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Ðiâíÿííÿ ç êëàñó (1) øèðîêî âèêîðèñòîâóþòü äëÿ îïèñó ðiçíîìàíiòíèõ

ïðîöåñiâ ó ôiçèöi òà ïðè ìàòåìàòè÷íèõ ðîçðàõóíêàõ â åêîíîìiöi [1�5]. Çîêðå-

ìà, ñåðåä íàéâiäîìiøèõ ðiâíÿíü ç êëàñó (1) âàðòî çãàäàòè òàêi:

ðiâíÿííÿ Êðàìåðñà [1]

ut = −(xu)y + (V ′(y)u)x + γ(xu+ ux)x, (2)

ÿêå îïèñó¹ ðóõ ÷àñòèíêè ó ôëóêòóþ÷îìó ñåðåäîâèùi (ôóíêöiÿ u = u(t, x, y)

� ãóñòèíà éìîâiðíîñòi, ôóíêöiÿ V (y) � çîâíiøíié ïîòåíöiàë, γ � ñòàëà);

ïðè îá÷èñëåííi çíà÷åííÿ àçiéñüêîãî îïöiîíó [5] âèêîðèñòîâóþòü ðiâíÿííÿ

ut = −1

2
σ2x2 uxx − rx ux + log xuy + r u, (3)

àáî

ut = −1

2
σ2x2 uxx − rx ux +

x

t0 − T
uy + r u, (4)

äå u(t, x, y) � çíà÷åííÿ àçiéñüêîãî îïöiîíó, ÿêå çàëåæèòü âiä êóðñó àêöié

(çìiííà x) â ìîìåíò ÷àñó t, y � ñåðåäí¹ çíà÷åííÿ êóðñó àêöié, T � òåðìií äi¨

êîíòðàêòó, t0 � ïî÷àòîê êîíòðàêòó, r � ïðîöåíòíà ñòàâêà, σ � âîëàòèëüíiñòü.

Ñèìåòðiéíi âëàñòèâîñòi äåÿêèõ ïiäêëàñiâ êëàñó (1) äîñëiäæóâàëèñÿ â ðîáî-

òàõ [6�9]. Çîêðåìà, ó ðîáîòi [7] ïðîâåäåíî ãðóïîâó êëàñèôiêàöiþ êëàñó ðiâíÿíü

(2). Ó ñòàòòi [10] ïîêàçàíî, ùî (3) òà (4) çâîäÿòüñÿ âiäïîâiäíî äî ðiâíÿíü

ut = uxx − xuy (5)

òà

ut = uxx + exuy. (6)

Çàçíà÷èìî, ùî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5), ÿêå áóëî îòðè-

ìàíå Êîëìîãîðîâèì ó 1934 ð. äëÿ îïèñó íåiçîòðîïíèõ äèôóçiéíèõ ïðîöåñiâ, ¹

âiäîìèì [2]. Îêðiì öüîãî, òàêîæ çíàéäåíî ìàêñèìàëüíi àëãåáðè iíâàðiàíòíîñòi

(ÌÀI) ðiâíÿíü (5) òà (6) (äèâ., íàïðèêëàä, [8, 9]).

Îñêiëüêè êîæíå ðiâíÿííÿ ç êëàñó (1) ¹ ëiíiéíèì, òî ïðè ôiêñîâàíèõ çíà-

÷åííÿõ ôóíêöié A, B, C òà D éîãî ÌÀI ¹ íåñêií÷åííîâèìiðíîþ ç îïåðàòîðîì

p ∂u, äå ôóíêöiÿ p (t, x, y) � äîâiëüíèé ãëàäêèé ðîçâ'ÿçîê ðiâíÿííÿ (1). Òàêèì

÷èíîì, ïðè ïðîâåäåííi ïîïåðåäíüî¨ ãðóïîâî¨ êëàñèôiêàöi¨ ìè âèêëþ÷àòèìåìî

ç ðîçãëÿäó îïåðàòîðè âèãëÿäó p ∂u, òîáòî áóäåìî øóêàòè ëèøå ñêií÷åííîâè-

ìiðíi ÷àñòèíè ÌÀI ðiâíÿíü ç êëàñó (1). Çîêðåìà, ìåòîþ ðîáîòè ¹ çíàõîäæå-

ííÿ òàêèõ ðiâíÿíü âèãëÿäó (1), ÌÀI ÿêèõ ¹ ðîçâ'ÿçíèìè òà ìàþòü ðîçìiðíiñòü

íå áiëüøå 4-õ.

Ïðè âèâ÷åííi ñèìåòðiéíèõ âëàñòèâîñòåé êëàñó (1) íåìîæëèâî çàñòîñóâàòè

êëàñè÷íèé ìåòîä Ëi�Îâñÿííiêîâà. Öå îáóìîâëåíî òèì, ùî äîâiëüíi åëåìåíòè

A, B, C i D äîñëiäæóâàíîãî êëàñó çàëåæàòü âiä çìiííèõ t, x òà y. Îòæå, ïðè
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ïðîâåäåííi ïîïåðåäíüî¨ ãðóïîâî¨ êëàñèôiêàöi¨ áóäåìî âèêîðèñòîâóâàòè ìåòîä

Æäàíîâà�Ëàãíî, çàïðîïîíîâàíèé â ðîáîòi [11] (äèâ., äåòàëüíiøå, [12]). Íà

ñüîãîäíiøíié äåíü âêàçàíèé ìåòîä âèêîðèñòîâó¹òüñÿ ïðè ðîçãëÿäi øèðîêèõ

êëàñiâ äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ., í-ä, [13�17]).

