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ON CONVERGENTS OF CERTAIN VALUES OF TASOEV CONTINUED
FRACTIONS ASSOCIATED WITH DIOPHANTINE EQUATIONS

Let a real mumber & yield the Tasoev continued fraction. For example,

£ =[0;a,a®,a®,...] for an integer a >2. Let m = |h(E)|, where h(t) is a non-con-

stant rational functwn with algebraic coefficients. We compute upper and lower
bounds for the approximation of the values m derived from the Tasoev continued

fractions by rationals x/y such that x and y satisfy Diophantine equations. We
show that there are infinitely many coprime integers x and y such that

1 2loga
lyn — x| < y* V31°8Y and a Diophantine equation holds simultaneously relating x
and y and some integer z. Conversely, all positive integers x and y with y = ¢,

_ 2loga
logy

solving the Diophantine equation satisfy |yn — x| > y_

Introduction. Let o =[a,;a,,a,,...] denotes the regular (or simple) conti-
nued fraction expansion of a real o, where

o =a, + 0, a, =lo],

1/6, ,=a, +6,, a, =[1/08,_, |, n>1.

n-1
Assume that the continued fraction expansion of a real & is quasi-
periodic of the form

[a();ala"'7an:gl(k)a"'7gs(k)]]{)§:1 =

= [a(];al;"'7anvgl(l)v‘”593(1)591(2)7‘”593(2)591(3)7‘”] ’ (1)

where a, is an integer; a,, ..., a, are positive integers; g,, ..., g, are posi-

tive integer-valued functions for k=1,2,.... If every g,(k), i=1,2,...,s, is
polynomial and at least one of them is not constant, (1) is called Hurwitz con-
tinued fraction [14]. If every g;(k), ¢=1,2,...,s, is exponential and at least

one of them is not constant, (1) is called Tasoev continued fraction.

Tasoev continued fractions [7—9, 11, 12, 16] are systematic but have
hardly been known before. In [8], the author found some general Tasoev con-
tinued fractions. Namely,
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5 = [O;uak,vak]f:1 = n=0 ' (4)
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and

&, =[0;ua —1,1,va - 2,1,ua"*" —2,1,va"*! -2]p., =

i(_ l)nu—n—lv—na—(n+1)(n+2)/2ﬁ(ai _ 1)—1
= d ) (5)
z( 1) w " —n(n+1 /21_[ 1)—1

We can safely say that Tasoev continued fractlons are geometric and Hur-
witz continued fractions are arithmetic [9]. The Tasoev continued fractions cor-
responding to e-type Hurwitz continued fractions were also derived in [11]:
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The different types of Tasoev continued fractions with period 3 shown
in [9] are
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Proposition 1. Let s be a positive integer and x and y (= 3) relatively

prime integers with y = 0 (mod2) such that x* +y* = z>. Then
loglogy

. 1
y sinh (;) x log

On the other hand, there are infinitely many pairs x, y as just described

> Cyq

satisfying
loglogy

. 1
.sinh| = | =
o3 )= < cu s
A similar paper [1] appeared without giving bounds. In [5] we continued
to consider upper and lower bounds for the approximation of the values n

<Cy,

derived from the Tasoev continued fractions by rationals x/y such that x
and y satisfy Diophantine equations found in e.g. [2, 3, 6]. Diophantine
approximations of Tasoev continued fractions without restrictions have been

investigated by e.g. [10, 13, 15]. In this paper we compute upper and lower
bounds for the approximation of the values mn derived from the Tasoev

continued fractions by rationals x/y such that x and y satisfy Diophantine
equations.

