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Ðåäàêöiÿ îòðèìàëà ñòàòòþ 26 òðàâíÿ 2005 ð.

Óçàãàëüíåíî ïîíÿòòÿ äiéñíîçíà÷íèõ ïîâiëüíî çìiííèõ ôóíêöié
ó òî÷öi íà âèïàäîê êîìïëåêñíîçíà÷íèõ ôóíêöié ÿê äiéñíîãî, òàê
i êîìïëåêñíîãî àðãóìåíòó. Îòðèìàíî òàêîæ àíàëîãè òåîðåì Êà-
ðàìàòè ïðî ðiâíîìiðíå ïðÿìóâàííÿ äî ãðàíèöi òà ïðî çîáðàæåííÿ
ââåäåíèõ ôóíêöié.

Ïiä ïîâiëüíî çìiííîþ ôóíêöi¹þ, ïåðåâàæíî, ðîçóìiþòü íåïåðåðâíó
(÷è âèìiðíó) íà [x0,+∞) ôóíêöiþ l òàêó, ùî äëÿ âñiõ c ∈ (0,+∞)

l(cx)/l(x) → 1 (x → +∞). (1)

ßê ïîêàçàâ Êàðàìàòà [4, 5] (äèâ. òàêîæ [2, c. 10]), ïðÿìóâàííÿ â (1)
ðiâíîìiðíå âiäíîñíî c ç êîæíîãî ôiêñîâàíîãî ïðîìiæêó [c1, c2] ∈ (0, +∞)
i äëÿ òîãî, ùîá äîäàòíà íåïåðåðâíà (÷è âèìiðíà) íà [x0, +∞) ôóíêöiÿ l
áóëà ïîâiëüíî çìiííîþ, íåîáõiäíî i äîñèòü, ùîá äëÿ âñiõ x ≥ x1(≥ x0)

l(x) = exp
{

η(x) +
∫ x

x1

ε(t)
t

dt

}
,

äå η � íåïåðåðâíà (âiäïîâiäíî, âèìiðíà) íà [x1,+∞) ôóíêöiÿ, η(x) →
η0 ∈ R (x → +∞), à ε � íåïåðåðâíà íà [x1, +∞) ôóíêöiÿ, ε(x) → 0 (x →
+∞).

Â ìàòåìàòè÷íié ëiòåðàòóði çóñòði÷àþòüñÿ òàêîæ ïîíÿòòÿ ïîâiëüíî
çìiííèõ ôóíêöié â ëiâîìó ÷è ïðàâîìó îêîëi òî÷êè a 6= ∞. Òàê, â [1]

ÓÄÊ 517.53; MSC 2000: 30E99
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äîäàòíà íåïåðåðâíà íà (0, x0] ôóíêöiÿ l íàçèâà¹òüñÿ ïîâiëüíî çìiííîþ
â ïðàâîìó îêîëi òî÷êè 0 (àáî â òî÷öi 0 ñïðàâà), ÿêùî â (1) ïðÿìóâàííÿ
x → +∞ çàìiíèòè ïðÿìóâàííÿì x → 0 + . Ó [6] äîäàòíà íåïåðåðâíà
íåñïàäíà íà [x0, 1) ôóíêöiÿ l íàçèâà¹òüñÿ ïîâiëüíî çðîñòàþ÷îþ â òî÷öi
1 çëiâà (â ëiâîìó îêîëi òî÷êè 1), ÿêùî äëÿ êîæíîãî k ∈ (0, 1)

l(x + k(1− x))/l(x) → 1 (x → 1−). (2)

Ó öié ñòàòòi ìè óçàãàëüíèìî öi ïîíÿòòÿ. Íàøå îçíà÷åííÿ ïîâiëüíî
çìiííî¨ ôóíêöi¨ ñòîñóâàòèìåòüñÿ êîìïëåêñíîçíà÷íèõ ôóíêöié ÿê äiéñ-
íîãî, òàê i êîìïëåêñíîãî àðãóìåíòó.

Íåõàé z0 ∈ C, à γ = {z = z(t) : 0 ≤ t ≤ t0} � íåïåðåðâíà êðèâà ç
êiíöåì ó òî÷öi z0 = z(0). Ïðèïóñòèìî, ùî ôóíêöiÿ l : [γ] → C íåïåðåðâíà
i íå ïðèéìà¹ çíà÷åííÿ 0 íà γ \ {z0}.

