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Âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó äëÿ õàðàêòåðèñòè÷íîãî âè-
çíà÷íèêà çàäà÷i ç äâîìà êðàòíèìè âóçëàìè äëÿ ëiíiéíîãî ðiâíÿííÿ
ç ÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè êîåôiöi¹íòàìè.

1. ÔÎÐÌÓËÞÂÀÍÍß ÇÀÄÀ×I ÒÀ ÎÑÍÎÂÍÈÕ
ÐÅÇÓËÜÒÀÒIÂ

Ðîçãëÿíåìî òàêó çàäà÷ó ç äâîìà êðàòíèìè âóçëàìè:

L

(
∂

∂t
,D

)
u(t, x) ≡ ∂nu

∂tn
+

n−1∑

j=0

Aj(D)
∂ju

∂tj
= 0, (t, x) ∈ (0, T )× Ωp, (1)





Uj [u] ≡ ∂j−1u(t, x)
∂tj−1

∣∣∣
t=0

= ϕj(x), j = 1, r, x ∈ Ωp,

Ur+j [u] ≡ ∂j−1u(t, x)
∂tj−1

∣∣∣
t=T

= ϕr+j(x), j = 1, n− r, x ∈ Ωp,

(2)

äå D = (−i∂/∂x1, . . . ,−i∂/∂xp), x = (x1, . . . , xp) ∈ Ωp, Ωp � p-âèìiðíèé
òîð (R/2πZ)p, 1 ≤ r < n, Aj(ξ), ξ ∈ Rp, � ìíîãî÷ëåí ç êîìïëåêñíèìè
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êîåôiöi¹íòàìè ñòåïåíÿ Nj , Nj ∈ N, j = 0, n− 1. Íåõàé W γ
α,β , α, β ∈ R,

γ ≡ max
1≤j≤n

{Nn−j/j}, � ïðîñòið 2π-ïåðiîäè÷íèõ çà çìiííèìè x1, . . . , xp

ôóíêöié ϕ(x) =
∑

ϕk exp(ik1x1 + . . . + ikpxp) çi ñêií÷åííîþ íîðìîþ

‖ϕ; W γ
α,β‖ =

√ ∑

k∈Zp

|ϕk|2(1 + |k|)2α exp(2β|k|γ).

Ïðè äîñëiäæåííi ðîçâ'ÿçíîñòi çàäà÷i (1), (2) â ïðîñòîðàõ ôóíêöié,
2π-ïåðiîäè÷íèõ çà çìiííèìè x1, . . . , xp, âèíèêà¹ òàêèé âèçíà÷íèê:

∆(k, T ) = det ‖Uj [fq(t, k)]‖n
j,q=1 , k ≡ (k1, . . . , kp) ∈ Zp, (3)

äå f1(t, k), . . . , fn(t, k) � ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ

L

(
d

dt
, k

)
y(t) = 0, k ∈ Zp, (4)

òàêà, ùî f
(j−1)
q (0, k) = δj,q, j, q = 1, n (δj,q � ñèìâîë Êðîíåêåðà). ßêùî

∆(k, T ) 6= 0 äëÿ âñiõ k ∈ Zp, òî çàäà÷à (1), (2) ìà¹ ¹äèíèé ôîðìàëüíèé
ðîçâ'ÿçîê, ÿêèé çîáðàæó¹òüñÿ ðÿäîì

u(t, x) =
∑

k∈Zp

n∑

j,q=1

∆j,q(k, T )
∆(k, T )

fq(t, k)ϕjk exp(ik1x1 + . . . + ikpxp), (5)

äå ∆j,q(k, T ), j, q = 1, n, � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà Uj [fq(t, k)] ó
âèçíà÷íèêó ∆(k, T ), à ϕj,k � êîåôiöi¹íòè Ôóð'¹ ôóíêöié ϕj(x), j = 1, n.

ßêùî ∆(k, T ) 6= 0 äëÿ âñiõ k ∈ Zp, i, êðiì òîãî, iñíóþòü ω, δ ∈ R òàêi,
ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp âèêîíó¹òüñÿ
îöiíêà çíèçó

|∆(k, T )| ≥ (1 + |k|)−ω exp(−δ|k|γ), |k| = |k1|+ . . . + |kp|, (6)

òî íà îñíîâi âiäîìèõ îöiíîê [12, ñ. 162] äëÿ ôóíêöié f1(t, k), . . . , fn(t, k),
k ∈ Zp, â øêàëi ïðîñòîðiâ Cn([0, T ]; W γ

α,β), α, β ∈ R, ìîæíà âñòàíîâèòè
çáiæíiñòü ðÿäó (5), ÿêùî ϕj ∈ W γ

α0,β0
, j = 1, n, äëÿ äåÿêèõ äiéñíèõ α0, β0.

Òîìó âàæëèâèì ¹ äîñëiäæåííÿ ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íå-
ðiâíîñòi (6). Öå i ¹ çàâäàííÿì äàíî¨ ðîáîòè.

Äëÿ ôîðìóëþâàííÿ îòðèìàíèõ ðåçóëüòàòiâ ââåäåìî íàñòóïíi ïîçíà-
÷åííÿ: C(n, l), 1 ≤ l ≤ n, � ìíîæèíà âñiõ íàáîðiâ ω = (i1, . . . , il), ñêëà-
äåíèõ ç n íàòóðàëüíèõ ÷èñåë i1, . . . , il òàêèõ, ùî 1 ≤ i1 < . . . < il ≤ n;
λ1(k), . . . , λm(k)(k), m(k) ≤ n, � ðiçíi êîðåíi ðiâíÿííÿ

L(λ, k) = 0, (7)
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êðàòíîñòåé n1(k), . . . , nm(k)(k) âiäïîâiäíî,
∑m(k)

j=1 nj(k) = n; m0(k) = 0,
mj(k) =

∑j
q=1 nq(k), j = 1,m(k);

gq(t, k)= tα(q) exp(λβ(q)(k)t), α(q) = q −mβ(q)−1(k)− 1, q = 1, n, (8)

äå iíäåêñ β(q) îäíîçíà÷íî âèçíà÷à¹òüñÿ ç óìîâè mβ(q)−1(k)<q≤ mβ(q)(k).

