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ПОРОДЖЕННЯ ТОПОЛОГІЧНОГО ХАОСУ В ТЕЧІЇ СТОКСА 
В ПРЯМОКУТНІЙ ПОРОЖНИНІ 
 

d%“ S › …% "%", S!…3 C !S% , …3 2 S  "’ ƒ*%_ … “2,“ ,"%_ !S ,…, " …=K ,-
› ……S q2%*“= "“ ! ,…S C! %*32…%_ C%!%›…,…,,  *= C!,"% ,2 “  " !3. 
" !.… %  S …,›… %  !=…,  ,. n2!, =…% =…= S2, …,L !%ƒ"’ ƒ%* ƒ= = S 

2% %  C% SC …%_ ! 3* S_   ƒ= =…% % !%ƒC% S 3 ", *%“2 L !3.3 !=-
…, . b, " …% S“…3"=……  2! %. C !S% , …,. 2% %* " 2 S_,  *S C%!% ›3 2  
.=%2, …,L !3. ", S …%_ C=“,"…%_ !S ,…,. o%*=ƒ=…% ",…,*… ……  2%C% % S …%-
% .=%“3 " 2 S_ q2%*“= K ƒ 3 =“2S ƒ S 3"= S", !%ƒ S? …,. "“ ! ,…S C%!%›-
…,…,. 

 
1. b“23C. o!% “, C ! S 3"=……  !S ,… 2!= , SL…% ƒ…=.%  2 “  " 

…2!S 3"= , " …,. " %K =“2S -3… = …2= …,. S C!,* = …,. …=3*. 0  
C!%K = C%"’ ƒ=…= ƒ ,“ ……, , C!=*2, …, , ƒ=“2%“3"=…… , " .S S …SL, 
-=! = "2, …SL S .=! %"SL C!% ,“ %"%“2 . [16], " %* =…% % S_, *% % S_ S …=-
…%2 .…% % S . [11]. 

b %“2=……S !%*,, C% ,…= , ƒ !%KS2 [8, 9], 2% , 2%C% % S_ S 2 %!S_ C3 -
*S" ƒ…=L , ,!%*  ƒ=“2%“3"=……  " =…= SƒS C ! S 3"=……  " 2 S .. d%-
" …%, ?%,  *?% C3 %* =G C%ƒ,2,"…3 2%C% % S …3 …2!%CS , 2% S“…3G %K-
=“2  " !S ,…S, "  *SL = 2  S“  .=%2, …S 2!=G*2%!S_ !S *,. =“2,…%*. 

`…= Sƒ C3 *= =G "=› ,"3 S…-%! = S  C!% " =“2,"%“2S C ! S 3"=……  !S-
,…. q % % …S "S % % [4, 7], ?% .=%2, …S 2!=G*2%!S_ "S S != 2  "=› ,"3 !%  
" C!% “S C ! S 3"=……  …="S2  " = S…=!…,. 2 S .. m= "…S“2  .=%“3 G …=-
“ S *%  2%C% % S_ !3.3 C!%“2,. 2S  !Sƒ…% =…S2…%_ -%! ,, ?% ",*%…3G !%  
-Sƒ, …% % ƒ S 3"= =, S … =G ƒ…= …… ,  *, , !S"… …… , %C,“3G2 “  ,-
…= S*= !3.3 !S ,…,, – ƒ"S “, L …=ƒ"= 2%C% % S …,L .=%“. o!% …%ƒ3"=……  2= 
=…= Sƒ 2%C% % S …% % .=%“3 K=ƒ3G2 “  …= 2 %!S_ Š%!“2 …= – mS “ …= [8], " 
%“…%"S  *%_ ›,2  C%23›…,L …=KS! =2 =2, …,. S…“2!3 …2S"   2%C% %-
S …% % =…= Sƒ3 "%", S!…,. ,…= S …,. “,“2 . 

r !%K%2S [8] 2 %! 2, …% 2= *“C !, …2= …% %“ S ›3"= ,“  2%C% %-
S …S “. , ƒ S 3"=……  ƒ= 3 =“2S -Sƒ, …,. “2 !›…S"-ƒ S 3"= S". d%" …%, 
?% C!, ",*%!,“2=……S 2! %. -Sƒ, …,. “2 !›…S"-ƒ S 3"= S" S“…3 2  "= !Sƒ-
…,. C !S% , …,. !3.,: C ! ,L “3C!%"% ›3G2 “  *“C%… … SL…,  !%ƒ2 %  
2= -%! = SG  ", S …% % %K’G 3 !S ,…,, "S % ,L  * 2%C% % S …,L .=%“, 3 
2%L =“,  * !3 ,L …  =G ƒ=ƒ…= …,. %“%K ,"%“2 L. g= %C% % %  2 %!S_ 
Š%!“2 …= – mS “ …= C!%" …% * =“,-S*= S  ,- % %!-Sƒ S",  *S "S C%-
"S = 2  !Sƒ…,  C!%2%*% =  ƒ S 3"=…… . 

`  …= "…S“2  -Sƒ, …,. “2 !›…S" …  G %K%"’ ƒ*%"%    C%!% › ……  
2%C% % S …% % .=%“3, S 2 %!S  Š%!“2 …= – mS “ …= %›  K32, ƒ=“2%“%"=…= % 
K3 - *,. “2 !›…S", ?% C%!% ›3 2  2%C% % S …,L .=%“. a3 % C%*=ƒ=…% [18], 
?% C=“,"…S =“2,…*, !S ,…,, ?% !3.= 2 “  C% C !S% , …,. %!KS2=., %›32  
K32, ",*%!,“2=…S C!, ƒ S 3"=……S "’ ƒ*%_ !S ,…, " C! %*32…SL *% S! S. r 
!%K%2=. [10, 18] C%*=ƒ=…% %› ,"S“2  ƒ=“2%“3"=……  ! ƒ3 2=2S", %2!, =…,. 
" !%K%2S [8], % ",C= *S", *% , !3. “2 !›…S"-ƒ S 3"= S" G 2%C% % S …% 
2!,"S= …, , !%ƒ  = , ,…= S*3 !3.3 “C S= …,. C !S% , …,. 2% %*, 
 *S %2!, = , …=ƒ"3 «3 "…,. “2 !›…S"» («ghost rods»). 

b,*%!,“2=……  2% ,*, [8] …  =G S…-%! = S_ C!% 2,C S C%! %* C !S%-
, …,. 2% %*, ?% ",*%…3 2  !%  «3 "…,. “2 !›…S"», =  G "=› ,",  C,-
2=……  C!, =…= SƒS C!% “3 ƒ S 3"=……  "’ ƒ*%_ !S ,…, " C! %*32…,. C%-
!%›…,…=.. r !%K%2S [18] ƒ=C!%C%…%"=…% 2% ,*3 ƒ…=.% › ……  ,. “C S-
= …,. C !S% , …,. 2% %* " "%", S!…SL 2 S_ " C! %*32…SL C%!%›…,…S, 
=  *%…*! 2…S ,“ …S ! ƒ3 2=2, "S “32…S. bS % %, ?% 2=*S 2 S_ = 2  
“,“2 3 C !S% , …,. 2% %* !Sƒ…% % C%! *3 S 2,C3. e SC2, …S 2% *, -%! 3-
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2  ! 3  !…S %“2!%",, "  *,. C!% “ C ! S 3"=……  C!%2S*=G ! 3  !…%. g 
S… % % K%*3, “,“2 = SC !K% S …,. 2% %* !Sƒ…% % C%! *3 -%! 3G .=%2, …  
%! , "  *% 3 C!% “ C ! S 3"=……  !S ,… C!%2S*=G S…2 …“,"…%. ),“ …,L 

=…= Sƒ C%*=ƒ=", ?% …="S2  …= "…S“2  % …SG_ SC !K% S …%_ C !S% , …%_ 2% *, 
", "  G2 “  %“2=2… %  3 %"%    %“ … ……  S…2 …“,"…% % ! ›, 3 C -
! S 3"=…… . 

