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MATHEMATICAL MODEL OF SCATTERING OF A POLARIZED WAVE ON
IMPEDANCE STRIPS LOCATED ON SCREENED DIELECTRIC LAYER

Description of the processes of interaction of electromagnetic waves with a non-
perfectly conducting gratings leads to the consideration of boundary value prob-
lems for the Helmholtz equation with boundary conditions of the third kind. The
original scattering problem of polarized wave at the reflecting structure was redu-
ced to a system of boundary integral equations. Derivation of integral equations is
based on the method of parametric representations of integral operators.

The description of the properties of real electrodynamic systems is impos-
sible without taking into account the conductivity of materials [10]. The exis-
tence of the energy loss is often described by using the Shchukin — Leonto-
vich boundary-value condition on the surface of non-perfectly conducting
screens:

[n,E] = - Z [n,[n,H]], (1)

where (E,H) is the total electromagnetic field, Z  is the surface impedance

of the structure, n is the normal vector to the surface. One effective way
construct the mathematical models of interaction of electromagnetic fields
with non-perfectly conducting electrodynamic structures is to use the method
of parametric representation of singular integral transforms [2, 9]. The
obtained systems of boundary integral equations are solved numerically by
the method of discrete singularities [2, 11].

With this approach, the electromagnetic waves scattering by wvarious
electromagnetic structures has been investigated in [3, 4, 7, 12]. It is in-
teresting to model scattering and diffraction of electromagnetic waves on lat-
tices, located in inhomogeneous media [2, 8]. In particular, the construction of
the mathematical model of wave scattering on impedance strips located on
screened dielectric layer is of interest.

Formulation of the Problem. Consider the following diffraction structure
(see Fig. 1). There is an infinite screen in the plane z = -D.

o
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Fig. 1. A cross-section of the electrodynamic structure by the plane yOz .

The layer of dielectric lies on this screen (it occupies the domain
—D < z<0). The permittivity of the dielectric is equal to & . The system con-
sisting of M impedance thin strips is located in the plane z = 0. Let

M
A={(y,z>eR|ye Ufotg. B ) z=o}
q:

is the set of the points of the plane z =0 in which the tapes are located. The
permittivity ¢, of the medium is equal to one in a half-space z > 0.

Let us denote Qoz{(y,z)|z>0,yeR}, le{(y,z)|yeR,—D<z<0},

M
L= U(a,B,)-
q=1
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The time dependence of the fields is given by the factor e~
The Case of H -Polarization. A plane monochromatic H -polarized elect-
romagnetic wave of unit amplitude is falling from the infinity on the top of
the diffraction structure. Single nonzero component of the magnetic field

H;_,m(y,z) has the form
H"(y,z) = exp (tk(y sin ¢ — zcos 9)) .

It is necessary to find the total field wu(y,z) = H,(y,z), appeared as a re-
sult of waves scattering on the considered structure. The function u(y,z)
satisfies the Helmholtz equation:

Au+keu=0, (y2)eQ;, =01 k=2,

in the domains Q,, ¢=0,1, and Meixner condition on edges. The scattered

field (the difference between total and incident field) satisfies the Sommerfeld
radiation conditions. Also, the total field satisfies the Shchukin — Leontovich
boundary conditions on strips and screen:

Py, +0) = hy uly, +0) = L (y,~0) + b u(y,~0) =0, yeL, (2

P (y,~D)~hu(y,~D)=0, y<R, ®)

and conditions of conjugation (conditions of connection of fields and their de-
rivatives) on the boundary of the domains Q; and €, outside the strips:

w(y, +0) = u(y,-0), y e CL, (4)
1 ou _1lou,  _ T
o W0 = 5 w0, yeCL. ®)

Let us consider the auxiliary diffraction structure. It differs from the
structure of the main problem by the lack of strips. Introduce the function

uy(y,2), which is the solution of the scattering problem of H -polarized plane
electromagnetic wave H;m(y,z) on auxiliary diffraction structure.

We are looking for the total field u(y,z) in the form:

uy(y,2) +u'(y,2), (y,2)eQ’,

uly. 2) = {uo (y,2)+u (y,2), (y,2)e Q.