Îñíîâíèìè ðåçóëüòàòàìè äàíî¨ ðîáîòè ¹ íàñòóïíi òâåðäæåííÿ.
Òåîðåìà 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0

íåðiâíiñòü (6) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòî-
ðiâ k ∈ Zp ïðè

ω > p(σ − 1) + γ(σ + r(n− r)), δ ≥ Λn−rT, γ = max
1≤j≤n

{Nn−j/j},

äå σ = Cn−r
n (1 + (n− r)(ν − 1)), ν = max

k∈Zp
max

1≤j≤m(k)
nj(k),

Λn−r = − inf
k∈Zp\{~0}

|k|−γ min
(i1,...,in−r)∈C(n,n−r)

{ n−r∑

j=1

Reλβ(ij)(k)
}

.

Çàóâàæèìî [11, ðîçä. 5, � 7], ùî òî÷íà íèæíÿ ãðàíü ó ïîïåðåäíié
ôîðìóëi äëÿ Λ ¹ ñêií÷åííèì ÷èñëîì.

Òåîðåìà 2. ßêùî äëÿ âñiõ k ∈ Zp êîðåíi ðiâíÿííÿ (7) ¹ äiéñíèìè,
òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 íåðiâíiñòü
(6) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp

ïðè ω > p(σ − 1) + γ(r(n− r) + 1), δ ≥ Λn−rT , γ = max
1≤j≤n

{Nn−j/j}.

Äiîôàíòîâi âëàñòèâîñòi õàðàêòåðèñòè÷íèõ âèçíà÷íèêiâ çàäà÷ ç óìî-
âàìè (2) äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü, ÿêi ìiñòÿòü ïîõiäíi çà çìiííîþ t
òiëüêè ïàðíîãî ïîðÿäêó, äîñëiäæóâàëèñü ó ðîáîòàõ [7], [13, � 2.2]; äëÿ
áåçòèïíèõ ðiâíÿíü, îäíîðiäíèõ ñòîñîâíî äèôåðåíöiþâàííÿ çà çìiííèìè
t òà x1, . . . , xp, � ó ðîáîòàõ [2, �4], [3]. Ó öèòîâàíèõ ðîáîòàõ âñòàíîâëåíî,
ùî ìåòðè÷íi îöiíêè çíèçó äëÿ âèçíà÷íèêiâ çàäà÷ (1), (2) âèêîíóþòüñÿ
äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 äëÿ âñiõ (êðiì
ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp, ÿêùî ïåâíèé ñèìåòðè÷íèé ìíîãî-
÷ëåí âiä êîðåíiâ ðiâíÿííÿ (7) ñïðàâäæó¹ äîäàòêîâó óìîâó îáìåæåíîñòi
çíèçó; ïðè öüîìó ó [2, 3, 7, 13] ïîêàçàíî, ùî òàêà äîäàòêîâà óìîâà âèêî-
íó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, êîìïîíåíòàìè
ÿêèõ ¹ êîåôiöi¹íòè ðiâíÿííÿ (1).

Ó ðîáîòi [8] çàïðîïîíîâàíî íîâó, âiäìiííó âiä [2, 3, 7, 13], ìåòîäèêó
äîâåäåííÿ îöiíîê çíèçó äëÿ õàðàêòåðèñòè÷íèõ âèçíà÷íèêiâ çàäà÷ ç óìî-
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âàìè (2) i âñòàíîâëåíî, ùî äëÿ äîâiëüíîãî ðiâíÿííÿ âèãëÿäó (1) (áåç
áóäü-ÿêèõ äîäàòêîâèõ óìîâ) íåðiâíiñòü (6) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T ∈ (0, T0] äëÿ âñiõ (êðiì ñêií÷åííî¨
êiëüêîñòi) âåêòîðiâ k ∈ Zp ïðè ω > p(σ− 1) + γ(σ + r(n− r)), δ ≥ nΛ0T0,
γ = max

1≤j≤n
{Nn−j/j}, äå Λ0 = −min

{
0, inf

k∈Zp
min

1≤j≤m(k)
(1 + |k|γ)−1Reλj(k)

}
,

à σ � ñòàëà ç òåîðåìè 1.
Çàóâàæèìî, ùî òåîðåìè 1, 2 äàíî¨ ðîáîòè ¹ ïîñèëåííÿì (ñòîñîâíî

íèæíüî¨ ìåæi äëÿ ïîêàçíèêà δ) ðåçóëüòàòiâ, îòðèìàíèõ ó [8, 9], i ¹ òî÷-
íèìè â êëàñi ðiâíÿíü âèãëÿäó (1) â ñåíñi íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 3. Äëÿ äîâiëüíîãî ε > 0 iñíóþòü ðiâíÿííÿ (1) i ìíîæèíà
E ε ⊂ R äîäàòíî¨ ëåáåãîâî¨ ìiðè òàêi, ùî äëÿ âñiõ T ∈ E ε íåðiâíiñòü
(6) íå ìîæå âèêîíóâàòèñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi âåêòîðiâ k ∈ Zp

ïðè æîäíîìó äiéñíîìó çíà÷åííi ω, ÿêùî δ = Λn−rT − ε.