)=“2% S…2 !"= , =“3, C!%2 %   *,. "S K3"=G2 “  C ! S 3"=……  !S-
,…, ", "  2 “  S“2%2…% … , , "S  =“ 2=K3 =“3, C!%2 %   *% % 
"“23C= 2  " “, 3 ,-3ƒSL…S - *2,. r % 3 ",C= *3 C!% “ C ! S 3"=…-
…  ", S …%_ !S ,…, "S K3"=G2 “  2S *, CS  SG  C%   ", *%“2S. Š=*   ",-
?  3 “3 =“…SL S !% ,…= S S %2!, = % …=ƒ"3 «= " * S  !S ,…,» – -Sƒ, …  
 ",? , C%"’ ƒ=…  ƒ C!% “= , C ! …%“3 !Sƒ…,. “*=  !…,. C% S" 2S *, CS  
"C ,"%  C%   ", *%“2S " !%ƒ  3"=…SL 2 S_. Š% 3 2" ! › ……  !S"…%“2S 
", *%“2S =“2,…*, S ", *%“2S ƒ%"…S … %_ 2 S_ G -%! = …,  2" ! › …-

…  = " * S_ =“2,…%* “3 S …% % “ ! %",?=. 0  3 %"= C!,"% ,2  % 
“,“2 , ƒ", =L…,. ,- ! … S= …,. !S"… … ,  *S …=ƒ,"= 2  !S"… …… , 
= " * S_ [7, 17]:  

 ( , , ),           ( , , )
dydx U x y t V x y t

dt dt
= = . (1) 

P… , , “ %"= ,, *%›…= !S *= =“2,…*= “3 S …% % “ ! %",?= “= = C% 
“%KS ƒ=ƒ…=G = " * S_ [3, 16]. n2› , !S"… ……  = " * S_ C "…,  ,…%  …= ›=2  
% =T!=…› "% % %C,“3 !3.3 !S ,…, S -=*2, …% ƒ"%  2 “  % =…= Sƒ3 2!=G*-
2%!SL =T!=…› ",. !S *,. =“2,…%* " L !%"% 3 C% S ", *%“2S [6, 7]. 

` " * S  !S ,…, C%"’ ƒ=…= Sƒ "," ……  -%! = S_ " =“S ", S …,. 
%K’G S" =K% C %? (3 "%", S!…% 3 ",C= *3) !S ,…,,  *S “* = = 2 “  Sƒ … -
“*S… ……% % …=K%!3 =2 !S= …,. !S *,. =“2,…%*. b," ……  C!% “3 = -
" * S_ %*! ,. !S *,. =“2,…%* " S !% ,…= S …,. 2 S . C!, S  G2 “  
%“%K ,"= 3"= =. g … ……  ,“ = “2 C …S" "S …%“2S %ƒ"%  G …  2S *, 
“C!%“2,2, =…= Sƒ  ",?=, =  L ", "  2, %“…%"…S " =“2,"%“2S L ƒ=*%…% S!-
…%“2S S…2 …“,"…,. ! ›, S" = " * S_. n“%K ,"  S“  C!, =…= SƒS S…2 …“,"…,. 
! ›, S" = " * S_ C!, S  G2 “  =…= Sƒ3 “2!3*23!, "S %K!=› ……  o3=…*=!  
C!, ƒ S…S * !3 ,. C=!= 2!S" S !% ,…= S …,. “,“2  [2, 5]. u=%2, …S 
! S%…, =“2% = 2  “,“2 3 ! ƒ%…=…“…,. %“2!%"S", «C=“2%*», "  *,. !S *S 
=“2,…*, ƒ…=.%  2 “   *,L =“ S %›32  _. ƒ= , =2, " … C ! K= 3"=-
…,L % …2, -%! 3 , ! S%…, .=%2, …% % !3.3 " S… ,. %K =“2 . 2 S_. 
d%“ S › ……  [1] C%*=ƒ= ,, ?% …= "…S“2  .=%2, …% % C ! !Sƒ3 o3=…*=!  G 
… %K.S …% , =  … %“2=2… %  3 %"%    .=%2, …% % ! ›, 3 = " * S_. 

o!%C%…%"=…= !%K%2= C!,“" …= ", " ……  %“…%"…,. ƒ=*%…% S!…%“2 L 
C!% “S" = " * S_ " "%", S!…SL 2 S_ "’ ƒ*%_ … “2,“ ,"%_ !S ,…, " C! %-
*32…SL C%!%›…,…S CS  SG  %2, …,. ", *%“2 L, C!,* = …,. …= __ “2S…*=.. 
l 2%  !%K%2, G 3ƒ= = … ……  2% ,*,, ƒ=C!%C%…%"=…%_ 3 [18],   ƒ…=.% -
› ……  “C S= …,. C !S% , …,. 2% %*, ?% ",*%…3 2  !%  3 "…,. “2 !›…S" 
3 C!% “S ƒ S 3"=…… , "“2=…%" ……  _. 2,C3, C%! *3 2= C!%“2%!%"% % 
C% %› …… . g…= …= 3"= = C!, S  G2 “  %“ S › ……  …= "…%“2S 2= =…= Sƒ3 
“2!3*23!, 3 "…,. “2 !›…S". g= %C% % %  2% ,*, =…= Sƒ3 “2!3*23!, 
"S %K!=› ……  o3=…*=!  C!%"% ,2 “  %“ S › ……  2= S …2,-S*= S  ! 3-
 !…,. S .=%2, …,. ! S%…S", ?% ",…,*= 2  " C!% “S = " * S_ C=“,"…%_ 

!S *%_ =“2,…*,, ?% !3.=G2 “  3 "’ ƒ*SL !S ,…S "“ ! ,…S C! %*32…%_ C%-
!%›…,…,. 

