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Çà äîïîìîãîþ ïðèíöèïó Øàóäåðà âñòàíîâëåíî äîñòàòíi óìîâè
ðîçâ'ÿçíîñòi íîðìàëüíèõ êðàéîâèõ çàäà÷ äëÿ êâàçiëiíiéíèõ ïàðà-
áîëi÷íèõ ñèñòåì ðiâíÿíü ç ëiíiéíèìè ãîëîâíèìè ÷àñòèíàìè, êîëè
íà ìåæi îáëàñòi çàäàþòüñÿ ôóíêöi¨ ç ïðîñòîðó (C∞)′. Äîñëiäæåíî
âíóòðiøíþ ðåãóëÿðíiñòü ðîçâ'ÿçêiâ öèõ çàäà÷.

Ðîçâ'ÿçíiñòü êðàéîâèõ çàäà÷ äëÿ 2~b-ïàðàáîëi÷íèõ ëiíiéíèõ ñèñòåì äî-
ñëiäæóâàëàñü ó ïðàöÿõ [3]�[5], [12], [15]�[16]. Ó ñòàòòi [2] íàâåäåíî îãëÿä
ðåçóëüòàòiâ ïðî ðîçâ'ÿçíiñòü ó ïðîñòîðàõ Ñîáîë¹âà êâàçiëiíiéíèõ (çîêðå-
ìà, ç ëiíiéíèìè ãîëîâíèìè ÷àñòèíàìè) åëiïòè÷íèõ òà ïàðàáîëi÷íèõ ðiâ-
íÿíü.

Iñíóâàííÿ òà çîáðàæåííÿ ðîçâ'ÿçêó óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿ
ëiíiéíî¨ ïàðàáîëi÷íî¨ ñèñòåìè îòðèìàíî â [4, 6, 9]. Ó [9, c. 144] âñòàíîâ-
ëåíî, ùî ãëàäêèé â îáëàñòi Q ðîçâ'ÿçîê ëiíiéíî¨ îäíîðiäíî¨ ïàðàáîëi÷íî¨
ñèñòåìè, ÿêèé íàáóâà¹ íà ïàðàáîëi÷íié ìåæi ∂Q îáëàñòi Q óçàãàëüíåíèõ
êðàéîâèõ çíà÷åíü iç ïðîñòîðiâ òèïó D′, íàëåæèòü äî âàãîâîãî L1(Q)�
ïðîñòîðó ç âàãîþ distk((x, t), ∂Q), äå k � äåÿêå äîäàòíå ÷èñëî, ÿêå âè-
çíà÷à¹òüñÿ ïîðÿäêàìè ñèíãóëÿðíîñòåé ãðàíè÷íèõ i ïî÷àòêîâî¨ ôóíêöié.

Ó äàíié ñòàòòi âñòàíîâëåíî óìîâè ðîçâ'ÿçíîñòi êðàéîâèõ çàäà÷ äëÿ
êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ñèñòåì ðiâíÿíü ç ãîëîâíèìè ëiíiéíèìè ÷à-
ñòèíàìè, êîëè çàäàíi íà ïàðàáîëi÷íié ìåæi ôóíêöi¨ ¹ óçàãàëüíåíèìè iç
ïðîñòîðiâ òèïó D′, à òàêîæ óìîâè âíóòðiøíüî¨ ðåãóëÿðíîñòi ðîçâ'ÿçêiâ
öèõ çàäà÷.

ÓÄÊ 517.95; MSC 2000: 35K50
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ÏÎÇÍÀ×ÅÍÍß ÒÀ ÔÎÐÌÓËÞÂÀÍÍß ÇÀÄÀ×I

Ïîçíà÷èìî: n, p, b ∈ N, m = bp, α = (α1, . . . , αn) ∈ Zn
+, |α| = α1 + . . .+αn,

Dα
x =

∂|α|

∂xα1
1 . . . ∂xαn

n
, (j) =

{
0, j = 0 ∨ j = m + 1,
1, 1 ≤ j ≤ m,

Ω � îáìåæåíà îá-
ëàñòü â Rn ç ìåæåþ S = ∂Ω êëàñó C∞, 0 < T < +∞, Q = Ω × (0, T ],
Σ = S × (0, T ]; Sε � ïàðàëåëüíà äî S ïîâåðõíÿ, ðîçìiùåíà âñåðåäèíi Ω
íà âiäñòàíi ε ∈ (0, ε0] âiä S, äå ε0 > 0 òàêå, ùî Sε íàëåæèòü êëàñó C∞

ïðè ε ∈ (0, ε0], xε = x + εν(x) ∈ Sε ïðè x ∈ S, äå ν(x) � îäèíè÷íèé
âåêòîð âíóòðiøíüî¨ íîðìàëi äî S â òî÷öi x ∈ S; %1 : Ω → [0, 1] � òàêà
íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ, ùî %1(x) > 0, x ∈ Ω, %1(x) =
O(d(x, S)), d(x, S) → 0, äå d(x, S) � âiäñòàíü âiä òî÷êè x äî ïîâåðõíi
S; %2 : (0, T ] → (0, 1] � òàêà íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ, ùî
%2(t) = O(t), t → 0; %(x, t) = min{%1(x); [%2(t)]

1
2b }, (x, t) ∈ Q; r0 = rm+1 =

2b; ||x− y|| � åâêëiäîâà âiäñòàíü ìiæ òî÷êàìè x, y ∈ Rn,

db(x, t; y, τ) def=
√
||x− y||2 + |t− τ | 1b ; x, y ∈ Rn, t, τ ≥ 0.