2. ÄÎÏÎÌIÆÍI ÒÂÅÐÄÆÅÍÍß

Äëÿ äîâåäåííÿ òåîðåì 1, 2 âèêîðèñòà¹ìî äåÿêi äîïîìiæíi òâåðäæåííÿ.
Ëåìà 1. [1, 10] Íåõàé f : [a, b] → R � òàêà äiéñíîçíà÷íà ôóíêöiÿ,

ùî f ∈ Cn[a, b] i äëÿ âñiõ t ∈ [a, b] âèêîíó¹òüñÿ óìîâà |f (n)(t)| > δ, δ > 0.
Òîäi äëÿ äîâiëüíîãî ε > 0 ïðàâèëüíîþ ¹ íåðiâíiñòü

meas{t ∈ [a, b] : |f(t)| ≤ ε} ≤ 2n(n!ε/δ)1/n.

Íåõàé f(t) � êâàçiìíîãî÷ëåí âèãëÿäó

f(t) =
m∑

j=1

pj(t) exp(µjt), (9)

äå µj ∈ C, j = 1,m, µj 6= µr, j 6= r, pj(t) � ìíîãî÷ëåí ç êîìïëåêñíèìè
êîåôiöi¹íòàìè ñòåïåíÿ (nj − 1), nj ∈ N, j = 1,m.

Ëåìà 2. Êiëüêiñòü íóëiâ êâàçiìíîãî÷ëåíà (9), ÿêi ïîòðàïëÿþòü íà
[a, b], íå ïåðåâèùó¹ C1(b−a)(1+ max

1≤j≤m
{|µj |}), äå ñòàëà C1 > 0 çàëåæèòü

òiëüêè âiä n, n = n1 + . . . + nm. ßêùî æ âñi ÷èñëà µj òà êîåôiöi¹íòè
ìíîãî÷ëåíiâ pj(t), j = 1,m, ¹ äiéñíèìè, òî êiëüêiñòü äiéñíèõ íóëiâ êâà-
çiìíîãî÷ëåíà (9) íå ïåðåâèùó¹ (n− 1).

Äîâåäåííÿ ïåðøîãî òâåðäæåííÿ ëåìè âèïëèâà¹ ç òåîðåìè Âàëëå
Ïóññåíà [6, ñ. 29]; äðóãå æ òâåðäæåííÿ � äîáðå âiäîìèé ôàêò (äèâ. çà-
äà÷ó 75 ç [5, ñ. 58]).
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Íèæ÷å ðîçãëÿäàòèìåìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ çi ñòàëè-
ìè êîìïëåêñíèìè êîåôiöi¹íòàìè a1, . . . , an

R

(
d

dt

)
y(t) ≡ y(n)(t) + a1y

(n−1)(t) + . . . + any(t) = 0. (10)

Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ: λ1, . . . , λn � êîðåíi ìíîãî÷ëåíà
R(λ), ΛR = min

1≤j≤n
{Reλj}, BR = 1 + max

1≤j≤n
{|λj |}, ψR = max

t∈[0,T ]
exp(−ΛRt),

GR,f (t) ≡ max
1≤j≤n

{
B−j

R |f (j−1)(t)|
}
, äå f ∈ Cn−1[0, T ].

Ëåìà 3. [8] Íåõàé ôóíêöiÿ f(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (10). Òîäi äëÿ
äîâiëüíîãî t ∈ [0, T ] âèêîíó¹òüñÿ íåðiâíiñòü

GR,f (0) ≤ eT n(2n − 1)Bn
R exp(−ΛRt) GR,f (t). (11)

Ëåìà 4. Íåõàé ôóíêöiÿ f(t) ¹ íåòðèâiàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ
(10). Òîäi äëÿ äîâiëüíîãî ε ∈ (0, ε1) âèêîíó¹òüñÿ îöiíêà

meas{t ∈ [0, T ] : |f(t)| ≤ ε} ≤ C2BR

(
εψR/GR,f (0)

)1/(n−1)
,

äå ε1 = GR,f (0)/(2eT n(2n − 1)ψRBn−1
R ), C2 = C2(n, T ) > 0.

Äîâåäåííÿ. Çãiäíî ç ëåìîþ 3, â êîæíié òî÷öi t ∈ [0, T ] âèêîíó¹òüñÿ
íåðiâíiñòü

GR,f (t) ≥ GR,f (0)
eT n(2n − 1)Bn

RψR
≡ η. (12)

Ðîçãëÿíåìî ôóíêöi¨

yj(t) = B−j
R Re f (j−1)(t), yn+j(t) = B−j

R Im f (j−1)(t), j = 1, n,

òà ôóíêöi¨ z+
jq(t) = yj(t) + yq(t), z−jq(t) = yj(t) − yq(t), 1 ≤ j < q ≤ 2n.

Î÷åâèäíî, ùî ôóíêöi¨ z+
jq(t), z−jq(t) (1 ≤ j < q ≤ 2n) ¹ êâàçiìíîãî÷ëå-

íàìè, ìîäóëi ïîêàçíèêiâ åêñïîíåíò ÿêèõ íå ïåðåâèùóþòü BR. Çãiäíî ç
ëåìîþ 2, êiëüêiñòü íóëiâ íà [0, T ] êîæíî¨ ç ôóíêöié z+

jq(t), z−jq(t) (ÿêùî
âîíà âiäìiííà âiä òîòîæíîãî íóëÿ) íå ïåðåâèùó¹ C3BR, C3 = C3(n, T ).
Íåõàé J = { Jr : r = 1, M } � ðîçáèòòÿ âiäðiçêà [0, T ] íà âiäðiçêè
Jr = [ξr−1, ξr], óòâîðåíå òî÷êàìè 0, T òà âñiìà íóëÿìè âñiõ íåòðèâiàëü-
íèõ ôóíêöié z+

jq(t), z−jq(t) (1 ≤ j < q ≤ 2n). Î÷åâèäíî, ùî äëÿ êiëü-
êîñòi M âiäðiçêiâ ðîçáèòòÿ J âèêîíó¹òüñÿ íåðiâíiñòü M ≤ C4BR, äå
C4 = C4(n, T ). Çãiäíî ç ïîáóäîâîþ ðîçáèòòÿ J , êîæíà ç ôóíêöié z+

jq(t)
z−jq(t), 1 ≤ j < q ≤ 2n, íà êîæíîìó ç âiäðiçêiâ Jr öüîãî ðîçáèòòÿ íå
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ìîæå íàáóâàòè çíà÷åíü ðiçíèõ çíàêiâ. Òîìó íà êîæíîìó ç âiäðiçêiâ Jr