2. Ïåðåòâîðåííÿ åêâiâàëåíòíîñòi òà îïåðàòîð

iíâàðiàíòíîñòi êëàñó ðiâíÿíü (1)

Âàæëèâó ðîëü â ïðîöåñi äîñëiäæåííÿ ñèìåòðiéíèõ âëàñòèâîñòåé êëàñó

äèôåðåíöiàëüíèõ ðiâíÿíü ìåòîäîì Æäàíîâà�Ëàãíî âiäiãðàþòü ïåðåòâîðåííÿ

åêâiâàëåíòíîñòi (òî÷êîâi ïåðåòâîðåííÿ, ÿêi çâîäÿòü äîâiëüíî âèáðàíå ðiâíÿí-

íÿ ç çàäàíîãî êëàñó äî äåÿêîãî iíøîãî ðiâíÿííÿ ç öüîãî æ êëàñó). Çîêðåìà,

ìåòîä Æäàíîâà�Ëàãíî åôåêòèâíèé ïðè âèâ÷åííi òàêèõ êëàñiâ äèôåðåíöiàëü-

íèõ ðiâíÿíü, ÿêi äîïóñêàþòü øèðîêó ãðóïó ïåðåòâîðåíü åêâiâàëåíòíîñòi.

Òåîðåìà 2.1. Ïåðåòâîðåííÿ åêâiâàëåíòíîñòi êëàñó ðiâíÿíü (1) ìàþòü âèãëÿä

t̄ = T (t, y), x̄ = X(t, x, y), ȳ = Y (t, y), v = ϕ(t, x, y)u (7)

(T,X, Y òà ϕ � äîâiëüíi ãëàäêi ôóíêöi¨, ϕXx(TtYy − TyYt) 6= 0) òà çâîäÿòü

äîâiëüíî âèáðàíå ðiâíÿííÿ ç êëàñó (1) â äåÿêå iíøå ðiâíÿííÿ âèãëÿäó

vt̄ = Ã(t̄, x̄, ȳ)vx̄x̄ + B̃(t̄, x̄, ȳ)vx̄ + C̃(t̄, x̄, ȳ)vȳ + D̃(t̄, x̄, ȳ)v, (8)

äå ôóíêöi¨ Ã, B̃, C̃ òà D̃ çíàõîäÿòüñÿ ç òàêèõ ñïiââiäíîøåíü:

(Tt − CTy)Ã = X2
xA, (9)

(Tt − CTy)B̃ = XyC −Xt +
(
Xxx − 2

ϕx

ϕ
Xx

)
A+XxB, (10)

(Tt − CTy)C̃ = YyC − Yt, (11)

(Tt − CTy)D̃ = D − ϕy

ϕ
C +

ϕt

ϕ
+
(

2
ϕ2
x

ϕ2
− ϕxx

ϕ

)
A− ϕx

ϕ
B. (12)

Äîâåäåííÿ òåîðåìè  ðóíòó¹òüñÿ íà ïðÿìîìó ìåòîäi ïîáóäîâè ãðóïè ïåðå-

òâîðåíü åêâiâàëåíòíîñòi (äèâ., í-ä, [11]).

Çàóâàæåííÿ 2.2. Ïåðåòâîðåííÿ åêâiâàëåíòíîñòi (7) äîçâîëÿþòü ñïðîñòèòè

êëàñ (1) (í-ä, ïîêëàñòè B = D = 0). Ïðîòå ïðè ïðîâåäåíi ïîïåðåäíüî¨ ãðó-

ïîâî¨ êëàñèôiêàöi¨ äîñëiäæóâàíîãî êëàñó ìè ðîçãëÿäàòèìåìî ñàìå ðiâíÿííÿ

âèãëÿäó (1). Öå îáóìîâëåíî îñîáëèâîñòÿìè ìåòîäó, ÿêèé áóäå âèêîðèñòàíî â

ðîáîòi.

Çàóâàæåííÿ 2.3. Ó âèïàäêó Cx = 0 iñíó¹ ïåðåòâîðåííÿ, ÿêå çâîäèòü ðiâ-

íÿííÿ (1) äî ðiâíÿííÿ ç ôóíêöi¹þ C = 0 (âèïëèâà¹ ç ñïiââiäíîøåííÿ (11)).

Òàêèì ÷èíîì, áóäåìî ðîçãëÿäàòè ëèøå âèïàäîê Cx 6= 0.
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Ïåðåä òèì, ÿê ïåðåéòè äî çàñòîñóâàííÿ ìåòîäóÆäàíîâà�Ëàãíî, çíàéäåìî

çàãàëüíèé âèãëÿä îïåðàòîðà ñèìåòði¨ Ëi êëàñó ðiâíÿíü (1).

