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Äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ
ôàêòîðèçîâàíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Âñòàíîâëåíî
óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó ðîçãëÿäóâàíî¨ çàäà÷i. Äî-
âåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ùî
âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

Áàãàòî çàäà÷, ÿêi âèíèêàþòü ïðè äîñëiäæåííi ïðîöåñiâ òåïëîïðîâiä-
íîñòi, òåïëîïðóæíîñòi, äèíàìiêè ïiäçåìíèõ âîä çâîäÿòüñÿ äî çàäà÷ ç ií-
òåãðàëüíèìè óìîâàìè äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Òàêi çàäà÷i,
ÿêi ùå íàçèâàþòü çàäà÷àìè ç ðîçïîäiëåíèìè äàíèìè, äîñëiäæóâàëèñü ó
[1, 2, 3, 4, 6, 7, 8, 9, 11]. Çîêðåìà, ó ðîáîòàõ [7, 8, 9] âñòàíîâëåíî óìîâè
êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ ç iíòåãðàëüíèìè óìîâàìè äëÿ åâîëþöié-
íèõ ñèñòåì ðiâíÿíü â áåçìåæíîìó øàði, âèâ÷åíî çàëåæíiñòü êîðåêòíîñòi
òàêèõ çàäà÷i âiä òîâùèíè ðîçãëÿäóâàíîãî øàðó. Äîñëiäæåííÿ iíòåãðàëü-
íèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ
ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ; ó ïðàöÿõ [3, 4] íà îñíîâi ìåò-
ðè÷íîãî ïiäõîäó, âèêîðèñòàíîãî äëÿ îöiíîê çíèçó ìàëèõ çíàìåííèêiâ,
âñòàíîâëåíî ðîçâ'ÿçíiñòü òàêèõ çàäà÷ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëå-
áåãà) ÷èñåë, ÿêi ¹ çíà÷åííÿìè âåðõíüî¨ ìåæi iíòåãðóâàííÿ â iíòåãðàëüíèõ
óìîâàõ.

ÓÄÊ 517.95+511.2; MSC 2000: 11K60, 35A05, 35B10, 35B30, 42B05
Ðîáîòà âèêîíàíà ïðè ôiíàíñîâié ïîäòðèìöi ÄÔÔÄ Óêðà¨íè (ïðîåêò � 10.01/053)
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Äàíà ðîáîòà ïðîäîâæó¹ i ðîçâèâà¹ äîñëiäæåííÿ, ðîçïî÷àòi ó [3, 4].
�¨ îñíîâíîþ ìåòîþ ¹ âñòàíîâëåííÿ ðåçóëüòàòó ïðî iñíóâàííÿ äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~λ = (λ1, . . . , λn) ðîçâ'ÿçêó
iíòåãðàëüíî¨ çàäà÷i äëÿ ôàêòîðèçîâàíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiä-
íèìè, äå λ1, . . . , λn � êîåôiöi¹íòè ôàêòîðèçàöi¨.

1. Âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: Ωp � p-âèìiðíèé òîð (R/2πZ)p,
Qp = (0, T )× Ωp, T > 0, Dx = (−i∂/∂x1, . . . ,−i∂/∂xp), k = (k1, . . . , kp) ∈
Zp, ‖k‖ = 1+|k1|+. . .+|kp|, (k, x) = k1x1+. . .+kpxp, mesRnA � ìiðà Ëåáåãà
â Rn âèìiðíî¨ ìíîæèíè A ⊂ Rn; Πn = {~λ ∈ Rn : λ1 < . . . < λn}, Hα, α ∈
R, � ïðîñòið, îòðèìàíèé â ðåçóëüòàòi ïîïîâíåííÿ ïðîñòîðó ñêií÷åííèõ
òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ϕ(x) =

∑
ϕk exp(ik, x) çà íîðìîþ

‖ϕ(x);Hα‖ =
√ ∑

|k|≥0

|ϕk|2‖k‖2α;

Cn([0, T ];Hα) � ïðîñòið ôóíêöié u(t, x) òàêèõ, ùî ïðè ôiêñîâàíîìó t ∈
[0, T ] ïîõiäíi ∂ju(t, x)/∂tj , j = 0, 1, . . . , n, íàëåæàòü äî ïðîñòîðó Hα i ÿê
åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà t ∈ [0, T ]. Íîðìó â ïðîñòîði
Cn([0, T ];Hα) çàäà¹ìî ôîðìóëîþ

‖u(t, x);Cn([0, T ]; Hα)‖ =
n∑

j=0

max
t∈[0,T ]

∥∥∥∥
∂ju(t, x)

∂tj
; Hα

∥∥∥∥ .

