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СОБСТВЕННЫЕ КОЛЕБАНИЯ ПАРАБОЛИЧЕСКИХ ОБОЛОЧЕК 
 

d   =…= ,ƒ= “%K“2" ……/. *% K=…,L C=!=K% , “*,. %K% % * C!, … 2“  
2%  p.   – p,2 =,   ,“C% ƒ%"=…,  *%2%!% % "/" …/ "/!=› …,  *,-

… 2, “*%L , C%2 … ,= …%L .… ! ,, C=!=K% , “*%L %K% % *, C%“2% ……%L 
2% ?,…/. h““ %"=…/ “"%L“2"= “%K“2" ……/. =“2%2 , -%!  *% K=…,L 
%K% % * !=ƒ…%L "/“%2/. 

 
b" …, . o=!=K% , “*,  %K% % *, ,!%*% C!, … 2“  " !=* 2…%-

*%“ , “*%L 2 .…,* . b =“2…%“2,, %K2 *=2  !=* 2-…%“,2 L C! “2="  -
2 “%K%L 2%…*3  *%…“2!3* , , *%2%!=  .%!% % %C,“/"= 2“  C=!=K% , “-
*%L %K% % *%L [5]. b C!% ““  C% 2= %K2 *=2 , !=* 2%…%“,2 L “%" ! =-
2 ,…2 …“,"…/  *% K=…, . p=ƒ !/ %K2 *=2 L “3? “2" ……% … 2“  " 

ƒ=",“, %“2, %2 *% , “2"= "/"% , % % …= %!K,23 C% ƒ…% % !3ƒ=, =, “ %-
"=2 …%, , ,…= , “*,  .=!=*2 !,“2,*, %K2 *=2 L !=ƒ , …/. “ !,L 
“3? “2" ……% %2 , = 2“  › 3 “%K%L. o%.2% 3 ! ƒ"/ =L…% "=›…% ,““ -
%"=2  ,…= , “*,  .=!=*2 !,“2,*, C=!=K% , “*,. %K% % *. 

b …=3 …%L ,2 !=23!  “3? “2"3 2 K% %  *% , “2"% 2 %! 2, “*,. 
,““ %"=…,L %K% % * "!=? …, . b %Kƒ%!…%L “2=2  b. d. j3K …*%, o. q. j%-
"= 3*= [3] !=““ =2!,"= 2“  “"%K% …/ , "/…3› ……/  , C=!= 2!, “*,  
*% K=…,  %K% % *. b !=K%2=. [4, 8] C! “2=" …/ %K?,  C% .% / , 2%-
/ ,““ %"=…,L %K% % * "!=? …, . b %…% !=-,, [2] C! “2=" …= C%-
2 … ,= …=  .… ! ,  %K% % *. ` %!,2 / !=“ 2%" C% % ,. %K% % * "!=-
? …,  , “- !, “*,. *3C% %" C!,"% ,2 m. b. b= , ", , [1]. 

m “ %2!  …= K% %  ,“ % 2 %! 2, “*,. ,““ %"=…,L, C%“" ? ……/. 
%K% % *=  "!=? …, , ,“ ……/  ,““ %"=…,  C=!=K% %, %" C!=*2, “*, 
%2“32“2"3 2 " ,2 !=23! . b “2=2  [6] !=““ %2! …= ,…= ,*= "!=?= ? L-
“  "%*!3  %“, “, 2!,, C=!=K% , “*%L %K% % *,. b !=K%2  C! “2=" … 
=…= ,ƒ 3“2%L ,"%“2, C!, !=ƒ…/. 3 %"/. “*%!%“2 . "!=? …, . b “2=2  [7] 
C%*=ƒ=…/ %2 , ,  C!% " …,  *!= "/. .-- *2%" " “%C!,*=“= ?,.“  C=-
!=K% , “*,. %K% % *=. %2 . ,C2, “*,.. l 2%  p.   – p,2 = C!, … -
2“    ,““ %"=…,  ,… L…/. *% K=…,L , ,… !, “*%L %K% % *, " 
!=K%2  [9]. 

b .2%L “2=2  ,““ 3 2“  “"%K% …/  *% K=…,  C=!=K% , “*,. %K%-
% * "!=? …,  C%“2% ……%L 2% ?,…/. o! C% = = 2“ , 2% *% K=…,  %K%-
% *,  "  2“  ,… L…/ ,, …=C! › …,  , -%! = ,, 3 %" 2"%! 2 ƒ=-