Îçíà÷åííÿ 1. Áóäåìî íàçèâàòè ôóíêöiþ l ïîâiëüíî çìiííîþ â òî-
÷öi z0 âçäîâæ êðèâî¨ γ, ÿêùî äëÿ êîæíîãî c ∈ (0,+∞)

l(z(ct))/l(z(t)) → 1 (t → 0+). (3)

Äëÿ âèïàäêó z0 = ∞ i êðèâî¨ γ = {z = z(t) : t0 ≤ t < +∞}, ùî éäå â
∞, îçíà÷åííÿ ïîâiëüíî çìiííî¨ ôóíêöi¨ l â ∞ âçäîâæ γ òàêå æ, àëå â (3)
òðåáà ñïðÿìóâàòè t → +∞.

Ó âèïàäêó, êîëè z0 = 0 i γ = {z = t : 0 ≤ t ≤ t0}, ïîâiëüíî çìiííà â
òî÷öi 0 âçäîâæ âiäðiçêà γ îçíà÷à¹ ïîâiëüíó çìiííó â 0 ñïðàâà. ßêùî æ
z0 = 1 i γ = {z = 1− t : 0 ≤ t ≤ t0}, òî ïîâiëüíî çìiííà â òî÷öi 1 âçäîâæ
âiäðiçêà γ îçíà÷à¹ ïîâiëüíó çìiííó â öié òî÷öi çëiâà, áî

lim
t→0+

l(1− ct)
l(1− t)

= lim
x→1−0

l(1− c(1− x))
l(x)

= lim
x→1−0

l(x + k(1− x))
l(x)

, k = 1− c,

òîáòî âèêîíàííÿ óìîâè (3) äëÿ âñiõ c ∈ (0, +∞) ðiâíîñèëüíå âèêîíàí-
íþ óìîâè (2) äëÿ âñiõ k < 1. Ó âèïàäêó ïîâiëüíîãî çðîñòàííÿ äîñèòü
âèìàãàòè, ùîá (2) âèêîíóâàëàñü äëÿ âñiõ k ∈ (0, 1) i, íàâiòü, äëÿ k = 1/2.

Òåîðåìà 1 (àíàëîã ïåðøî¨ òåîðåìè Êàðàìàòè). ßêùî ôóíêöiÿ
l ïîâiëüíî çìiííà â òî÷öi z0 âçäîâæ êðèâî¨ γ, òî ïðÿìóâàííÿ â (3) ðiâ-
íîìiðíå âiäíîñíî c ç êîæíîãî ôiêñîâàíîãî ïðîìiæêó [c1, c2] ⊂ (0, +∞).

Äîâåäåííÿ. Ìîæåìî ââàæàòè, ùî z0 6= ∞, áî âèïàäîê z0 = ∞ çàìi-
íîþ z → 1/z çâîäèòüñÿ äî âèïàäêó z0 = 0.

Ïîêëàäåìî ϕ(t) = l(z(t)). Òîäi ϕ � êîìïëåêñíîçíà÷íà ôóíêöiÿ çìií-
íî¨ t ∈ (0, t0], íåïåðåðâíà i íå ïåðåòâîðþ¹òüñÿ â 0 íà (0, t0] i òàêà, ùî

ϕ(ct)/ϕ(t) → 1 (t → 0+) (4)
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äëÿ êîæíîãî c ∈ (0, +∞). Çâiäñè âèïëèâà¹, ùî íà (0, t0] ìîæíà âèáðàòè
îäíîçíà÷íó âiòêó ln ϕ(t), äëÿ ÿêî¨

ln ϕ(eln c+ln t)− ln ϕ(eln t) → 0 (t → 0+).