2. Ðîçãëÿäà¹ìî çàäà÷ó

L

(
∂

∂t
,Dx

)
u(t, x) =

n∏

j=1

(
∂

∂t
− λjA(Dx)

)
u(t, x) = 0, (t, x) ∈ Qp, (1)

∫ T

0
tj−1u(t, x)dt = ϕj(x), j = 1, . . . , n, x ∈ Ωp, (2)

äå (λ1, . . . , λn) ∈ Πn, A(Dx) � òàêèé äèôåðåíöiàëüíèé âèðàç, ùî

∀k ∈ Zp a1‖k‖N ≤ |A(k)| ≤ a2‖k‖N , a1, a2 > 0. (3)

Îçíà÷åííÿ 1. Çàäà÷ó (1), (2) íàçâåìî (α0, α)-êîðåêòíîþ, ÿêùî äëÿ
äîâiëüíèõ ϕj ∈ Hα, j = 1, . . . , n, ó ïðîñòîði Cn([0, T ]; Hα0) iñíó¹ ¹äèíà
ôóíêöiÿ u(t, x), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), ñïðàâäæó¹ óìîâè (2) òà
óìîâó

‖u(t, x);Cn([0, T ]; Hα0)‖ ≤ C1

n∑

j=1

‖ϕj(x);Hα‖ , (4)
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äå ñòàëà C1 > 0 íå çàëåæèòü âiä âèáîðó ϕj ∈ Hα, j = 1, . . . , n.

Ïîçíà÷èìî: ~λ = (λ1, . . . , λn),

∆(k,~λ) = det
∥∥∥∥
∫ T

0
tj−1 exp(λqA(k)t)dt

∥∥∥∥
n

j,q=1

, k ∈ Zp, (5)

δ1(~λ) =





∑
j : λj<0

λj , ÿêùî ∃ j ∈ {1, . . . , n} : λj < 0,

0, ÿêùî ∀ j ∈ {1, . . . , n} : λj ≥ 0,

δ2(~λ) =





∑
j : λj>0

λj , ÿêùî ∃ j ∈ {1, . . . , n} : λj > 0,

0, ÿêùî ∀ j ∈ {1, . . . , n} : λj ≤ 0.

Îçíà÷åííÿ 2. Âåêòîð ~λ ∈ Πn íàçâåìî ω-íîðìàëüíèì, ÿêùî iñíó-
þòü òàêi ñòàëi C2, C3 > 0, ùî âèêîíóþòüñÿ íåðiâíîñòi

|∆(k,~λ)| ≥
{

C2‖k‖−ω exp(δ1(~λ)Re A(k)T ), k ∈ K1,

C3‖k‖−ω exp(δ2(~λ)Re A(k)T ), k ∈ K2,

äå K1 = {k ∈ Zp : Re A(k) ≤ 0}, K2 = {k ∈ Zp : Re A(k) > 0}.
Ëåìà 1. ßêùî A(k) 6= 0, òî äëÿ äîâiëüíèõ µ ∈ C, m ∈ N âèêîíó-

þòüñÿ ðiâíîñòi

T∫

0

tm exp(µA(k)t)dt =





Pm(µA(k)) exp(µA(k)T ) + (−1)m+1

µm+1A(k)m+1
, µ 6= 0,

Tm+1

m + 1
, µ = 0,

(6)

äå Pm(ξ) = (−1)mm!
m+1∑

q=1

(−1)q−1(Tξ)m+1−q/(m + 1− q)!.

Äîâåäåííÿ ëåìè ïðîâîäèòüñÿ iíòåãðóâàííÿì ÷àñòèíàìè.
3. Âñòàíîâèìî äîñòàòíi óìîâè êîðåêòíîñòi çàäà÷i (1), (2).
Òåîðåìà 1. ßêùî äëÿ âèðàçó A(Dx) âèêîíó¹òüñÿ óìîâà (3), à âåê-

òîð ~λ ∈ Πn ¹ ω-íîðìàëüíèì, òî çàäà÷à (1), (2) ¹ (α, α+ω +N)-êîðåêò-
íîþ, α ∈ R.