Òåîðåìà 2.4. Îïåðàòîð iíâàðiàíòíîñòi êëàñó ðiâíÿíü (1) ìà¹ òàêèé âèãëÿä:

X = τ(t, y) ∂t + ξ1(t, x, y) ∂x + ξ2(t, y) ∂y + (r(t, x, y)u+ p(t, x, y)) ∂u, (13)

äå τ, ξ1, ξ2, r òà p � íåâiäîìi ãëàäêi ôóíêöi¨, ÿêi çíàõîäÿòüñÿ ç ñèñòåìè

âèçíà÷àëüíèõ ðiâíÿíü (ÑÂÐ)

Ax ξ
1 +Ay ξ

2 +At τ +A
(
τt − 2 ξ1

x − Cτy
)

= 0, (14)

Bxξ
1 +Byξ

2 +Btτ +B(τt−ξ1
x−Cτy) +A(2rx−ξ1

xx)− Cξ1
y + ξ1

t = 0, (15)

Cx ξ
1 + Cy ξ

2 + Ct τ + C
(
τt − ξ2

y − Cτy
)

+ ξ2
t = 0, (16)

Dx ξ
1 +Dy ξ

2 +Dt τ +D (τt − Cτy) +Arxx +Brx + Cry − rt = 0, (17)

pt = Apxx +Bpx + Cpy +Dp. (18)

Äîâåäåííÿ òåîðåìè  ðóíòó¹òüñÿ íà çàñòîñóâàííi êðèòåðiþ iíâàðiàíòíîñòi

äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ., í-ä, ìîíîãðàôi¨ [12,18�21]).

Âðàõóâàâøè òîé ôàêò, ùî ìè âèêëþ÷à¹ìî ç ðîçãëÿäó îïåðàòîðè âèãëÿ-

äó p ∂u (ÿêi âiäïîâiäàþòü çà íåñêií÷åííîâèìiðíó ÷àñòèíó ÌÀI ðiâíÿííÿ (1)),

øóêàíèé îïåðàòîð ñèìåòði¨ Ëi (13) íàáóâà¹ âèãëÿäó

X = τ(t, y) ∂t + ξ1(t, x, y) ∂x + ξ2(t, y) ∂y + r(t, x, y)u ∂u. (19)

3. Íèçüêîðîçìiðíi ðîçâ'ÿçíi àëãåáðè Ëi

êëàñó ðiâíÿíü (1)

Ç ÑÂÐ (14)�(17) âèïëèâà¹, ùî ïðè äîâiëüíèõ çíà÷åííÿõ ôóíêöié A, B, C

òà D àëãåáðà iíâàðiàíòíîñòi ðiâíÿííÿ (1) ¹ îäíîâèìiðíîþ ç áàçèñíèì îïåðà-

òîðîì u∂u. Îñêiëüêè âêàçàíèé îïåðàòîð êîìóòó¹ ç îïåðàòîðàìè âèãëÿäó (19)

íà íóëü ([u∂u, X] = 0), òî ñåðåä äâîâèìiðíèõ ëèøå àáåëåâà àëãåáðà [22]

2g1 : [e1, e2] = 0

ìîæå áóòè àëãåáðîþ Ëi ðiâíÿííÿ (1).

Äëÿ ïîáóäîâè âñiõ ìîæëèâèõ íååêâiâàëåíòíèõ ðåàëiçàöié àëãåáðè 2g1, çà-

ñòîñó¹ìî ïåðåòâîðåííÿ (7) äî îïåðàòîðà (19):

X̄ =
(
τTt + ξ2Ty

)
∂t̄ +

(
τXt + ξ1Xx + ξ2Ty

)
∂x̄ +

(
τYt + ξ2Yy

)
∂ȳ +(

τϕt + ξ1ϕx + ξ2ϕy + ϕ r
)
u∂v̄.

(20)

Ç (20) âèïëèâà¹, ùî ó âèïàäêó (τ)2 + (ξ2)2 6= 0 iñíóþòü ïåðåòâîðåííÿ, ÿêi

äîâiëüíî âèáðàíèé îïåðàòîð âèãëÿäó (19) çâîäÿòü äî îïåðàòîðà ∂t̄. Çîêðåìà,
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âêàçàíi ïåðåòâîðåííÿ ìîæíà çíàéòè, ðîçâ'ÿçàâøè òàêi ðiâíÿííÿ:

τTt + ξ2Ty = 1, τXt + ξ1Xx + ξ2Ty = 0,

τYt + ξ2Yy = 0, τϕt + ξ1ϕx + ξ2ϕy + ϕ r = 0.

Ó âèïàäêó τ = ξ2 = 0, ξ1 6= 0 îòðèìó¹ìî îïåðàòîð ∂x̄. ßêùî τ = ξ2 = ξ1 =

0, òî îïåðàòîð (20) ìà¹ âèãëÿä rv∂v i çâîäèòüñÿ äî îäíîãî ç òàêèõ îïåðàòîðiâ:

x̄v∂v (rx 6= 0), t̄ v∂v
(
(rt)

2 + (ry)2 6= 0
)
, αv∂v (r = α = const). Òàêèì ÷èíîì,

íàìè äîâåäåíî òåîðåìó.