Çðîáèìî òóò çàìiíó x = − ln t i λ = − ln c i ïîêëàäåìî f(x) = lnϕ(e−x).
Òîäi âèêîíàííÿ óìîâè (4) äëÿ êîæíîãî c ∈ (0, +∞) ðiâíîñèëüíå âèêîíàí-
íþ óìîâè

f(x + λ)− f(x) → 0 (x → +∞) (5)

äëÿ êîæíîãî λ ∈ R. Òîìó ïîòðiáíî äîâåñòè, ùî ïðÿìóâàííÿ â (5) ðiâíî-
ìiðíå âiäíîñíî λ ç êîæíîãî ôiêñîâàíîãî ïðîìiæêó [a, b] ⊂ R. Äîâåäåííÿ
öüîãî ôàêòó íi÷èì íå âiäðiçíÿ¹òüñÿ âiä äîâåäåííÿ ðiâíîìiðíîãî ïðÿìó-
âàííÿ â [2, c. 11�12]. Òåðåìó äîâåäåíî.

Âèêîðèñòîâóþ÷è ðiâíîìiðíiñòü ïðÿìóâàííÿ â (4), ÿê i â [2, c. 13�14],
íåâàæêî ïîêàçàòè, ùî (4) âèêîíó¹òüñÿ òîäi i òiëüêè òîäi, êîëè

ϕ(t) = exp
{

η(t) +
∫ t1

t

ε(x)
x

dx

}
, 0 < t1 ≤ t0,

äå ôóíêöi¨ η i ε íåïåðåðâíi íà (0, t1], ε(t) → 0 i η(t) → η0 ∈ C ïðè t → 0+.
Òàêèì ÷èíîì, ïðèõîäèìî äî íàñòóïíî¨ òåîðåìè.

Òåîðåìà 2 (àíàëîã äðóãî¨ òåîðåìè Êàðàìàòè). Äëÿ òîãî ùîá
ôóíêöiÿ l áóëà ïîâiëüíî çìiííîþ â òî÷öi z0 ∈ C âçäîâæ êðèâî¨ γ íåîá-
õiäíî i äîñèòü, ùîá äëÿ âñiõ t ∈ (0, t1] ⊂ (0, t0]

l(z(t)) = exp
{

η(t) +
∫ t1

t

ε(x)
x

dx

}
, (6)

äå ôóíêöi¨ η i ε íåïåðåðâíi íà (0, t1], ε(t) → 0 i η(t) → η0 ∈ C ïðè t → 0+.

Ó âèïàäêó z0 = ∞ çîáðàæåííÿ (6) ñëiä çàìiíèòè çîáðàæåííÿì

l(z(t)) = exp
{

η(t) +
∫ t

t1

ε(x)
x

dx

}
, (7)

äå ôóíêöi¨ ε i η íåïåðåðâíi íà [t1, +∞) ⊂ [t0,+∞), ε(t) → 0 i η(t) → η0 ∈
C ïðè t → +∞.

Çàóâàæåííÿ 1. Íåäîëiêîì íàâåäåíîãî âèùå îçíà÷åííÿ ïîâiëüíî¨
çìiíè âçäîâæ êðèâî¨ ¹ çàëåæíiñòü âiä ïàðàìåòðèçàöi¨ êðèâî¨. Íàïðèêëàä,
ÿêùî γ = [1, +∞) i l(z) ≡ z, òî ïðè z = t, 1 ≤ t < +∞, ôóíêöiÿ l íå ¹
ïîâiëüíî çìiííîþ â ∞, à ïðè z = ln t, e ≤ t < +∞, âîíà ¹ ïîâiëüíî
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çìiííîþ â∞. ßêùî æ γ = [1, +∞) i l(z) = ln z, òî ïðè z = t, 1 ≤ t < +∞,
ôóíêöiÿ l ¹ ïîâiëüíî çìiííîþ â ∞, à ïðè z = et, 0 ≤ t < +∞, âîíà íå ¹
ïîâiëüíî çìiííîþ.

Óñóíóòè öi íåäîðå÷íîñòi ìîæíà çàìiíîþ óìîâè (3) óìîâîþ

l(z0 + c(z(t)− z0))/l(z(t)) → 1 (t → 0+) (8)

äëÿ âñiõ c ∈ (0, +∞). Àëå òåïåð ïîòðiáíî, ùîá ôóíêöiÿ l áóëà íåïåðåð-
âíîþ i íå ïðèéìàëà çíà÷åííÿ 0 â äåÿêîìó êóòi, ÿêèé ìiñòèòü êðèâó γ.

