2 != ,= …/  
“*%!%“2, %K%,. ",.! L … 2 “"%L ƒ…=* …= C!%2,"%C% %›…/L. }2% C!,"% ,2 * 
2% 3, 2% "ƒ=, …%  " , …,  ",.! L C%“2 C ……% 3 … = 2“  , %K= ",.!  3 =-
 2“  !3  %2 !3 = “ “= %,… 3 ,!%"=……/ , “*%!%“2 ,, …=C!=" ……/ , " 

C!%2,"%C% %›…/  “2%!%…/. 
e“ , "2%!%L ",.!  , 2 … 3  ,…2 …“,"…%“2 , 2% "%ƒ %› … “ 3 =L 

"ƒ=, % L“2", , C!, *%2%!%  … ,L ",.!  C!%“*=*,"= 2 …=  K% ,  *% -

% . m= !,“. 17 C%*=ƒ=… .2%2 “ 3 =L   Γ = −2 0.6 , =0
2 0.6R  , =0

2 6.0Z . o!, 
“K ,› …,, ",.! L ",.!  2, , ?,L … 3  ,…2 …“,"…%“2 , C% " !› … 
K% ,  ,ƒ … …,  C% “!="… …,  “% “ 3 = , !=““ %2! ……/  !=… . b ! -
ƒ3 2=2  ",.!  2 C!,%K! 2= 2 K% 3  != ,= …3  “*%!%“2  , 3" , ,"= 2 
“"%L != ,3“ K/“2! ,  *% % 1. p= ,3“ … % *% = “2=…%",2“  K%  
!= ,3“= *% = 1. o% .2%L C!, ,…  ,ƒ…= = …% …  *% % C!%“*=*,"= 2 
…=  K% , . g=2 , " “, 3 “, 2!,, ƒ= = ,, *% % 2 K/“2!  ,ƒ … 2 ƒ…=-
…,  != ,= …%L “*%!%“2, , =“, C2%2, “*, "/.% ,2 …= …= = …%  ƒ…= …,  

!= ,3“=. bƒ=, …%  " , …,  ",.! L C%“2 C ……% 3 … = 2“  , %K= ",.!  3 =-
 2“  !3  %2 !3 = “ “= %,… 3 ,!%"=……/ , “*%!%“2 ,, …=C!=" ……/ , " 

C!%2,"%C% %›…/  “2%!%…/. 

  
Рис. 16. Разовое проскакивание вихря 2 

внутри кольца 1. 
Рис. 17. Разовое проскакивание вихря 1 

внутри кольца 2. 

l%›…% C%*=ƒ=2  [32], 2% ",  "ƒ=, % L“2",  ",.! "/. *%  C!, 1 2Γ Γ <  

0<  %C!  2“  ƒ…= …,  %“ "/. “*%!%“2 L " % …2, *% = *% = …=.%  2-
“  " % …%L C %“*%“2, =1 2Z Z . e“ , *% = K3 32 , 2  != ,3“/, … , ,  
“%%2" 2“2"3 ?,  != ,3“/   “2= ,%…=!…% % ",› …, , !=ƒ…%“2  %“ "/. “*%-

!%“2 L *%  =1 2Z Z  … 2 “"%L ƒ…=*. m=“23C= 2 C!%“*=*,"=…,  ",.!  2 

“*"%ƒ  *% % 1. e“ , " C %“*%“2, =1 2Z Z  *% = K3 32 , 2  K% ,  != ,3-
“/,  C!, “2= ,%…=!…%  "ƒ=, % L“2",,, 2% %2…%“,2 …/  2!= *2%!,, 
% ›…/ K/2  ƒ= *…32/ ,. }2%2 “ 3 =L ",› …,  % › … “%C!%"%› =2 “  C -
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!,% , “*,  ",› …,  " “, 3 “, 2!,, ƒ= = , %2…%“,2 …% = −12 1 2Z Z Z . 

m=*%… , “ , ",.!, =“, C2%2, “*, %“2, = 2 C %“*%“2, =1 2Z Z  " %*! “2…%“-
2, “2= ,%…=!…% % ! ›, =, 2% != ,= …/  “*%!%“2, ",.! L …  … 2 “"%L 
ƒ…=*. b .2%  “ 3 =  , 2 “2% C!%“*=*,"=…,  "2%!% % *% = …=  C !"/ . 