Òåîðåìà 3.1. Ç òî÷íiñòþ äî ïåðåòâîðåíü (7) òà ñòàëîãî íåíóëüîâîãî ìíî-

æíèêà, äîâiëüíî âèáðàíèé îïåðàòîð âèãëÿäó (19) ìîæíà çâåñòè äî îäíîãî ç

îïåðàòîðiâ

∂t, ∂x, u∂u, tu∂u, xu∂u. (21)

Ñåðåä îïåðàòîðiâ (21) ëèøå îïåðàòîðè ∂t, ∂x òà u∂u çàäîâîëüíÿþòü ÑÂÐ

(14)�(17). Ïðîòå îïåðàòîð ∂x ïðèâîäèòü äî óìîâè Cx = 0 i âèêëþ÷à¹òüñÿ ç

ðîçãëÿäó. Òàêèì ÷èíîì, ìè îòðèìàëè îäíó äâîâèìiðíó àëãåáðó Ëi, ÿêó äîïó-

ñêà¹ ðiâíÿííÿ (1).

Òåîðåìà 3.2. Ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (7) iñíó¹ ¹äèíèé

êëàñ ðiâíÿíü âèãëÿäó (1)

ut = A(x, y)uxx +B(x, y)ux + C(x, y)uy +D(x, y)u, (22)

ÿêèé äîïóñêà¹ äâîâèìiðíó àëãåáðó Ëi îïåðàòîðiâ ñèìåòði¨ âèãëÿäó (19), à

ñàìå:

2g1
1 = 〈∂t, u∂u〉.

Ïðè äîâiëüíèõ çíà÷åííÿõ ôóíêöié A, B, C òà D öÿ àëãåáðà ¹ ÌÀI êëàñó

ðiâíÿíü (22).

Ïðè ïîáóäîâi òðèâèìiðíèõ ðîçâ'ÿçíèõ àëãåáð iíâàðiàíòíîñòi êëàñó ðiâíÿíü

(1) äîñòàòíüî äî îïåðàòîðiâ àëãåáðè 2g1
1 äîäàòè îäèí îïåðàòîð âèãëÿäó (19)

i çíàéòè âñi ìîæëèâi íååêâiâàëåíòíi ðåàëiçàöi¨, ùî çàäîâîëüíÿþòü âiäïîâiäíi

êîìóòàöiéíi ñïiââiäíîøåííÿ òà ÑÂÐ (14)�(17). Ïðè öüîìó áóäåìî âèêîðèñòî-

âóâàòè ïåðåòâîðåííÿ

t̄ = t+ T (y), x̄ = X(x, y), ȳ = Y (y), v = ϕ(x, y)u, (23)

ÿêi íå çìiíþþòü âèãëÿä îïåðàòîðà ∂t.

Çãiäíî ç êëàñèôiêàöi¹þ Ìóáàðàêçÿíîâà [22] iñíó¹ 7 íåiçîìîðôíèõ òðèâè-

ìiðíèõ ðîçâ'ÿçíèõ àëãåáð Ëi. Ïðîòå íàì íåîáõiäíî ðîçãëÿíóòè ëèøå òi ç íèõ,

ÿêi ìîæóòü ìiñòèòè îïåðàòîð u∂u, à ñàìå:

3g1 : [ei, ej ] = 0 (i, j ∈ {1, 2, 3}); g2 ⊕ g1 : [e1, e2] = e2; g3.1 : [e2, e3] = e1.
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Îñêiëüêè ïðîöåñ ïîáóäîâè ðåàëiçàöié äëÿ êîæíî¨ ç çàçíà÷åíèõ àëãåáð ¹

ïðàêòè÷íî àíàëîãi÷íèì, òî ðîçãëÿíåìî ëèøå àëãåáðó 3g1 ç áàçèñíèìè îïåðà-

òîðàìè: e1 = ∂t, e2 = u∂u, e3 = X, äå X � äîâiëüíèé îïåðàòîð âèãëÿäó (19).

Ç óìîâè [∂t, X] = 0 îòðèìó¹ìî:

X = τ(y) ∂t + ξ1(x, y) ∂x + ξ2(y) ∂y + r(x, y)u ∂u.