*%…3 c3*=. qC *2! “%K“2" ……/. =“2%2 , -%!  *% K=…,L %C!  2“  “ 
,“C% ƒ%"=…,  2% = p.   – p,2 =. p ƒ3 2=2/ ,“ ……% % =…= ,ƒ= 
“!="…,"= 2“  “ =……/ ,, C% 3 ……/ , 

2% %  *%… …/. . …2%". 

o%“2=…%"*= ƒ= = ,. p=““ %2!,  
“%K“2" ……/  *% K=…,  2%…*,. C=!=-
K% , “*,. %K% % * "!=? …,  “ 
= / , = C ,23 = ,. d -%! = ,%……%  

“%“2% …,  “! ,……%L C%" !.…%“2, %K%-
% *, %C,  C!% * , , C ! ? -

…,L …= …=C!=" …,  *=“=2 …/. * *%-
%! ,…=2…/  ,…, : ( , , )u tθ ϕ , ( , , )v tθ ϕ , 

( , , )w tθ ϕ . r / θ , ϕ  %C,“/"= 2 C% %-
› …,  2% * …= “! ,……%L C%" !.…%“2,. 
}“*,ƒ 2=*%L %K% % *, C! “2=" … …= 
!,“. 1.  

Рис. 1 
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l=2 =2, “*=  %  ,… L…/. *% K=…,L. d   C%2 … ,= …%L 
.… ! ,, 3C!3 %L -%! = ,, %K% % *, "%“C% ƒ3 “  C! “2=" …,  [2] 

 11 11 22 22 12 12
1 ( ) 1
2

V

z
Rθ

⎛ ⎞= σ ε + σ ε + σ ε + ×⎜ ⎟
⎝ ⎠∫∫∫P  

 1 sinz R R d d dz
R θ ϕ

ϕ

⎛ ⎞× + θ θ ϕ⎜ ⎟
⎝ ⎠

, (1) 

 11σ , 12σ , 22σ , 11ε , 12ε , 22ε  – *% C%… …2/ 2 …ƒ%!%" …=C! › …,L , -

-%! = ,L; Rθ , Rϕ  – != ,3“/ *!,",ƒ…/ *%%! ,…=2…/. ,…,L θ , ϕ , “%%2-

" 2“2" ……%. j% C%… …2/ 2 …ƒ%!%" …=C! › …,L , -%! = ,L 3 %" 2"%! -
2 ƒ=*%…3 c3*=: 

 11 11 222
( )

1
Eσ = ε + νε
− ν

, 

 22 22 112
( )

1
Eσ = ε + νε
− ν

, 

 12 122(1 )
Eσ = ε
+ ν

, (2) 

 E  , ν  – % 3  ~… = , *%.--, , …2 o3=““%…=. p= ,3“/ *!,",ƒ…/ 
*%%! ,…=2…/. ,…,L Rθ , Rϕ  %C!  2“  2=* [5]: 

 0 0
2 3 2 2 1 2

,      
(1 sin ) (1 sin )

R R
R Rθ ϕ= =

+ χ θ + χ θ/ /
, (3) 

 0R  – != ,3“ *!,",ƒ…/ " %“%K%L 2% *  %K% % *, 0θ = ; ƒ…= …,  χ  

%C!  2 -%! 3 %K% % *, "!=? …, . n2 2, , 2%   C=!=K% , “*%L 
%K% % *, 1χ = − , =   “- !, “*%L – 0χ = . 

b !.…   2% *= %K% % *, 0θ =   "  2“  %“%K%L. o%.2% 3   !=“ 2= 
“%K“2" ……/. =“2%2 , -%!  *% K=…,L %*% % .2%L 2% *, "/! ›  %2" !“2,  
,= 2!%  … ,  2% ?,…= %K% % *,. }2% = … *%  %2" !“2,  “ =K% 
" , 2 …= ,…= ,*3 *%…“2!3* ,, [1]. o%2 … ,= …3  .… ! ,  %K% % *, (1) 
“ 3 2%  “%%2…% …,L (2) , (3) C! “2=",  2=*: 

 
2

1

2 2
2 2 2
11 11 22 22 122

2 0

1 12
2 21

h

h

E
θπ

− θ

− ν⎛ ⎞= ε + νε ε + ε + ε ×⎜ ⎟
⎝ ⎠− ν∫ ∫ ∫P

/

/

 