Äîâåäåííÿ. Íåõàé ϕj ∈ Hα+ω+N , j = 1, . . . , n. Ïîêàæåìî, ùî â
ïðîñòîði Cn([0, T ];Hα) iñíó¹ ¹äèíà ôóíêöiÿ, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿí-
íÿ (1) i ñïðàâäæó¹ óìîâè (2), (4). Îñêiëüêè âåêòîð ~λ ¹ ω-íîðìàëüíèì,
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òî ∆(k,~λ) 6= 0 äëÿ âñiõ k ∈ Zp. Òîìó äëÿ êîæíîãî k ∈ Zp iñíó¹ ¹äèíèé
ðîçâ'ÿçîê iíòåãðàëüíî¨ çàäà÷i

L

(
d

dt
, k

)
uk(t) = 0,

∫ T

0
tj−1uk(t)dt = ϕjk, j = 1, . . . , n; (7)

öåé ðîçâ'ÿçîê çîáðàæó¹òüñÿ ðiâíiñòþ

uk(t) =
n∑

j,q=1

∆jq(k,~λ)

∆(k,~λ)
ϕjk exp(λqA(k)t), (8)

äå ϕjk, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöié ϕj(x), j = 1, . . . , n, âiäïîâiä-
íî, à ∆jq(k,~λ) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà

∫ T
0 tj−1 exp(λqA(k)t)dt,

j, q = 1, . . . , n, ó âèçíà÷íèêó ∆(k,~λ).
Iç ôîðìóë (5), (6) òà óìîâè (3) îòðèìó¹ìî, ùî

|∆jq(k,~λ)| · | exp(λqA(k)t)| ≤ C4‖k‖−(n−1)N exp(δ1(~λ)Re A(k)T ),

j, q = 1, . . . , n, k ∈ K1,
(9)

|∆jq(k,~λ)| · | exp(λqA(k)t)| ≤ C5‖k‖−(n−1)N exp(δ2(~λ)Re A(k)T ),

j, q = 1, . . . , n, k ∈ K2.
(10)

Âðàõîâóþ÷è, ùî âåêòîð ~λ ¹ ω-íîðìàëüíèì, ç îöiíîê (9), (10) äiñòà¹ìî

max
t∈[0,T ]

|u(r)
k (t)| ≤ C6

n∑

j=1

|ϕjk| · ‖k‖ω+N , r = 0, 1, . . . , n. (11)

Ðîçãëÿíåìî ôóíêöiþ

u(t, x) =
∑

|k|≥0

uk(t) exp(ik, x), (12)

êîåôiöi¹íòè uk(t), k ∈ Zp, ÿêî¨ âèçíà÷åíi ôîðìóëîþ (8). Ç íåðiâíîñòåé
(11) âèïëèâà¹, ùî

‖u(t, x);Cn([0, T ]; Hα)‖ ≤

≤ C7

n∑

j=1

√ ∑

|k|≥0

|ϕjk|2‖k‖2(α+ω+N) = C7

n∑

j=1

‖ϕj(x);Hα+ω+N‖ < ∞,

òîáòî ðÿä (12) íàëåæèòü äî ïðîñòîðó Cn([0, T ]; Hα) i äëÿ íüîãî âèêîíó-
¹òüñÿ óìîâà (4). Îñêiëüêè êîåôiöi¹íòè uk(t), k ∈ Zp, ¹ ðîçâ'ÿçêàìè çàäà÷i
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(7), òî ðÿä (12) ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2). �äèíiñòü öüîãî ðîçâ'ÿçêó
âèïëèâà¹ ç òîãî, ùî ∆(k,~λ) 6= 0 äëÿ âñiõ k ∈ Zp.

Òåîðåìó äîâåäåíî.
4. Ç'ÿñó¹ìî ïèòàííÿ ïðî ìiðó ìíîæèíè ω-íîðìàëüíèõ âåêòîðiâ ~λ ∈

Πn. Äëÿ öüîãî âèêîðèñòà¹ìî òàêå äîïîìiæíå òâåðäæåííÿ.
Ëåìà 2. Íåõàé f(t) = exp(µt)p(t) + q(t), µ 6= 0, äå p(t), q(t) � ìíî-

ãî÷ëåíè ñòåïåíiâ (n− 1), (m− 1) âiäïîâiäíî, n,m ∈ N. ßêùî äëÿ äåÿêèõ
êîìïëåêñíèõ ÷èñåë aj, j = 1, . . . , N , âèêîíó¹òüñÿ óìîâà

|f (N)(t) + a1f
(N−1)(t) + . . . + aNf(t)| ≥ δ > 0, t ∈ [a, b],

òî äëÿ äîâiëüíîãî ε ∈ (0, ε3) âèêîíó¹òüñÿ íåðiâíiñòü

mes R{t ∈ [a, b] : |f(t)| ≤ ε} ≤ C8 (1 + |µ|)(ε/δ)1/N ,

äå ε3 = δ/(2(N +1)AN ), A ≡ 1+ max
1≤j≤N

|aj |1/j, C8 = C8(N,n, m, b−a) > 0.