Çàñòîñóâàâøè ïåðåòâîðåííÿ (23) äî îïåðàòîðà X, ìà¹ìî

X̄ = (τ + ξ2Ty)∂t̄ + (ξ1Xx + ξ2Ty)∂x̄ + ξ2Yy ∂ȳ + (ξ1ϕx + ξ2ϕy + ϕ r)u∂v̄. (24)

Ïðîâiâøè àíàëîãi÷íi äî íàâåäåíèõ â òåîðåìi 3.1 îá÷èñëåííÿ, îòðèìó¹ìî

îïåðàòîðè:

∂x, ∂y, y∂t, y∂t + ∂x, xu∂u, yu∂u, y∂t + xu∂u, y∂t + r(y)u∂u (r′ 6= 0). (25)

Ïiäñòàâèâøè êîæåí ç îïåðàòîðiâ (25) ó ÑÂÐ (14)�(17) (ç ôóíêöiÿìè A, B, C i

D, ÿêi çàëåæàòü ëèøå âiä çìiííèõ x òà y), âñòàíîâèëè, ùî ëèøå äâi ðåàëiçàöi¨

òðèâèìiðíî¨ ðîçâ'ÿçíî¨ àëãåáðè 3g1 çàäîâîëüíÿþòü óìîâó çàäà÷i, à ñàìå:

3g1
1 = 〈∂t, u∂u, ∂y〉, ut = A(x)uxx +B(x)ux + C(x)uy +D(x)u;

3g1
2 = 〈∂t, u∂u, y∂t + ∂x〉, ut = x−1

(
A(y)uxx +B(y)ux − uy +D(y)u

)
.

Ïðè ðîçãëÿäi àëãåáðè g2 ⊕ g1 ìè îòðèìàëè òàêi ÷îòèðè íååêâiâàëåíòíi (ç òî-

÷íiñòþ äî ïåðåòâîðåíü (23)) ðåàëiçàöi¨:

g2 ⊕ g1
1 = 〈∂t, et∂y, u∂u, 〉, g2 ⊕ g1

2 = 〈−t∂t + ∂x, ∂t, u∂u〉,
g2 ⊕ g1

3 = 〈−t∂t + ∂y, ∂t, u∂u〉, g2 ⊕ g1
4 = 〈∂t, et(y∂t + ∂x), u∂u〉,

ÿêi çàäîâîëüíÿþòü óìîâó çàäà÷i.

Ïðîòå ñåðåä âêàçàíèõ ðåàëiçàöié ¹ åêâiâàëåíòíi ç òî÷íiñòþ äî ïåðåòâîðåíü

(7). Äiéñíî, çàìiíè t̄ = y, ȳ = tey i t̄ = −y−1e−t, x̄ = t−xy çâîäÿòü âiäïîâiäíî
g2 ⊕ g1

3 â g2 ⊕ g1
1 òà g2 ⊕ g1

4 â g2 ⊕ g1
2.

Òàêèì ÷èíîì, îòðèìó¹ìî äâi íååêâiâàëåíòíi (ç òî÷íiñòþ äî ïåðåòâîðåíü

(7)) ðåàëiçàöi¨ àëãåáðè g2 ⊕ g1 òà âiäïîâiäíi ¨ì êëàñè ðiâíÿíü

g2 ⊕ g1
1 = 〈∂t, et∂y, u∂u, 〉, ut = A(x)uxx +B(x)ux + (C(x)− y)uy +D(x)u;

g2 ⊕ g1
2 = 〈−t∂t+∂x, ∂t, u∂u〉, ut = ex(A(y)uxx +B(y)ux + C(y)uy +D(y)u).

Ïðè ðîçãëÿäi àëãåáðè g3.1 ìè òàêîæ îòðèìàëè äâi íååêâiâàëåíòíi (ç òî÷íi-

ñòþ äî ïåðåòâîðåíü (7)) ðåàëiçàöi¨ òà âiäïîâiäíi ¨ì êëàñè ðiâíÿíü

g3.1
1 = 〈u∂u, ∂t, ∂y + tu∂u〉, ut = A(x)uxx +B(x)ux + C(x)uy + (D(x) + y)u;

g3.1
2 = 〈u∂u, ∂t, y∂t+∂x+tu∂u〉, ut = x−1

(
A(y)uxx+B(y)ux−uy+(D(y)+x2

2 )u
)
.

Îá'¹äíàâøè îòðèìàíi ðåçóëüòàòè, ñôîðìóëþ¹ìî òåîðåìó.
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Òåîðåìà 3.3. Ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (7) iñíó¹ øiñòü êëà-

ñiâ ðiâíÿíü âèãëÿäó (1), ÿêi äîïóñêàþòü òðèâèìiðíi ðîçâ'ÿçíi àëãåáðè Ëi îïå-

ðàòîðiâ ñèìåòði¨ âèãëÿäó (19), à ñàìå:

3g1
1 = 〈∂t, u∂u, ∂y〉, ut = A(x)uxx +B(x)ux + C(x)uy +D(x)u; (26)

3g1
2 = 〈∂t, u∂u, y∂t + ∂x〉, ut = x−1(A(y)uxx +B(y)ux − uy +D(y)u); (27)

g2 ⊕ g1
1 = 〈∂t, et∂y, u∂u〉, ut = A(x)uxx +B(x)ux + (C(x)−y)uy +D(x)u; (28)

g2⊕g1
2 = 〈−t∂t+∂x, ∂t, u∂u〉, ut = ex(A(y)uxx+B(y)ux+C(y)uy+D(y)u); (29)

g3.1
1 = 〈u∂u, ∂t, ∂y+tu∂u〉, ut = A(x)uxx+B(x)ux+C(x)uy+(D(x)+y)u; (30)

g3.1
2=〈u∂u, ∂t, y∂t+∂x+tu∂u〉, ut=x−1

(
A(y)uxx+B(y)ux−uy+(D(y)+x2

2 )u
)
. (31)

Ïðè äîâiëüíèõ çíà÷åííÿõ ôóíêöié A, B, C òà D êîæíà ç îòðèìàíèõ àëãåáð

¹ ÌÀI âiäïîâiäíîãî ¨é êëàñó ðiâíÿíü.