Äëÿ âåêòîðà f = col(f1, . . . , fp) òà ìàòðèöi A = (aij)
p
i,j=1 ïîçíà÷àòèìåìî

|f |p =
p∑

j=1

|fj |, |A|p =
p∑

i,j=1

|aij |.

Äëÿ ôóíêöiîíàëüíîãî ïðîñòîðó X ñèìâîëîì [X]p áóäåìî ïîçíà÷àòè äå-
êàðòiâ äîáóòîê X × . . .×X︸ ︷︷ ︸

p

. ßêùî Γ(x, t), (x, t) ∈ Q, � âåêòîð-ôóíêöiÿ

÷è ìàòðèöÿ-ôóíêöiÿ, òî çàïèñ Γ(x, t) = O(ϑκ(x, t)), κ ∈ R, ϑ(x, t) → 0,
îçíà÷à¹, ùî âñi ¨¨ êîìïîíåíòè ìàþòü ïðè ϑ(x, t) → 0 ïîðÿäîê O(ϑκ(x, t)).

Áóäåìî âèêîðèñòîâóâàòè òàêi ôóíêöiîíàëüíi ïðîñòîðè:

D(Q) = C∞(Q), D(Σ) = C∞(Σ), D(Ω) = C∞(Ω),

D0(Q) =
{

ϕ ∈ D(Q) :
∂k

∂tk
ϕ | t=T = 0, k = 0, 1, . . .

}
,

D0(Σ) =
{

ϕ ∈ D(Σ) :
∂k

∂tk
ϕ | t=T = 0, k = 0, 1, . . .

}
,

D0(Ω) =
{
ϕ ∈ D(Ω) : ∀α ∈ Zn

+ Dαϕ |S = 0
}

,

W l
1,loc(Q) =

{
v ∈ L1,loc(Q) :

∂α0

∂tα0
Dα

xv ∈ L1,loc(Q), |α|+ 2bα0 ≤ l

}
, l ∈ N,
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[Ml
k(Q)]p =

{
v ∈ [W l

1,loc(Q)]p : ||v||k, l =

=
∑

|γ|≤l

∫

Q
%k+|γ|(x, t)|Dγ

xv(x, t)|p dxdt < +∞
}

, k ∈ R,

[Ml
k,C(Q)]p � çàìêíåíà êóëÿ â ïðîñòîði [Ml

k(Q)]p ðàäióñà C > 0 ç öåíò-
ðîì â íóëi, (D0(Σ))′, (D0(Ω))′ � ïðîñòîðè ëiíiéíèõ íåïåðåðâíèõ ôóíê-
öiîíàëiâ âiäïîâiäíî íà ïðîñòîðàõ ôóíêöié D0(Σ), D0(Ω).

Çíà÷åííÿ óçàãàëüíåíî¨ âåêòîð-ôóíêöi¨ F ∈ [(D0(Σ))′]p íà îñíîâíié
âåêòîð-ôóíêöi¨ ϕ ∈ [D0(Σ)]p ïîçíà÷èìî ÷åðåç (ϕ,F )1, à çíà÷åííÿ óçà-
ãàëüíåíî¨ âåêòîð-ôóíêöi¨ F ∈ [(D0(Ω))′]p íà îñíîâíié âåêòîð-ôóíêöi¨
ϕ ∈ [D0(Ω)]p � ÷åðåç (ϕ,F )2. Ñèìâîëîì s(F ) ïîçíà÷èìî ìàêñèìàëüíèé
ñåðåä ïîðÿäêiâ ñèíãóëÿðíîñòåé êîìïîíåíò óçàãàëüíåíî¨ âåêòîð-ôóíêöi¨
F [14, c. 123].

Íåõàé M(l) � êiëüêiñòü ìóëüòèiíäåêñiâ α ∈ Zn
+ òàêèõ, ùî |α| ≤ l,

l ∈ N, l ≤ 2b − 1. Ïîçíà÷èìî: ∂lu = (u, ux1 , . . . , D
αu, . . .), äå |α| ≤ l, �

ìàòðèöÿ ðîçìiðíîñòi p × M(l), åëåìåíòàìè ÿêî¨ ¹ êîìïîíåíòè âåêòîð-
ôóíêöi¨ u òà ¨õíiõ ïîõiäíèõ çà ïðîñòîðîâèìè çìiííèìè äî ïîðÿäêó l;
Mp×M(l) � ïðîñòið ìàòðèöü ðîçìiðó p×M(l).

Áóäåìî ðîçãëÿäàòè òàêi äèôåðåíöiàëüíi âèðàçè:

A(x, t, Dx) =
∑

|α|≤2b

aα(x, t)D α
x ,

Bj(x, t, Dx) =
∑

|α|≤rj

bj,α(x, t)D α
x , j = 1,m, (1)

äå aα(x, t), (x, t) ∈ Q, |α| ≤ 2b, � êâàäðàòíi ìàòðèöi ïîðÿäêó p ç íåñêií-
÷åííî äèôåðåíöiéîâíèìè íà Q åëåìåíòàìè, bj,α(x, t), (x, t) ∈ Σ, j = 1,m,
|α| ≤ rj , � ìàòðèöi-ðÿäêè äîâæèíè p ç åëåìåíòàìè ç D(Σ); 0 ≤ rm ≤
. . . ≤ r1 ≤ 2b− 1, j = 1,m.