2. Fundamental Lemma. Let h:Q > R be a non-constant rational
function. If & is transcendental, then h(£)# 0, h'(§) # 0, and so there exists
an interval I =[§ - §,& +0J], where 8 may depend on &, h, such that h(t),
h'(t) do not vanish on I. In particular, we choose a rational function h such
that for each p, q (> 0) € Z the function h takes the form

h(gj _ M9
q) hy(p,q)

where h ,h, € Z[p,q]. Assume that there is a polynomial P, whose coeffici-
ents are in Z, such that

P(h,,h,,hy(hy,hy)) =0. (12)
Suppose that & is any one of &;, &, &, and &z, which yield Tasoev con-
tinued fractions (6), (7), (8) and (9), respectively.
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Lemma 1. There exist real constants C; and C, such that
o 2loga p

6@, " <o -h(g-)
@,

Proof If £=¢& =[0;ua® —1,1,0-1]7_,, then we have

o 2loga
log @,
<C,Q, :
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qp
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Choose P, = p,, and @, =q,,. Then by a, ., =ua""' -1

1
(uan+1 _ DQEL .

(ua™*! +1)Q>
Hence,

log @, =logq,, =loga,a,...a;, +O(1) =
=log (ua —1)(ua® -1)...(ua™ = )(v - 1) + OQ1) ~
~logua-ua®...ua"™ +nlog(v—-1) =

=wloga+nlogu(v—l)=
_loga 1 logu(w-1)\
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Thus,
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We have for positive constants D; and D,
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by the hypotheses on the function h the positive constants
Dy = min |h'(t)| and Dy = max [Rn'(t)|

t <t<ty 4 <t<ty

exist. By the mean value theorem,

P P P
D; |& - 5| < h(i)—h(Q—”) <Dy & -

Putting C; = D;D; and C, = D,D,, we get the desired inequalities.
The result is similar for

E=¢& =[0;v- 1,1,ua® —1]7_,.
If

E=¢, = [0;ua® ™ —1,1,va% - 17,

or
&g = [0;ua, va® —1,1,ua®"" - 17,
then we get
' oo 2loga
* log @,
ua""'Q? e ’
where
N v/(ua), u==vo,
o _ vl
Ju/(va), u<o.
The rest of the part is similar and omitted. ¢

2. Main Theorem.
Theorem 1. Let £ be one of real numbers &, &s, & and &g, and n =

= (71 - £)/2. Then there are infinitely many triples (x,y,z) of integers satis-
fying simultaneously

2 |[2loga
n-Ll<cy ® V3legy and x® +y? =22
Yy

+y

Conversely, for given integers x, y with x* +y* = 2*, we have the ine-

quality
21
> Csy_2_@.
Prootf Let
h(t) = %(t —%j

So, h(t) is monotonously increasing for 0 <t <1 and h € C(l)(O,l). Then
' 1 1 ' 1 1
h(t)=§+§, 1gh(t)s§(1+¥), t, <t<t, <1,
where t; and t, are some fixed real numbers in I =[5, +06]. We apply

Lemma 1 by putting x, = P - Q>(< 0) and y, = 2P,Q,. We know that

h(Pn)_Pf—Qi _ T
ZPHQTI yn’

X
n__
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2.2 _(p2 02\
so x, +y, = (P, +Q,)". Since

0<t < F, <t 1
<t <<t <1,
1 Qn 2
we have
Yn
tlQi SPnQ'rl = 2 StZQi'

So, y, <2t,@> < Q. Since the function x> (2loga)/(log2) i monotonously
decreasing for x > 1, by Lemma 1

2loga 1 6loga
—2—1/ —(—2—1/ )
h(g)—h(QP—nj <C,Q, V8% <P Vogn

Conversely, there exists a closed interval I =[§-6,§+ 6] < [0,1] such

X
-+ ==
5l

that for any positive integers p, q(= 3), p/q € I the inequality
2loga
p >\ Togg

h(€)-h q > Cq
holds, where C is a positive constant depending only on a, u, v and the
function h (Cf. [6, Lemma 2.1]). Let positive integers x, y (= 3), z be given