äëÿ äîâiëüíèõ j, q âèêîíó¹òüñÿ íåðiâíiñòü |yj(t)| ≥ |yq(t)|, t ∈ Jr, àáî
æ íåðiâíiñòü |yq(t)| ≥ |yj(t)|, t ∈ Jr. Çâiäñè îòðèìó¹ìî, ùî äëÿ êîæíî-
ãî r, 1 ≤ r ≤ M , çíàéäåòüñÿ òàêå q(r), 1 ≤ q(r) ≤ 2n, ùî â êîæíié
òî÷öi t ∈ Jr ñïðàâäæó¹òüñÿ ðiâíiñòü |yq(r)(t)| = max

1≤j≤2n
|yj(t)|. Îñêiëüêè

|f (j−1)(t)|B−j
R ≤ 2 max{|yj(t)|, |yn+j(t)|}, òî ç íåðiâíîñòi (12) âèïëèâà¹,

ùî íà êîæíîìó âiäðiçêó Jr, r = 1, M , âèêîíó¹òüñÿ íåðiâíiñòü

|yq(r)(t)| ≥ η/2, t ∈ Jr,

òîáòî
|Re f (q(r)−1)(t)| ≥ ηB

q(r)
R /2, t ∈ Jr, (13)

ÿêùî 1 ≤ q(r) ≤ n, àáî

|Im f (q(r)−n−1)(t)| ≥ ηB
q(r)−n
R /2, t ∈ Jr, (14)

ÿêùî n + 1 ≤ q(r) ≤ 2n. Çàóâàæèìî, ùî

{t ∈ Jr : |f(t)| ≤ ε} ⊂ {t ∈ Jr : |Re f(t)| ≤ ε},

{t ∈ Jr : |f(t)| ≤ ε} ⊂ {t ∈ Jr : |Im f(t)| ≤ ε}.
Òîìó ç íåðiâíîñòåé (13), (14) âèïëèâà¹, ùî ïðè ε ∈ (0, ε1) ìíîæèíà {t ∈
Jr : |f(t)| ≤ ε} ¹ ïîðîæíüîþ, ÿêùî q(r) = 1 àáî q(r) = n + 1. ßêùî æ
2 ≤ q(r) ≤ n, òî çà ëåìîþ 1 ç íåðiâíîñòåé (13), (14) âèïëèâà¹, ùî ïðè
ε ∈ (0, ε1) âèêîíó¹òüñÿ îöiíêà

meas{t ∈ Jr : |Re f(t)| ≤ ε} ≤ C5

(
ε/(ηB

q(r)
R )

)1/(q(r)−1) ≤

≤ C5B
−1
R

(
ε/(ηBR)

)1/(n−1) ≤ C6

(
εψR/GR,f (0)

)1/(n−1)
,

äå C6 = C6(n, T ) > 0. Àíàëîãi÷íî, ÿêùî n + 2 ≤ q(r) ≤ 2n, òî ç ëåìè 1
ïðè ε ∈ (0, ε1) îòðèìó¹ìî îöiíêó

meas{t ∈ Jr : |Im f(t)| ≤ ε} ≤ C7

(
εψR/GR,f (0)

)1/(n−1)
, C7 = C7(n, T ) > 0.

Äëÿ çàâåðøåííÿ äîâåäåííÿ ëåìè çàëèøà¹òüñÿ âðàõóâàòè, ùî êiëüêiñòü
M ïðîìiæêiâ ðîçáèòòÿ J íå ïåðåâèùó¹ C4BR. Ëåìó äîâåäåíî.

Ëåìà 5. ßêùî ôóíêöiÿ f(t) ¹ íåíóëüîâèì ðîçâ'ÿçêîì ðiâíÿííÿ (10)
i êîðåíi ìíîãî÷ëåíà R(λ) ¹ äiéñíèìè, òî äëÿ äîâiëüíîãî ε ∈ (0, ε1)

meas{t ∈ [0, T ] : |f(t)| ≤ ε} ≤ C8

(
εψR/GR,f (0)

)1/(n−1)
,
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äå ε1 � ñòàëà ç ëåìè 4, C8 = C8(n, T ) > 0.
Äîâåäåííÿ ëåìè ¹ àíàëîãi÷íèì äî äîâåäåííÿ ïîïåðåäíüî¨ ëåìè; ïðè

öüîìó ñëiä âðàõóâàòè, ùî çãiäíî ç ëåìîþ 3 êiëüêiñòü M âiäðiçêiâ ðîç-
áèòòÿ J íå ïåðåâèùó¹ äåÿêî¨ ñòàëî¨, ÿêà çàëåæèòü òiëüêè âiä n.

Ëåìà 6. Íåõàé ôóíêöiÿ f(t) ¹ íåòðèâiàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ
(10) i òî÷êà t = 0 ¹ ¨¨ íóëåì êðàòíîñòi s, òîáòî f (j−1)(0) = 0, j = 1, s,
f (s)(0) 6= 0. Òîäi äëÿ äîâiëüíîãî ε ∈ (0, ε2) âèêîíó¹òüñÿ îöiíêà

meas{t ∈ [0, T ] : |f(t)| ≤ ε exp(ΛRt)} ≤ C9BR

(
ε|f (s)(0)|Bs+1

R

)1/(n−1)
,

äå ε2 = |f (s)(0)|/(2eT n(2n − 1)(2BR)n+s), C9 = C9(n, T ) > 0.