2. g S 3"=……  "’ ƒ*%_ !S ,…, " *!3 %"SL %K =“2S. o !S% , …S !3., 
2! %. “2 !›…S"-ƒ S 3"= S" 3 "%", S!…SL 2 S_ "’ ƒ*%_ !S ,…, %›32  C!,-
ƒ" “2, % .=%2, …% % 2!=…“C%!23"=……  %2% 3 %_ !S ,…, [8]. p%ƒ  … % 2 -
S  "’ ƒ*%_ !S ,…, " *!3 %"SL %K =“2S, ?% C!,"% ,2 “  " !3. 2! % = , S… -
!, …, , “2 !›… ,,  *S !%ƒ S? …S "“ ! ,…S %K =“2S. r !%K%2S [8] !3. 
“2 !›…S" "S K3"="“  ƒ= …=“23C…,  “ …=!SG . m= C ! % 3 2=CS C!=",L S 
…2!= …,L “2 !›…S %K S… 2 “  C%ƒ, S ,, !3.= ,“  ƒ= % ,……,*%"%  

“2!S *%  C% 2!=G*2%!S_,  * C%*=ƒ=…% …= !,“. 1=, C!, % 3 S"= 2% *= ƒ= ,-
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=G2 “  … !3.% % . m=ƒ" % L !3. “2 !›…S" R+ . m= !3 % 3 2=CS !3.3 
S",L S …2!= …,L “2 !›…S %K S… 2 “  C%ƒ, S ,, !3.= ,“  C% *% 3 ƒ= 
% ,……,*%"%  “2!S *% ,  * C%*=ƒ=…% …= !,“. 1K, =K% C!%2, !3.3 % ,……,*%-
"%_ “2!S *,,  * C%*=ƒ=…% …= !,“. 1", 3 2%L =“,  * C!=",L “2 !› …  ƒ= , =-
G2 “  … !3.% , . 0S !3., “2 !›…S" …=ƒ" % L+  2= L−  "S C%"S …%. 0S "= 
2=C, C%2S  ƒ…%"3 C%"2%! 2 “ , S " “3*3C…%“2S “* = = 2  C%"…,L C !S%  
!3.3 “2 !›…S". q S  ƒ=ƒ…= ,2,, ?% CS“   “2, 2=CS" “2 !›…S C%" !2= 2 -
“  " “"%_ C% =2*%"S C% %› …… . e*“C !, …2= …S =…S C!% “3 ƒ S 3"=……  
"’ ƒ*%_ !S ,…,   "*=ƒ=…,. C!%2%*% S" !3.3 “2 !›…S" …=" …% 3 !%K%2S [8]. 

  
  ) #) 

  
 !) $) 

  
 ") %) 
Рис.1. Змішування в’язкої рідини трьома стержнями [8]:  ) – рух стержнів R+ ; !) – рух 

стержнів L+ ; ") – рух стержнів L− ; експеримент: #) – початкове положення плями; 
$) – результат змішування згідно з протоколом R L+ +  після трьох періодів руху 
рідини; %) – змішування згідно з протоколом R L+ −  після трьох періодів руху рідини. 

r C!,* = S, …=" …% 3 …= !,“. 1, ",…,*… ……  2%C% % S …% % .=%“3 ƒ=-
›,2  "S  2% %, ƒ=  *,  “ …=!SG  "S K3"=G2 “  %K S… C%ƒ, S , S"% % 2= 
…2!= …% % “2 !›…S" CS  =“ !3 % % 2=C3 !3.3, 2%K2% L+  =K% L− . “*?% 
L %K S… "S K3"=G2 “  C!%2, % ,……,*%"%_ “2!S *,, 2%K2% C%"…,L C !S%  

!3.3 “2 !›…S" “* = =G2 “  ƒ R+  2= L− , 2% ",…,*=G 2%C% % S …,L .=%“ " 
“,“2 S S " % 3 ",C= *3 2 S  "’ ƒ*%_ !S ,…, 2%C% % S …% *"S"= …2…= 
(Sƒ%2%C…=) .=%2, …% 3 C“ " %-=…%“%"% 3 "S %K!=› …… ,  *  .=!=*2 !,ƒ3-
G2 “  ?S …,  …=*%C, ……  C !S% , …,. %!KS2 S !%ƒC% S %  l=!*%"= ƒ 
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=2!,  C ! .% 3 A . o“ " %-=…%“%"  "S %K!=› ……  .=!=*2 !,ƒ3G2 “  
*“C%… … SL…,  !%ƒ2 %  S…SL 3 … “2SL*,. …=C! *=. ƒ *% -S SG…2%  1λ >  

( λ  – " =“…  ,“ % =2!, S A ), = 2=*%› “2,“… ……  3 "“S. “2SL*,. …=C! -
*=. ƒ *% -S SG…2%  1 λ/ . 

m .=L %K S… “2 !›…S" "S K3"=G2 “  ƒ= % ,……,*%"%  “2!S *%  S C%"…,L 
C !S%  !3.3 “2 !›…S" “* = =G2 “  ƒ R+  2= L+ . Š% S  ! 3  !…,L ",C= %* 
!3.3, CS  =“  *% % !S ,…= …SK, ƒ=*!3 3G2 “  …="*% % “2 !›…S". m= !,“. 1  
C%*=ƒ=…%, ?% = " * S  "’ ƒ*%_ !S ,…, " % 3 ",C= *3 %›  K32, … 2!,"S-
= …%  S …="S2  .=%2, …% , =  % % …  %›…= %“ …32,, !%ƒ  = , 
,  2%C% % S  !3.3 !=…, , = ƒ S… ,, …=C!,* = , % 2!S  %K =“2S 

=K% ", *S“2  !3.3 !=…, . “*S“…  C%!S"… ……  *“C !, …2= …,. ! ƒ3 -
2=2S" …= !,“. 1 C%*=ƒ3G C ! "= 3 ",*%!,“2=……  ",C= *3 C“ " %-=…%“%"% % 
!3.3 “2 !›…S"   *!=?% % ƒ S 3"=……  !S ,…,. d"= C!%2%*% , ƒ S 3"=…… , 
R L+ −  2= R L+ + , G … ! 2, …% *"S"= …2…, ,, =  ƒ S 3"=…… , C%!% › …  

C!%2%*% %  !3.3 R L+ − , 2%K2% C“ " %-=…%“%"% % 2,C3, G - *2,"…S ,  C%-

!S"… …% ƒ C!%2%*% %  ƒ S 3"=……  R L+ + . 