such that x? + y2 = 2%, Since h((0,1)) =R
number. We have

0> x/y takes every positive rational

r=¢"-p(>0), y=2pq z=p°+q’
and h(p/q) = —x/y.If p/g=h*(-x/y) eI, then

oo 2loga
X logq
n-=|>Cq .
neglea
Since y =2pq > q,
2loga 2loga
"2 Togq "2 Togy
q >y ; y=3. ¢
Similarly to Theorem 2 and Theorem 3 in [4], if we consider the numbers

n=E+&e1/2 and 1-E&%)/(1+&?) instead of m= (&' —¢&)/2, we have the
2

same inequalities where x% + y2 =22 s replaced by x? - y2 =2z° and
y2 —x? =22, respectively. In such cases we use h(t) as
2
h(t) = l(t +l) and  h(t)=L =1
2 t t? +1
respectively.
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NPO HABJIMXXEHHA OEAKUX 3HAYEHb HEMEPEPBHUX POBIB TACOEBA,
NOB’A3AHUX 3 AIOPAHTOBUMU PIBHAHHAMA

Hexau Oitlicne wuucao & mnopodiceno Henepepsnum Opobom Tacoesa. Hanpuxaad,
£ =[0;a,a%,a®,...] dan winoeo uwucaa a > 2. Hexaii m = |h(€)|, de h(t) — eidminna 6id

cmaaol payioraavHa PYHKYIL 3 anzebpailunumu Koeiyienmamu. Ob6uucaeni 8epPIrHL U
HUKCHA MeHT HADAUNEHHA 3HAUEeHb T, OMPUMAHUX 3 Henepepsrux O0pobis Tacoesa,

payionarbHumu x/y makumu, wo x 1 Y 3a00804bHAIOMb 0I0HAHMOBT PIBHAHHI.
IToxasano, wo iCHYE HecKIHUeHHO 0a2amo 83AEMHO NPOCMUX YLAUX uuces X* 1 Y

1 [2loga
131 R . .
maxux, wo |yn—x| < y® V18V | i dioanmose pisnanns 3a0080avHAE 0OHOUACHO i

nog’ssane 3 x 1 Yy Oeaxe yine wucao z. Haenaxu, éci HamypaavHi wucaa x 1 Y 3

- 2loga
. . 11
Y 2 ¢y — po3s’asku 0ioPanmosozo pleHAHHS, 300080AbHAIOMS | YN — X| > Y SR

O NPUBJINXEHUAX HEKOTOPbIX 3HAYEHUW HENPEPbLIBHBLIX IPOBEN TACOEBA,
CBA3AHHbIX C AJUOPAHTOBbIMU YPABHEHUAMU

ITycmsb deticmeumenvroe yucao & mopoicdeno HenpepsvieHol 0pobvio Tacoesa. Hanpu-
mep, & = [O;a,az,a3,...] O0an yeaozo wucaa a = 2. Iyems n = |h(E)|, ede h(t) — omauu-

HASL OM MOCMOAHHOU PAUUOHAALHAA PYHKUUA € arzedpauneckumu KodPPuyuenmamu.
Buiuucaensvl 86epruas U HUNHAL 2PAHUYLL NPUOAUNCEHUSL 3HAUEHUL 1), NOAYUEHHBLL U3

Henpepwlenvlr Opobeti Tacoesa, payuonasvhvimu x/y makumu, umo x u Yy yoos-
aemeopsatom Ouoparmosvim ypasHenusm. Ilokasano, wmo cywecmsyem OecKoHewHO

1 ‘[W
MHOZO 83AUMHO NPOCMBLL YLALLL HUCeA X U Y MAKUX, umo |yn-— x| < y3 logy gy
Juogparnmogomy ypasHeruro yodosremaeopsem 00HO8PEMEeHHO U C8A3AHHOe C X U Y He-
Komopoe yeaoe uucao z. Haobopom, éce namypaavHble yeable Yucaa £ U Y € Yy 2 ¢, —

2loga
—1-
peweHus 6uogﬁanmoeoao ypasHeHuA, yaoeﬂemeopﬂmm ‘ yn — ZL“ >y logy .
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