Äîâåäåííÿ. Î÷åâèäíî, ùî ôóíêöiÿ g(t) = f(t) exp(−ΛRt) ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ

Q

(
d

dt

)
g(t) ≡ R

(
d

dt
+ ΛR

)
g(t) = 0. (15)

Îñêiëüêè êîðåíÿìè ìíîãî÷ëåíà Q(µ) ¹ ÷èñëà µj = λj − ΛR, j = 1, n, äå
λj , j = 1, n, � êîðåíi ìíîãî÷ëåíà R(λ), òî

BQ ≡ 1 + max
1≤j≤n

|λj − ΛR| ≤ 2BR, ΛQ ≡ min
1≤j≤n

Re (λj − ΛR) ≥ 0,

ψQ ≡ max
t∈[0,T ]

exp(−ΛQt) = 1.

Çàñòîñîâóþ÷è äî ôóíêöi¨ g(t), ÿê ðîçâ'ÿçêó ðiâíÿííÿ (15), ëåìó 4, äiñòà-
íåìî, ùî äëÿ äîâiëüíîãî ε ∈ (0, ε3), ε3 = GQ,g(0)/(2eT n(2n − 1)Bn−1

Q ),
âèêîíó¹òüñÿ îöiíêà

meas{t ∈ [0, T ] : |g(t)| ≤ ε} ≤ C2BQ

(
ε/GQ,g(0)

)1/(n−1)
.

Äëÿ çàâåðøåííÿ äîâåäåííÿ ëåìè çàëèøà¹òüñÿ âðàõóâàòè íåðiâíîñòi

BQ ≤ 2BR, GQ,g(0) ≥ B−s−1
Q |f (s)(0)| ≥ (2BR)−s−1|f (s)(0)|

i òå, ùî {t ∈ [0, T ] : |g(t)| ≤ ε} = {t ∈ [0, T ] : |f(t)| ≤ ε exp(ΛRt)}.
Ëåìà 7. Íåõàé ôóíêöiÿ f(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (10) i êîðåíi ðiâ-

íÿííÿ R(λ) = 0 ¹ äiéñíèìè. ßêùî f (j−1)(0) = 0, j = 1, s, f (s)(0) 6= 0, òî
äëÿ äîâiëüíîãî ε ∈ (0, ε2) âèêîíó¹òüñÿ îöiíêà

meas{t ∈ [0, T ] : |f(t)| ≤ ε exp(ΛRt)} ≤ C10

(
ε|f (s)(0)|Bs+1

R

)1/(n−1)
,

äå ε2 � ñòàëà ç ëåìè 6, C10 = C10(n, T ) > 0.
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Äîâåäåííÿ áàçó¹òüñÿ íà ëåìi 5 i ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ
ëåìè 6.

Íàñòóïíi äâà òâåðäæåííÿ îïèñóþòü ñòðóêòóðó âèçíà÷íèêà (3) ÿê
ôóíêöi¨ çìiííî¨ T .

Ëåìà 8. Äëÿ âèçíà÷íèêà (3) âèêîíóþòüñÿ òàêi ðiâíîñòi:

∂q∆(k, T )
∂T q

∣∣∣
T=0

=

{
0, ÿêùî 0 ≤ q < r(n− r),
C11, ÿêùî q = r(n− r),

äå C11 = (r(n− r))! 1!2!·...·(n−r−1)!
r!(r+1)!·...·(n−1)! ∈ N.

Äîâåäåííÿ. Îñêiëüêè f
(j−1)
q (0, k) = δj,q, j, q = 1, n, òî ç ôîðìóëè

Òåéëîðà äëÿ ôóíêöié f1(t, k), . . . , fn(t, k) âèïëèâàþòü òàêi ðîçâèíåííÿ:

fq(t, k) =
tq−1

(q − 1)!
+ βq(t, k)tn, q = 1, n, (16)

äå βq(t, k), q = 1, n, � àíàëiòè÷íi â îêîëi òî÷êè t = 0 ôóíêöi¨ (àíàëi-
òè÷íiñòü ôóíêöié βq(t, k), q = 1, n, ¹ íàñëiäêîì àíàëiòè÷íîñòi ôóíêöié
f1(t, k), . . . , fn(t, k)).

Äëÿ m ãëàäêèõ ôóíêöié h1(t), . . . , hm(t) ñèìâîëîì Wm(h1, . . . , hm) áó-
äåìî ïîçíà÷àòè âðîíñêiàí det ‖h(j−1)

q (t)‖m
j,q=1. Íàì çíàäîáèòüñÿ òàêà âëà-

ñòèâiñòü âðîíñêiàíà (äèâ. çàäà÷ó 57 ó [5, ñ. 126]): äëÿ äîâiëüíèõ (m−1) ðàç
íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié h(t), y1(t), . . . , ym(t) âèêîíó¹òüñÿ
ðiâíiñòü

Wm(h(t)y1(t), . . . , h(t)ym(t)) = hn(t)Wm(y1(t), . . . , ym(t)).

Ëåãêî ïåðåâiðèòè, ùî äëÿ êîæíîãî k ∈ Zp âèçíà÷íèê ∆(k, T ) äîðiâ-
íþ¹ çíà÷åííþ ó òî÷öi t = T âðîíñêiàíà Wn−r(fr+1(t, k), . . . , fn(t, k)) ñè-
ñòåìè ôóíêöié fr+1(t, k), . . . , fn(t, k). Âðàõîâóþ÷è íàâåäåíó âëàñòèâiñòü
âðîíñêiàíà, ç ðîçâèíåíü (16) îòðèìà¹ìî, ùî â îêîëi òî÷êè T = 0

∆(k, T ) = Wn−r

(
T r

r! + βr+1(T, k)Tn, . . . , T n−1

(n−1)! + βn(T, k)Tn
)

=

= T r(n−r)Wn−r

(
1
r! + βr+1(T, k)Tn−r, . . . , T n−r−1

(n−1)! + βn(T, k)Tn−r
)

=

= T r(n−r)Wn−r

(
1
r! , . . . ,

T n−r−1

(n−1)!