4. 4-âèìiðíi ðîçâ'ÿçíi àëãåáðè Ëi

îïåðàòîðiâ ñèìåòði¨ âèãëÿäó (19) ðiâíÿííÿ (1)

Ïåðåä òèì, ÿê ïåðåéòè äî ïîáóäîâè 4-âèìiðíèõ ðîçâ'ÿçíèõ àëãåáð Ëi êëà-

ñó ðiâíÿíü (1), çàóâàæèìî, ùî ïðè äîâiëüíèõ ôiêñîâàíèõ çíà÷åííÿõ ôóíêöié

A, B òà D ðiâíÿííÿ (27) i (31) äîïóñêàþòü àëãåáðó Ëi ðîçìiðíîñòi 5 i âè-

ùå. Òàêèì ÷èíîì, ìè âèêëþ÷à¹ìî âêàçàíi ðiâíÿííÿ ç ïîäàëüøîãî ðîçãëÿäó.

Çàçíà÷èìî òàêîæ, ùî äëÿ êëàñó ðiâíÿíü (29) åôåêòèâíiøèì ¹ çàñòîñóâàí-

íÿ ïðÿìîãî ìåòîäó ïîáóäîâè ÌÀI çàìiñòü ìåòîäó Æäàíîâà�Ëàãíî. Çîêðåìà,

çàñòîñóâàâøè äî (29) ïåðåòâîðåííÿ

t̄ = −
∫

exp(−
∫

B
C
dy)

C dy, ȳ = −t, x̄ = −x+

∫
B
C dy, v = exp

(∫
D
C dy

)
u

îòðèìó¹ìî

ut = A(t)uxx + exuy. (32)

Òåîðåìà 4.1. Ïðè äîâiëüíîìó çíà÷åííi ôóíêöi¨ A(t) êëàñ ðiâíÿíü (32) äîïó-

ñêà¹ 3-âèìiðíó ÌÀI îïåðàòîðiâ ñèìåòði¨ âèãëÿäó (19):

〈∂y, ∂x + y∂y, u∂u〉. (33)

Ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (7) êëàñ ðiâíÿíü (32) äîïóñêà¹

ðîçøèðåííÿ àëãåáðè Ëi (33) ëèøå ó òàêèõ äâîõ âèïàäêàõ:

1)
(
A′

A2

)′
= aA : 〈 1

A ∂t + A′

A2 ∂x − ta2 xu∂u, ∂y, ∂x + y∂y, u∂u〉, (34)

äå a 6= 0 � äîâiëüíà ñòàëà;

2) A(t) = 1 : 〈∂t, ∂y, ∂x + y∂y, u∂u, 2y∂x + y2∂y + (ex − y) ∂u〉.
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Çàóâàæåííÿ 4.2. Ðiâíÿííÿ (32) ç ôóíêöi¹þ A(t), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(34), ïåðåòâîðåííÿì t̄ = a
2

∫
Adt, x̄ = x − lnA, ȳ = a

2y, ā = 2
a ,

v = exp
(

A′

2A2 x− a
2

∫
A lnAdt− 1

4

∫ (A′)2

A3 dt
)
u çâîäèòüñÿ äî ðiâíÿííÿ

ut = auxx + exuy + xu

ç ÌÀI âèãëÿäó

〈∂t, ∂y, ∂x + y∂y + tu∂u, u∂u〉.

Òàêèì ÷èíîì, ïðè äîñëiäæåííi ñèìåòðiéíèõ âëàñòèâîñòåé êëàñó ðiâíÿíü

(32) ìè îòðèìàëè ëèøå îäíå ðiâíÿííÿ ç 4-âèìiðíîþ ÌÀI.

Ïåðåéäåìî äî ïîáóäîâè 4-âèìiðíèõ ðîçâ'ÿçíèõ àëãåáð Ëi äëÿ êëàñiâ ðiâ-

íÿíü (26), (28) òà (30). Çîêðåìà, çãiäíî ç êëàñèôiêàöi¹þ Ìóáàðàêçÿíîâà i

óìîâîþ çàäà÷i, íàì íåîáõiäíî ðîçãëÿíóòè òàêi àëãåáðè:

4g1 : [ei, ej ] = 0 (i, j = 1, 2, 3, 4);

g2 ⊕ 2g1 : [e1, e2] = e2;

g3.1 ⊕ g1 : [e2, e3] = e1;

g3.2 ⊕ g1 : [e1, e3] = e1, [e2, e3] = e1 + e2;

g3.3 ⊕ g1 : [e1, e3] = e1, [e2, e3] = e2;

g3.4 ⊕ g1 : [e1, e3] = e1, [e2, e3] = he2, −1 ≤ h < 1, h 6= 0;

g3.5 ⊕ g1 : [e1, e3] = pe1 − e2, [e2, e3] = e1 + pe2, p ≥ 0;

g4.1 : [e2, e4] = e1, [e3, e4] = e2;

g4.3 : [e1, e4] = e1, [e3, e4] = e2.