 1 1 sinz z R R d d dz
R R θ ϕ

θ ϕ

⎛ ⎞ ⎛ ⎞× + + θ θ ϕ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

, (4) 

 h  – 2% ?,…= %K% % *,; 1θ  – *%%! ,…=2= 2% *, !, ,=…=, K ,ƒ*%L * 

%“%K%L 2% *  %K% % *, 0θ = ; 2θ  – *%… …=  *%%! ,…=2= !, ,=…=, %C! -

 =  ,ƒ 3!="… …,  2 0arc tg ( )r Rθ = / , r  – =*“, = …/L != ,3“ 

%K2 *=2  . 
j% C%… …2/ 2 …ƒ%!= -%! = ,L “" ƒ=…/ “ C ! ? …, , ƒ=",-

“, %“2 , 

 
3 6 2

11 2 2
0 0

cos ( ) cos ( )u u ww z
R R

θ θ⎡∂ ∂ ∂⎛ ⎞ ⎛ ⎞ε = + + + −⎜ ⎟ ⎜ ⎟⎢∂θ ∂θ⎝ ⎠ ⎝ ⎠⎣ ∂θ
 

 
5

2
0

cos ( ) sin ( )
3w u

R

θ θ ⎤∂⎛ ⎞− +⎜ ⎟⎥∂θ⎝ ⎠⎦
, 
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 22 2
0 0

ctg ( ) ctg ( ) cos ( )
cos ( ) sin ( )v vu w z

R R

θ θ θ⎡∂ ∂⎛ ⎞ε = + θ + θ + −⎜ ⎟ ⎢∂ϕ ∂ϕ⎝ ⎠ ⎣
 

 
42 2

2 2 2
0 0

ctg ( ) cos ( )ctg ( ) w w u
R R

θ θθ ⎤∂ ∂⎛ ⎞− + −⎜ ⎟⎥∂θ⎝ ⎠⎦∂ϕ
, 

 
2

12
0 0

ctg ( )cos ( )
cos ( ) sin ( ) ctg ( ) cos ( )v uv w

R R
θθ ∂ ∂⎛ ⎞ε = θ − θ + θ θ + +⎜ ⎟∂θ ∂ϕ⎝ ⎠

 

 
2 3

2 2
0 0

ctg ( ) cos ( ) ctg ( ) cos ( )wz
R R

θ θ θ θ⎡ ∂+ − ×⎢ ∂ϕ⎣
 

 
2w u v v∂ ∂ ∂ ⎤⎛ ⎞× − − +⎜ ⎟⎥∂θ∂ϕ ∂ϕ ∂θ⎝ ⎠⎦

. (5) 

j,… 2, “*3  .… ! ,  %K% % *, C! “2=",  " “ 3 ?  ", : 

 
2

1

2 2 2 2

0

sin
2
h u v w R R d d dz

t t t

θπ

θ ϕ
θ

ρ ∂ ∂ ∂⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + θ θ ϕ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠∫ ∫T , (6) 

 ρ  – C %2…%“2  =2 !,= = %K2 *=2  . 
 d   !=“ 2= “%K“2" ……/. =“2%2 , -%!  *% K=…,L %K% % *, "%“C% -
ƒ3 “  2% %  p.   – p,2 =. k,… L…/  *% K=…,  C! “2=",  " ",  
C!%,ƒ" …,  -3…* ,L *%%! ,…=2 , "! …,: 

 ( , , ) ( , ) cos ( )u t u tθ ϕ = θ ϕ ω , 

 ( , , ) ( , ) cos ( )v t v tθ ϕ = θ ϕ ω , 

 ( , , ) ( , ) cos ( )w t w tθ ϕ = θ ϕ ω . (7) 

Š% = *,… 2, “*3  (6) , C%2 … ,= …3  (4) .… ! ,, %K% % *, “ 3 2%  (5) 
, (7) C! %K!=ƒ3  * ", 3 

 2 2( , , ) sin ( , )t tθ ϕ = ω ω ⋅ θ ϕT T , (8) 

 2( , , ) cos ( , )t tθ ϕ = ω ⋅ θ ϕP P . (9) 

t3…* ,, C ! ? …,L ( , )u θ ϕ , ( , )v θ ϕ , ( , )w θ ϕ , ".%  ?,  " (7), C! -
“2=",  " ",  3*%!% ……/. ! %" t3! : 

 
1 2

( ) (1) (2)

1 1

( , ) ( ) sin cos
N N

u
i ij ij

i j

u A j A j
= =

θ ϕ = ψ θ ϕ + ϕ∑∑ ( ) , 

 
1 2

( ) (1) (2)