Òåîðåìà 2. ßêùî äëÿ âèðàçó A(Dx) âèêîíó¹òüñÿ óìîâà (3), òî ìàé-
æå âñi (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðè ~λ ∈ Πn ¹ ω-íîðìàëüíèìè,
äå ω > n2N + (3n− 1)np/2.

Äîâåäåííÿ. Ðîçãëÿíåìî òàêó ôóíêöiþ:

∆1(k,~λ) =

{
(λ1 · . . . · λn)nAn2

(k) exp(−δ1(~λ)A(k)T )∆(k,~λ), k ∈ K1,

(λ1 · . . . · λn)nAn2
(k) exp(−δ2(~λ)A(k)T )∆(k,~λ), k ∈ K2.

Äîâåäåìî ñïî÷àòêó, ùî ïðè ω1 > (3n− 1)np/2 íåðiâíiñòü

|∆1(k,~λ)| ≥ ‖k‖−ω1 (13)

âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~λ ∈ Πn

äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp. Ç îãëÿäó íà ëåìó
Áîðåëÿ�Êàíòåëëi [6], äëÿ öüîãî äîñèòü äîâåñòè, ùî äëÿ äîâiëüíîãî ρ > 1
¹ çáiæíèì ðÿä ∑

|k|≥0

mesRnM(k, ρ), (14)

äå M(k, ρ) � ìíîæèíà òèõ âåêòîðiâ ~λ ∈ [−ρ, ρ]n \
n⋃

j=1
{~λ : |λj | < ρ−1},

äëÿ ÿêèõ íåðiâíiñòü, ïðîòèëåæíà äî íåðiâíîñòi (13), âèêîíó¹òüñÿ ïðè
ôiêñîâàíîìó k ∈ Zp. Ïîçíà÷èìî: J0 = [−ρ,−ρ−1], J1 = [ρ−1, ρ]. Îñêiëüêè

[−ρ, ρ]n \
n⋃

j=1

{~λ : |λj | < ρ−1} =
⋃

(i1,...,in)∈{0,1}n

Ji1 × . . .× Jin ,
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òî
M(k, ρ) =

⋃

σ=(i1,...,in)∈{0,1}n

Mσ(k, ρ), (15)

äå Mσ(k, ρ) = (Ji1 × . . .× Jin) ∩M(k, ρ). Äîâåäåìî, ùî äëÿ âñiõ k ∈ Zp,
σ ∈ {0, 1}n âèêîíó¹òüñÿ îöiíêà

mesRnMσ(k, ρ) ≤ C9‖k‖−p−ε, (16)

äå äîäàòíà ñòàëà C9 íåçàëåæèòü âiä k. Î÷åâèäíî, ùî ç ðiâíîñòi (15) òà
îöiíîê (16) âèïëèâà¹ çáiæíiñòü ðÿäó (14).

Ùîá íå óñêëàäíþâàòè ïîçíà÷åíü, îöiíêó (16) âñòàíîâèìî äëÿ âèïàä-
êó, êîëè k ∈ K2, à σ = σ0 = (0, . . . , 0︸ ︷︷ ︸

l

, 1, . . . , 1︸ ︷︷ ︸
n−l

), äå l � ôiêñîâàíå íàòó-

ðàëüíå ÷èñëî, 1 ≤ l ≤ n− 1.

ßêùî ~λ ∈ Mσ0(k, ρ), k ∈ K1, òî ∆1(k,~λ) ñïiâïàäà¹ ç âèçíà÷íèêîì
ìàòðèöi ‖δj,q(k,~λ)‖n

j,q=1, åëåìåíòè ÿêî¨ îá÷èñëþþòüñÿ çà ôîðìóëàìè

δj,q(k,~λ) = Qj(λqA(k)T ) exp(λqA(k)T ) + (−1)j(λqA(k)T )n−j ,

j = 1, . . . , n, q = 1, . . . , l,

δj,q(k,~λ) = Qj(λqA(k)T ) + (−1)j(λqA(k)T )n−j exp(−λqA(k)T ),

j = 1, . . . , n, q = l + 1, . . . , n,

äå

Qj(ξ) =
j∑

i=1

(−1)i−1(j − 1)!ξj−i

(j − i)!
, j = 1, . . . , n.