)
+ β(T, k)T r(n−r)+1,

òîáòî
∆(k, T ) = C12T

r(n−r) + β(T, k)T r(n−r)+1, (17)
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äå C12 = 1!2!·...·(n−r−1)!
r!(r+1)!·...·(n−1)! , à β(T, k) � àíàëiòè÷íà ôóíêöiÿ â îêîëi òî÷êè

T = 0. Ç ðîçâèíåííÿ (17) âèïëèâà¹ òâåðäæåííÿ ëåìè.
Ëåìà 9. Âèçíà÷íèê ∆(k, T ), k ∈ Zp, ÿê ôóíêöiÿ çìiííî¨ T , ¹ ðîç-

â'ÿçêîì çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

∏

ω=(i1,...,in−r)∈C(n,n−r)

(
d

dT
− Λβ(ω)(k)

)γ(ω)+1

∆(k, T ) = 0, (18)

äå Λβ(ω)(k) =
n∑

j=1
λβ(ij)(k), γ(ω) � ñòåïiíü ìíîãî÷ëåíà Pk,ω(T ), Pk,ω(T ) ≡

det
∥∥(d/dT + λβ(ij))

q−1[T α(ij)]
∥∥n−r

j,q=1
, à iíäåêñè β(i1), . . . , β(in) i ñòåïåíi

α(i1), . . . , α(in) âèçíà÷àþòüñÿ ôîðìóëàìè (8).
Äîâåäåííÿ. Íåõàé ∆1(k, T ) ≡ det ‖Uj [gq(t, k)]‖n

j,q=1, k ∈ Zp. Âèçíà÷-
íèêè ∆(k, T ) òà ∆1(k, T ) ïîâ'ÿçàíi ðiâíiñòþ ∆(k, T ) = ∆1(k, T )/det Jk,
k ∈ Zp, äå Jk � ìàòðèöÿ ïåðåõîäó âiä ôóíäàìåíòàëüíî¨ ñèñòåìè ðîçâ'ÿç-
êiâ f1(t, k), . . . , fn(t, k) ðiâíÿííÿ (4) äî ôóíäàìåíòàëüíî¨ ñèñòåìè ðîç-
â'ÿçêiâ g1(t, k), . . . , gn(t, k). Ðîçêðèâàþ÷è âèçíà÷íèê ∆1(k, T ) çà ïðàâè-
ëîì Ëàïëàñà çà ìiíîðàìè îñòàííiõ (n− r) ðÿäêiâ, äiñòà¹ìî, ùî

∆1(k, T ) =
∑

ω=(i1,...,in−r)∈C(n,n−r)

(−1)lωMω(k) exp(Λβ(ω)(k)T )Pk,ω(T ), (19)

äå lω = i1 + . . . + in−r + (r + 1) + . . . + n, Mω(k) � ìiíîð n-ãî ïîðÿäêó
âèçíà÷íèêà ∆1(k, T ), ÿêèé âiäïîâiäà¹ ïåðøèì r ðÿäêàì òà r ñòîâïöÿì,
íîìåðè ÿêèõ íå äîðiâíþþòü ÷èñëàì i1, . . . , in−r. Ç ðiâíîñòi (19) âèïëè-
âà¹, ùî âèçíà÷íèê ∆1(k, T ), à, îòæå, é âèçíà÷íèê ∆(k, T ), ¹ ðîçâ'ÿçêîì
äèôåðåíöiàëüíîãî ðiâíÿííÿ (18). Ëåìó äîâåäåíî.

3. ÄÎÂÅÄÅÍÍß ÎÑÍÎÂÍÈÕ ÐÅÇÓËÜÒÀÒIÂ

Äîâåäåííÿ òåîðåìè 1. Íåõàé E(T0) � ìíîæèíà òèõ ÷èñåë T , ÿêi
íàëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí E(k, T0) := {T ∈ (0, T0] :
|∆(k, T )| < (1+ |k|)−ω exp(−Λn−rT |k|γ)}, k ∈ Zp. Äëÿ äîâåäåííÿ òåîðåìè
äîñèòü ïåðåâiðèòè, ùî measE(T0) = 0 äëÿ äîâiëüíîãî T0 > 0. Ç îãëÿäó íà
ëåìó Áîðåëÿ�Êàíòåëëi [6, ñ. 13], äëÿ öüîãî äîñèòü âñòàíîâèòè çáiæíiñòü
ðÿäó

∑
k∈Zp

measE(k, T0).

Íåõàé N(k) = degλ S(λ, k), BS(k) = 1 + max{|λ| : S(λ, k) = 0}, äå
S(λ, k), k ∈ Zp, � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí äèôåðåíöiàëüíîãî ðiâ-
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íÿííÿ (18). Ïðàâèëüíèìè ¹ òàêi íåðiâíîñòi:

N(k) ≤ Cn−r
n

(
1 + (n− r)(n+(k)− 1)

)
, |BS(k)| ≤ C13(1 + |k|)γ , (20)

äå n+(k) = max
1≤j≤m(k)

nj(k) � ìàêñèìàëüíà êðàòíiñòü êîðåíiâ ïîëiíîìà
L(λ, k). Äiéñíî, îöiíêà äëÿ N(k) =

∑
ω∈C(n,n−r)

(γ(ω) + 1) âèïëèâà¹ ç òîãî,

ùî êiëüêiñòü åëåìåíòiâ ìíîæèíè C(n, n − r) äîðiâíþ¹ Cn−r
n i òîãî, ùî

äëÿ äîâiëüíîãî íàáîðó ω ∈ C(n, n− r) ñòåïiíü γ(ω) ìíîãî÷ëåíà Pω(k, T )
ó ôîðìóëi (19) íå ïåðåâèùó¹ (n− r)(n+(k)− 1). Äðóãà îöiíêà ó ôîðìóëi
(20) âèïëèâà¹ ç òîãî, ùî áóäü-ÿêèé êîðiíü ìíîãî÷ëåíà S(λ, k) ¹ ñóìîþ
(n− r) êîðåíiâ ìíîãî÷ëåíà L(λ, k).