1 1

( , ) ( ) sin cos
N N

v
i ij ij

i j

v B j B j
= =

θ ϕ = ψ θ ϕ + ϕ∑∑ ( ) , 

 
1 2

( ) (1) (2)

1 1

( , ) ( ) sin cos
N N

w
i ij ij

i j

w C j C j
= =

θ ϕ = ψ θ ϕ + ϕ∑∑ ( ) , (10) 

 (1)
ijA , (2)

ijA , … , (2)
ijC  – … ,ƒ" “2…/  C=!= 2!/; ( ) ( )u

iψ θ , ( ) ( )v
iψ θ , ( ) ( )w

iψ θ  – 

-3…* ,,, 3 %" 2"%! ?,  *!= "/  3“ %",  %K% % *,. b“ “2",  %“ -
“, 2!, …%“2, *%…“2!3* ,, “%K“2" ……/  =“2%2/ *% K=…,L  "  2“  
C=!…/ ,. d   2% % 2%K/ ,ƒ C=!/ =“2%2 " (10) "/ ,2  % …3, C ! ? -
…,  “! ,……%L C%" !.…%“2, C! “2=",  2=*: 
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1 2

( )

1 1

( , ) ( ) cos
N N

u
ij i

i j

u A j
= =

θ ϕ = ψ θ ϕ∑∑ , 

 
1 2

( )

1 1

( , ) ( ) sin
N N

v
ij i

i j

v B j
= =

θ ϕ = ψ θ ϕ∑∑ , 

 
1 2

( )

1 1

( , ) ( ) cos
N N

w
ij i

i j

w C j
= =

θ ϕ = ψ θ ϕ∑∑ . (11) 

p=““ %2!,  3“ %",  ƒ=*! C …,  %K% % *,. m= “2%!%…  2θ = θ  %K% % -

*= ƒ=*! C …=, = …=" !.3, " “2  = … *% % "/! ƒ= 1θ = θ , %K% % *= “"%-
K% …=. Š=* *=*   !=“ 2= C!, …  2%  p.   – p,2 =, 2% 3 ,2/"= 2-
“  2% *% *,… =2, “*,  !=…, …/  3“ %", . o%.2% 3 …= “"%K% …%L “2%!%-
…  %K% % *, …  3 ,2/"= 2“  *=*, - ,K% !=…, …/  3“ %", . r“ %",  ƒ=-
*! C …,  %K% % *, C! “2=",  2=*: 

 
2 2 2

2

0,         0wu v wθ=θ θ=θ θ=θ
θ=θ

∂= = = =
∂θ

. (12) 

d   C!,K ,› ……% % %C! …,  “%K“2" ……/. =“2%2 *% K=…,L " *=-

“2"  -3…* ,L ( ) ( )u
iψ θ , ( ) ( )v

iψ θ  " (11) ,“C% ƒ3  “%K“2" ……/  -%! / C!%-

% …/. *% K=…,L *%…“% …% % “2 !›… , = " *= “2"  -3…* ,L ( ) ( )w
iψ θ  "/-

K !  “%K“2" ……/  -%! / ,ƒ ,K…/. *% K=…,L *%…“% …% % “2 !›… . q 
3 2%  (12) .2, -3…* ,, C! “2=",  “ 3 ?,  %K!=ƒ% : 

 ( ) ( )

2

(2 1)
( ) ( ) cos

2
u v
i i

i − πθψ θ = ψ θ =
θ

, (13) 

 ( )

2 2

1( ) cosh 1 cos 1
2

w
i i ik kθ θ⎛ ⎞⎡ ⎛ ⎞⎤ ⎡ ⎛ ⎞⎤ψ θ = − − − −⎜ ⎟ ⎜ ⎟⎜ ⎟⎢ ⎥ ⎢ ⎥θ θ⎣ ⎝ ⎠⎦ ⎣ ⎝ ⎠⎦⎝ ⎠

 

 
2

sinh( ) sin ( )
sinh 1

2(cosh( ) cos ( ))
i i

i
i i

k s k s
k

k s k s
− θ⎛ ⎡ ⎛ ⎞⎤− − −⎜ ⎟⎜ ⎢ ⎥− θ⎣ ⎝ ⎠⎦⎝

 