}2, !=““3› …,  “C!=" ,"/   C!%,ƒ"% …/. ƒ…= …,L ,…2 …“,"…%“-
2 L *% . q %"=2 …%,   C%“2!% …,  %K =“2 L …= = …/. C=!= 2!%" ",.-
! L C!, Γ Γ <1 2 0  … %K.% , % * "3  ,…"=!,=…2=  ",› …,  %K=",2  3“ %",  

!=" …“2"= %“ "/. “*%!%“2 L " C %“*%“2, =1 2Z Z . nK%ƒ…= ,  != ,3“/ *%  " 

.2%L C %“*%“2, “%%2" 2“2" ……% ! ƒ ρ1  , ρ2 . Š=*,  %K!=ƒ% , ,  “ 3 -
?3  “,“2 3 3!="… …,L: 

 1 1 2 1 2
0

1 1 1 2 1 21

23 8 1ln ln ( ) ( ) ( )
2 2 4

k k k
R n

∗ ∗ ∗Γ ρ Γ ρ ρ⎛ ⎞ ⎡ ⎤+ − + − − =⎜ ⎟ ⎢ ⎥ρ ρ + ρ ρ − ρ⎣ ⎦⎝ ⎠
K E E  

 2 2
0

2 2 2

3 8 1ln ln
2 2 4R n

Γ ρ⎛ ⎞= + − +⎜ ⎟ρ ⎝ ⎠
 

 1 1 2

1 2 2 1

2
( ) ( ) ( )k k k∗ ∗ ∗Γ ρ ρ⎡ ⎤+ − −⎢ ⎥ρ + ρ ρ − ρ⎣ ⎦

K E E , (53) 

 Γ ρ + Γ ρ = Γ + Γ2 2 0 2 0 2
1 1 2 2 1 1 2 2[ ] [ ]R R , (54) 

 2 21 2
1 1 2 20 0 0 0

1 1 2 2

3 8 7 3 8 7ln ln ln ln
2 4 2 4R n R n

ρ ρ⎛ ⎞ ⎛ ⎞Γ ρ + − + Γ ρ + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 ⎡ ⎤⎛ ⎞+ Γ Γ ρ ρ − − =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
* * *

1 2 1 2 * *
2 22 ( ) ( )k k k
k k

K E  

 2 0 2 0
1 1 2 20 0

1 2

8 7 8 7ln ln
4 4

R R
n n

⎛ ⎞ ⎛ ⎞≤ Γ − + Γ − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 0 0
1 2 1 2

2 22 ( ) ( )R R k k k
k k

⎛ ⎞⎡ ⎤+ Γ Γ − −⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠
K E . (55) 

p ƒ3 2=2/ "/ ,“ …,L C%*=ƒ=…/ …= !,“. 18   !=ƒ , …/. ƒ…= …,L ,…-
2 …“,"…%“2 L "2%!% % ",.! "% % *% = 2 0.4, 0.6, 0.8Γ = − − −  , 1.0− . j=› =  
*!,"=  !=ƒK,"= 2 "“  %K =“2  …= = …/. C=!= 2!%" "2%!% % *% = …= 2!, 
=“2,. m=C!, !,   Γ = −2 0.6  .2, %K =“2, …= !,“3…*  ƒ= 2!,.%"=…/. nK =“2  