Ïðèïóñêàòèìåìî, ùî ñèñòåìà äèôåðåíöiàëüíèõ âèðàçiâ (1) ¹ íîð-
ìàëüíîþ íà Σ [5, c. 178] i ñïðàâäæó¹ óìîâó Ëîïàòèíñüêîãî [5, c. 15].

Ðîçãëÿíåìî íîðìàëüíó êðàéîâó çàäà÷ó äëÿ êâàçiëiíiéíî¨ ïàðàáîëi÷-
íî¨ ñèñòåìè ðiâíÿíü [4], [5, c. 12], [15, c. 64]

L

(
x, t, Dx,

∂

∂t

)
u(x, t) ≡

≡
(

I
∂

∂t
−A(x, t, Dx)

)
u(x, t) = F0(x, t, ∂lu(x, t)), (x, t) ∈ Q,

(2)
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Bj(x, t, Dx)u(x, t) |Σ= Fj(x, t), j = 1,m, (x, t) ∈ Σ, (3)

u|t=0 = Fm+1(x), x ∈ Ω, (4)

äå I � îäèíè÷íà ìàòðèöÿ ïîðÿäêó p, u � øóêàíà âåêòîð-ôóíêöiÿ äîâæè-
íè p; F0(x, t, z), z = (z(0,...,0), z(1,0,...,0), . . . , zα, . . .), âèçíà÷åíà â Q×Mp×M(l)

âåêòîð-ôóíêöiÿ çi çíà÷åííÿìè â Rp, Fj ∈ (D0(Σ))′, j = 1,m, Fm+1 ∈
[(D0(Ω))′]p, ïðè÷îìó 0 ≤ s(Fj) ≤ qj , j = 1, m, 0 ≤ s(Fm+1) ≤ qm+1.

Çãiäíî ç [4], [5, c. 178], iñíóþòü òàêi êðàéîâi äèôåðåíöiàëüíi âèðàçè
B̂j , Cj , Ĉj âèãëÿäó (1) ïîðÿäêiâ r̂j , mj , m̂j , j = 1,m, âiäïîâiäíî, rj +m̂j =
mj + r̂j = 2b− 1, ùî äëÿ âñiõ u, v ∈ [D(Q)]p âèêîíó¹òüñÿ ôîðìóëà Ãðiíà

∫

Q
[v>(Lu)− (L∗v)>u] dxdt =

m∑

j=1

∫

Σ
[(B̂jv)(Cju)− (Ĉjv)(Bju)] dSdt+

+
∫

Ω
v>(x, t)u(x, t)|t=T

t=0 dx,

äå L∗ = −(I ∂
∂t + A∗), A∗ � äèôåðåíöiàëüíèé âèðàç, ôîðìàëüíî ñïðÿæå-

íèé äî âèðàçó A, ñèìâîë ¾>¿ îçíà÷à¹ òðàíñïîíóâàííÿ.
Ââåäåìî ôóíêöiîíàëüíi ïðîñòîðè:

[X(Q)]p =
{

ψ ∈ [D0(Q)]p : ψ(·, 0) ∈ [D0(Ω)]p, B̂jψ |Σ = 0, 1 ≤ j ≤ m
}

,

[Xk(Q)]p =
{

ψ ∈ [X(Q)]p : L∗ψ(x, t) = O(%k(x, t)), %(x, t) → 0
}

.

Ó [9, c. 136�137] äîâåäåíî, ùî [Xk(Q)]p 6= ∅, k ≥ 0. Íåõàé äëÿ äåÿêîãî
k ≥ 0 âåêòîð-ôóíêöiÿ F0 äëÿ äîâiëüíèõ v ∈ [Ml

k(Q)]p çàäîâîëüíÿ¹ óìîâó
∫

Q
|F0(y, τ, ∂lv(y, τ))|p dydτ < +∞. (5)

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (2)�(4) íàçèâà¹òüñÿ òàêà âåêòîð-
ôóíêöiÿ u ∈ [Ml

k(Q)]p, ùî äëÿ äîâiëüíî¨ ψ ∈ [Xk(Q)]p âèêîíó¹òüñÿ ðiâ-
íiñòü

∫

Q
(L∗ψ)>u dxdt =

∫

Q
ψ>(x, t)F0(x, t, ∂lu(x, t)) dxdt+

+
m∑

j=1

(Ĉjψ, Fj)1 + (ψ(·, 0), Fm+1(·))2.
(6)
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Ó [5, c. 16, ñ. 31, ñ. 120], [4, 6, 7, 16], [9, c. 138], äîâåäåíî iñíóâàííÿ òà
äîñëiäæåíî âëàñòèâîñòi ìàòðèöi Ãðiíà G = (G0, G1, . . . , Gm) çàäà÷i (2)�
(4), äå G0(x, t; y, τ) � êâàäðàòíà ìàòðèöÿ ïîðÿäêó p, âèçíà÷åíà â òî÷êàõ
(x, t; y, τ) ∈ Q × Q ïðè (x, t) 6= (y, τ), âåêòîð-ôóíêöi¨ Gj(x, t; y, τ), j =
1,m, äîâæèíè p âèçíà÷åíi â òî÷êàõ (x, t; y, τ) ∈ Q× Σ ïðè (x, t) 6= (y, τ)
òà Gj(x, t; y, τ) = [Ĉj(y, τ, Dy)G0(x, t; y, τ)]>, j = 1, m.