Ëåãêî ïåðåâiðèòè, ùî iñíó¹ ìàòðèöÿ M ðîçìiðó (n− l)× (n− l), åëå-
ìåíòè ÿêî¨ íå çàëåæàòü âiä k, ~λ, òàêà, ùî det M = 1 i

∥∥∥∥
1l 0l×(n−l)

0(n−l)×l M

∥∥∥∥ · ‖δj,q(k,~λ)‖n
j,q=1 = ‖γj,q(k,~λ)‖n

j,q=1 (17)

äå 1l � îäèíè÷íà ìàòðèöÿ ðîçìiðó l× l, 0l×(n−l), 0(n−l)×l � íóëüîâi ìàò-
ðèöi ðîçìiðiâ l × (n− l), (n− l)× l âiäïîâiäíî.

Çãiäíî ç âèáîðîì ìàòðèöi M , ç ðiâíîñòi (17) âèïëèâà¹, ùî

∆1(k,~λ) = det ‖γj,q(k,~λ)‖n
j,q=1,
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Åëåìåíòè ìàòðèöi ‖γj,q(k,~λ)‖n
j,q=1 îá÷èñëþþòüñÿ çà ôîðìóëàìè

γj,q(k,~λ) = δj,q(k,~λ),
j = 1, . . . , l, q = 1, . . . , n,

γj,q(k,~λ) = Rj(λqA(k)T ) exp(λqA(k)T ) + Sj(λqA(k)T ),

j = l + 1, . . . , n, q = 1, . . . , l,

γj,q(k,~λ) = Rj(λqA(k)T ) + Sj(λqA(k)T ) exp(−λqA(k)T ),

j = l + 1, . . . , n, q = l + 1, . . . , n,

äå Rj(ξ) � ìíîãî÷ëåí ñòåïåíÿ (n + l − j), Sj(ξ) � ìíîãî÷ëåí ñòåïåíÿ íå
âèùîãî çà (n− l).

×åðåç ∆j(k,~λ), j = 1, . . . , n, ïîçíà÷èìî âèçíà÷íèê ìàòðèöi, ÿêà îòðè-
ìó¹òüñÿ ç ìàòðèöi ‖γj,q(k,~λ)‖n

j,q=1 âèêðåñëþâàííÿì ïåðøèõ (j−1) ðÿäêiâ
òà ïåðøèõ (j − 1) ñòîâïöiâ, ïîêëàäåìî òàêîæ ∆n+1(k,~λ) = 1.

Äëÿ êîæíîãî j = 1, . . . , n ðîçãëÿíåìî òàêi ìíîæèíè:

Mσ0,j(k, ρ) = {~λ ∈ J l
0 × Jn−l

1 : |∆j(k,~λ)| < νj(k), |∆j+1(k,~λ)| ≥ νj+1(k)},

äå νj(k) = ‖k‖−ωj , ωn+1 = 1,

ωj = (n− j + 1)(3n− j)[p/2 + ε/((3n− 1)n)], j = 1, . . . , n,

ε = ω1 − (3n− 1)np/2 > 0. Ëåãêî ïåðåâiðèòè, ùî

Mσ0(k, ρ) ⊂
n⋃

j=1

Mσ0,j(k, ρ). (18)

Òîìó

mesRnMσ0(k, ρ) ≤
n∑

j=1

mesRnMσ0,j(k, ρ). (19)

Çà òåîðåìîþ Ôóáiíi

mesRnMσ0,j(k, ρ) =
∫

Ij

mesRMσ0,j(k, ρ, ~λj)d~λj , j = 1, . . . , n, (20)
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äå Ij = J l−1
0 × Jn−l

1 , j = 1, . . . , l, Ij = J l
0 × Jn−l−1

1 , j = l + 1, . . . , n,

~λj = (λ1, . . . , λj−1, λj+1, . . . , λn), j = 1, . . . , n,

d~λj = dλ1 . . . dλj−1dλj+1 . . . dλn, j = 1, . . . , n,

Mσ0,j(k, ρ, ~λj) = {λj ∈ J0 : (λ1, . . . , λj−1, λj , λj+1, . . . , λn) ∈
∈ Mσ0,j(k, ρ)}, j = 1, . . . , l,

Mσ0,j(k, ρ, ~λj) = {λj ∈ J1 : (λ1, . . . , λj−1, λj , λj+1, . . . , λn) ∈
∈ Mσ0,j(k, ρ)}, j = l + 1, . . . , n.