3. o%“2=…%"*= ƒ= = S. p%ƒ  … % "%", S!…3 2 S  "’ ƒ*%_ … “2,“ ,"%_ 
!S ,…, " C! %*32…SL C%!%›…,…S !%ƒ S!S" 2 2a b×  ƒ !3.% , , " !.… %  S 
…,›… %  !=…,  , " *=!2%"SL “,“2 S *%%! ,…=2, C%"’ ƒ=…SL ƒ …2!%  
C%!%›…,…, (!,“. 2). r …=K ,› ……S q2%*“= ( 0)→Re  "C ,"%  S… ! SL…,. “,  
…= 2 S  %›…= ƒ… .23"=2, C%!S"… …% ƒ "C ,"%  “,  "’ ƒ*%“2S. Š% S CS“   
"" ……  -3…* S_ 2 S_ ( , )x yψ , ƒ= %C% % %   *%_ *% C%… …2, " *2%!= 
", *%“2S ",ƒ…= = 2 “  ƒ= -%! 3 = , 

 ,          u v
y x

∂ψ ∂ψ= = −
∂ ∂

, (2) 

!%ƒ"’ ƒ%* “2= S%…=!…%_ ƒ= = S ƒ"% ,2 “  % !%ƒ"’ ƒ=……  KS =! %…S …% % !S"-
… ……  
 0ΔΔψ =  (3) 
ƒ "S C%"S …, , !=…, …, , 3 %"= , …= 2" ! ,. C%" !.… .. 

m .=L 2 S  3 C! %*32…SL C%!%›…,…S x a≤ , y b≤  ",* ,*=G2 “  

ƒ= =…, , %2, …, , ", *%“2 , top ( )U x  S bot ( )U x  …= " !.…SL ( )y b=  S 

…,›…SL ( )y b= −  “2S…*=. "S C%"S …%, = KS …S “2S…*, x a= ±  G … !3.% , , 
(!,“. 2). 

 

Рис. 2. Геометрія задачі. 
r % 3 ",C= *3 !=…, …S 3 %",   !S"… ……  (3) = 2  ",   

 0,      0,             ,      x a y b
x

∂ψψ = = = ± ≤
∂

, 

 top ( ),                   ,        U x y b x a
y

∂ψ = = ≤
∂

, 

 bot0,      ( ),      ,     U x y b x a
y

∂ψψ = = = − ≤
∂

. (4) 
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g %  3 …= S…SL…S“2  ƒ= = S (3), (4) __ !%ƒ"’ ƒ%* %›…= C% =2, 3 ",-
 S “3C !C%ƒ, S_ %2,! %. KS =! %…S …,. -3…* SL: 

 1 2 3 4( , ) ( , ) ( , ) ( , ) ( , )x y x y x y x y x yψ = ψ + ψ + ψ + ψ . (5) 

Š32 1( , )x yψ  ",ƒ…= =G -3…* S  2 S_,  *= G C=!…%  ƒ= %K% = *%%! ,…=2= , 

x  2= y , 2 ( , )x yψ  – -3…* S  2 S_,  *= G C=!…%  ƒ= *%%! ,…=2%  x  S … C=!-

…%  ƒ= *%%! ,…=2%  y , -3…* S  3 ( , )x yψ  G … C=!…%  ƒ= *%%! ,…=2%  x  S 

C=!…%  ƒ= *%%! ,…=2%  y , …=! 2S, 4 ( , )x yψ  ",ƒ…= =G -3…* S  2 S_ !S ,-
…,,  *= G … C=!…%  ƒ= %K% = *%%! ,…=2= ,. 

aS =! %…S …S -3…* S_ ( , )i x yψ , 1, , 4i = … , G !%ƒ"’ ƒ*= , …=“23C…,. !=-
…, …,. ƒ= = : 

 1 0ΔΔψ = , (6) 

 1
1 0,       0,               ,      x a y b

x
∂ψ

ψ = = = ± ≤
∂

, 

 1
1 10,       ( ),       ,       U x y b x a

y
∂ψ

ψ = = ± = ± ≤
∂

, (7) 

 2 0ΔΔψ = , (8) 

 2
2 0,      0,               ,       x a y b

x
∂ψ

ψ = = = ± ≤
∂

, 

 2
2 20,      ( ),         ,       U x y b x a

y
∂ψ

ψ = = = ± ≤
∂

, (9) 

 3 0ΔΔψ = , (10) 

 3
3 0,       0,             ,        x a y b

x
∂ψ

ψ = = = ± ≤
∂

, 

 3
3 30,       ( ),      ,       U x y b x a

y
∂ψ

ψ = = ± = ± ≤
∂

, (11) 

 4 0ΔΔψ = , (12) 

 4
4 0,      0,               ,      x a y b

x
∂ψ

ψ = = = ± ≤
∂

, 

 4
4 40,       ( ),        ,       U x y b x a

y
∂ψ

ψ = = = ± ≤
∂

, (13) 

 1( )U x  2= 2( )U x  G C=!…, , -3…* S , ƒ= x , = 3 ( )U x  2= 4 ( )U x  – … C=!-
…, , ƒ= x  -3…* S ,, “3C !C%ƒ, S   *,. -%! 3G !%ƒC% S  ", *%“2 L 

top ( )U x  2= bot ( )U x . 

4. l 2% ,*= C%K3 %", =…= S2, …% % !%ƒ"’ ƒ*3. r“S !=…, …S ƒ= = S 
(6)–(13) !%ƒ"’ ƒ3G % =…= S2, …,  2% %  “3C !C%ƒ, S_,  *,L G - *2,"…,  

  K= =2 %. "%", S!…,. KS =! %…S …,. ƒ= =    2 S_ q2%*“= [3, 12–14]. 
x  ., C%K3 %", !%ƒ"’ ƒ*S"   3*=…,. -3…* SL 2 S_ = 2  S …2, …3 
“2!3*23!3, 2% 3 ƒ3C,…, %“  2= …% …= C%K3 %"S =…= S2, …% % !%ƒ"’ ƒ*3 
ƒ= = S (6), (7)   … "S % %_ -3…* S_ 2 S_ 1( , )x yψ . 

g S …% Sƒ ƒ= = …%  S G  2% 3 “3C !C%ƒ, S_ -3…* S  2 S_ 1( , )x yψ  
",K,!=G % 3 2=*% 3 ",  S: 
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 (1)
1

1

cosh sinh( 1)
tanh cos

cosh cosh

m
m m

m m m
m m mm

y y
b X b b y x

b b

∞

=

α α− ⎛ ⎞ψ = α − α −⎜ ⎟α α α⎝ ⎠∑  

 (1)

1

cosh sinh( 1)
tanh cos

cosh cosh
x x

a Y a a x y
a a

∞

=

β β− ⎛ ⎞− β − β⎜ ⎟β β β⎝ ⎠∑ , (14) 

 C%ƒ…= …% 
(2 1)

2m
m

a
− πα = , 

(2 1)
2b
− πβ = . 

m "S % S *% -S SG…2, (1)
mX  2= (1)Y  ! S" t3!’G ",ƒ…= =G % Sƒ … “*S…-

……%_ “,“2 , = K!=_ …,. !S"… …  

 
2

(1) (1) (1)
1 2 2 2

1

4
( ) ,        1

( )
m

m m m m
m

X b b Y U m
∞

=

α β
Δ α − = α ≤ ≤ ∞

α + β
∑ , 

 
2

(1) (1)
1 2 2 2

1

4
( ) 0,                1

( )
m

m
m m

Y a a X
∞

=

β α
Δ β − = ≤ ≤ ∞

α + β
∑ , (15) 

3  *SL C%ƒ…= …% 1 2
( ) tanh

cosh

ξ
Δ ξ = ξ +

ξ
, = …%›,…= (1)

mU  – *% -S SG…2, 

t3!’G C=!…%_ -3…* S_ 1( )U x : 

 1 (1)
1

1

( ) ( 1) cosm
m m

m

U x U x
∞

−

=

= − α∑ , 

 
1

(1)
1

( 1)
( ) cos

am

m m
a

U U x x dx
a

−

−

−
= α∫ . (16) 

p%ƒ  … % ",C= %*, *% , C=!…= -3…* S  1( )U x  G …3 %"%  " *32%",. 