Fields u* (y,z) and u” (y,z) will be sought in the form of integrals:

w'(y2)= [ CTe™ T, (g e, (6)

u(y,2)= [ CMZ0,2)e™dr,  (y,2)eQ, (7)
where B

2002~ 1 Sh(1 0 + D))+ 7, (W) eh(r, (W(z + D)

hy ch(y,(A)D) + v, (A) sh(y,(A)D) ’

v, ={2* —k%,, LeR, Re(y;(\)=0, Im(y,())<0, i=0,1.

Choosing a branch of a complex function y,(A) provides the fulfillment of
the Sommerfeld’s radiation conditions.
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Introduce the functions
. _
Rw=% 00200, yeR,

1 ou” 1 8u
F. =—| == - R.
() [80 b 00— T o) e
Functions F,(y) and F,(y) have the following integral representation:

R = [ (CT0)-C (MZ0,0))e™ dh,  yeR, (8)

—00

%@)=I(ﬁ§QCWM YJMC(kﬂlwdn yeR. 9)

RN
It follows from the conjugation conditions (4) and (5), that
F(y) =0, Fy(y) =0, y € CL,

By
Iﬂukhzo, q=1,...,M, (10)
Gq
Yy
w(y,0)-uw (0= [ F®)dt, yeR. (11)

—00

Introduce the function

1) Z(,0) 1,1 (1)
A) = + , A)=—+—+0|=|, Ao o.
p(A) N p(A) e e, X
The following integral representations we obtain from (8)—(11):
Z(,0) oy 1, (A 1 e ™1
ct) = 200 Fy(t)e ™ dt + —L—"——— | F,(t) =————dt,
)= 5y 0py 1 20 et mp(0 2n 1 10T
e R (12)
- it 1 Mg
C (L) = (k)MJIF(U dt - gp(Mzmjl() de,
L eR. (13)

Taking into account the consequences of Shchukin — Leontovich bounda-
ry conditions (2) at the strips and conjugation conditions (4), (5), we have

Y
(2 .00+ 2 (,0)) -y | RO By = hyu (3,00 =~ ),

yelL, (14)
h, % hy h
R+ | ROdes (24 2w @0 = -4, yel, (15)
0", 0 &

where

0
A0 = (2 1) G2 @0 -y~ oy 0.49),

h,
L) = (— + —) Uy (Y, +0) .

& &
Based on the properties of the parametric representation of the Hilbert
transform [6], we obtain

jmnm—cxmzmﬁmmawdxz—ljﬂmdﬁ (16)
nY t-y

L
Let us introduce the functions
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_ ~ Yo(MZ(A,0) = v, () _Z(10)-1
m;(A) =v,(A) = A, my(A)= o) , my(k) = =
T/ my(\) sin (At) < cos (At)
L= [[222 _m o ) da, L(t) = A dn,
() {( 2 ) 5(2) ! my ()=
L(t) = gijmg(x) Sm(m i, 1,(t) = [ my() COS((X;) .
09 0
It follows from (12), (13), and (16), that
ou* ou” F, (t)dt 1
E(?J,O)Jfa_ ,[ ;{ y - R @) dt -
—%}.:Iz(y—t)Fz(t)dt, (17)

ale

u (y,0) = JET[ (k|y—t|)F(t)dt——j—sgn(y t)F,(t)dt —
L
- %{IB(y —)F,(t)dt + %}[14(14 — t)F,(t)dt, (18)

where H(l)(y) is the Hankel function of the first kind of zero order.
Introduce notations and functions

€ & Z(2,0)
—80+81, o) A+O(|X|) A — 0,
Ql(y’t) = 11(y —t)+ (ho - hl)Ig(y —-t), (19)

Qz(yvt) = _Ig(y - t) - (ho - h1)14(y - t) -

- Ay =) (3 ly = 1] + Iy 1], 20

hO hl
Q;yt)=—-|—+—|L;y-1), (21)
& &
Qu(y,1) = (Ryey' +hye ) I (y — 1) +
A(hye," + hlagl)(%‘Hg(my —t))+In|y - t|). (22)
Note, that @;(y,t) e C"*(L'x L), >0, i =1,...,4.