Ðîçêëàäàþ÷è êîæåí iç âèçíà÷íèêiâ ∆j(k,~λ), j = 1, . . . , n, çà åëåìåí-
òàìè éîãî ïåðøîãî ñòîâïöÿ, ëåãêî ïåðåâiðèòè, ùî

Pj

(
∂

∂λj
, k

)
∆j(k,~λ) = cjA

2n−j(k)∆j+1(k,~λ), j = 1, . . . , n, (21)

äå cj , j = 1, . . . , n, � äîäàòíi ñòàëi, ÿêi íå çàëåæàòü âiä k,~λ,

Pj

(
∂

∂λj
, k

)
=

(
∂

∂λj
−A(k)T

)n (
∂

∂λj

)n−j

, j = 1, . . . , l,

Pj

(
∂

∂λj
, k

)
=

(
∂

∂λj
+ A(k)T

)n−l ( ∂

∂λj

)n−j+l

, j = l + 1, . . . , n.

Äëÿ îöiíêè çâåðõó ìið Ëåáåãà ìíîæèí Mσ0,j(k, ρ, ~λj), j = 1, . . . , n,
k ∈ K1, çàñòîñó¹ìî ëåìó 2. Äëÿ öüîãî çàçíà÷èìî, ùî äëÿ ôiêñîâàíèõ
λq, j 6= q, âèçíà÷íèê ∆j(k,~λ) ¹ êâàçiìíîãî÷ëåíîì çìiííî¨ λj . ßêùî ~λ ∈
Mσ0,j(k, ρ), òî ç ôîðìóë (21) òà îçíà÷åííÿ ìíîæèíè Mσ0,j(k, ρ) âèïëèâà¹,
ùî

|Pj(∂/∂λj , k)∆j(k,~λ)| ≥ dj |A(k)|2n−jνj+1(k), j = 1, . . . , n, (22)

äå äîäàòíi ñòàëi dj , j = 1, . . . , n, íå çàëåæàòü âiä k,~λ. Îñêiëüêè ñòåïiíü
ìíîãî÷ëåíà Pj(ξ, k), j = 1, . . . , n, çà çìiííîþ ξ äîðiâíþ¹ 2n− j, à ìîäóëü
êîåôiöi¹íòà ïðè ξ2n−j−q ó ìíîãî÷ëåíi Pj(ξ, k) íå ïåðåâèùó¹ C10|A(k)|q,
q = 1, . . . , n, òî ç îöiíîê (22) íà ïiäñòàâi ëåìè 2 îòðèìó¹ìî, ùî

mesRMσ0,j(k, ρ, ~λj) ≤ C11|A(k)|
(

νj(k)
|A(k)|2n−jνj+1(k)

)1/(2n−j)

≤

≤ C12‖k‖−p−2ε/(n(3n−1)), j = 1, . . . , n,

(23)
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äå ñòàëà C12 íå çàëåæèòü âiä âèáîðó çíà÷åíü λ1, . . . , λj−1, λj+1, . . . , λn.
Iíòåãðóþ÷è îöiíêè (23), ç ðiâíîñòåé (20) îòðèìà¹ìî, ùî

mesRnMσ0,j(k, ρ) ≤ C13‖k‖−p−2ε/(n(3n−1)), j = 1, . . . , n, k ∈ K2. (24)

Âðàõîâóþ÷è íåðiâíîñòi (19), ç îöiíîê (24) äiñòà¹ìî, ùî îöiíêà (16) âèêî-
íó¹òüñÿ äëÿ k ∈ K2, σ = σ0. Äëÿ k ∈ K1 òà ðåøòè çíà÷åíü σ ∈ {0, 1}n

îöiíêà (16) äîâîäèòüñÿ àíàëîãi÷íî.
Ç íàâåäåíèõ ìiðêóâàíü âèïëèâà¹, ùî ïðè ω1 > (3n−1)np/2 íåðiâíiñòü

|λ1 · . . . · λn|n|A(k)|n2 |∆(k,~λ)| ≥ ‖k‖−ω1 exp(δ1(~λ)Re A(k)T ), (25)

âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~λ ∈ Πn

äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ K1, à íåðiâíiñòü

|λ1 · . . . · λn|n|A(k)|n2 |∆(k,~λ)| ≥ ‖k‖−ω1 exp(δ2(~λ)Re A(k)T ), (26)

âèêîíó¹òüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~λ ∈
Πn äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ K2. Âðàõîâóþ÷è
òå, ùî äëÿ âèðàçó A(Dx) âèêîíó¹òüñÿ óìîâà (3), i òå, ùî ìiðà Ëåáåãà
â Rn ìíîæèíè {~λ ∈ Πn : (∃k0 ∈ Zp)∆(k0, ~λ) = 0} äîðiâíþ¹ íóëþ, ç
íåðiâíîñòåé (25), (26) òðèìó¹ìî òâåðäæåííÿ òåîðåìè.

Òåîðåìó äîâåäåíî.
Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâà (3). ßêùî A(k) ∈ R, A(k) ≥ 0

äëÿ âñiõ k ∈ Zp, òî êîæíèé âåêòîð ~λ ∈ Πn∩Rn− ¹ n(n+1)N/2-íîðìàëü-
íèì, êîæíèé âåêòîð ~λ ∈ Πn ∩ Rn

+ ¹ nN -íîðìàëüíèì.
Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè âñòàíîâèìî ñïî÷àòêó òàêå òâåðäæåííÿ.
Ëåìà 3. ßêùî A(k) ∈ R, òî äëÿ äîâiëüíîãî ~λ ∈ Πn âèçíà÷íèê ∆(k,~λ)

¹ âiäìiííèì âiä íóëÿ.
Äîâåäåííÿ. Âiäîìî [5, ÷. 1, çàäà÷à 68 íà ñ. 72], ùî

∆(k,~λ) =
1
n!

∫

[0,T ]n
δ(k; τ1, . . . , τn)V (τ1, . . . , τn)dτ1 . . . dτn.

äå
δ(k; τ1, . . . , τn) = det ‖ exp(λqA(k)τj)‖n

j,q=1,

V (τ1, . . . , τn) =
∏

n≥j>q≥1

(τj − τq).

×åðåç Iω, ω = (i1, . . . , in) ∈ Sn, äå Sn � ñèìåòðè÷íà ãðóïà ïåðåñòàíîâîê
åëåìåíòiâ ìíîæèíè {1, . . . , n}, ïîçíà÷èìî ñèìïëåêñ {(τ1, . . . , τn)∈ [0, T ]n :
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τi1 ≤ . . . ≤ τin}. Ðîçáèâàþ÷è êóá [0, T ]n íà n! ñèìïëåêñiâ Iω, ω ∈ Sn,
äiñòàíåìî, ùî

∆(k,~λ) =
1
n!

∑

ω∈Sn

∫

Iω

δ(k; τ1, . . . , τn)V (τ1, . . . , τn)dτ1 . . . dτn. (11)

Iç òîãî, ùî A(k) ∈ R, òà òåîðåìè Ïîéÿ [10, ñ. 87] ïðî ¹äèíiñòü ðîçâ'ÿçêó
áàãàòîòî÷êîâî¨ çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî îïåðàòîðà, ÿêèé
ðîçêëàäà¹òüñÿ ó êîìïîçèöiþ äèôåðåíöiàëüíèõ îïåðàòîðiâ ïåðøîãî ïî-
ðÿäêó ç äiéñíèìè êîåôiöi¹íòàìè, âèïëèâà¹, ùî âèçíà÷íèê δ(k; τ1, . . . , τn)
¹ âiäìiííèì âiä òîòîæíîãî íóëÿ ó ñèìïëåêñi Iσ, äå σ = (1, . . . , n), i íå
ìîæå íàáóâàòè ó íüîìó çíà÷åíü ðiçíèõ çíàêiâ. Îñêiëüêè V (τ1, . . . , τn) ≥ 0
äëÿ âñiõ (τ1, . . . , τn) ∈ Iσ, òî çâiäñè âèïëèâà¹, ùî

∫

Iσ

δ(k; τ1, . . . , τn)V (τ1, . . . , τn)dτ1 . . . dτn 6= 0. (12)

Çàóâàæèìî, ùî äëÿ äîâiëüíî¨ ïåðåñòàíîâêè ω = (i1, . . . , in) ∈ Sn

δ(k; τi1 , . . . , τin) = (−1)ρωδ(k; τ1, . . . , τn),

V (τi1 , . . . , τin) = (−1)ρωV (τ1, . . . , τn),

äå ρω � êiëüêiñòü iíâåðñié ó ïåðåñòàíîâöi ω ∈ Sn. Âðàõîâóþ÷è öi ôîð-
ìóëè i çàìiíþþ÷è çìiííi ïiä çíàêîì iíòåãðàëà, äiñòàíåìî, ùî

∫

Iω

δ(k; τ1, . . . , τn)V (τ1, . . . , τn)dτ1 . . . dτn =

=
∫

Iσ

δ(k; τ1, . . . , τn)V (τ1, . . . , τn)dτ1 . . . dτn.