 
2

sin 1ik θ ⎞⎡ ⎛ ⎞⎤− −⎜ ⎟ ⎟⎢ ⎥θ⎣ ⎝ ⎠⎦⎠
. (14) 

d   !=“ 2= “%K“2" ……/. =“2%2 , -%!  ,… L…/. *% K=…,L %K% % *, 
"%“C% ƒ3 “  C!,… ,C%  n“2!% != “*% % – c= , 2%…= , !=““ %2!,  
-3…* ,%…=  

 
2

(1) (2) 2 (1) (2)

0

( ) , , , ,ij ij ij ijdt A C A C
π ω

π− Τ = − ω
ω∫ … …P P T

/

( ) ( )[ ] . (16) 

hƒ 3“ %",  ,…, 3 = -3…* ,%…= = (16) …= …%› “2"  C ! ……/. 
(1)
ijA , … , (2)

ijC  “ ,“C% ƒ%"=…,  (8), (9) , (13), (14) C% 3 ,  “,“2 3 ,… L-

…/. = K!=, “*,. 3!="… …,L 

 max max 1 20,     1 , ,     1 ,
ij

i N j N
A
∂ − = = =

∂
… …P T( ) , 

 max max 3 40,     1 , ,     1 ,
ij

i N j N
B
∂ − = = =

∂
… …P T( ) , 

 max max 5 60,     1 , ,     1 ,
ij

i N j N
C
∂ − = = =

∂
… …P T( ) . (17) 

hƒ “,“2 / ,… L…/. = K!=, “*,. 3!="… …,L (17) C% 3 =  ƒ= = 3 
…= “%K“2" ……/  ƒ…= …, : 

 2 0C M− ω = . (18) 
)=“2%2/ , -%! / ,… L…/. *% K=…,L …=.% ,  *=* ! …,  ƒ= = , (18). 
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),“ ……/L =…= ,ƒ “"%K% …/. *% K=…,L %K2 *=2 L. p=“ 2/ C!%-
"% , ,“    2! . %K% % * “ != ,3“%  %“…%"=…,  2R =  , "/“%2= , 

1 2H = , 2 3H = , 3 4H = . Š% ?,…/ %K% % * C!,…, = ,“  % ,…=*%"/ ,: 

5h = . p=“ 2/ "/C% … …/   =2 !,= = “% “ 3 ?, , .=…, “*,-
, .=!=*2 !,“2,*= ,: 71E = co=, 2640ρ = * / 3, 0.3ν = . b/ ,“ …,  “ 

!=ƒ , …/ , ƒ…= …, , "/“%2/ C=!=K% %, = C!%"% , ,“  , ……%   ,“-
“ %"=…,  " , …,  "/“%2/ …= “%K“2" ……/  =“2%2/ , -%! / *% K=…,L 
%K% % *,. p ƒ3 2=2/ !=“ 2%", C% 3 ……/. 2% %  p.   – p,2 =, “!="-
…,"= ,“  “ =……/ ,, C% 3 ……/ , “ C% %?  2% = *%… …/. . …2%". 

b *= “2"  2 “2%"/. C!%" …/ !=“ 2/ =“2%2 “%K“2" ……/. *% K=…,L 
“- !, “*%L %K% % *, “ != ,3“%  2R = , › “2*% ƒ=*! C ……%L C% ,= 2-
!3. b 2=K . 1 C! “2=" …/ ! ƒ3 2=2/ .2,. "/ ,“ …,L. q%"C= …,  ! -
ƒ3 2=2%" !=“ 2%" C% "3  2% ,*=  %“2=2% …% .%!% . 

Таблица 1 
 
m% ! 
=“2%2/ 

l 2%   
*%… …/. . …2%", c  

l 2%   
p.   – p,2 =, c  

n2…%“,2 …=  
C% ! …%“2  

1 231.29 231.79 0.00216 

2 364.83 364.98 0.00041 

3 370.86 370.96 0.00027 

4 388.63 388.22 0.00106 

5 393.95 395.86 0.00482 

6 396.35 397.13 0.00196 

b 2=K . 2 C! “2=" …/ ! ƒ3 2=2/ !=“ 2%" =“2%2 “%K“2" ……/. *% -
K=…,L   C=!=K% , “*%L %K% % *, “ "/“%2%L 2H = . d   !=“ 2= “%K“2-
" ……/. -%!  *% K=…,L ,“C% ƒ%"= , “%%2…% …,  (11). n2 2, , 2% 
! ƒ3 2=2/, C% 3 ……/  2% %  p.   – p,2 =, “!="…,"= ,“  “ =……/ ,, 
C% 3 ……/ , 2% %  *%… …/. . …2%". p ƒ3 2=2/ 2=*% % “!="… …,  
C! “2=" …/ " 2=K . 2. h2=*, ! ƒ3 2=2/, C% 3 ……/  2% %  *%… …/. 
. …2%", K ,ƒ*, * =……/ , C% 3 ……/  2% %  p.   – p,2 =. 
 Таблица 2 