Substituting the integral representations (17), (18) in (14), (15) we obtain
the system of singular integral equations

f F, (t) di A,

h)jl ly — t| Fy(¢)dt — h, jF(t)dt+

o

1 1
;i 28 " sgn(y - OF () dt + = IQl(y,t)F (t)dt +

+2[Q RO =~fy), yeL, (23)
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_A(h ﬁ) _ _(h_o ﬁ)é _
F,(y) n(80+81 {1n|y t| Fy(t) dt 80+81 2{sgn(y t)F,(t) dt +

h Yy
+$_j® F(t)dt + %{Qs(y,t)Fl(t)dt +

+ 2 [Q@OR WM =-fE), yeL, (24)
L

By
IFl(t)dtzo, q=1,...,M, (25)

%q
The Case of E -Polarization. A plane monochromatic E -polarized elect-
romagnetic wave of unit amplitude is falling from the infinity on the top of
the diffraction structure. Single nonzero component of the electric field

E™(y,2) has the form

E;ni(y, z) = exp (ik(y sin ¢ — zcos §)) .
It is necessary to find the total field U(y,z) = E_(y,z), appeared as a re-
sult of waves scattering on the considered structure. Function U(y,z) satisfies

the Helmholtz equation in the domains Q,, i = 0,1, and Meixner condition on

edges. The scattered field satisfies the Sommerfeld radiation conditions. Also,
the total field satisfies the Shchukin — Leontovich boundary conditions on
strips and screen:

Ly, +0) -y Uy, +0) = L (,-0)+ by Uw,~0) =0, yeL, (26)

L (y,-D)-hy Uy,-D) =0,  y<R, (27)

and conditions of conjugation on the boundary of the domains €, and €
outside the strips:
U(y1+0) = U(y7_0)7 RS CZf (28)

LA -

Introduce the function U,(y,z), which is the solution of the scattering
problem of E -polarized plane electromagnetic wave on auxiliary diffraction
structure.

We are looking for the total field of U(y,z) in the form:

Up(y,2) +U" (y,2), (y,2) € Q7,

Uy, 2) =
¥:2) {Uo(y,z)w(y,z), (y,2) e Q.

Fields U*(y,z) and U (y,z) will be sought in the form of integrals:

U'(y,2)= [ D*We™ 0™ dy,  (y,2)€Q",

—00

U (y,2)= | D"(WZh(h2)e™ d),  (y,2)eQ7,
where -~
_ hy sh(y,(A)(z + D)) + v,(A) ch(y,(A)(z + D))
hs ch(y,(A)D) + v, (1) sh(y,(2)D)
Introduce the functions

Zh(\, 2)
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Gl(y)=—<y,0)—a£(y,0) yeR,

8U

G = (0.0 - w0),  yek.
It follows from the conjugatlon conditions (28) and (29), that
By
G(y) =0, Gy(y)=0, yeCL, [G®)dt=0, q=1..,M,(30)

Gq

Yy
U'y,0-U (30 = [ G,(dt, yeR. (31)

Fourier amplitudes D*(A) and D~ (A) have the following integral repre-
sentations:

i Z(X 0 —7,7»t
D= WJG@) dt +
Y1 (}‘*) 1 e*lkt 1
YoM W) 2mi | GO~ —d, LreR, (32)
D_(k) T“/)IG (t) e—l?ut dt
1 At ld R .
_W%z (t) t, eR, (33)
where
y() = A \) + Zh(™,0), \v(k)—2+o( ) "o
) i) -

It follows from the boundary conditions (26), (27) and conjugation con-
ditions (4), (5), that

. _ y
(% 00+ 2L .0)| -y [ Gyte)d =y = U™ (0,0) = =y 0,
yel, (34)
y
Golw) + hy [ G (0t + (hy + B)U (5,0 =~ fy(w),  y e L, (3)

o0

where

ou
fg(y) = 28_20(y7+0) - (hz - hg)Uo(y,+0), f4(y) = (hz + h3 )Uo(y:+0) ,
Introduce the functions
Yo (M) - Zh(X,0) — v, (M) Zh(%,0) -1
m,(A) = , m-.(\) = ———2~2 —
+ ) ) =0
Performing the integral transforms such which was carried out in the
case of H -polarization, we obtain the system of integral equations:

j t)dt 2

j1n|y—t|G (t)dt —h, jG (t)dt +

o

h, —h

+ 24 3{sgn(y—t)Gl(t)dt+E£Rl(y,t)G1(t)dt+

+ - [Ry(y,)Gy(0dt =~ £,(w),  yeL, (36)
L
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h,+h h, +h
Gy - "2 [y~ t)ay a2 [ogn - 06,0 at+
L