Çàóâàæåííÿ 2. Íàéîïòèìàëüíiøîþ ¹ ñèòóàöiÿ, êîëè êðèâà ¹ âiä-
ðiçêîì àáî ïðîìåíåì ç êiíöåì â òî÷öi z0, i ìà¹ íàñòóïíå ïàðàìåòðè÷-
íå çîáðàæåííÿ γ = {z = z0 + teiα0 : 0 ≤ t ≤ t0}, êîëè z0 ∈ C, i
γ = {z = teiα0 : t0 ≤ t < +∞}, êîëè z0 = ∞. Â öüîìó âèïàäêó óìî-
âè (3) i (8) ñïiâïàäàþòü i çàïèñóþòüñÿ ó âèãëÿäi

l(z0 + cteiα0)/l(z0 + teiα0) → 1 (t → 0+), z0 ∈ C,

l(cteiα0)/l(tεiα0) → 1 (t → +∞), z0 = ∞.

Çðîáëåíi çàóâàæåííÿ âèêîðèñòà¹ìî ïðè îçíà÷åííi ïîâiëüíî çìiííî¨
ôóíêöi¨ ó âåðøèíi ñåêòîðà. Íåõàé òî÷êà z0 ∈ C ¹ âåðøèíîþ êóòà {z :
α ≤ arg(z − z0) ≤ β}, β − α < 2π, à Γ(z0) � ñiì'ÿ âñiõ êðèâèõ γ = {z =
z0 + teiψ(t) : 0 ≤ t ≤ t0}, äå ψ � äîâiëüíà íåïåðåðâíà íà [0, t0] ôóíêöiÿ
òàêà, ùî α ≤ ψ(t) ≤ β äëÿ âñiõ t ∈ [0, t0]. Ïðèïóñòèìî, ùî ôóíêöiÿ l
íåïåðåðâíà i íå ïðèéìà¹ çíà÷åííÿ 0 â ñåêòîði 4 = {z : 0 < |z − z0| ≤
t0, α ≤ arg(z − z0) ≤ β}.

Îçíà÷åííÿ 2.Ôóíêöiþ l áóäåìî íàçèâàòè ïîâiëüíî çìiííîþ â òî÷öi
z0 âçäîâæ ñåêòîðà 4, ÿêùî âîíà ïîâiëüíî çìiííà â z0 âçäîâæ êîæíî¨
êðèâî¨ γ ∈ Γ(z0). Ó âèïàäêó z0 = ∞ ñåêòîð 4 ìà¹ âèãëÿä 4 = {z : t0 ≤
|z| < ∞, α ≤ argz ≤ β}, à Γ(∞) ¹ ñiì'¹þ âñiõ êðèâèõ γ = {z = teiψ(t) :
t0 ≤ t < +∞}, äå ψ � äîâiëüíà íåïåðåðâíà íà [t0,+∞) ôóíêöiÿ òàêà,
ùî α ≤ ψ(t) ≤ β äëÿ âñiõ t ∈ [t0, +∞).

Êëàñ ïîâiëüíî çìiííèõ â z0 âçäîâæ 4 ôóíêöié l ïîçíà÷èìî ÷åðåç
L1(z0,4).

Çàóâàæåííÿ 3. Íåõàé çíîâó ôóíêöiÿ l íåïåðåðâíà i íå ïðèéìà¹
çíà÷åííÿ 0 â 4. Cêàæåìî, ùî l ∈ L2(z0,4), ÿêùî äëÿ êîæíîãî c ∈
(0, +∞)

l(z0 + c(z − z0))/l(z) → 1 (z → z0, z ∈ ∆), z0 ∈ C,
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l(cz)/l(z) → 1 (z →∞, z ∈ ∆), z0 = ∞.

Íàðåøòi, l ∈ L3(z0,4), ÿêùî l ¹ ïîâiëüíî çìiííà â z0 âçäîâæ êîæíîãî
ïðîìåíÿ (âiäðiçêà) ç êiíöåì â z0, ùî ìà¹ íàñòóïíå ïàðàìåòðè÷íå çîáðà-
æåííÿ γ = {z = teiθ : t0 ≤ t < +∞} (γ = {z = z0 + teiθ : 0 ≤ t ≤ t0}),
θ ∈ [α, β] (äèâ. çàóâàæåííÿ 2). Ëåãêî áà÷èòè, ùî

L1(z0, ∆) ⊂ L2(z0,∆) ⊂ L3(z0, ∆).