Íåõàé G0 = (Gis
0 ), i, s = 1, p; Gj = (G1

j , . . . , G
p
j )
>, j = 1,m,

gj(x, t) = (Gj(x, t; ∗, ·), Fj(∗, ·))1, (x, t) ∈ Q, j = 1,m,

gm+1(x, t) = (G0(x, t; ∗, 0), Fm+1(∗))2, (x, t) ∈ Q,

h(x, t) =
m+1∑

j=1

gj(x, t), (x, t) ∈ Q.

Íåõàé
k0

def= max
1≤j≤m+1

{qj + 2b− rj − (j)}+ n− 1. (7)

Çàóâàæèìî, ùî k0 ≥ n− 1, ÿêùî qj ≥ 0, j = 1,m + 1.
Âèêîðèñòîâóþ÷è âëàñòèâîñòi óçàãàëüíåíèõ ôóíêöié ñêií÷åííîãî ïî-

ðÿäêó ñèíãóëÿðíîñòi [14, ñ. 123�134] òà îöiíêè ïîõiäíèõ ìàòðèöi Ãðiíà
[5, c. 16, ñ. 120], ÿê i â [8], îäåðæó¹ìî òàêó ëåìó.

Ëåìà 1. Íåõàé F1, . . . , Fm ∈ (D0(Σ))′, Fm+1 ∈ [(D0(Ω))′]p, ïðè÷îìó
0 ≤ s(Fj) ≤ qj, j = 1,m + 1. Òîäi: 1) äëÿ äîâiëüíèõ α0, α, j = 1,m + 1,

∂α0

∂tα0
Dαgj(x, t) = O([%(x, t)]−(n+qj+2b−rj−(j)+|α|+2bα0)), %(x, t) → 0,

2) h ∈ [Ml
k(Q)]p äëÿ áóäü-ÿêîãî k > k0.

Ââåäåìî îïåðàòîð H çà äîïîìîãîþ ðiâíîñòi

(Hv)(x, t) =
∫ t

0
dτ

∫

Ω
G0(x, t; y, τ)F0(y, τ, ∂lv(y, τ)) dy.

Ëåìà 2. ßêùî âåêòîð-ôóíêöiÿ F0 çàäîâîëüíÿ¹ óìîâó (5), òî îïåðà-
òîð H âiäîáðàæà¹ ïðîñòið [Ml

k(Q)]p â ñåáå.
Äîâåäåííÿ. ßêùî v ∈ [Ml

k(Q)]p, òî

||Hv||k, l ≤
∑

|γ|≤l

∫

Q
%k+|γ|(x, t)

(∫ t

0
dτ

∫

Ω
|Dγ

xG0(x, t; y, τ)|p×
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×|F0(y, τ, ∂lv(y, τ))|p dy
)

dxdt.

Ðîçãëÿíåìî äëÿ äîâiëüíèõ γ, |γ| ≤ l, âèðàç
T∫

0

∫

Ω

( T∫

τ

dt

∫

Ω

%k+|γ|(x, t)|Dγ
xG0(x, t; y, τ)|p dx

)
|F0(y, τ, ∂lv(y, τ))|p dydτ. (8)

Ç óìîâè (5) òà âëàñòèâîñòåé ìàòðèöi Ãðiíà [7] îòðèìó¹ìî ñêií÷åííiñòü
âèðàçó (8), à òîäi çà òåîðåìîþ Ôóáiíi � ñêií÷åííiñòü ||Hv||k, l.

Ðîçãëÿíåìî ó ïðîñòîði [Ml
k(Q)]p, k > k0, ñèñòåìó iíòåãðî-äèôåðåíöi-

àëüíèõ ðiâíÿíü
v = Hv + h. (9)

Òåîðåìà 1. Íåõàé F1, . . . , Fm ∈ (D0(Σ))′, Fm+1 ∈ [(D0(Ω))′]p, ïðè-
÷îìó 0 ≤ s(Fj) ≤ qj, j = 1,m + 1. ßêùî âåêòîð-ôóíêöiÿ F0 ñïðàâäæó¹
óìîâó (5), òî äëÿ áóäü-ÿêîãî k > k0 êîæíèé ðîçâ'ÿçîê â [Ml

k(Q)]p ñèñ-
òåìè iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü (9) ¹ ðîçâ'ÿçêîì çàäà÷i (2)�(4).

Äîâåäåííÿ ïðîâîäèòüñÿ ïîäiáíî äî [9, c. 28], [13], ïðè öüîìó âèêî-
ðèñòîâó¹òüñÿ ëåìà 1, ñïåöiàëüíi âëàñòèâîñòi ìàòðèöi Ãðiíà [6], [9, c. 168]
òà òåîðåìà Ôóáiíi [1, c. 24].

