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Ó ðîáîòi ðîçãëÿíóòî ãiáðèäíi ïàðíi iíòåãðàëüíi ðiâíÿííÿ ç ôóíê-
öiÿìè Ëîììåëÿ i ôóíêöiÿìè Áåññåëÿ òà ãiáðèäíi ïàðíi iíòåãðàëü-
íi ðiâíÿííÿ ç óçàãàëüíåíèìè ïðè¹äíàíèìè ôóíêöiÿìè Ëåæàíäðà i
ôóíêöiÿìè Áåññåëÿ. Îäåðæàíî ðîçâ'ÿçêè ó çàìêíåíié ôîðìi.

Ïðè ðîçâ'ÿçàííi ìiøàíèõ êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè, òåî-
ði¨ ïðóæíîñòi òà ií. âèíèêàþòü ãiáðèäíi ïàðíi (ïîòðiéíi) iíòåãðàëüíi ðiâ-
íÿííÿ (ç ñïåöiàëüíèìè ôóíêöiÿìè ðiçíî¨ ïðèðîäè) ó âèïàäêó êóñêîâî-
íåîäíîðiäíèõ ñåðåäîâèù (îáëàñòåé). Òåîðiÿ ïàðíèõ iíòåãðàëüíèõ ðiâíÿíü
äîñèòü äîáðå ðîçâèíóòà [1], [2], òîäi ÿê âèïàäêè ãiáðèäíèõ ïàðíèõ ií-
òåãðàëüíèõ ðiâíÿíü ìàéæå íå âèâ÷àëèñü, çà âèíÿòêîì êiëüêîõ ðîáiò [3],
[4].

Ó äàíié ðîáîòi ðîçãëÿíåìî ãiáðèäíi ïàðíi iíòåãðàëüíi ðiâíÿííÿ ç ôóí-
êöi¹þ Ëîììåëÿ i ôóíêöi¹þ Áåññåëÿ òà ãiáðèäíi ïàðíi iíòåãðàëüíi ðiâíÿí-
íÿ ç óçàãàëüíåíîþ ïðè¹äíàíîþ ôóíêöi¹þ Ëåæàíäðà i ôóíêöi¹þ Áåññåëÿ.
Çàñòîñîâóþ÷è àïïàðàò äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ, îäåðæèìî
ðîçâ'ÿçêè ðîçãëÿäóâàíèõ ãiáðèäíèõ ïàðíèõ iíòåãðàëüíèõ ðiâíÿíü ó çà-
ìêíåíié ôîðìi.

1. Ðîçãëÿíåìî ãiáðèäíi ïàðíi iíòåãðàëüíi ðiâíÿííÿ âèãëÿäó
∞∫

0

τ−2α− 1+ν+µ
2 ϕ(τ)sµ,ν(xτ)dτ = k(x), (0 ≤ x ≤ a), (1)
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∞∫

0

τ−2βϕ(τ)Jγ(xτ)dτ = m(x), (a < x < ∞), (2)

äå Reγ > −1
2 , α > 0, β > 0, ϕ(τ) � øóêàíà ôóíêöiÿ, k(x), m(x) �

çàäàíi ôóíêöi¨, Jγ(xτ) � ôóíêöiÿ Áåññåëÿ, sµ,ν(xτ) � ôóíêöiÿ Ëîììåëÿ
� îäèí iç ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

z2 d2W

dz2
+ z

dW

dz
+ (z2 − ν2)W = zµ+1,

ïðè÷îìó µ± ν íå äîðiâíþ¹ âiä'¹ìíîìó íåïàðíîìó öiëîìó ÷èñëó.
Òåîðåìà 1. Ðîçâ'ÿçîê ãiáðèäíèõ ïàðíèõ iíòåãðàëüíèõ ðiâíÿíü (1),

(2) iñíó¹ i ìà¹ âèãëÿä

Φ = S γ
2
+β, 1+µ−ν

2
−λ−2α;1 r(x), (3)

äå ϕ(τ) = τ
2Φ( τ2

4 ) à S, r âèðàæàþòüñÿ ôîðìóëàìè (14), (17) âiäïîâiäíî.
Äîâåäåííÿ. Âèêîðèñòîâóþ÷è iíòåãðàëüíå çîáðàæåííÿ äëÿ ôóíêöi¨

sµ,ν iç [5]

sµ,ν(z) = 2µ
(z

2

) 1+ν+µ
2 Γ

(
1 + ν − µ

2

)
×

×
π
2∫

0

J 1+µ−ν
2

(z sinΘ)(sin Θ)
1+µ−ν

2 cosν+µ ΘdΘ, (4)