…= = …/. ƒ…= …,L A  .=!=*2 !,ƒ3 2“  C!%“*=*,"=…,  "2%!% % ",.! "% % 
*% = "…32!, C !"% % (!,“. 16), = %K =“2  B  – "2%!% % …=  C !"/  (!,“. 17). 
nK =“2  C  %C!  2 …= = …/  C=!= 2!/ "2%!% % ",.! "% % *% =   C -
!,% , “*% % "ƒ=, % L“2", . o% !  3" , …,  (C% % 3 ) ,…2 …“,"…%“2, 
Γ2  %K =“2  A  3" , ,"= 2“ , = %K =“2, B  , C  3 … = 2“ , C%2% 3 2% …=-
= …=  .… ! ,  "2%!% % ",.! "% % *% = 3" , ,"= 2“  , %…% …  C% " !-
› …% " , …,  C !"% % *% =. b C! …%  “ 3 =  C!, Γ = −2 1.0  %K =“2  C  

,“ ƒ= 2, = %K =“2, A  , B  !=ƒ  2“  C! %L =0
2 1.0R . 

o!, ! C !,% , “*% % "ƒ=, % L“2",  "3. ",.! L “ ,…2 …“,"…%“2 , 

C!%2,"%C% %›…/. ƒ…=*%" C%*=ƒ=… …= !,“. 19   Γ = −2 0.6 , =0
2 0.85R  , 0

2Z =  

0.0=  " %K%ƒ…= …, ., C!,… 2/. !=… . o% %› …,  ",.! L ! ƒ ,…2 !"= / 
Δ = 1.0t  …=… “ …/ …= !,“3…*  *!3›% *= ,. bƒ=, …%  " , …,  ",.! L C!,"% ,2 
* 2% 3, 2% " …= = …/L % …2 *% = , 2 C% %›,2 …/  %“ "/  , != ,-
= …/  “*%!%“2,. n …=*% ",.!  2 “, …  C% " !› … " , …, , C%“*% *3 % 
,…2 …“,"…%“2  (C% % 3 ) …  ,…2 …“,"…%“2, ",.!  1. b ! ƒ3 2=2  != ,-
3“ ",.!  2 %“2, = 2 ƒ…= …,  != ,3“= ",.!  1. b .2%2 % …2 % …%"! ……% 

… 2 “"%L ƒ…=* %“ "/  “*%!%“2,, *% = …= ,…=  ",› …,  " %K!=2…%  …=-
C!=" …,, % 2 . C%!, C%*= *% = %“2, = 2 C %“*%“2, =1 2Z Z . b .2%2 % …2 

… 2 “"%L ƒ…=* != ,= …/  *% C%… …2/ “*%!%“2,. b = … L , " “, 3 
“, 2!,, ƒ= = , %2…%“,2 …% −1 2Z Z , ",› …,  ",.! L C!%2 *= 2 " %K!=2-



205 

…%L C%“ %"=2 …%“2, , *% = C!,…, = 2 C% %› …, , “%%2" 2“2"3 ?,  …=-
= …% 3 C% %› …, , “ ? ……% 3 " %  %“, “, 2!,, …= … *%2%!%  !=““2%-
 …, . b != *=. % , , = …%L ›, *%“2, 2=*%  C !,% , “*%  "ƒ=, % L“2-
",  ",.! L C!% % ›= 2“  … % !=…, ……% % %. 

  
Рис. 18. Области начальных параметров 

вихря 2 при встречном движении. 
Рис. 19. Периодическое взаимодействие 

двух вихрей с противоположны-
ми по знаку интенсивностями. 