 

m% ! 
=“2%2/ 

l 2%  
p.   – p,2 =, c  

l 2%  *%… …/.  
. …2%", c  

n2…%“,2 …=  
C% ! …%“2  

1 
2 

157.60 157.50 0.00063 

3 
4 

160.54 159.34 0.00747 

5 
6 

164.04 162.67 0.00835 

7 
8 

168.22 167.43 0.00470 

9 
10 

173.30 173.58 0.00162 

m= !,“. 2= C! “2=" …= -%! = *% K=…,L "“ % C=!=K% %, = ( , )w θ ϕ , 
“%%2" 2“2"3 ?=  C !"%L =“2%2 , = …= !,“. 2K C%*=ƒ=…= -%! = *% K=…,L 
" %  !, ,=…= θ . }2= -%! = , 2 13 3ƒ %" " %*!3›…%  …=C!=" …,, , 
8 3ƒ %" – " …=C!=" …,, !, ,=…=. t%! / *% K=…,L ( , )w θ ϕ , “%%2" 2“2-
"3 ?,  "2%!%L, 2! 2 L , 2" !2%L =“2%2= , 2=*›  , 2 8 3ƒ %" " …=-
C!=" …,, !, ,=…=, C!, .2%  ,“ % 3ƒ %" " %*!3›…%  …=C!=" …,, 
3 … = 2“  %2 12 % 10, “%%2" 2“2" ……%. 
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  ) !) 

Рис. 2 
m= !,“. 3= C! “2=" …= -%! = *% K=…,L "“ % C=!=K% %, = ( , )w θ ϕ , 

“%%2" 2“2"3 ?=  C 2%L =“2%2  *% K=…,L, = …= !,“. 3K C%*=ƒ=…= -%! = *%-
K=…,L " %  !, ,=…= θ . }2= -%! = , 2 9 3ƒ %" " %*!3›…%  …=-

C!=" …,, , 7 3ƒ %" " …=C!=" …,, !, ,=…=. n2 2, , 2%   C !"/. 
C 2, =“2%2 *% , “2"% 3ƒ %" " %*!3›…%  …=C!=" …,, 3 … = 2“  “ 
3" , …,  =“2%2/. 

  
  ) !) 

Рис. 3 
m= !,“. 4 C! “2=" …/ ,…,, 3!%"…  1-L (!,“. 4=) , 5-L (!,“. 4K) -%!  

*% K=…,L ( , )w θ ϕ . hƒ !,“3…*= ", …%, 2% %*% % ƒ= =……%L =“2, C=!=K%-
%, = …=K = 2“  "% …%%K!=ƒ%"=…,  " %*!3›…%  …=C!=" …,, “ K% ,  
,“ %  3ƒ %", = "" !.3 C=!=K% %, = 3ƒ %" *% K=…,L " %*!3›…%  …=C!="-
…,, … 2. h…2 …“,"…%“2  *% K=…,L " ! ,…/ C=!=K% %, = ƒ…= ,2 …% 
… ,  ,…2 …“,"…%“2  *% K=…,L  …,›… L =“2,. }2%  "  2“  “3-

? “2" ……/  %2 , ,  C% “!="… …,  “ -%! = , *% K=…,L   “- !/ !=-
,3“= 2R = . 

  
  ) !) 

Рис. 4 
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p ƒ3 2=2/ ,“ ……% % =…= ,ƒ= C !"/. C 2, “%K“2" ……/. =“2%2 *% -
K=…,L   C=!=K% %, %" !=ƒ , …%L "/“%2/ C! “2=" …/ " 2=K . 3. b .2%L 
2=K ,  C!," …/ ! ƒ3 2=2/ !=“ 2%", C% 3 ……/  2% %  p.   – p,2-
= (lpp) , 2% %  *%… …/. . …2%" (lj}). o% !*… , 2% C!, C%-

“ %"=2 …%  3" , …,, "/“%2/ C=!=K% %, = “%K“2" ……/  =“2%2/ *%-
K=…,L C= = 2. d   C=!=K% %, = "/“%2%L 3H =  …=K = 2“  %“2=2% …% 