2% *=. C! %*32…%_ C%!%›…,…, S =G !%ƒ!," "“ ! ,…S S…2 !"= 3 x a< . 

g= = % 1( )U x  …=“23C…,  ,…% : 

 1

, ,
( )

0, .
cU x c

U x
c x a

≤⎧= ⎨ < ≤⎩
 (17) 

g S …% ƒ -%! 3 = , (15) ",ƒ…= =G % *% -S SG…2, t3!’G -3…* S_ 1( )U x , 
ƒ= =…%_ ",!=ƒ%  (17): 

 (1) 12
( 1) sinmc

m m
m

U
U c

a
−= − α

α
. (18) 

`“, C2%2,*= … "S % ,. *% -S SG…2S" (1)
mX  2= (1)Y  =2,  2=*,L ",  : 

 (1) 1 (1) (1) 22
( 1) sin ,     ( ),     mc

m m m m

U
X c x x o m m

ab
− −= − α + = → ∞ , 

 (1) 2( ),         Y o −= → ∞ . (19) 

oS “2="," , ",!=ƒ, (19) " (15) S !%ƒ"’ ƒ=" , “*S… ……3 “,“2 3 "S …%“-

…% … "S % ,., ƒ…=.% , % ƒ…= ……  (1)
mx  2= (1)y . oS“   CS “2=…%"*, (19) " (14) 

%2!, =G % ",!=ƒ   -3…* S_ 2 S_ 1( , )x yψ : 

 ( ) ( )
1 1 1( , ) ( , ) ( , )xy cx y x y x yψ = ψ + ψ , (20) 

 -3…* S  ( )
1 ( , )xy x yψ  ",!=›=G2 “  -%! 3 %  (14) ƒ …%", , … "S % , , *%-

-S SG…2= , t3!’G (1)
mx  2= (1)y , = -3…* S  ( )

1 ( , )c x yψ  =G ",   
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 ( )
1

1

cosh2
( , ) sin tanh

cosh
c mc

m m
m mm

yU
x y c b b

a b

∞

=

α⎛ψ = − α α −⎜α α⎝∑  

 
0

sinh
cos ( 1) (2 )

cosh
rm c

m
m r

y U
y x rb b y

b a

∞

=

α ⎞− α = − − + − ×⎟α ⎠ ∑ [  

 1 1( ,2 ) (2 ) ( , 2 )S c x rb b y rb b y S c x rb b y× − + − + + + − + + +  

 1(2 ) ( ,2 )rb b y S c x rb b y+ + − + + − +  

 1(2 ) ( ,2 )rb b y S c x rb b y+ + + + + + ] , (21) 

 

 1
1

sin ( 2 )1( , ) sin arctan
sinh( 2 )

m
m

mm

aaS e
a

∞
−α η

=

πξ⎡ ⎤ξ η = α ξ = ⎢ ⎥α π πη⎣ ⎦∑ /
/

. (22) 

o%.S …S "S  -3…* S_ 1( , )S ξ η  %›32  K32, ",*%!,“2=…S   ",ƒ…= ……  

*% C%… …2S" ", *%“2S 1 1( , ), ( , )u x y v x y , ?% C%"’ ƒ=…S ƒ …= , sin mcα : 

 1
2 2

sinh( 2 ) cos ( 2 )1
2 sinh ( 2 ) sin ( 2 )

S a a

a a

∂ πη πξ
=

∂ξ πη + πξ
/ /

/ /
, 

 1
2 2

cosh( 2 ) sin ( 2 )1
2 sinh ( 2 ) sin ( 2 )

S a a

a a

∂ πη πξ
= −

∂η πη + πξ
/ /

/ /
. (23) 

o ! "= = , 2% 3 “3C !C%ƒ, S_ G "S …%“…% = = *S *S“2  !%ƒ!=.3…*S" 
C%!S"… …% ƒ S… , , CS .% = , S ",“%*= 2% …S“2  ",ƒ…= ……  C%   ", *%“-
2 L " 3“SL %K =“2S C! %*32…%_ C%!%›…,…,, "* = , !=…, S ƒ *32%", , 
2% *= , S 2% *, !%ƒ!,"3 ƒ= =…%_ ", *%“2S. 

5. p ƒ3 2=2, %K ,“ … . “* C!,* =  !%ƒ  … % C!% “ C ! S 3"=…-
…  !S ,…, "“ ! ,…S C! %*32…%_ C%!%›…,…, ( 3a = , 1b = , 1c = ) C!, C !S-
% , …% 3 !3“S %K ›3 ,. C%" !.%…  ƒ C !S% %  T  ƒ= “ …=!SG  R L+ −  

( ,". C. 2). 
d   ƒ’ “3"=……  %“%K ,"%“2 L !3.3 ", S …%_ !S ,…, !%ƒ  … % ",C=-

%*,  *,L .=!=*2 !,ƒ3G2 “  …=“23C…,  !%ƒC% S %  ", *%“2 L " !.… %_ 2= 
…,›… %_ C%" !.%… : 

 bot top

, ,
( ) 0,         ( )

  , ,
L

R

U a x c
U x U x

U c x a

− − ≤ ≤ −⎧
= = ⎨ − < ≤⎩

 (24) 

 c  – 2% *= !%ƒ!,"3 ", *%“2 L !3.3 !=…, , 0c > . 
d   ",ƒ…= ……  !%ƒC% S 3 C%   ", *%“2 L 2 S_ … %K.S …% !%ƒ"’ ƒ=2, 

%2,!, KS =! %…S …S ƒ= = S (6)–(13). d%“ S › ……  C%*=ƒ= ,, ?% "S …%“…= C%-
.,K*= ",*%…=……  !=…, …,. 3 %"   ", *%“2 L …= “2S…*=. " !%ƒ  …32,. 
",?  ƒ= = =. …  C ! ",?3"= = 0.1 % C!, ",*%!,“2=……S 5 % =…*S" 3 … “*S…-
……SL “3 S (14) 2= 5 % =…*S" 3 … “*S… ……,. “3 =. ",!=ƒ3 (21). o!, C!%" -
……S %K ,“ …  3 ",!=ƒ=.   -3…* S_ 2 S_ *%›…%_ Sƒ ƒ= =  ",*%!,“2%"3-

"= ,“  2S *, C% C’ 2  % =…*S" 3 "*=ƒ=…,. ",!=ƒ=.. 
m= !,“. 3 C%*=ƒ=…% !%ƒC% S  -3…* S_ 2 S_ " C%!%›…,…S   ",C= *3 (24) 