4. ` " * ,  C=““,"…%L ›, *%“2, C!, "ƒ=, % L“2",, ",.! L. h…2 …“,"-
…%  "!=? …,  ",.! "/  *% %  %*!3›= ? L ›, *%“2, C!,"% ,2 * 2% 3, 2% 
% ,…% …%  ",.! "%  *% % %K!=ƒ3 2 ",.! "%  %K =*%, ",›3? “  “%" “2…% “ 
",.! . t%! = C%C ! …% % “ …,  ",.! "% % %K =*=   ƒ= =……% % %2…% …,  

/a R  %› 2 K/2  C% 3 …= “3C !C%ƒ, , L -3…* ,, 2%*= (39), …=" ……% % 
*% % , , "“2! …% % C%2%*= “% “*%!%“2 , !="…%L “= %,… 3 ,!%"=……%L “*%-
!%“2, ",.! "% % *% =  

 
22 8 1( , ) ( ) ( ) ( ) ln

2 8 4
Rr r Rr z k k k k

k a
Γ Γ ⎛ ⎞⎡ ⎤Ψ = − − − −⎜ ⎟⎢ ⎥π π⎣ ⎦ ⎝ ⎠

K E K{ } , (56) 

 2
2 2
4

( ) ( )

Rrk
R r Z z

=
+ + −

; ,R Z  – != ,3“ , %“ "%  C% %› …,  ",.! "% % *% =. 

o!,!="…,"=  .2% "/!=› …,  * *%…“2=…2  ("* =  …3 ), C% 3 =  …=K%! 
ƒ= *…32/. *!,"/.. j!,"= , %."=2/"= ?=  …=,K% 3  C %?= , %C!  2 
-%! 3 ",.! "% % %K =*= " C%C ! …%  “ …,, ",.! "% % *% =. 

d   ",.! "/. *%  -%! = ",.! "% % %K-
=*= “3? “2" ……% ƒ=",“,2 %2 %2…%“,2 …%L 

2% ?,…/  != ",.! . o%C ! …%  “ …,  
",.! "% % %K =*=   !=ƒ , …/. ƒ…= …,L %2-
…%“,2 …/. 2% ?,… *% = /n a R=  C%*=ƒ=-
…% …= !,“. 20 (“ %2!, 2=*›  !,“. 10). d   2%…-
*,. *%  .2= %K =“2  C! “2="  2 “%K%L 2%! 
“ C%C ! …/  “ …, , … ƒ…= ,2 …% %2 ,-
= ?, “  %2 *!3 %"% %, =   2% “2/. *%  

– -%! ,!%"=……3  “- !3. o%C ! …%  “ -
…,  ",.! "% % %K =*=   0.01n =  …= !,“3…*  
ƒ= 2!,.%"=…%. 

m= !,“. 21 ! C!% 3 ,!%"=…/ C%“ %"=-
2 …/  “…, *, C !,% , “*% % "ƒ=, % L“2-
",  "3. %“ “, 2!, …/. ",.! "/. *% , 
…=K = /  " 2?=2 …% C!%" ……%  .*“C -
!, …2  [210]. j% = K/ , %K!=ƒ%"=…/ "3   C%“ %"=2 …/ , "/. %C= , 
"%ƒ 3.= !="…%L ,…2 …“,"…%“2, ,ƒ %2" !“2,  ,= 2!%  8 “ . b,ƒ3= ,ƒ= ,  
2 …,  K/ = C!%" …= C!, C% %?, / %"%L C!%"% %*,, …=2 …32%L C%C ! * 
%2" !“2, , , ", , %L " "%L =“2, “…, *%". ),“ % p L…% “=, C!," ……%  * 
,= 2!3 %2" !“2,  " .*“C !, …2 , “%“2=", % 1600=Re . m= = …%  C% %› -
…,  *%  C%*=ƒ=…% …= !,“. 21=. b, …%, 2% "2%!%  ",.! "%  *% % ",› 2“  
K/“2!  C !"% % *% =, 2=* *=* %…% …=.% ,2“  " ,… 3 ,!%"=……%  C%  “*%!%“-

 
Рис. 20. Форма атмосферы вих-

ревого кольца в безгра-
ничной среде. 
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2,, …=" ……%  C ! …,  *% % . q 2 …,  "! …, C ! …  *% % ƒ= -
 2“  , !=“ ,! 2“ , = ƒ= …  ",.! "%  *% % 3 … = 2“  , !=ƒ %… 2“ , 