Â ðåçóëüòàòi îá÷èñëåíü ìè îòðèìàëè òàêi íååêâiâàëåíòíi (ç òî÷íiñòþ äî ïå-

ðåòâîðåíü (7)) 4-âèìiðíi ðåàëiçàöi¨ ðîçâ'ÿçíèõ àëãåáð Ëi òà âiäïîâiäíi ¨ì ðiâ-

íÿííÿ:

g2 ⊕ 2g1
1 = 〈∂t, et∂y, ∂x+∂y, u∂u〉, ut = auxx + bux + (x− y)uy + du; (35)

g2 ⊕ 2g1
2 = 〈∂x−y∂y, ∂y, ∂t, u∂u〉, ut = auxx + bux + e−xuy + du; (36)

g3.1 ⊕ g1
1 = 〈∂y, ∂t, ∂x + t∂y, u∂u〉, ut = auxx + bux − xuy + du; (37)

g3.2 ⊕ g1
1 = 〈∂y, ∂t, t∂t + ∂x + (t+y)∂y, u∂u〉,

ut = e−x (auxx + bux − xexuy + du) ; (38)

g3.2 ⊕ g1
2 = 〈et∂y, et(∂x+t∂y), −∂t, u∂u〉,

ut = auxx + (b− x)ux − (x+ y)uy + du; (39)
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g3.4 ⊕ g1
1 = 〈et∂y, eht(∂x + ∂y),−∂t, u∂u〉, h 6= 0, h 6= 1,

ut = auxx + (b− hx)ux +
(
(1− h)x− y

)
uy + du; (40)

g3.4 ⊕ g1
2 = 〈∂t, ∂y, t∂t + ∂x + hy∂y, u∂u〉, h 6= 0, h 6= 1,

ut = e−x(auxx + bux + ehxuy + du); (41)

g3.5 ⊕ g1
1 = 〈∂t, ∂y, (y + pt)∂t + ∂x + (py − t)∂y, u∂u〉, p ≥ 0,

ut =
e−p x

cosx
(auxx + bux + sinxep xuy + du) ; (42)

g4.1
1 = 〈u∂u, ∂y, ∂t, ∂x+t∂y+yu∂u〉, ut = auxx + bux − xuy +

(
d+ x2

2

)
u; (43)

g4.1
2 = 〈u∂u, ∂t, −y∂t + ∂x − 1

2y
2u∂u, ∂y + tu∂u〉,

ut = x−1 (auxx + bux + uy + (d+ xy)u) ; (44)

g4.3
1 = 〈∂y, u∂u, ∂t, ∂x + y∂y + tu∂u〉, ut = auxx + bux + exuy + xu; (45)

g4.3
2 = 〈et∂y, u∂u, ∂x+∂y+tu∂u,−∂t〉, ut = auxx + bux + (x−y)uy + xu. (46)

Â ðiâíÿííÿõ (35)�(46) a 6= 0, b òà d � äîâiëüíi ñòàëi.

Çàñòîñó¹ìî äî êîæíîãî ç ðiâíÿíü (35)�(46) ïåðåòâîðåííÿ åêâiâàëåíòíîñòi

(7). Ðåçóëüòàò ïîäàìî ó âèãëÿäi òàáëèöi 1.

Çàóâàæåííÿ 4.3. Ó òàáëèöi 1 â ïåðøîìó ñòîâï÷èêó ïîðÿä ç íîìåðàìè âè-

ïàäêiâ ïîäàíî íîìåðè ðiâíÿíü, äî ÿêèõ çàñòîñîâóâàëàñü çàìiíà.

Îñêiëüêè ðiâíÿííÿ ç âèïàäêiâ 1, 3, 5, 6, 9, 10 òà 12 òàáëèöi 1 íàëåæàòü äî

êëàñiâ ðiâíÿíü (27) i (31) (ÿêi âèêëþ÷åíi ç ðîçãëÿäó), òî çàëèøà¹òüñÿ äîñëi-

äèòè ëèøå ðiâíÿííÿ ç âèïàäêiâ 4, 7 òà 8. Ó ïiäñóìêó îòðèìó¹ìî òàêó òåîðåìó.