äå Re
(

1+µ−ν
2

)
> 0, Re(ν + µ + 1) > 0, îäåðæèìî, ùî

J 1+µ−ν
2

(τξ) =

=
2

ν−µ+3
2 τ−

1+ν+µ
2 ξ

ν−µ−1
2 cos π(ν+µ)

2

πΓ
(

1+µ−ν
2

) d

dξ

ξ∫

0

sµ,ν(xτ)xµ+1

(ξ2 − x2)
1+ν+µ

2

dx.
(5)

ßêùî äîìíîæèìî îáèäâi ÷àñòèíè ðiâíÿííÿ (1) íà âèðàç

Axµ+1

(ξ2 − x2)
1+µ+ν

2

,

äå A = 2
ν−µ+3

2 cos
π(ν+µ)

2

πΓ( 1+µ−ν
2 ) , îòðèìàíó ðiâíiñòü ïðîiíòåãðó¹ìî çà x âiä 0 äî ξ

(0 ≤ ξ ≤ a), çìiíèìî ïîðÿäîê iíòåãðóâàííÿ (öå ¹ ìîæëèâèì ç îãëÿäó íà
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àáñîëþòíó çáiæíiñòü âiäïîâiäíèõ iíòåãðàëiâ), ïðîäèôåðåíöiþ¹ìî çà ξ òà
äîìíîæèìî îáèäâi ÷àñòèíè ðiâíîñòi íà ξ

ν−µ−1
2 , òî îäåðæèìî òàêi ïàðíi

iíòåãðàëüíi ðiâíÿííÿ, ùî ¹ åêâiâàëåíòíèìè (1), (2):
∞∫

0

τ−2αϕ(τ)J 1+µ−ν
2

(τx)dτ = K(x), (0 ≤ x ≤ a) (6)

∞∫

0

τ−2βϕ(τ)Jγ(τx)dτ = m(x), (a < x < ∞), (7)

äå

K(x) = Ax
ν−µ−1

2
d

dx

x∫

0

tµ+1k(t)

(x2 − t2)
1+ν+µ

2

dt. (8)

Äëÿ ðîçâ'ÿçàííÿ ïàðíèõ iíòåãðàëüíèõ ðiâíÿíü (6), (7) çàñòîñó¹ìî àïà-
ðàò äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ [6]. Äëÿ öüîãî ó (6), (7) âèêîíà-
¹ìî çàìiíó

Φ(τ) = τ−
1
2 ϕ(2

√
τ), R(x) = 22αx−αK(

√
x), (9)

M(x) = 22βx−βm(
√

x).

Çàñòîñîâóþ÷è îïåðàòîð ìîäèôiêîâàíîãî iíòåãðàëüíîãî ïåðåòâîðåííÿ
Ãàíêåëÿ [6]

Sη,α;σf(x) = σαxα σ
2

∞∫

0

t−
ασ
2

+σ−1J2η+α

(
2
σ

(xt)
σ
2

)
f(t)dt (10)

ïðè σ = 1, ðiâíÿííÿ (6)�(7) ïîäàìî â òàêié îïåðàòîðíié ôîðìi:

S 1+µ−ν
4

−α, 2α; 1 Φ = R, (11)

S γ
2
−β, 2β; 1 Φ = M.

Çàïðîâàäèìî ïîçíà÷åííÿ

λ =
(

µ− ν + 1
2

+ γ

)
· 1
2

+ β − α. (12)

Òåïåð äî (11) çàñòîñó¹ìî âiäïîâiäíî iíòåãðàëüíi îïåðàòîðè âèãëÿäó [6]

I+
η,α f(x) =

x−α−η

Γ(α)

x∫

0

(x− t)α−1tηf(t)dt, (α > 0), (13)
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K−
η,α f(x) =

xη

Γ(α)

∞∫

x

(t− x)α−1t−η−α f(t)dt,

òà ôîðìóëè êîìïîçèöié [6, (18.21)] i òîäi (11) ïåðåïèøåìî ó âèãëÿäi:

S 1+µ−ν
4

−α,λ− 1+µ−ν
2

+2α; 1 Φ = r(x), (14)

äå

r(x) =





I+
1+µ−ν

4
+α, λ− 1+µ−ν

2

R, (0 ≤ x ≤ a),

K−
1+µ−ν

4
, γ−λ

M, (a < x < ∞).
(15)

Çàñòîñîâóþ÷è äî (14) ôîðìóëó îáåðíåííÿ îïåðàòîðà Ãàíêåëÿ [6,(18.20)],
ìàòèìåìî

Φ = S γ
2
+β, 1+µ−ν

2
−λ−2α; 1 r(x), (16)

äå

r(x) =





2ν−µ+2α+4 cos
π(ν+µ)

2

πΓ( 1+µ−ν
2

)
I+

1+µ−ν
4

+α, λ− 1+µ−ν
2

(w), (0 ≤ x ≤ a),

22βK−
1+µ−ν

4
−α, γ−λ

m(
√

x), (a < x < ∞),
(17)

äå w ≡ x−α+ ν−µ+1
4

d
dx

√
x∫

0

tµ+1k(t)dt

(x−t2)
1+ν+µ

2

. Çàóâàæèìî, ùî âñi ïðîâåäåíi îïåðàöi¨
ìîæíà îáãðóíòóâàòè ïðè ïåâíèõ óìîâàõ íà ôóíêöi¨ òà ïàðàìåòðè.