!,“. 21K. o%“  C!%“*=*,"=…,  ƒ= … % *% = “*"%ƒ  C ! …  (!,“. 21") C -
! …  *% % !=“ ,! 2“  , ƒ=  2“ , = …%"%  ƒ= …  *% % 3 … = 2“  
, !=ƒ %… 2“ . o% %› …,  *%  , %*!3›= ? % C% *!= ……% % =ƒ=, C%C=" -
% " =2 %“- !3 ",.! L, C%“  C% %",…/ C !,% = "ƒ=, % L“2",  *%  C%*=ƒ=-
…% …= !,“. 21 . 

  
Рис. 21. Визуализация периодического вза-

имодействия двух одинаковых вих-
ревых колец в эксперименте [210]. 

Рис. 22. Численное моделирование про-
цесса адвекции на рис. 21. 

p=““ %2!,  ! ƒ3 2=2/ ,“ ……% % % ,!%"=…,  C!% ““= = " * ,, C=“-
“,"…%L ›, *%“2,, “%C!%"%› = %L ",.! ,, " =K%!=2%!…%  .*“C !, …2 . h“-
C% ƒ3  “…, %* !,“. 21=, %›…% 3“2=…%",2  …%! ,!%"=……/  …= = …/  C% %› -
…,  ",.! "/. *% . b,.! "/  *% = " .*“C !, …2  -%! ,!%"= ,“  "3   
C%“ %"=2 …/ , 3 =!= , = 2…,*= C% K!=… , !=“C% %› ……%L " 2/ …%L 
“2%!%…  , ,… !=. q %"=2 …%, …%! ,!%"=……/  ,…2 …“,"…%“2, *%  " .*“-
C !, …2  K/ , % ,…=*%"/: Γ = Γ =1 2 1.0 . e“ , % 2!, “*,  !=ƒ !/ ",.-

! L " .*“C !, …2  …= “…, *  %2… “2, * !=ƒ !=  C !"% % ",.! , =0
1 1.0R , 

0
1 0.0Z = , 2% "2%!%L ",.!  , 2 ≈0

2 1.0R , ≈0
2 1.2Z . o!,…, =  "% "…, =…,  -%!-

3 ",.! "% % %K =*= (!,“. 20), ƒ=“" ……% % / %"%L C!%"% %*%L …= "/.%  ",.-

! "% % … !=2%!=, %›…% ƒ=* ,2 , 2% = ≈0 0
1 2 0.1n n . b,.! "/  *% = “ 3*=-

ƒ=……/ , …= = …/ , C=!= 2!= , " , = …%L K ƒ !=…, …%L ›, *%“2, K3 32 
3 =“2"%"=2  " C !,% , “*%  "ƒ=, % L“2",,. 
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p ƒ3 2=2/ ,“ ……% % % ,!%"=…,  C!% ““= = " * ,, C! “2=" …/ 
…= !,“. 22. b …= = …/L % …2 "/ ,  " *=› %  ",.!  C=““,"…3  ›, *%“2 , 
*%2%!=  -%! ,!3 2 ",.! "%  %K =*%   ,ƒ% ,!%"=……% % ",.! "% % *% = “ 

0.1n = , !,“. 22=. m= !,“. 22K, *%2%!/L “%%2" 2“2"3 2 K ƒ!=ƒ !…% 3 % …23 
"! …, 3.5t = , …=K = 2“  …= = …=  -=ƒ= "ƒ=, % L“2",  ",.! "/. *% . 
b C%  “*%!%“2, ƒ= … % ",.!  C ! …,L ",.!  3 … = 2 “"%  %“ "3  “*%-
!%“2  , !=“ ,! 2“ , " 2% "!   *=* ƒ= …,L ",.!  3“*%! 2“  " %  %“, “, -

2!,, , “3›= 2“ . o% %› …,  ",.! L , "/ ……%L ›, *%“2,, “%%2" 2“2"3-
?,  “…, *3 !,“. 21K, C%*=ƒ=…/ …= !,“. 22K. b, …%, 2% 3 ƒ= … % ",.!  %K!=-