Çàóâàæåííÿ 4. Ðiâíiñòü L1(z0,4) = L2(z0,4) íå âèêîíó¹òüñÿ, íà
ùî âêàçóþòü ïðèêëàäè ôóíêöié l(z) = 1 + |argz| (äëÿ z0 = ∞) i l(z) =
1 + |arg(z − z0)| (äëÿ z0 6= ∞).

Çàóâàæåííÿ 5. Íå âèêîíó¹òüñÿ é ðiâíiñòü L2(z0,4) = L3(z0,4).
Äiéñíî, â [3, ñ. 126] ïîêàçàíî, ùî iñíó¹ ôóíêöiÿ E0 òàêà, ùî E0(z) =
exp{z + ez} + O(1/z2) ïðè z → ∞ â ñìóçi A = {z : Rez > 0, |Imz| ≤ π} i
E0(z) = O(1/z2) ïðè z →∞ çîâíi A. Ðîçãëÿíåìî ôóíêöiþ l(z) = E0(z +
2πi) + ln z â äîâiëüíîìó ñåêòîði 4 = {z : |z| ≥ r0, |argz| ≤ α}. Òîäi íà
êîæíîìó ïðîìåíi {z : argz = θ}, |θ| ≤ α, äëÿ äîâiëüíîãî c ∈ (0, +∞) i
r ≥ r0(θ, c) ìà¹ìî

l(creiθ)
l(reiθ)

=
ln r + ln c + iθ + O(1/z2)

ln r + iθ + O(1/z2)
→ 1 (r → +∞),

òîáòî l ∈ L3(∞,4). Ç iíøîãî áîêó, ÿêùî zn = n− 2πi, òî

l(2zn)
l(zn)

=
E0(2n− 2πi) + lnn + o(1)

E0(n) + lnn + o(1)
=

ln n

E0(n)
(1 + o(1)) → 0 (n →∞),

òîáòî l /∈ L2(∞,4).

Òåîðåìà 3. ßêùî ôóíêöiÿ l ïîâiëüíî çìiííà â òî÷öi z0 âçäîâæ ñåê-
òîðà 4, òî äëÿ êîæíîãî ε > 0 iñíó¹ t∗ = t∗(ε) òàêå, ùî:

1) ÿêùî z0 ∈ C, òî äëÿ âñiõ c ∈ [C1, C2] ⊂ (0, +∞), γ ∈ Γ(z0) i
t ∈ (0, t∗) ∣∣∣∣

l(z0 + cteiψ(ct))
l(z0 + teiψ(t))

− 1
∣∣∣∣ < ε; (9)

2) ÿêùî z0 = ∞, òî äëÿ âñiõ c ∈ [C1, C2] ⊂ (0, +∞), γ ∈ Γ(∞) i t ≥ t∗
∣∣∣∣
l(cteiψ(ct))
l(teiψ(t))

− 1
∣∣∣∣ < ε. (10)

Äîâåäåííÿ. ßê i ïðè äîâåäåííi òåîðåìè 1, äîñèòü ðîçãëÿíóòè òiëüêè
îäèí ç âèïàäêiâ, êîëè z0 ∈ C àáî z0 = ∞. Íåõàé z0 = ∞, γ ∈ Γ(∞) �
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äîâiëüíà êðèâà, à ϕγ(t) = l(texp{iψ(t)}). Ç òåîðåìè 1 âèïëèâà¹, ùî äëÿ
êîæíîãî ε > 0 iñíó¹ t∗ = t∗(ε, γ) òàêå, ùî äëÿ âñiõ t ≥ t∗ i c ∈ [C1, C2]

|ϕγ(ct)/ϕγ(t)− 1| < ε. (11)

Ïðèïóñòèìî, ùî òâåðäæåííÿ 2) òåîðåìè 3 íå ñïðàâäæó¹òüñÿ, òîáòî
iñíóþòü ÷èñëî ε > 0, çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tn), ïîñëiäîâíiñòü
êðèâèõ (γn) ç Γ(∞) i ïîñëiäîâíiñòü (cn) ç [C1, C2] òàêi, ùî

∣∣∣∣
l(cntneiψn(cntn))

l(tneiψ(tn))
− 1

∣∣∣∣ =
∣∣∣∣
ϕγn(cntn)
ϕγn(tn)

− 1
∣∣∣∣ ≥ ε.

Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî tn+1 > C2tn, n ≥ 1,
C1 > 1. Âèáåðåìî êðèâó γ0 ∈ Γ(∞) òàêó, ùî γ0 = {z = teiψ0(t), t ≥ t0}, äå

ψ0(t)=





ψ1(t1), t0 ≤ t ≤ t1,

ψn(tn) + (t−tn)
cntn−tn

(ψn(cntn)− ψ(tn)), tn ≤ t ≤ cntn,

ψn(cntn) + (t−cntn)
tn+1−cntn

(ψn+1(tn+1)− ψn(cntn)), cntn ≤ t ≤ tn+1,

äå n ≥ 1. Òîäi
∣∣∣∣
ϕγ0(cntn)
ϕγ0(tn)

− 1
∣∣∣∣ =

∣∣∣∣
ϕγn(cntn)
ϕγn(tn)

− 1
∣∣∣∣ ≥ ε,

ùî ñóïåðå÷èòü (11) ç γ = γ0. Òåîðåìó äîâåäåíî.
Òåîðåìà 4. Ôóíêöiÿ l(z) ¹ ïîâiëüíî çìiííîþ â òî÷öi z0 âçäîâæ ñåê-

òîðà 4 òîäi i òiëüêè òîäi, ÿêùî äëÿ äîâiëüíèõ c ∈ (0,+∞) i ϕ ∈ [α, β]
1) ó âèïàäêó z0 ∈ C

lim
t→0+

sup
α≤θ≤β

l(cteiθ + z0)
l(teiϕ + z0)

= 1;

2) ó âèïàäêó z0 = ∞

lim
t→+∞ sup

α≤θ≤β

l(cteiθ)
l(teiϕ)

= 1.

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê z0 = ∞ i äîâåäåìî íåîáõiäíiñòü
óìîâ òåîðåìè, îñêiëüêè ¨õ äîñòàòíiñòü î÷åâèäíà.
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Ïðèïóñòèìî, ùî iñíóþòü ÷èñëà ε > 0, ϕ0 ∈ [α, β], c > 0, çðîñòàþ÷à
äî +∞ ïîñëiäîâíiñòü (tn) i ïîñëiäîâíiñòü ÷èñåë (θn), θ ∈ [α, β] òàêi, ùî

∣∣∣∣
l(cteiθn)
l(teiϕ0)

− 1
∣∣∣∣ ≥ ε

ßêùî c 6= 1, òî, íå îáìåæóþ÷è çàãàëüíîñòi, ââàæà¹ìî, ùî c > 1 i
tn+1 > ctn. Ïîêëàäåìî

ψ0(t) =





ϕ0, t0 ≤ t ≤ t1,

ϕ0 +
(t− tk)
ctk − tk

(θk − ϕ0), tk ≤ t ≤ ctk, k ≥ 1,

θk +
(t− ctk)

tk+1 − ctk
(θk+1 − θk), ctk ≤ t ≤ tk+1, k ≥ 1.

Òîäi äëÿ êðèâî¨ γ0 = (z = teiψ0(t) : t0 ≤ t < ∞) ∈ Γ(∞) ìà¹ìî
∣∣∣∣
l(ctneiψ0(ctn))
l(tneiψ0(tn))

− 1
∣∣∣∣ =

∣∣∣∣
l(ctneiθn)
l(tneiϕ0)

− 1
∣∣∣∣ ≥ ε,

à, îòæå, ôóíêöiÿ l íå ¹ ïîâiëüíî çìiííîþ íà êðèâié γ0, ùî ïðèâîäèòü äî
ñóïåðå÷íîñòi.