IÑÍÓÂÀÍÍß ÐÎÇÂ'ßÇÊÓ ÇÀÄÀ×I

Ëåìà 3. ßêùî k > k0, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ = δ(ε) > 0
òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q, ìiðà ÿêî¨ ìåíøà çà δ, i áóäü-
ÿêî¨ òî÷êè (y, τ) ∈ Q âèêîíó¹òüñÿ íåðiâíiñòü

∫

V
%k+|γ|(x, t)|Dγ

xG0(x, t; y, τ)|p dxdt < ε, |γ| ≤ l. (10)

Äîâåäåííÿ âèïëèâà¹ iç âëàñòèâîñòåé ìàòðèöi G0.
Ëåìà 4. Íåõàé k > k0, à âåêòîð-ôóíêöiÿ F0 ïðè äåÿêîìó C > 0

ñïðàâäæó¹ óìîâè: 1) iñíó¹ ñòàëà L̂1 > 0 òàêà, ùî

∀ v ∈ [Ml
k,C(Q)]p

∫

Q
|F0(y, τ, ∂lv(y, τ))|p dydτ ≤ L̂1, (11)

2) iñíó¹ íåïåðåðâíà, ìîíîòîííî íåñïàäíà, äîäàòíà íà (0, +∞) ôóíêöiÿ
ψC(z), òàêà, ùî ψC(0) = 0 i äëÿ âñiõ v, w ∈ [Ml

k,C(Q)]p

∫

Q
|F0(y, τ, ∂lv(y, τ))− F0(y, τ, ∂lw(y, τ))|p dydτ ≤ ψC(||v − w||k, l). (12)
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Òîäi îïåðàòîð H ¹ öiëêîì íåïåðåðâíèì íà [Ml
k,C(Q)]p.

Äîâåäåííÿ. Äëÿ âåêòîð-ôóíêöié v, w ∈ [Ml
k,C(Q)]p ìà¹ìî

||Hv −Hw||k, l ≤
∑

|γ|≤l

∫

Q
%k+|γ|(x, t)

(∫ t

0
dτ

∫

Ω
|Dγ

xG0(x, t; y, τ)|p×

×|F0(y, τ, ∂lv(y, τ))− F0(y, τ, ∂lw(y, τ))|p dy
)

dxdt. (13)

ßê ïðè äîâåäåííi ëåìè 2, ç îöiíîê (12), (13) îäåðæó¹ìî

||Hv −Hw||k, l ≤ C1 · ψC(||v − w||k, l), C1 = const > 0.

Iç âëàñòèâîñòåé ôóíêöi¨ ψC âèïëèâà¹, ùî H � íåïåðåðâíèé îïåðàòîð íà
[Ml

k,C(Q)]p.
Âñòàíîâèìî êîìïàêòíiñòü îïåðàòîðà H íà [Ml

k,C(Q)]p. Çà òåîðåìîþ
Ðiñà [10, c. 242] äëÿ êîìïàêòíîñòi H íà [Ml

k,C(Q)]p äîñèòü, ùîá âèêîíó-
âàëèñü òàêi óìîâè: a) iñíó¹ ñòàëà C2 > 0 òàêà, ùî ||Hv||k, l ≤ C2 äëÿ âñiõ
v ∈ [Ml

k,C(Q)]p; b) äëÿ áóäü-ÿêîãî ε > 0 iñíó¹ δ′ = δ′(ε) > 0 òàêå, ùî äëÿ
äîâiëüíèõ (z, z0) ∈ Rn+1, v ∈ [Ml

k,C(Q)]p, ÿê òiëüêè ||z|| < δ′, |z0| < δ′, òî

∑

|γ|≤l

∫

Q
|%k+|γ|(x + z, t + z0)Dγ

x(Hv)(x + z, t + z0)−

−%k+|γ|(x, t)Dγ
x(Hv)(x, t)|p dxdt < ε.

(14)

Âèêîíàííÿ óìîâè a) ãàðàíòó¹ ïðèïóùåííÿ (11). Äîâåäåííÿ óìîâè b)
âèïëèâà¹ ç ëåìè 3 òà âëàñòèâîñòåé ìàòðèöi Ãðiíà.

Ââåäåìî ïîçíà÷åííÿ: H1v
def= Hv + h.

Òåîðåìà 2. Íåõàé F1, . . . , Fm ∈ (D0(Σ))′, Fm+1 ∈ [(D0(Ω))′]p, ïðè-
÷îìó 0 ≤ s(Fj) ≤ qj, j = 1,m + 1, i íåõàé k > k0 (÷èñëî k0 âèçíà÷åíå
ôîðìóëîþ (7)). ßêùî iñíó¹ ñòàëà K0 > 0 òàêà, ùî äëÿ âñiõ C > K0,
äëÿ âñiõ v, w ∈ [Ml

k,C(Q)]p âåêòîð-ôóíêöiÿ F0(x, t, z) çàäîâîëüíÿ¹ óìîâè
∫

Q
|F0(y, τ, ∂lv(y, τ))|p dydτ ≤ ϕ(C), (15)