Òåîðåìà 4.4. Ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (7) iñíó¹ ÷îòèðè

êëàñè ðiâíÿíü âèãëÿäó (1), ÌÀI ÿêèõ ¹ 4-âèìiðíèìè ðîçâ'ÿçíèìè àëãåáðàìè

Ëi îïåðàòîðiâ ñèìåòði¨ âèãëÿäó (19), à ñàìå:

ut = auxx + exuy + xu,

〈∂t, ∂y, ∂x + y∂y + tu∂u, u∂u〉

ut = uxx + lnxuy +
d

x2
u,

〈∂t, ∂y, 2t∂t + x∂x + (2y − t)∂y, u∂u〉, (47)

ut = uxx + xk uy +
d

x2
u, k /∈ {−2, 0}, (k − 1)2 + d2 6= 0,

〈∂t, ∂y, 2t∂t + x∂x + (2 + k)y∂y, u∂u〉,

ut =
e−p x

cosx
(uxx + sinx ep xuy + du) , p ≥ 0,

〈∂t, ∂y, (y + pt)∂t + ∂x + (py − t)py, u∂u〉.
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Òàáëèöÿ 1

Ñïðîùåííÿ ðiâíÿíü (35)�(46) ïåðåòâîðåííÿìè åêâiâàëåíòíîñòi (7)

� Çàìiíà çìiííèõ Ðiâíÿííÿ ïiñëÿ çàìiíè

1. t̄ = e−t, x̄ = −x− bt, ȳ = −e−t(y + bt+ b), ut = a
t uxx − xuy

(35) v = e−dtu, a→ −a
2. t̄ = at, x̄ = −x, ȳ = ay, ut = uxx + exuy

(36) v = exp
(

b
2ax+

(
b2

4a − d
)
t
)
u

3. t̄ = at, ȳ = ay, ut = uxx − xuy
(37) v = exp

(
b

2a x+
(
b2

4a − d
)
t
)
u

4. t̄ = a
4 t, x̄ = exp

(
x
2

)
, ȳ = −a

8y, ut=uxx+ lnxuy+ d
x2u

(38) v = exp
(

b
2ax+ 1

4x
)
u

5. t̄ = −2t, x̄ = (x− b)e−t, ȳ = −2(y + b)e−t, ut = aetuxx − xuy
(39) v = e−dtu, a→ −2a

6. t̄ = eht−t, x̄ = (x− b
h)e−ht, ȳ = (y+h−1

h b)e−t, ut = atkuxx − xuy
(40) v = e−dtu, (h− 1)k = 1− 3h, k /∈ {−3,−1}
7. t̄ = a

4 t, x̄ = exp
(
x
2

)
, ȳ = a

4y, ut = uxx+xk uy+ d
x2u

(41) v = exp
(

b
2ax+1

4x
)
u, 2(h−1)=k, k /∈ {−2, 0}

8. t̄ = at, ȳ = ay, v = exp
(

b
2a x

)
u ut = e−p x

cosx (uxx+

(42) sinx ep xuy + du)

9. v = exp
(

b
2ax+

(
b2

4a − d
)
t
)
u ut = auxx−xuy+x2

2 u

(43)

10. x̄ = x+ ay3

3 − by, ȳ = at− a2y4

12 + aby2

2 , ut = uxx − xuy
(44) t̄ = −ay, v = exp

(xy2
2 + dy − by3

6 + ay5

20

)
u

11. x̄ = x− b2

4a , ȳ = y exp
(
− b2

4a

)
, v = exp

(
b

2a x
)
u ut = auxx+exuy+xu

(45)

12. x̄ = x+at2+bt, ȳ = ye−t −
∫

at2+bt
et dt, t̄ = e−t, ut = a

t uxx − xuy
(46) v = exp

(
−tx− 1

2bt
2 − a

3 t
3
)
u, a→ −a

5. Âèñíîâêè

Âèêîðèñòîâóþ÷è ìåòîä Æäàíîâà�Ëàãíî òà âiäîìi ôàêòè ç ãðóïîâîãî àíà-

ëiçó äèôåðåíöiàëüíèõ ðiâíÿíü, çäiéñíåíî ïîïåðåäíþ ãðóïîâó êëàñèôiêàöiþ

øèðîêîãî êëàñó (2+1)-âèìiðíèõ ëiíiéíèõ óëüòðàïàðàáîëi÷íèõ ðiâíÿíü âèãëÿ-

äó (1) âiäíîñíî ðîçâ'ÿçíèõ àëãåáð Ëi äî ðîçìiðíîñòi 4 âêëþ÷íî. Çîêðåìà, áóëî

âñòàíîâëåíî, ùî êëàñ ðiâíÿíü (1) (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíî-

ñòi (7)) äîïóñêà¹ îäíó äâîâèìiðíó, øiñòü òðèâèìiðíèõ òà ÷îòèðè 4-âèìiðíèõ

ðîçâ'ÿçíèõ ÌÀI îïåðàòîðiâ ñèìåòði¨ âèãëÿäó (19). Äëÿ çàâåðøåííÿ êëàñèôi-

êàöiéíî¨ çàäà÷i âiäíîñíî ñêií÷åííîâèìiðíèõ àëãåáð Ëi íåîáõiäíî äîñëiäèòè

ðiâíÿííÿ (27) òà (31) ïðÿìèì ìåòîäîì, à òàêîæ çíàéòè (ìåòîäîì Æäàíîâà�

Ëàãíî) âñi ïðîñòi àëãåáðè, ÿêi äîïóñêà¹ êëàñ ðiâíÿíü (1).
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