C!, 12.82LU = , 10.76RU = , …=  *% 3 …=… “ …S S…S_ % …% % !S"…  ƒ *"S-

,“2=…2…,  *!%*%  0.4δΨ = . b, …%, ?% " C%!%›…,…S -%! 3 2 “  "S *%…-
" *2,"…S ƒ%…, 2 S_, "  *,. !S ,…= !3.=G2 “  C% ƒ= *…32,. 2!=G*2%!S . ƒ 
C!,K ,ƒ…% % …=*%", , ", *%“2 ,. r …,›…SL =“2,…S C%!%›…,…, ", -
*S“2  !3.3 !S ,…, “322G"% ƒ … 3G2 “ . kS…S  ( , ) 0x yψ =  –  “ C=!=2!,“=, 
 *= C% S  G *% S!*3 …= *%…" *2,"…S ƒ%…,. 0S*="% ƒ=ƒ…= ,2,, ?% " S"% 3 S 
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C!="% 3 …,›… % 3 *32=. 2 S_ G ?  "S ƒ= *…32S %K =“2S, "  *,. -%! 3-
2 “  2=* ƒ"=…S ",.%!, l%--=2= [15]. b,ƒ…= ……  C!%“2%!%"% % C% %› ……  

2% %* LH , CH , RH  S _. !%  3 C!% “=. ƒ S 3"=……  K3  !%ƒ  …32% 

…,› . 

 

Рис. 3. Картина ліній течії у прямокутній порожнині під дією дотичних швидкостей 
згідно з протоколом (24). 

Š C ! !%ƒ  … % %“%K ,"%“2S !3.3 !S ,…, " C%!%›…,…S C!, C !S% , -
…% 3 !3“S " !.… %_ 2= …,›… %_ !=…, . m .=L …= C!% S›*3 =“3 nT t≤ <  

1 ,  0,1,2,
2

n T n⎛ ⎞< + =⎜ ⎟
⎝ ⎠

… , ", *S“2  …= " !.…SL 2= …,›…SL “2S…*=. ƒ= =…= 

ƒ S …% ƒ C!%2%*% %  (23), ?% "S C%"S =G !3.%"S !S ,…, 2,C3 R+ . o%2S  
"S K3"=G2 “  ,22G"= ƒ S…= ", *%“2 L: 

 bot top

, ,
( ) 0,         ( )

  ,   ,
R

L

U a x c
U x U x

U c x a

− − ≤ ≤⎧
= = ⎨ < ≤⎩

 (25) 

?% S 2  …= C!% S›*3 =“3 1 ( 1) ,  0,1,2,
2

n T t n T n⎛ ⎞+ ≤ < + =⎜ ⎟
⎝ ⎠

… , S "S C%"S-

= 2  !3.%"S !S ,…, 2,C3 L− . j=!2,…= S…SL 2 S_   % % ",C= *3 

( 12.82LU = , 10.76RU = ), ƒ%K!=› …= …= !,“. 4, =…= % S …=,  * …= !,“. 3. b, -

…%, ?% *=!2,…= S…SL 2 S_ =G "S *%…" *2,"…S ƒ%…,,  *S C%!S"… …% ƒ ",C= -
*%  …= !,“. 3 C% S… ,“  S“  ,. 

 

Рис. 4. Картина ліній течії у прямокутній порожнині під дією дотичних швидкостей 
згідно з протоколом (25). 

“*S“…,L =…= Sƒ 2!=G*2%!SL !3.3 %*! ,. =“2,…%* S ", S …,. %K’G S" 
!S ,…, %›…= C!%" “2,, ",ƒ…= = , *S *S“2  S 2,C C !S% , …,. 2% %* -=-
ƒ%",. 2!=G*2%!SL 2= _. “2SL*S“2 . r !%ƒ  3"=…% 3 ",C= *3 ƒ…= ……  C=!=-

2!S" LU  2= RU  ",ƒ…= = , 2=*,  ,…% , ?% "S …% ……  L RU U/  C%",……% 

ƒ= %"% … 2, 2=*S 3 %",: 1) S“…3 2  2!, C !S% , …S 2% *, " !S ,…S LH , CH  

2= RH  2=*S, ?% LH  G … !3.% %  2% *%  “2= …= S_, = CH  2= RH  …= ›=2  

% …SL S…S_ 2 S_; 2) 2% *, CH  2= RH  S… 2 “  C%ƒ, S , 2% …% ! ƒ CS"-

C !S% 3 !3.3 !S ,…,. 
),“ …,L =…= Sƒ 2!=G*2%!SL %*! ,. !S *,. =“2,…%* C%*=ƒ3G, ?% " 

!%ƒ  3"=…SL C !S% , …SL 2 S_ =G S“  “,“2 = C !S% , …,. 2% %* !Sƒ…%-
% 2,C3 S C%! *3 [4]. m= !,“. 3 S !,“. 4 C%*=ƒ=…% SC !K% S …S 2% *, 2! 2 % % 
C%! *3,  *S ! ƒ 2!, C%"…,. C !S% , C%" !2= 2 “  " “"%_ C% =2*%"S C% %-
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› …… , ?% = 2  *%%! ,…=2,: ( 1.85, 0.46)LH = − , (0, 0.18)CH =  2= RH =  

(1.85, 0.46)= ,  *S G “C S= …, , C !S% , …, , 2% *= ,, ?% ",*%…3 2  !%  
3 "…,. “2 !›…S". Š,C C !S% , …,. 2% %* ",ƒ…= = , =…= S2, …% ƒ S …% ƒ 

2% ,*% , ƒ=C!%C%…%"=…%  3 !%K%2S [4]. o!, % 3 !S *= =“2,…*=, 
!%ƒ2= %"=…= " C% =2*%",L % …2 " 2% S CH  " 2 S_ C ! % % C !S% 3, 

C ! S?=G2 “  " 2% *3 RH . 0  ƒ S…= C%ƒ, SL =…= % S …= ƒ S…S “2 !›…S" R+  

…= !,“. 1=. r 2 S_ !3 % % C !S% 3 "%…= ƒ S?3G2 “  " S"3 =“2,…3 
C%!%›…,…, ( )LH , ?% =…= % S …% !3.3 “2 !›…S" L−  …= !,“. 1". m=! 2S, " 
2 S_ 2! 2 % % C !S% 3 !S *= =“2,…*= C%" !2=G2 “  " “"%G C% =2*%"  
C% %› ……  ( )CH . `…= Sƒ “2!3*23!, C%   2 S_ C%*=ƒ3G, ?% LH  G … !3.% %  

2% *%  “2= …= S_, = CH  2= RH  …= ›=2  % …SL S…S_ 2 S_ …= !,“. 3 S RH  G 

… !3.% %  2% *%  “2= …= S_, = CH  2= LH  …= ›=2  % …SL S…S_ 2 S_ …= 
!,“. 4. 

oS  =“ % …% % C !S% 3 ƒ S 3"=……  !S ,…, R L+ −  C !S% , …S 2% *, 32"%-

! 2  C3 %* " (2 1)+ -", S!…% 3 C!%“2%!S- =“S,  * C%*=ƒ=…% …= !,“. 5. 

n“*S *, C !S% , …S 2% *, LH , CH , RH  C%" !2= 2 “  3 “"%_ C% =2*%"S C%-

%› ……  CS“   2! %. C !S% S" !3.3 !S ,…, T , 2% S…2 !"=  =“3 3b Tτ =  …=-
ƒ,"= 2  C !S% %  C3 *=. 