∫

Q
|F0(y, τ, ∂lv(y, τ))− F0(y, τ, ∂lw(y, τ))|p dydτ ≤ ψC(||v − w||k, l), (16)
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äå ϕ(z), ψC(z) � íåïåðåðâíi, ìîíîòîííî íåñïàäíi, äîäàòíi íà (0,+∞)
ôóíêöi¨, ϕ(z)

z → 0 ïðè z → +∞, ψC(0) = 0, òî â ïðîñòîði [Ml
k(Q)]p iñíó¹

ðîçâ'ÿçîê çàäà÷i (2)�(4).
Çàóâàæåííÿ. ßêùî ôóíêöiÿ ϕ(z) ¹ òàêîþ, ÿê â òåîðåìi 2, òî äëÿ

äîâiëüíèõ äîäàòíèõ ñòàëèõ K1, K2 iñíó¹ òàêà ñòàëà K > 0, ùî

∀C > K K1 + K2ϕ(C) < C. (17)

Äëÿ ôóíêöi¨ ϕ(z) = L̂2z
µ, L̂2 > 0, µ ∈ (0, 1), óìîâà (17) âèêîíó¹òüñÿ.

Äîâåäåííÿ òåîðåìè 2. Âèêîðèñòà¹ìî òåîðåìóØàóäåðà [10, ñ. 291].
Âñòàíîâèìî, ùî iñíó¹ ñòàëà C > 0 òàêà, ùî: 1) H1 âiäîáðàæà¹ [Ml

k,C(Q)]p

â ñåáå; 2) H1 ¹ öiëêîì íåïåðåðâíèì îïåðàòîðîì íà [Ml
k,C(Q)]p.

Îñêiëüêè %k+|γ|Dγ
xhi ∈ L1(Q) äëÿ äîâiëüíèõ h ∈ [Ml

k(Q)]p, |γ| ≤ l,
i = 1, p, òî çà òåîðåìîþ ïðî íåïåðåðâíiñòü â öiëîìó ôóíêöi¨ ç L1(Q) [11,
ñ. 21] îäåðæó¹ìî, ùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ′′ = δ′′(ε) > 0 òàêå, ùî
äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ′′, |z0| < δ′′, âèêîíó¹òüñÿ íåðiâíiñòü
∑

|γ|≤l

∫

Q
|%k+|γ|(x+z, t+z0)Dγ

xh(x+z, t+z0)−%k+|γ|(x, t)Dγ
xh(x, t)|p dxdt < ε.

Ç îòðèìàíî¨ íåðiâíîñòi òà ç ëåìè 4 (óìîâà (11) âèïëèâà¹ ç (15)) îäåðæó¹-
ìî âèêîíàííÿ óìîâè 2) äëÿ îïåðàòîðà H1.

Äîâåäåìî âèêîíàííÿ óìîâè 1). ßê i ïðè äîâåäåííi ëåìè 2, âèêîðèñòî-
âóþ÷è ëåìó 1, ìàòèìåìî, ùî äëÿ äîâiëüíèõ v ∈ [Ml

k,C(Q)]p

||H1v||k, l ≤ C3ϕ(||v||k, l) + C ′
1 ≤ C3ϕ(C) + C ′

1, C3 = const > 0.

Iç çàóâàæåííÿ, íàâåäåíîãî ïiñëÿ ôîðìóëþâàííÿ òåîðåìè 2, âèïëèâà¹ iñ-
íóâàííÿ òàêî¨ ñòàëî¨ K0 > 0, ùî äëÿ âñiõ C > K0 òà äîâiëüíèõ v ∈
[Ml

k,C(Q)]p âèêîíó¹òüñÿ íåðiâíiñòü C3ϕ(C)+C ′
1 < C, à îòæå, ||H1v||k, l ≤

C äëÿ äîâiëüíèõ v ∈ [Ml
k,C(Q)]p.

Ôóíêöi¨ F0, äëÿ ÿêèõ âèêîíóþòüñÿ íåðiâíîñòi

|F0(x, t, z)|p ≤
l∑

s=0
As

∑
|γ|=s

|zγ |ηs
p + A,

(x, t) ∈ Q, z ∈Mp×M(l),

(18)

|F0(x, t, z1)− F0(x, t, z2)|p≤B
l∑

s=0

∑
|γ|=s

|z1
γ − z2

γ |ηs
p ,

(x, t) ∈ Q, z1, z2 ∈Mp×M(l),

(19)
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äå ηs ∈ (0, 1), s = 0, l, As, A, B, s = 0, l, � íåâiä'¹ìíi ñòàëi, äàþòü ïðèêëàä
ôóíêöié F0, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè (5) òà óìîâè òåîðåìè 2.

Ç òåîðåìè 2 âèïëèâà¹ òàêå òâåðäæåííÿ.

Íàñëiäîê. Íåõàé F1, . . . , Fm ∈ (D0(Σ))′, Fm+1 ∈ [(D0(Ω))′]p, ïðè÷î-
ìó 0 ≤ s(Fj) ≤ qj, j = 1,m + 1. ßêùî k > k0, à âåêòîð-ôóíêöiÿ F0

ñïðàâäæó¹ óìîâè (18)�(19) ïðè ηs ∈
(
0, 1

k+s+1

)
, s = 0, l, òî â ïðîñòîði

[Ml
k(Q)]p iñíó¹ ðîçâ'ÿçîê çàäà÷i (2)�(4).