Ç îöiíîê (20) íà ïiäñòàâi òâåðäæåíü ëåì 6, 8, 9 äiñòà¹ìî, ùî ïðè
ω > p(σ − 1) + γ(σ + r(n − r)) äëÿ ìið Ëåáåãà ìíîæèí E(k, T0), k ∈ Zp,
âèêîíóþòüñÿ íåðiâíîñòi

measE(k, T0) ≤ C14BS(k)
(
(1 + |k|)−ωB

r(n−r)+1
S (k)

)1/(N(k)−1)
≤

≤ C15(1 + |k|)γ+
γ(r(n−r)+1)−ω

σ−1 ≤ C15(1 + |k|)−p−ε4 , k ∈ Zp,

(21)

äå ε4 = (ω − p(σ − 1) − γ(σ + r(n − r)))/(σ − 1) > 0. Ç íåðiâíîñòåé (21)
âèïëèâà¹ çáiæíiñòü ðÿäó

∑
k∈Zp

measE(k, T0). Òåîðåìó äîâåäåíî.

Äîâåäåííÿ òåîðåìè 2 ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåî-
ðåìè 1; ïðè öüîìó äëÿ îöiíîê ìið ìíîæèí E(k, T0), k ∈ Zp, ñëiä âèêîðè-
ñòàòè ëåìè 7, 8, 9.

Äîâåäåííÿ òåîðåìè 3. Çàôiêñó¹ìî ÷èñëà ε, T0 > 0. Ðîçãëÿíåìî
çàäà÷ó ç óìîâàìè (2) äëÿ ðiâíÿííÿ ç îäíi¹þ ïðîñòîðîâîþ çìiííîþ (p = 1)

n∏

j=1

(
∂

∂t
+ µj

∂2

∂x2

)
u(t, x) = 0, (t, x) ∈ (0, T )× Ω1,

äå ÷èñëà µ1, . . . , µn ¹ òàêèìè, ùî âèêîíóþòüñÿ íåðiâíîñòi

−µ− κ ≤ Reµ1 < . . . < Reµn ≤ −µ < 0, κ = ε/(3(n− r)T0).

Äëÿ äàíîãî âèïàäêó γ = 2, Λn−r = −(Reµ1 + . . . +Reµn−r). Íåõàé E ε =
[T0 − ε/(3µ(n− r), T0] ∩ (0, T0]. Î÷åâèäíî, ùî ìíîæèíà E ε ìà¹ äîäàòíó
ëåáåãîâó ìiðó. Ïðèïóñòèìî, ùî iñíó¹ T ∈ E ε òàêå, ùî äëÿ äåÿêîãî ω ∈ R
íåðiâíiñòü

|∆(k, T )| ≥ (1 + |k|)−ω exp((ε− Λn−rT )k2) (22)
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âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi öiëèõ ÷èñåë k. Ëåãêî ïåðåâiðèòè,
ùî äëÿ êîæíîãî k ∈ Z âèêîíó¹òüñÿ îöiíêà

|∆(k, T )| ≤ C16(1 + |k|)ω0 exp(−(n− r)µTk2), (23)

äå ω0 = 2(C2
r +C2

n−r−C2
n), à ñòàëà C16 > 0 íå çàëåæèòü âiä k. Òîäi ç îöiíîê

(22), (23) âèïëèâà¹, ùî äëÿ íåñêií÷åííî¨ êiëüêîñòi k ∈ Z âèêîíó¹òüñÿ
íåðiâíiñòü

C16 exp
(
(Λn−rT − (n− r)µT )k2

) ≥ (1 + |k|)−ω−ω0 exp(εk2). (24)

Îñêiëüêè Λn−rT − (n − r)µT ≤ 2ε/3 äëÿ âñiõ T ∈ Eε, òî ëiâà ÷àñòèíà
íåðiâíîñòi (24) îöiíþ¹òüñÿ çâåðõó ÷èñëîì C16 exp(2εk2/3), à, îòæå, äëÿ
íåñêií÷åííî¨ êiëüêîñòi ÷èñåë k ∈ Z âèêîíó¹òüñÿ ñóïåðå÷ëèâà íåðiâíiñòü
C16 exp(2εk2/3) ≥ (1 + |k|)−ω−ω0 exp(εk2). Ç îòðèìàíî¨ ñóïåðå÷íîñòi âè-
ïëèâà¹ òâåðäæåííÿ òåîðåìè 3.

4. ×ÀÑÒÊÎÂI ÂÈÏÀÄÊÈ ÇÀÄÀ×I (1), (2)

Ðîçãëÿíåìî ÷àñòêîâi âèïàäêè, êîëè â óìîâàõ (2) r = 1 àáî r = n − 1. Ó
öèõ âèïàäêàõ òâåðäæåííÿ òåîðåì 1, 2 ìîæíà óòî÷íèòè (ñòîñîâíî íèæíüî¨
ìåæi äëÿ ïîêàçíèêà ω).

Òåîðåìà 4. ßêùî r = n − 1, òî íåðiâíiñòü (6) âèêîíó¹òüñÿ äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 äëÿ âñiõ (êðiì
ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp ïðè ω > p(n − 1) + γ(2n − 1),
δ ≥ Λ1T , γ = max

1≤j≤n
{Nn−j/j}.