 

Рис. 5. Псевдо-аносовий пучок, утворений траєкторіями періодичних точок. 

m= !,“. 6 C%*=ƒ=…% C ! !Sƒ o3=…*=!  C !S% , …%_ 2 S_ "’ ƒ*%_ !S ,…, " 
C! %*32…SL C%!%›…,…S, …=  *% 3 C%*=ƒ=…% C% %› ……  %*! %_ !S *%_ =“-
2,…*, ! ƒ S…2 !"=  =“3 3,  1,2,n bn nτ = τ = …/ , …= C!%2 ƒS 10000  C !S% S" 

C3 *= bτ . m= !,“3…*3 ", …%, ?% " …,›… % 3 S"% 3 2= …,›… % 3 C!="% 3 
*32=. C%!%›…,…, S“…3 2  %K =“2S, "  *,. !S *S =“2,…*, ƒ…=.%  2 “  " 
C=“2 S,  *S “-%! %"=…S *32%", , ",.%!= , l%--=2= [13]. 0  %ƒ…= =G, ?%, 
 *?% C% S“2,2, CS -=!K%"=…3 !S ,…3 " % …3 ƒ ,. %K =“2 L, 2% "%…= …S*% , 
…  ƒ %›  ƒ S =2,“  ƒ %2% 3 %  !S ,…% . n2› , ƒ S 3"=……  " ,. %K =“-
2 . …  G - *2,"…, . q S  ƒ=ƒ…= ,2,, " 2 S_ S“…3 2  6 SC2, …,. %“2!%"S" 
(!,“. 6). j%›…= C=!= %“2!%"S" !3.=G2 “   * % …  S  !=ƒ%  ƒ % …SG  ƒ 2! %. 
C !S% , …,. 2% %* 2 S_ ( LH , CH , RH ). n2› , S !3C, 2% %* 2 S_ "S S !=-

2  !%  -Sƒ, …,. ƒ S 3"= S",  *S K3 , ƒ = =…S " C. 2 SG_ !%K%2,. r "…S 
“2 !›…S !%ƒ2= %"=…S " %K =“2 . C%!%›…,…, ƒ 2=*, , C!,K ,ƒ…, , *%%!-
,…=2= ,: 2.25 1.65x− ≤ ≤ −  2= 0.05 0.65y≤ ≤  – S",L, 0.4 0.2x− ≤ ≤  2= 

0.1 0.5y− ≤ ≤  – …2!= …,L, 1.45 2.05x≤ ≤  2= 0.1 0.7y≤ ≤  – C!=",L "S -
C%"S …%. o ! !Sƒ o3=…*=!  G % …%!S …,  ƒƒ%"…S %“2!%"S" S ƒ= ›= , %K =“-
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2 L, 32"%! …,. C%K ,ƒ3 …,›…S. *32%",. 2% %* C%!%›…,…,, 2% 3 %›…= 
""=›=2,, ?% !S ,…= %K!  ƒ S 3G2 “  " % 3 .=%2, …% 3 %!S. 

 

Рис. 6. Переріз Пуанкаре для задачі (24), (25). 

n“*S *, "’ ƒ*= !S ,…= G … “2,“ ,"% , 2% C %?S 3 "…,. “2 !›…S" 3 
"%", S!…% 3 ",C= *3 G % …=*%", ,. m= !,“. 7 C%*=ƒ=…% “2!3*23!, 3 "…,. 
“2 !›…S" 3 !%ƒ  3"=…SL 2 S_. p%ƒ  … % 2= …% “2!3*23!3 …2!= -
…% % 3 "…% % “2 !›…  (!,“. 7K). o%K ,ƒ3 SC !K% S …%_ 2% *, CH  S“…3 2  "= 
SC2, …,. %“2!%", ƒ …2!= …, , SC2, …, , 2% *= ,, = !S *S =“2,…*, 

" ›=. ,. %“2!%"S" !3.= 2 “  C% ƒ= *…32,. 2!=G*2%!S .. cSC !K% S …= 
2% *= CH  !%ƒ2= %"=…= " *!=L… % 3 C!="% 3 C% %› ……S "S …%“…% SC2, -
…,. %“2!%"S", S ! ƒ … _ C!%.%  2  “2SL*,L 2= … “2SL*,L …% %", ,. g S… %-
% K%*3 3 "…% % “2 !›…  !%ƒ2= %"=…= S… = SC !K% S …= 2% *= 2! 2 % % C%-
! *3, ! ƒ  *3 2=*%› C!%.% ,2  C=!= “2SL*% % 2= … “2SL*% % …% %", S". 
q2!3*23!, "%. S… ,. “2 !›…S",  *S C%*=ƒ=…S …= !,“. 7= 2= !,“. 7", C% SK…S 
% “2!3*23!, …2!= …% % “2 !›… . 

 
  ) !) ") 

Рис. 7. Уявні стержні в течії в’язкої рідини:  ) – лівий стержень; !) – центральний 
стержень; ") – правий стержень. 

g S …% ƒ 2 %!SG  S… *“S" [18] 3 ,…= S …,. “,“2 =., C=!=K% S …= 2% *= 
=G S… *“ 0 , SC !K% S …= 2% *= – S… *“ 1− , = SC2, …= 2% *= =G S… *“ 

1+ . Š% 3 "S SC !K% S …S 2= "S SC2, …S 2% *,,  *S ".%  2  " “2!3*23!3 

3 "…,. “2 !›…S", ",ƒ…= = 2  S… *“ SG_ “2!3*23!,,  *,L %!S"… G 0  (“3 = 
S… *“S" C !S% , …,. 2% %*,  *S ".%  2  " “2!3*23!3 3 "…,. “2 !›…S"). 
n2› , S… *“ “2 !›…  %!S"… G S… *“3 C=!=K% S …%_ 2% *,. Š% 3 3 "…S 
“2 !›…S C%"%  2  “ K ,  * C=!=K% S …S 2% *, 2 S_. 