ƒ3 2“  .=!=*2 !…/L ."%“2. o!, .2%  =“2  "/ ……%L ›, *%“2, C ! … % 
",.!  "/ =" ,"= 2“  C!,K ,›= ?, “  ƒ= …,  ",.! "/  *% % . g= 2, , 
2% " .*“C !, …2  ƒ=C% … …,  / %"/  =ƒ%  =2 %“- !/ ",.! "% % *% = 
C!%,“.% ,2 “ … *%2%!%L ƒ= !›*%L "% "! …,. b !% 2…%, C% .2%L C!, ,…  -%!-
= =2 %“- !/ ƒ= … % ",.! "% % *% = …= “…, *  2*% …  C!%“ =2!,"= 2“ . 

q 2 …,  "! …, …  ",.! "%  *% % C!%“*=*,"= 2 "…32!, K% -
% , %*=ƒ/"= 2“  "C ! ,. o% %› …,  ",.! L , "/ ……%L ›, *%“2, " %-

…2 "! …, 7.5t =  C%*=ƒ=… …= !,“. 22". q 3 2 %2 2,2  "%" …,  " ƒ=-
*!3 ,"=…,  =“2, … C% *!= …%L ›, *%“2, "%*!3  K% % ",.! "% % *% =. 
o!, .2%  -%! ,!3 2“  .=!=*2 !…=  “C,!= , *%2%!=  .%!% % C!%“ =2!,"= 2“  
" .*“C !, …2  …= !,“. 21". )=“2  C% *!= ……%L ›, *%“2, " ."%“2%"%L =“2, 

… % *% = “ 2 …,  "! …, “3›= 2“  , 3 ,… 2“ . }2= 2 … … ,  
.%!% % C!%“ =2!,"= 2“  *=* " .*“C !, …2 , 2=* , C% ! ƒ3 2=2=  ,“ ……% % 
% ,!%"=…, . 

r“*%! …,  " %  %“, ",› …,  , 3 … …,  != ,3“= K% % ",.!  
"“ = “%C!%"%› = 2“  %K!=ƒ%"=…,  .=!=*2 !…% % ."%“2= ",.! "% % *% =. 
}2%2 C!% ““ "/ƒ"=… 3 … …,  %KA = ",.! "% % %K =*= , C%2 ! L =“2, 
›, *%“2,, …=.% ," L“  "…32!, % =2 %“- !/. }2= 2 … … ,  .%!% % C!%“ -
›,"= 2“  " .*“C !, …2  (!,“. 21 ) , …= !,“. 22 , *%2%!/L "/C% … … " K ƒ!=ƒ-

!…/L % …2 "! …, 11.0t = . u"%“2%"=  “2!3*23!= “%“2%,2 ,ƒ C% *!= …-
…%L , … C% *!= …%L ›, *%“2 L, *%2%!/  .%!% % “%%2" 2“2"3 2 “" 2 /  , 
2 …/  %K =“2  …= “…, *  !,“. 21 . n2 2,  2=*›  C!% ““ ƒ=."=2= C% *!=-

……%L ›, *%“2, K% % ",.!  … ,  ",.! . 
q!="…,"=  ! ƒ3 2=2/ ,“ ……% % % ,!%"=…,  “ =……/ , =K%!=2%!…%-

% .*“C !, …2=, %›…% ƒ=* ,2 , 2% C!% ““/ = " * ,,, *%2%!/  C!%2 *= 2 
" C%  “*%!%“2, 2%…*% % 2%!%, = …% % ",.! "% % *% = " C!,K ,› …,, , -
= …%L … “›, = %L ›, *%“2,, 3 %" 2"%!,2 …% % ,!3 2 C!% ““/ C -
! ,"=…,  C!, "ƒ=, % L“2",, ! = …/. ",.! "/. “2!3*23!, %“%K ……% …= 
…= = …%L -=ƒ  "ƒ=, % L“2",  ",.! "/. *% . 