.%!%  “%"C= …,  ! ƒ3 2=2%", C% 3 ……/. "3   2% = ,. n2…%“,-
2 …=  C% ! …%“2  "/ ,“ …,L …  C! "/ = 2 1%. 
 Таблица 3 

 2H =  3H =  4H =   

m% ! 
=“2%2/ l 2%  )=“2%2=, c  

lj} 157.5 105.0 75.7 1 
lpp 157.6 105.1 86.3 
lj} 159.3 105.7 76.0 2 
lpp 160.5 106.0 86.5 
lj} 162.7 106.1 77.4 3 
lpp 164.0 107.3 86.8 
lj} 167.4 108.6 78.5 4 
lpp 168.2 108.4 87.0 
lj} 173.6 108.9 80.9 5 
lpp 173.3 109.9 87.4 

o!, 3" , …,, "/“%2/ C=!=K% %, = % 2H R =/  (   4H = ) …=K -
= 2“  “3? “2" ……%  !=ƒ , ,  › 3 =“2%2= ,, C% 3 ……/ , !=ƒ…/ , 
2% = ,. h2=*,   .2%L %K% % *, ! ƒ3 2=2/, C% 3 ……/  2% %  

p.   – p,2 = , 2% %  *%… …/. . …2%", “3? “2" ……% !=ƒ… 2“ .  
j=* C%*=ƒ= , ,“ ……/  !=“ 2/, C!, = … L  3" , …,, "/“%2/ 

C=!=K% %, = 2% …%“2  “%K“2" ……/. =“2%2, C% 3 ……/. 2% %  p.   –
p,2 =, “, …% “…,›= 2“ . 

d % " 2% , 2% K=ƒ,“…/  -3…* ,, (11), =CC!%*“, ,!3 ?,  -%! / 
*% K=…,L, .%!% % %C,“/"= 2 *% K=…,  2% *% …,ƒ*,. C=!=K% %, %", " 
*%2%!/. 0 0.4< θ < π . o%“*% *3 C!, 0.5θ < π  != ,3“ *!,",ƒ…/ !, ,=…= 
“2! ,2“  * K “*%… …%“2,, 2% % ƒ…= …,  C!, 0.4θ ≥ π  K/“2!% !=“232, 
C!, .2%  2% …%“2  ,“ ……% % ,…2 !,!%"=…,  C= = 2. d   K%  "/“%*,. 
C=!=K% %, %" … %K.% , % ,“C% ƒ%"=2  K=ƒ,“…/  -3…* ,,, %2 , …/  %2 
(11). o!, … …,  " *= “2"  K=ƒ,“…/. -3…* ,L C% ,…% %" , , 2!, %…% 2-
!, “*,. -3…* ,L …  = % C% %›,2 …/. ! ƒ3 2=2%". `"2%!=  …  3 =-
%“  …=L2, K=ƒ,“…/  -3…* ,,, .%!% % =CC!%*“, ,!3 ?,  “%K“2" ……/  

-%! / *% K=…,L "/“%*,. C=!=K% %, %". d   !=“ 2%" *% K=…,L "/“%*,. 
C=!=K% %, %" %›…% ! *% … %"=2  2%  *%… …/. . …2%". 

b/"% /. o! %› … 2%  !=“ 2= “%K“2" ……/. =“2%2 , -%!  *% -
K=…,L %K2 *=2 L !=* 2%…%“,2 L, %“…%"=……/L …= ,“C% ƒ%"=…,, 2% = 
p.   – p,2 =. j=* C%*=ƒ= % “!="… …,  ! ƒ3 2=2%", C% 3 ……/. .2,  

2% %  , 2% %  *%… …/. . …2%",   …,ƒ*,. %K2 *=2 L =……/  
"3. 2% %" K ,ƒ*,. d   "/“%*,. C=!=K% %, %" C! %› ……/L 2%  = 2 
… " !…/  ! ƒ3 2=2/. j “%›= …, , ="2%!=  …  3 = %“  …=L2, K=ƒ,“…/  
-3…* ,,, =CC!%*“, ,!3 ?,  “%K“2" ……/  -%! / *% K=…,L "/“%*,. 
C=!=K% %, %". o%.2% 3   !=“ 2= "/“%*,. C=!=K% %, %" %›…% ! *%-

… %"=2  ,“C% ƒ%"=…,  2% = *%… …/. . …2%". 
n*% % ƒ= =……%L =“2, C=!=K% %, = …=K = 2“  "% …%%K!=ƒ%"=…,  " 