Äîâåäåííÿ. ßêùî r = n− 1, òî ∆(k, T ) = fn(T, k). Íåõàé E(T0), äå
T0 > 0, � ìíîæèíà òèõ ÷èñåë T , ÿêi íàëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi
ìíîæèí E(k, T0) = {T ∈ (0, T0] : |fn(T, k)| ≤ (1 + |k|)−ω exp(−Λ1T |k|γ)},
k ∈ Zp. Äëÿ äîâåäåííÿ òåîðåìè äîñèòü ïåðåâiðèòè, ùî measE(T0) = 0
äëÿ âñiõ T0 > 0. Çà ëåìîþ Áîðåëÿ�Êàíòåëëi [6, ñ. 13] äëÿ öüîãî äîñèòü
âñòàíîâèòè çáiæíiñòü ðÿäó

∑
k∈Zp

measE(k, T0).

Ôóíêöiÿ fn(t, k) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4) i òî÷êà t = 0 ¹ ¨¨ íóëåì
êðàòíîñòi (n− 1). Òîäi ç ëåìè 6 äëÿ ìið Ëåáåãà ìíîæèí E(k, T0), k ∈ Zp,
ïðè ω > p(n− 1) + γ(2n− 1) äiñòàíåìî, ùî

measE(k, T0) ≤ C17(1 + |k|)γ+(γn−ω)/(n−1) ≤ C17(1 + |k|)−p−ε5 ,

äå ε5 = (ω−p(n−1)−γ(2n−1))/(n−1) > 0. Îòæå, ðÿä
∑

k∈Zp

measE(k, T0)

¹ çáiæíèì. Òåîðåìó äîâåäåíî.
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Òåîðåìà 5. ßêùî r = 1, òî íåðiâíiñòü (6) âèêîíó¹òüñÿ äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë T > 0 äëÿ âñiõ (êðiì ñêií÷åííî¨
êiëüêîñòi) âåêòîðiâ k ∈ Zp ïðè ω > p(n − 1) + γ(2n − 1), δ ≥ Λn−1T ,
γ = max

1≤j≤n
{Nn−j/j}.

Äîâåäåííÿ. ßêùî r = 1, òî âèçíà÷íèê ∆(k, T ) ¹ âðîíñêiàíîì ñèñòå-
ìè ôóíêöié f2(T, k), . . . , fn(T, k). Âiäîìî [4, � 17.7], ùî â öüîìó âèïàäêó
âèçíà÷íèê ∆(k, T ), ÿê ôóíêöiÿ çìiííî¨ T , ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

L∗
(
d/dT + A1(k), k

)
∆(k, T ) = 0, k ∈ Zp,

äå L∗ (λ, k) = λn +
∑n−1

j=0 (−1)n−jAj(k)λj . Äëÿ êîæíîãî k ∈ Zp ïîçíà÷èìî:

B∗(k) = 1 + max{ |λ| : L∗(λ + A1(k), k) = 0 },
Λ∗(k) = −min{Reλ : L∗(λ + A1(k), k) = 0 },

E(k, T0) = {T ∈ (0, T0] : |fn(T, k)| ≤ (1 + |k|)−ω exp(−Λn−1T |k|γ)},
äå T0 > 0. ×èñëî µ ¹ êîðåíåì ðiâíÿííÿ L∗(λ+A1(k), k) = 0, k ∈ Zp, òîäi i
òiëüêè òîäi, êîëè ÷èñëî −µ−A1(k) ¹ êîðåíåì ðiâíÿííÿ (7). Âðàõîâóþ÷è
òåîðåìó Âi¹òà, äiñòàíåìî, ùî

B∗(k) ≤ C18(1 + |k|)γ , Λ∗(k) ≥ −Λn−1|k|γ , k 6= ~0.

Òîäi ç ëåìè 6 ïðè ω > p(n − 1) + γ(2n − 1) äëÿ ìið ìíîæèí E(k, T0),
k ∈ Zp, îòðèìó¹ìî òàêi îöiíêè:

measE(k, T0) ≤ C19B
2n/(n−1)
∗ (k)(1 + |k|)−ω/(n−1) ≤ C20(1 + |k|)−p−ε5 ,

äå ε5 > 0 � ñòàëà iç äîâåäåííÿ òåîðåìè 4. Òîìó ðÿä
∑

k∈Zp

measE(k, T0) ¹
çáiæíèì. Iç ëåìè Áîðåëÿ�Êàíòåëëi äiñòà¹ìî òâåðäæåííÿ òåîðåìè.

Òåîðåìà 6. ßêùî r = n − 1 i äëÿ âñiõ k ∈ Zp êîðåíi ðiâíÿííÿ (7)
¹ äiéñíèìè, òî íåðiâíiñòü (6) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâ-
íî ìiðè Ëåáåãà â R) ÷èñåë T > 0 äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi)
âåêòîðiâ k ∈ Zp ïðè ω > p(n−1)+γ(n−1), δ ≥ Λ1T , γ = max

1≤j≤n
{Nn−j/j}.

Òåîðåìà 7. ßêùî r = 1 i äëÿ âñiõ k ∈ Zp êîðåíi ðiâíÿííÿ (7) ¹ äié-
ñíèìè, òî íåðiâíiñòü (6) âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà â R) ÷èñåë T > 0 äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ
k ∈ Zp ïðè ω > p(n− 1) + γ(n− 1), δ ≥ Λn−1T , γ = max

1≤j≤n
{Nn−j/j}.

Äîâåäåííÿ òåîðåì 6, 7 áàçó¹òüñÿ íà ëåìi 7 i ïðîâîäèòüñÿ çà ñõåìîþ
äîâåäåííÿ òåîðåì 4, 5 âiäïîâiäíî.

Çàóâàæåííÿ. Ðåçóëüòàòè ðîáîòè ìîæíà ïåðåíåñòè íà âèïàäîê çàäà-
÷i ç óìîâàìè (2) äëÿ ñèñòåì ëiíiéíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.
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The metric theorems of an estimations of the characteristic determinant
of the two-point problem for linear partial di�erential equations with con-
stant coef�cients are proved.