L

Yy
+hy [ Gy(0)dt + %JRg(y,t)Gl(t)dt +
L

LR, 0G0t =~ £, yeL, (37)
L

Bq
le(t)dtzo, g=1,...,M, (38)

%q

where
sin (My — 1)

5 dx,

Rl(y: t) = I(m4(7‘) - ml(k) + (hg - h3 )m5 (7“))
0

cos (My — 1))

oy T

Ry(y,t) = = [ (my () + (hy — hy)m; (1))
0

- 30 - h) (B (kly - ) 4]y 1],

Rs(y,t) = —(h, +h3)jm5(x)wdk,
0
R,(y,t) = (h, +h3)jm5(x)wdk N
0

"/0(7\)
L, +h3)(%Hé(lc|y ) +1n|y _t|j.

Note, that R;(y,t)e C**(L xL), >0, i=1,...,4.

Conclusions. Mathematical models of the initial problems have been con-
structed on the basis of the system of Fredholm integral equations of the
second kind and the system of singular integral equations. The main
parameters of scattered electromagnetic waves had been expressed via the
solutions of these systems. The system of integral equations (23)—(25) and
(36)—(38) differs from the system of integral equations obtained in the article
[8]. This difference is caused by the presence of terms with logarithmic
singularities and terms with discontinuities of the first kind in the kernels of
integral equations. The numerical solution of the system of integral equations
(23)—(25) and (36)—(38) can be obtained with the help of quadrature formulas
of interpolation type [1, 2, 5].
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MATEMATUYHA MOJENb PO3CIAHHA NONAPU30BAHOI XBUII HA IMIEQAHCHUX
CTPIYKAX, PO3TALLOBAHUX HA EKPAHOBAHOMY AOIENEKTPUYHOMY LLAPI

Onuc npoyecis 83aem00ii eneKMPOMAZHIMHUL L8UAL 3 HelOedAbHO NPOGIOHUMU 2paAMKA-
Mmu npusodums 00 pozeandy xpatiosuxr 3aday 04 PieHAHDL [eabmeoavyad 3 2PAHUUHUMU
ymosamu mpemsozo pody. Buxidwy sadauy poscitoganus H -noaspusosanoi xeuai Ha
8l00usatouiti cmpyxmypi 36edeno 00 cucmemu PAHUYHUX THMEZPAALHUX PIeHAHb. Bu-
6e0eHHA THMEe2PAABHUX PIBHAHD I'PYHMYEMDBCA HA 3ACMOCYBAHHT Memody napamempu-
HUX 300PACEHd THMe2PAABHUL ONnepamopis.

MATEMATUYECKAA MOLEJb PACCEAHUSA NONAPU3OBAHHOM BOJIHbI HA UMNEOAHCHbIX
JIEHTAX, PACMONOXEHHbLIX HA 3KPAHWPOBAHHOM OU3NTIEKTPUYECKOM CJIOE

Onucanue npoyeccos 83aum00etucmeus INeKMpPOMAZHUMHBLL 80AH C He UOeaLbHO NPOBO-
dawumu peweémramu npusodum K PACCMOMPEHUI0 Kpaesblx 3aday 0as YypasHeHUul
Teavmezoavya ¢ epanHuUHbLMU Ycar08UuIMU MpPpembezo poda. McxodHnas 3adaua paccesHus

H -noaspusosannoti soansl Ha ompacaroueti cmpykmype ceedena K cucmeme epaHu-
HBLL UHME2PAABHBLL YPasHeHUl. Bbieod unmezpanrvrulxr ypasHeHuti OCHOBAH HA Npume-
HeHUU Mmemo0a napamempuieckuxr npedcmasierutl WHMeepalLbHblX 0Nepamopos.
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