Çàóâàæèìî, ùî ç òåîðåìè 2 âèïëèâàþòü óìîâè ðîçâ'ÿçíîñòi óçàãàëü-
íåíî¨ êðàéîâî¨ çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ, îòðèìàíi ðàíiøå â
ðîáîòi [8].

ÂÍÓÒÐIØÍß ÃËÀÄÊIÑÒÜ ÐÎÇÂ'ßÇÊÓ ÇÀÄÀ×I

Ç'ÿñó¹ìî âíóòðiøíþ ãëàäêiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4).

Òåîðåìà 3. Íåõàé F1, . . . , Fm ∈ (D0(Σ))′, Fm+1 ∈ [(D0(Ω))′]p, ïðè÷î-
ìó 0 ≤ s(Fj) ≤ qj, j = 1,m + 1, à âåêòîð-ôóíêöiÿ F0(x, t, z) íåïåðåðâíà â
Q×Mp×M(l). ßêùî çàäà÷à (2)�(4) ìà¹ ðîçâ'ÿçîê u ç ïðîñòîðó [Ml

k(Q)]p i
äëÿ äîâiëüíî¨ ñòðîãî âíóòðiøíüî¨ ïiäîáëàñòi Q̃ îáëàñòi Q, äîâiëüíèõ α,
α0, |α|+ 2bα0 ≤ l, äîâiëüíèõ v ∈ [W l

1, loc(Q)]p òàêèõ, ùî Dγ
xv ∈ [C(Q̃)]p,

|γ| < |α|+ 2bα0, â êîæíié òî÷öi (x, t) ∈ Q̃ âèêîíó¹òüñÿ íåðiâíiñòü
∫

Q̃
(db(x, t; y, τ))−n−|α|−2bα0 |F0(y, τ, ∂lv(y, τ))|p dydτ < +∞, (20)

òî öåé ðîçâ'ÿçîê u íàëåæèòü äî ïðîñòîðó [C l,0(Q)]p. ßêùî, êðiì òîãî,
l ≤ 2b−2, à âåêòîð-ôóíêöiÿ F0(x, t, z) íåïåðåðâíî-äèôåðåíöiéîâíà â Q×
Mp×M(l), òî öåé ðîçâ'ÿçîê íàëåæèòü äî ïðîñòîðó [C2b,1(Q)]p.

Äîâåäåííÿ. Íåõàé Sε1 � ïîâåðõíÿ, ïàðàëåëüíà äî S, ðîçìiùåíà âñå-
ðåäèíi Ω íà âiäñòàíi ε1 âiä S, Ωε1 � îáëàñòü, îáìåæåíà ïîâåðõíåþ Sε1 ,
Qε1,ε2 = Ωε1×(ε2, T ], äå ε1, ε2 > 0. ßêùî (x, t) ∈ Qε1,ε2 , òî ç (9) îäåðæó¹ìî

ui(x, t) =
p∑

s=1

(∫

Q ε1
2 ,

ε2
2

Gis
0 (x, t; y, τ)F s

0 (y, τ, ∂lu(y, τ)) dydτ+

+
∫

Q\Q ε1
2 ,

ε2
2

Gis
0 (x, t; y, τ)F s

0 (y, τ, ∂lu(y, τ)) dydτ
)

+ hi(x, t), i = 1, p.
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Iç âëàñòèâîñòåé ìàòðèöi G0 òà óçàãàëüíåíèõ ôóíêöié âèïëèâà¹, ùî hi ∈
C∞(Q), i = 1, p. Ìàòðèöÿ G0(x, t; y, τ) ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ
òà îáìåæåíîþ ïðè (x, t) ∈ Qε1,ε2 , (y, τ) ∈ Q \Q ε1

2
,
ε2
2
, òîìó ç óìîâè (11)

âèïëèâà¹, ùî äëÿ äîâiëüíîãî ìóëüòèiíäåêñà (α, α0) iíòåãðàë
∫

Q\Q ε1
2

ε2
2

∂α0

∂tα0
Dα

xG0(x, t; y, τ)F0(y, τ, ∂lu(y, τ)) dydτ

ðiâíîìiðíî çáiãà¹òüñÿ â Qε1,ε2
, òîáòî ôóíêöi¨

wi
ε1,ε2

=
p∑

s=1

∫

Q\Q ε1
2 ,

ε2
2

Gis
0 (·, ·; y, τ)F s

0 (y, τ, ∂lu(y, τ)) dydτ, i = 1, p,

íàëåæàòü äî ïðîñòîðó C∞(Qε1,ε2). Îòæå, äëÿ äîâiëüíèõ (x, t) ∈ Qε1,ε2

ui(x, t) = hi
1(x, t, ∂lu(x, t)) + hi

2(x, t, ∂lu(x, t)), i = 1, p, (21)

äå h2 = (h1
2, . . . , h

p
2) ∈ [C∞(Qε1,ε2)]

p, h1 = (h1
1, . . . , h

p
1),

hi
1(x, t, ∂lu(x, t)) =

p∑

s=1

∫

Q ε1
2 ,

ε2
2

Gis
0 (x, t; y, τ)F s

0 (y, τ, ∂lu(y, τ)) dydτ, i = 1, p,

hi
2(x, t, ∂lu(x, t)) = wi

ε1 ε2
(x, t, ∂lu(x, t)) + hi(x, t), i = 1, p.