5. b/"% /. b “"% L %Kƒ%!…%L “2=2 , C%“" ? ……%L 25- 2,  «Journal of 
Fluid Mechanics», P. G. Saffman [176] C,“= : «m 2 …,*=*,. “% … …,L " 2% , 2% 
,ƒ K% % C ! …  “2=2 L C% .=…,*  ›, *%“2, %“%K%  “2% ƒ=…, = 2 " ,*=  
“2=2   c. c % = «Ueber Integrale der hydrodynamischen Gleichungen, welche 
den Wirbelbewegungen entsprechen»,  C% " …,  " 1858 % 3 ƒ= %›, % %“…%"/ ",.-
! "% % ",› …,  “%" “2…% “ %K“2% 2 …/ , “2=2  , k%! = j ",…=, ƒ= %-
›, % %“…%"/ C%…, =…,  " %C,“=…,, ",.! "% % ",› …,  ›, *%“2,, " *%2%!%  .--
- *2/ " ƒ*%“2, …   "  2“  %C!  ?, ,. q2 C …  *= “2"= , ƒ…= , %“2  
.2%L “2=2 , ƒ=* = 2“  " 2% , 2%, .%2  , C!% % 123 % =, %…= 2=*  “…= , 
C%… 2…= " 2% *%"=…,, K% % .-- *2=, … “ %2!  …= ,“C% ƒ%"=…,  *=!2%"%L 
“,“2 / *%%! ,…=2 (*=* " 3 K…,*  k= K= 1932 % =), " “2% “%"! ……/. " *-
2%!…/. , 2 …ƒ%!…/. %K%ƒ…= …,L». 

g= 150 2 “ % …2= %C3K ,*%"=…,  -3… = …2= …%L !=K%2/ c. c -
% = [102] " 1858 . % …= ,. … L ",.! "=  ,…= ,*= C!% = !=ƒ , …/  
.2=C/ “"% % !=ƒ",2, . q %"= P. G. Saffman %*=ƒ= ,“  ,“2,……/ ,, , ,ƒ3 …,  
,…= ,*, ",.! "/. *%  , …=“ ,  c. c % = , k%! = j ",…= % “,. 
C%! %“2= 2“  =*23= …/ , , "=›…/ , 2 = , ,““ %"=…,L " .=…,*  ›, -
*%“2, , =ƒ=. r …=“ … 2 …,*=*,. “% … …,L " 2% , 2% !=K%2= c. c % = 
K/ =, %“2= 2“  , K3 2 %C!  ? L " -%! ,!%"=…,, …%"/. , L, ,C%2 ƒ , 
%2*!/2,L " “%"! ……%L , !%- , =.!% ,…= ,* , K3 2 , 2  2=*%  ›  -3… =-

…2= …%  ƒ…= …, , *=* , "2%!%L ƒ=*%… m 2%…= " “%"! ……%L -,ƒ,* . 
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ВИХОРОВІ КІЛЬЦЯ: ІСТОРІЯ І СУЧАСНІСТЬ 
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VORTEX RINGS: HISTORY AND THE STATE-OF-ART 
 
This paper reviews the fascinating 150-year history of the vortex dynamics, which was 
started by classic work of Helmholtz (1858). This paper contains not only general 
theorems on vortex motion, but also the special section devoted to axisymmetric circular 
vortex filaments and, in particular, the vortex rings. The object of this paper is both to 
clarify some purely mathematical questions connected with Dyson’s model for coaxial 
vortex rings with a small circular cross-section in an ideal incompressible fluid, and to 
provide a historical overview of achievements in the experimental, analytical and 
numerical studies of vortex ring interactions. The model is illustrated by several 
examples of the interaction of vortex rings. The complete classification of interactions 
of two coaxial vortex rings in an ideal fluid were carried out.  
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