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FUNDAMENTAL SOLUTIONS TO ROBIN BOUNDARY-VALUE PROBLEMS 
FOR TIME-FRACTIONAL HEAT CONDUCTION EQUATION IN A HALF-LINE 
 

The time-fractional heat conduction equation with the Caputo derivative of the 
order 0 2< α ≤  is considered in a half-line. Two types of Robin boundary con-

dition are examined: the mathematical condition with the prescribed linear 
combination of the values of temperature and the values of its normal derivative 
and the physical condition with the prescribed linear combination of the values of 
temperature and the values of the heat flux at the boundary of the domain. These 
two types of Robin boundary condition coincide only in the case of classical heat 
conduction equation. 

 
Introduction. The time-fractional heat conduction equation 
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describes many important physical phenomena in different media [3, 5, 11, 
16, 24]. 
 Equation (1) can be obtained as a consequence of the balance equation for 
energy and the generalized Fourier law – the time-nonlocal dependence bet-
ween the heat flux vector q  and the temperature gradient T  with the long-
tail power kernel [15, 16, 21, 22] (see also [8]): 
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where k  is the thermal conductivity, ( )Γ α  is the gamma function. Equations 
(2) and (3) can be interpreted in terms of fractional calculus: 
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Here ( )I f tα  and RL ( )D f tα  are the Riemann – Liouville fractional integral and 

derivative of the order α , respectively [2, 6, 10]: 
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The constitutive equations (4) and (5) yield the time-fractional diffusion equa-
tion (1) with the Caputo fractional derivative 
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If Eq. (1) is investigated in a bounded domain, the boundary conditions 
should be prescribed. The Dirichlet boundary condition specifies the value of 
temperature over the surface of the body under consideration 

 0 ( , )sST g t= x . 

For time-fractional heat conduction equation (1), two types of Neumann 
boundary condition can be considered: the mathematical condition with the 
prescribed boundary value of the normal derivative of temperature 
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and the physical condition with the prescribed boundary value of the heat 
flux 
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Similarly, the mathematical Robin boundary condition is a specification of 
a linear combination of the values of temperature and the values of its normal 
derivative at the boundary of the domain 
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with some nonzero constants 1c  and 2c , while the physical Robin boundary 
condition specifies a linear combination of the values of temperature and the 
values of the heat flux at the boundary of the domain. For example, the con-
dition of convective heat exchange between a body and the environment with 
the temperature eT  leads to 
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where h  is the convective heat transfer coefficient. 
 Starting from the pioneering papers [4, 12, 13, 23, 25], considerable inte-
rest have been shown in solutions to time-fractional heat conduction equation. 
Several problems have been solved for bounded domain with various kinds of 
boundary conditions [7, 9, 14, 17–20]. In the present paper, for the first time 
the fundamental solutions to time-fractional heat conduction equation in a 
half-line are studied under both the mathematical and physical Robin boun-
dary conditions. 
 1. Mathematical Robin boundary condition. Consider the time-fractional 
heat conduction equation in a half-line 

 
2

2
,     0 ,      0 ,      0 2T Ta x t

t x

α

α
∂ ∂= < < ∞ < < ∞ < α ≤
∂ ∂

, (6) 

under zero initial conditions 
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and the mathematical Robin boundary condition 
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The Laplace transform with respect to time t  allows us to eliminate the 
time-differentiation in Eq. (6). Recall that the Caputo derivative for its 
Laplace transform requires the knowledge of the initial values of the function 

(0 )f +  and its integer derivatives ( ) (0 )kf +  of order 1, , 1k n= −…  [6, 10]: 
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where s  is the transform variable, the asterisk denotes the transform. 
 To solve Eq. (6) under the boundary condition (9) we will use the sin-cos-
Fourier transform [1] with respect to the spatial coordinate x : 
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Application of the sin-cos-Fourier transform to the second derivative of a 
function gives 
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The solution of (6)–(9) in the transform domain has the form 
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and after inversion of the integral transforms we obtain 
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where , ( )E zα β  is the generalized Mittag-Leffler function in two parameters 

 ,
0

( ) ,     0,     0,     
( )

n

n

zE z z C
n

∞

α β
=

= α > β > ∈
Γ α + β∑ . 

Several particular cases of solution (10) can be considered. For the clas-
sical heat conduction equation ( 1)α =  we get 
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In the case of the classical wave equation ( 2)α =  the solution is 
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It is obvious that Eq. (10) for 0H = , 
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represents the corresponding fundamental solution under the mathematical 
Neumann boundary condition. 

2. Physical Robin boundary condition. Now we consider the time-frac-
tional heat conduction equation in a half-line (6) under zero initial conditions 
(7) and (8) and the physical Robin boundary condition 
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The Laplace transform with respect to time t  leads to the following 
equation 
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In this case the kernel of the sin-cos-Fourier transform with respect to 
the spatial coordinate x  has the more complicated form 
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and in the transform domain we get 
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Inversion of the Laplace transform in Eq. (13) depends on the value of α . 
For 0 1< α ≤  we have 
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whereas for 1 2< α ≤  we get 
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For the standard heat conduction equation ( 1)α = , we arrive at the solu-
tion (11). For the classical wave equation ( 2)α = , we obtain 
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From Eq. (13) in the case 0H =  it follows that the fundamental solution 
to time-fractional heat conduction equation (6) under physical Neumann 
boudary condition is expressed as 
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In the case of the classical heat conduction equation ( 1)α = , the solutions 
(10) and (14) or (15) of Eq. (6) under the mathematical and physical Robin 
boundary conditions coincide as well as the solutions (12) and (16) under the 
mathematical and physical Neumann boundary conditions, but for time-frac-
tional heat conduction equation ( 1)α ≠  they are essentially different. 
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ФУНДАМЕНТАЛЬНІ РОЗВ’ЯЗКИ РІВНЯННЯ 
ТЕПЛОПРОВІДНОСТІ З ДРОБОВОЮ ПОХІДНОЮ ЗА ЧАСОМ 
З ГРАНИЧНОЮ УМОВОЮ РОБЕНА ДЛЯ ПІВПРЯМОЇ 
 
Розглянуто рівняння теплопровідності з похідною Капуто за часом дробовою по-
рядку 0 2< α ≤  у випадку півпрямої. Досліджено два типи граничної умови Ро-

бена: математичну умову, коли на границі задано лінійну комбінацію темпера-
тури та її нормальної похідної, а також фізичну умову, коли на границі задано 
лінійну комбінацію температури та теплового потоку. Ці два типи граничної 
умови Робена співпадають тільки у випадку класичного рівняння теплопро-
відності. 
 
ФУНДАМЕНТАЛЬНЫЕ РЕШЕНИЯ УРАВНЕНИЯ 
ТЕПЛОПРОВОДНОСТИ С ДРОБНОЙ ПРОИЗВОДНОЙ ПО ВРЕМЕНИ 
С ГРАНИЧНЫМ УСЛОВИЕМ РОБЕНА ДЛЯ ПОЛУПРЯМОЙ  
 
Рассматривается уравнение теплопроводности с производной Капуто по времени 
дробного порядка 0 2< α ≤  в случае полупрямой. Исследуются два типа гранич-

ного условия Робена: математическое условие, когда на границе задана линейная 
комбинация температуры и ее нормальной производной, а также физическое 
условие, когда на границе задана линейная комбинация температуры и теплового 
потока. Эти два типа граничных условий Робена совпадают только в случае 
классического уравнения теплопроводности. 
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