Ó âèïàäêó c = 1 ôóíêöiþ ψ0(t) áóäó¹ìî àíàëîãi÷íî, àëå çàìiñòü ctk
ñòàâèìî cktk, äå 1 < ck < 2 òàêi, ùî |l(cktke

iθk)− l(tkeiθk)| < ε
2 |l(tkeiϕ0)|.

Òîäi ∣∣∣∣
l(cktke

iψ0(cktk))
l(tkeiψ0(tk))

− 1
∣∣∣∣ =

∣∣∣∣
l(cktke

iθk)
l(tkeiϕ0)

− 1
∣∣∣∣ ≥

≥
∣∣∣∣
l(tkeiθk)
l(tkeiϕ0)

− 1
∣∣∣∣−

∣∣∣∣
l(cktke

iθk)− l(tkeiθk)
l(tkeiϕ0)

∣∣∣∣ >
ε

2
,

ùî ñóïåðå÷èòü òåîðåìi 3. Òåîðåìó äîâåäåíî.
Òåîðåìà 5. Íåõàé ôóíêöiÿ l íåïåðåðâíà i íå ïðèéìà¹ çíà÷åííÿ 0 â

ñåêòîði 4. Äëÿ òîãî ùîá ôóíêöiÿ l áóëà ïîâiëüíî çìiííîþ â òî÷öi z0

âçäîâæ 4 íåîáõiäíî i äîñèòü, ùîá
1) ÿêùî z0 ∈ C, òî

l(z) = exp





η(z) +

|z1−z0|∫

|z−z0|

ε(x)
x

dx





, (12)
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äå z1 � äåÿêà òî÷êà ç 4, η i ε � íåïåðåðâíi ôóíêöi¨, ε(z) → 0 i η(z) → η0

ïðè z → z0 â êóòi {z : α ≤ arg(z − z0) ≤ β};
2) ÿêùî z0 = ∞, òî

l(z) = exp

{
η(z) +

∫ |z|

|z1|

ε(x)
x

dx

}
, (13)

äå z1 � äåÿêà òî÷êà ç 4, η i ε � íåïåðåðâíi ôóíêöi¨, ε(z) → 0 i η(z) → η0

ïðè z →∞ â êóòi {z : α ≤ argz ≤ β}.
Äîâåäåííÿ. Çóïèíèìîñü íà òâåðäæåííi 2). ßêùî ôóíêöiÿ l ïîâiëüíî

çìiííà â ∞ âçäîâæ 4, òî äëÿ êðèâî¨ γ = {z = teiα : t0 ≤ t < +∞}, γ ∈
Γ(∞), ìà¹ìî

l(teiα) = exp
{

η1(t) +
∫ t

t1

ε(x)
x

dx

}
, t > t1,

äå η1(t), ε(t) òàêi, ÿê â (7). Íåõàé z = teiϕ, ϕ ∈ [α, β], t > t1. Òîäi |z| = t i,
ïîêëàäàþ÷è η(z) = η1(t)+ln l(z)

l(teiα)
, ln 1 = 0, ç îñòàííüîãî ñïiââiäíîøåííÿ

îòðèìó¹ìî

l(z) = l(teiα)
l(z)

l(teiα)
= exp

{
η(z) +

∫ |z|

|z1|

ε(x)
x

dx

}
,

äå η(z) → η0, z →∞, ç îãëÿäó íà òåîðåìó 4.
ßêùî æ âèêîíó¹òüñÿ (13), òî äëÿ êîæíî¨ êðèâî¨ γ ∈ Γ ìà¹ìî

l(cteiψ(ct))
l(teiψ(t))

= exp
{

η(cteiψ(ct))− η(teiψ(t)) +
∫ ct

t

ε(x)
x

dx

}
→ 1

ïðè t → +∞, áî η(z) → η0 i ε(z) → 0 ïðè z →∞. Òåîðåìó äîâåäåíî.
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COMPLEX SLOWLY VARYING FUNCTIONS ALONG A
CURVE AND AT THE VERTEX OF AN ANGLE

Mykola ZABOLOTSKYY

Ivan Franko Lviv National University,
1 Universytetska Str., Lviv 79602, Ukraine

The notion of a real slowly varying function at a point is generalized
on complex case. We obtain analogues of Karamata's theorems on uniform
tending to a limit and representations of introduced functions.