Š%C% % S …= …2!%CS  2=*%› “ 3 3G % …,  Sƒ *!,2 !S_" % S…*, .=%“3 [8]. 
Š%C% % S …= …2!%CS  ,…= S …%_ “,“2 , G … "S ’G …,  SL“…,  ,“ % , ?% 
G “23C …  “* = …%“2S “,“2 ,. d   .=%2, …,. “,“2  2%C% % S …= …2!%CS  
G % =2…,  ,“ % , 3 2%L =“,  *   … .=%2, …,. “,“2   ,“ % %!S"-
… G …3 "S. n“*S *, 2 S  "’ ƒ*%_ !S ,…, G C“ " %-=…%“%"% % 2,C3, 2% ƒ S …% 
ƒ 2 %! %  Š%!“2 …= – mS “ …= 2%C% % S …= …2!%CS  0TNh >  S,  * C%*=ƒ=-

…% " !%K%2S [6], 1ln (3 5) 0.96
2TNh ⎡ ⎤= + ≈⎢ ⎥⎣ ⎦

, 1 (3 5)
2

λ = +  ( λ  – " , ,…= !%ƒ-

2 3 3 !S ,…S). r 2=*% 3 ",C= *3 ,“ % C !S% , …,. 2% %* S %"›,…, S…SL " 
2 S_ ƒ!%“2= 2 ,  * exp ( )TNnh ,  n  – *S *S“2  C !S% S" !3.3 !S ,…,. 
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m= !,“. 8 C%*=ƒ=…% !%ƒ2  "%. S…SL,  *S ƒ’G …3 2  C !S% , …S 2% *, 

LH , CH , RH  C!%2 %  =“3 3 bt T= = τ  !3.3 !S ,…, C“ " %-=…%“%"% % 2,C3, 

?% G =…= % %  *“C !, …2S", !%ƒ  …32,. 3 !%K%2S [6]. o% =2*%"  C% %› …-
…  !S *,. S…SL C%*=ƒ=…% …= !,“. 8=. b, …%, ?% C!%2 %  C ! % % C !S% 3 
C! S S…S_ ƒ=ƒ…= 2  “, …% % !%ƒ2 3 (!,“. 8K), 32"%! , C ! S “* = *, " 
S"SL S C!="SL *%…" *2,"…,. ƒ%…=. 2 S_ ( ,". !,“. 3 S !,“. 4). o !S% , …= 

ƒ S…= C!%“2%!%"% % C% %› ……  “ C=!=2!,“, C!%2 %  C ! % % CS"C !S% 3 S " 
2 S_ !3 % % CS"C !S% 3 C!,ƒ"% ,2  % 32"%! ……  KS  “* = …% % "* = …-
…  “* = %* ", S …%_ S…S_ (!,“. 8"). m= …=“23C…% 3 C !S% S L C!% “ ƒ…%"3 
C%"2%! G2 “ . d%"›,…= ", S …%_ S…S_ ƒ C ,…%  =“3 ƒ!%“2=G ƒ= *“C%… …-
S= …,  ƒ=*%…% . _ C!%“2%!%"  C% %› ……  " % …2 3 bt T= = τ  C%*=ƒ=…% 

…= !,“. 8 . 

  
  ) !) 

  
 ") #) 

Рис. 8. Деформація ліній рідини, що з’єднують періодичні точки течії:  
 ) – початкові положення ліній при 0t = ; !) – при t T= ;  
") – при 2t T= ; #) – при 3 bt T= = τ . 

b,“…%"*,. d%“ S › ……  C%*=ƒ= ,, ?% " = S…=!…SL 2 S_ "’ ƒ*%_ !S ,…, 
"“ ! ,…S C! %*32…%_ C%!%›…,…, C!, C !S% , …% 3 !3“S %K ›3 ,. C%-
" !.%…  S“…3 2  "= !Sƒ…,. C!%2%*% , ƒ S 3"=…… . o ! ,L C!%2%*%  ƒ S-
3"=…… , C“ " %-=…%“%"% % 2,C3, "S % ,L  * 2%C% % S …,. .=%“, .=!=*2 !,-

ƒ3G2 “  *“C%… … SL…,  ƒ!%“2=……  ,“ = C !S% , …,. 2% %* 2 S_ 2= *“-
C%… … SL…,  !%ƒ2 %  … 2!,"S= …,. S…SL " !S ,…S. d!3 ,L C!%2%*%  ƒ S-
3"=……  …  C%"’ ƒ=…,L ƒ 32"%! ……  …%",. C !S% , …,. 2% %* !Sƒ…% % 2,C3. 

b %K =“2S, C!, SL % 2=*,. “2!3*23!, ", S …= !S ,…= ƒ=ƒ…=G %*= …% % 
%K !2%"% % !3.3, C!,  *% 3 C!% “, = " * S_ C!%2S*= 2  ! 3  !…%. 

m= C!,* = S 2 S_ (3 …=K ,› ……S q2%*“=) "’ ƒ*%_ … “2,“ ,"%_ !S ,…, 
"“ ! ,…S C! %*32…%_ C%!%›…,…, ƒ !3.% , , !=…,  , "“2=…%" …% S“…3-
"=……  2! %. C !S% , …,. 2% %* !S ,…,,  *S ",*%…3 2  !%  3 "…,. “2 !›-
…S" S C%!% ›3 2  .=%2, …,L !3. !S ,…,. g= %C% % %  2% ,*, C ! !Sƒ3 
o3=…*=!  "“2=…%" …% %“%K ,"%“2S 2= “2!3*23!3 %K =“2 L S…2 …“,"…% % 2= 
! 3  !…% % ƒ S 3"=……  "’ ƒ*%_ !S ,…,, = 2=*%› %*= …3 “2!3*23!3 3 "-
…,. “2 !›…S", ?% ",*%…3 2  !%  -Sƒ, …,. ƒ S 3"= S". 
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ПОРОЖДЕНИЕ ТОПОЛОГИЧЕСКОГО ХАОСА В ТЕЧЕНИИ 
СТОКСА В ПРЯМОУГОЛЬНОЙ ПОЛОСТИ 
 
h““ %"=…% "3 !…%  C !,% , “*%  2 …,  " ƒ*%L … “›, = %L ›, *%“2, " 
C!,K ,› …,, q2%*“= "…32!, C! %3 % …%L C% %“2,, *%2%!%  C!,"% ,2“  " 
",› …,  " !.… L , …,›… L !=…, = ,. o% 3 …% =…= ,2, “*%  ! …,  ƒ= = , 
2% %  3 3 ……%L ! 3* ,,   ƒ= =……% % !=“C! …,  “*%!%“2 L ",› …,  

!=…, . nK…=!3› …% “3? “2"%"=…,  2! . C !,% , “*,. 2% * " 2 …,,, *%2%-
!/  C%!%› = 2 .=%2, “*%  ",› …,  "/ ……%L C=““,"…%L ›, *%“2,. o%*=ƒ=…% 
"%ƒ…,*…%" …,  2%C% % , “*% % .=%“= " 2 …,, q2%*“= K ƒ 3 =“2,  “ “,2 L, 
!=“C% %› ……/. "…32!, C% %“2,.  
 
GENERATING TOPOLOGICAL CHAOS IN STOKES FLOW 
IN A RECTANGULAR CAVITY 
 
The two-dimensional periodic flow of viscid incompressible fluid in the Stokes 
approximation in a rectangular cavity, which is driven by top and bottom boundaries, is 
considered. The analytical solution of the problem is achieved by the improved 
reduction method for a given velocity distributing of moved boundaries. The existence 
of three periodic points in the flow, which generate chaotic motion of the selected 
passive fluid, is detected. The origin of topology chaos in the Stokes flow without 
internal rods located inside the cavity is shown. 
 
1 j,_". …= . 3…-2 S . Š=!=“= x " …*=, j,_", n !›=…% 
2 m= . 2 .…. 3…-2 r*!=_…, «joP», j,_" 30.09.11 
 