Iç âëàñòèâîñòåé îá'¹ìíîãî ïîòåíöiàëó òà óìîâè (20) îäåðæó¹ìî, ùî
|h1(x, t, ∂lu(x, t))|p < +∞ äëÿ äîâiëüíèõ (x, t) ∈ Qε1,ε2 , u ∈ [W l

1(Q ε1
2

,
ε2
2

)]p.
Òîäi ç (21) âèïëèâà¹, ùî u ∈ [C(Qε1,ε2)]

p.
Äèôåðåíöiþþ÷è ðiâíîñòi (21), îäåðæó¹ìî, ùî

∂ui(x, t)
∂xj

=
∂hi

1(x, t, ∂lu(x, t))
∂xj

+
∂hi

2(x, t, ∂lu(x, t))
∂xj

, i = 1, p, j = 1, n. (22)

Ç îöiíîê ìàòðèöi Ãðiíà [5, ñ. 16, ñ. 120] âèïëèâà¹, ùî ïðè âèêîíàííi óìî-
âè (20) ïîõiäíi ∂h1(x,t,∂lu(x,t))

∂xj
, j = 1, n, ¹ íåïåðåðâíèìè âåêòîð-ôóíêöiÿìè

â Qε1,ε2 . Îñêiëüêè ∂h2
∂xj

∈ [C(Qε1,ε2)]
p, j = 1, n, òî ç ðiâíîñòåé (22) îäåð-

æó¹ìî, ùî ∂u
∂xj

∈ [C(Qε1,ε2)]
p, j = 1, n.

Âèêîðèñòîâóþ÷è óìîâó (20) i òå, ùî h2 ∈ [C∞(Qε1,ε2)]
p, àíàëîãi÷íèìè

ìiðêóâàííÿìè äiñòà¹ìî íåïåðåðâíiñòü â Qε1,ε2 ïîõiäíèõ âåêòîð-ôóíêöi¨
u çà ïðîñòîðîâèìè çìiííèìè äî ïîðÿäêó γ, |γ| ≤ l.
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Îñêiëüêè u ∈ [C l,0(Qε1 ε2)]
p, òî âåêòîð-ôóíêöiÿ F0(x, t, ∂lu(x, t)) ¹ íå-

ïåðåðâíî äèôåðåíöiéîâíîþ â Q ε1
2

ε2
2
, îáìåæåíîþ ðàçîì ç ïîõiäíèìè ïåð-

øîãî ïîðÿäêó. Òîäi, çãiäíî ç [5, c. 162], ìà¹ìî, ùî h2(x, t, ∂lu(x, t)) ∈
[C2b,1(Qε1,ε2)]

p. Iç ôîðìóë (21) òåïåð îäåðæó¹ìî, ùî u ∈ [C2b,1(Qε1,ε2)]
p.

Îñêiëüêè äëÿ äîâiëüíî¨ ñòðîãî âíóòðiøíüî¨ ïiäîáëàñòi Q̃ îáëàñòi Q
iñíóþòü äîäàòíi ÷èñëà ε1, ε2 òàêi, ùî Q̃ ⊂ Qε1,ε2 , òî u ∈ [C2b,1(Q̃)]p äëÿ
äîâiëüíî¨ ïiäîáëàñòi Q̃ ⊂ Q, òîáòî u ∈ [C2b,1(Q)]p.

ÂÈÑÍÎÂÊÈ

Ó ñòàòòi ðîçãëÿíóòî êðàéîâi çàäà÷i äëÿ êâàçiëiíiéíèõ ïàðàáîëi÷íèõ ñèñ-
òåì ðiâíÿíü ç ãîëîâíèìè ëiíiéíèìè ÷àñòèíàìè, êîëè çàäàíi íà ïàðàáîëi÷-
íié ìåæi ôóíêöi¨ ¹ óçàãàëüíåíèìè ç ïðîñòîðiâ òèïó D′. Âèêîðèñòîâóþ÷è
âëàñòèâîñòi ìàòðèöü Ãðiíà öèõ çàäà÷ òà ïðèíöèï Øàóäåðà, âñòàíîâëåíî
äîñòàòíi óìîâè ðîçâ'ÿçíîñòi, à òàêîæ óìîâè âíóòðiøíüî¨ ðåãóëÿðíîñòi
ðîçâ'ÿçêiâ öèõ çàäà÷. Íàâåäåíî óìîâè íà íåëiíiéíiñòü ðiâíÿííÿ, ÿêi ¹
äîñòàòíiìè äëÿ âèêîíàííÿ óìîâ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i.
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THE EXISTENCE AND REGULARITY OF THE SOLUTIONS
GENERALIZED NORMAL BOUNDARY VALUE PROBLEMS

FOR THE QUASILINEAR PARABOLIC SYSTEMS

Íalyna LOPUSHANSKA, Oksana CHMYR

Ivan Franko Lviv National University,
1 Universytetska Str., Lviv 79602, Ukraine

The su�cient conditions of the solvability of the normal boundary value
problems for the quasilinear parabolic systems with the linear main parts
and generalized functions from the space (C∞)′ on the boundary of domain,
using the Shauder method, are obtained. The inner regularity of the solutions
of the problems have been investigated.