Òîäi ç ôîðìóë (11), (12) âèïëèâà¹, ùî

∆(k,~λ) =
∫

Iσ

δ(k; τ1, . . . , τn)V (τ1, . . . , τn)dτ1 . . . dτn 6= 0.

Äîâåäåííÿ òåîðåìè 3. Çàñòîñîâóþ÷è ëåìó 1 äëÿ îá÷èñëåííÿ åëå-
ìåíòiâ âèçíà÷íèêà ∆(k,~λ), äiñòàíåìî, ùî äëÿ äîñèòü âåëèêèõ |k| ïðà-
âèëüíèìè ¹ íåðiâíîñòi

|∆(k,~λ)| ≥ 1
2

∣∣det ‖(−1)jλ−j
q A−j(k)‖n

j,q=1

∣∣ ≥ C14|A(k)|−n(n+1)/2 ≥

≥ C14b
−n(n+1)/2
1 ‖k‖−n(n+1)N/2, (27)



Çàäà÷à ç ðîçïîäiëåíèìè äàíèìè äëÿ ôàêòîðèçîâàíèõ ðiâíÿíü ... 145

ÿêùî ~λ ∈ Πn ∩ Rn−, òà íåðiâíîñòi

|∆(k,~λ)| ≥ 1
2

∣∣det
∥∥exp(λqA(k)T )Pj−1(λqA(k))λ−j

q A−j(k)
∥∥n

j,q=1

∣∣ =

=
1
2

exp(δ2(~λ)A(k)T )
∣∣ det ‖Pj−1(λqA(k)T )λ−j

q A−j(k)‖n
j,q=1

∣∣ ≥
≥ C15|A(k)|−n exp(δ2(~λ)A(k)T ), (28)

ÿêùî ~λ ∈ Πn ∩ Rn
+. Îñêiëüêè, çãiäíî ç ëåìîþ 3, ∆(k,~λ) 6= 0, òî ç îöiíîê

(27), (28) äiñòà¹ìî òâåðäæåííÿ òåîðåìè 1.
5. Iç òåîðåì 1, 2, 3 âèïëèâàþòü òàêi íàñëiäêè ïðî ðîçâ'ÿçíiñòü çàäà÷i

ç iíòåãðàëüíèìè óìîâàìè (2) äëÿ ðiâíÿíü (1), ÿêi âiäïîâiäàþòü âåêòîðîâi
~λ = (λ1, . . . , λn) ∈ Πn.

Íàñëiäîê 1. ßêùî âèêîíó¹òüñÿ óìîâà (3), òî äëÿ ìàéæå âñiõ (ñòî-
ñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~λ ∈ Πn çàäà÷à (1), (2) ¹

(α, α + (3n− 1)np/2 + (n2 + n)N + ε)− êîðåêòíîþ, α ∈ R, ε > 0.

Íàñëiäîê 2. ßêùî âèêîíó¹òüñÿ óìîâà (3), òî:
1) äëÿ âñiõ âåêòîðiâ ~λ ∈ Πn ∩ Rn− çàäà÷à (1), (2) ¹

(α, α + n(n + 1)N/2 + N + ε)− êîðåêòíîþ, α ∈ R, ε > 0,

2) äëÿ âñiõ âåêòîðiâ ~λ ∈ Πn ∩ Rn
+ çàäà÷à (1), (2) ¹

(α, α + (n + 1)N + ε)− êîðåêòíîþ, α ∈ R, ε > 0.
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THE PROBLEM WITH INTEGRAL CONDITIONS FOR
FACTORIZED PARTIAL DIFFERENTIAL EQUATIONS
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The correctness of the problem with integral conditions for factorized
linear partial di�erential equations with constant coe�cients is investigated.
The su�cient conditions of existence of an unique periodic solution of the
problem are established. In exploring the possibility of the realization of
these conditions the metric approach and Lebesgue measure are used.