%*!3›…%  …=C!=" …,, “ K% ,  ,“ %  3ƒ %", = "" !.3 C=!=K% %, = 3ƒ-
%" *% K=…,L " %*!3›…%  …=C!=" …,, … 2. u=!=*2 !…%L %“%K ……%“2  

"“ . -%!   "  2“  2%2 -=*2, 2% ,…2 …“,"…%“2  *% K=…,L " ! ,…/ C=!=-
K% %, = ƒ…= ,2 …% … ,  ,…2 …“,"…%“2  *% K=…,L  …,›… L =“-
2,. n2 2, , 2% C!, C%“ %"=2 …%  3" , …,, "/“%2 C=!=K% %, %" ,. 
“%K“2" ……/  =“2%2/ *% K=…,L C= = 2. 
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p=K%2= "/C% … …= C!, C% !›*  0 "%L *% C *“…%L C!% != / m`m 
r*!=,…/ C% *%“ , “*,  ,““ %"=…,  …= 2012–2016 . 

 
 1. b= , ", , m. b. l 2% / !=“ 2= %K% % * "!=? …,  …= }0bl. – l%“*"=: 

l= ,…%“2!% …, , 1976. – 278 “. 
 2. c!, % * }. h., j=K=…%" b. b. r“2%L ,"%“2  %K% % *. – l%“*"=: m=3*=, 1978. – 

360 “. 
 3. j3K …*% b. d., j%"= 3* o. q. m ,… L…/  ƒ= = , *% K=…,L 2%…*,. %K% % * 

(%Kƒ%!) // o!,* . .=…,*=. – 1998. – 34, 1 8. − q. 3–31. 
Š% › : Kubenko V. D., Koval’chuk P. S. Nonlinear problems of the vibration of 
thin shells (review) // Int. Appl. Mech. − 1998. − 34, No. 8. − P. 703–728. 

 4. o!% …%“2 . r“2%L ,"%“2 . j% K=…, . qC!="% …,*: b 3 2. / o%  %K? L ! . 
h. `. a,! !=, “. c. o=…%"*%. – l%“*"=: l= ,…%“2!% …, , 1968. – Š. 1. – 831 “. 

 5. Chernobryvko M. V., Avramov K. V., Batutina T., Tonkonogenko A. M. Free vibra-
tions of rockets deflectors // Proc. 4th Int. Conf. Nonlinear Dynamics, ND–KhPI–
2013, June 19-22, 2013, Sevastopol, Ukraine. – p. 231–234. 

 6. Gulyayev V. I., Solovjev I. L., Belova M. A. Interconnection of critical states of 
parabolic shells in simple and compound rotations with values of their natural 
precession vibration frequencies // Int. J. Solids Struct. – 2004. – 41, No. 13. – 
p. 3565–3583. 

 7. Karamian-Surville Ph. Numerical experiments on propagation of singularities 
across an edge in thin parabolic shells // C. R. Acad. Sci. IIB Mec. – 2001. –329, 
No. 1. – P. 75–79. 

 8. Leissa A. W. Vibrations of shells. – Washington: U.S. Government Printing Office 
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ВЛАСНІ КОЛИВАННЯ ПАРАБОЛІЧНИХ ОБОЛОНОК 
 
d   =…= Sƒ3 " =“…,. *% ,"=…  C=!=K% S …,. %K% %…%* ƒ=“2%“%"3G2 “  2%  p   
– pS2 =,   ",*%!,“2=……   *% % "," …% ",!=ƒ, *S… 2, …%_ S C%2 … SL…%_ 
… ! SL C=!=K% S …%_ %K% %…*, “2= %_ 2%"?,…,. d%“ S › …% " =“2,"%“2S " =“…,. 
=“2%2 S -%!  *% ,"=…  %K% %…%* !Sƒ…%_ ",“%2,. 

 
NATURAL VIBRATIONS OF PARABOLIC SHELLS 
 
The Rayleigh – Ritz method is used for the natural vibration analysis of parabolic 
shells. The expressions for kinetic and potential energy of parabolic shells of fixed 
thickness are determined. Properties of eigenfrequencies and eigenmodes of natural 
vibrations of shells with different heights are investigated. 
 
h…-2 C!%K  = ,…%“2!% …,   o% 3 …% 
, . `. m. o% %!…% % m`m r*!=,…/, u=! *%" 18.10.13 
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