2. Ðîçãëÿíåìî ãiáðèäíi ïàðíi iíòåãðàëüíi ðiâíÿííÿ òàêîãî âèãëÿäó:
∞∫

0

ϕ(τ)τν−2δPm,n

− 1
2
+iτ

(chα)dτ = f(α), (0 ≤ α ≤ a), (18)

∞∫

0

ϕ(τ)τ−2βJγ(ατ)dτ = g(α), (a < α < ∞), (19)

äå ϕ(τ) � øóêàíà ôóíêöiÿ, f(α) i g(α) � çàäàíi ôóíêöi¨, Jγ(ατ) � ôóíê-
öiÿ Áåññåëÿ, Pm,n

− 1
2
+iτ

(chα) � óçàãàëüíåíà ïðè¹äíàíà ôóíêöiÿ Ëåæàíäðà
[7], ïðè÷îìó |m| < 1

2 , m < n < 3
2 , Reγ > −1

2 .

Òåîðåìà 2. Ðîçâ'ÿçîê ãiáðèäíèõ ïàðíèõ iíòåãðàëüíèõ ðiâíÿíü (18),
(19) iñíó¹ i ìà¹ âèãëÿä

Φ = S γ
2
+β, ν−λ−2δ,1 F̃ , (20)
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äå Φ(τ) = τ−
1
2 ϕ(2

√
τ); à S, F̃ âèðàæàþòüñÿ ôîðìóëàìè (28), (30) âiäïî-

âiäíî.
Äîâåäåííÿ. Çâåäåìî ãiáðèäíi ïàðíi iíòåãðàëüíi ðiâíÿííÿ (18), (19)

äî ïàðíèõ iíòåãðàëüíèõ ðiâíÿíü ç ôóíêöiÿìè Áåññåëÿ òèïó (6), (7).
Âèêîðèñòîâóþ÷è ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ ç ãiïåðãåîìåòðè÷-

íîþ ôóíêöi¹þ [8], îäåðæèìî òàêèé âèðàç äëÿ cos(τt):

cos(τt) =
Γ

(
1
2 −m

)
cosπm

√
π2

n−m+1
2

d

dt

[
(ch t + 1)

n−m
2

t∫

0

(ch t− chα)m− 1
2 ×

× chα + 1)
m−n

2 2F1

(
m− n

2
,

1 + m− n

2
;

1
2

+ m;
ch t− chα

1 + ch t

)
×

×Pm,n

− 1
2
+iτ

(chα)(sh α)1−mdα
]
, (21)

äå 2F1− ãiïåðãåîìåòðè÷íà ôóíêöiÿ.
ßêùî òåïåð äîìíîæèòè îáèäâi ÷àñòèíè ðiâíÿííÿ (18) íà âèðàç

2
m−n

2

π
Γ

(
1
2
−m

)
cos(πm)(sh α)1−m(ch t− chα)m− 1

2 (ch t + 1)
n−m

2 ×

×(chα + 1)
m−n

2 2F1

(
m− n

2
,
1 + m− n

2
;
1
2

+ m;
ch t− chα

1 + ch t

)
, (22)

à ïîòiì îäåðæàíó ðiâíiñòü ïðîiíòåãðóâàòè çà α âiä 0 äî t, ïðîäèôåðåíöi-
þâàòè çà t íà (0,∞), òî ðiâíÿííÿ (18) íàáóäå âèãëÿäó

∞∫

0

τν−2δϕ(τ) cos(tτ)dτ = Ψ1(t), (23)

äå

Ψ1(t) =
2

m−n
2

π
Γ

(
1
2
−m

)
cos(πm)

d

dt


(ch t + 1)

n−m
2

t∫

0

(shα)1−m

(ch t− chα)
1
2
−m

×

×f(α)(ch t + 1)
n−m

2 F1

(
m− n

2
,
1 + m− n

2
;
1
2

+ m;
ch t− chα

1 + ch t

)
dα

]
. (24)

Âèêîðèñòîâóþ÷è iíòåãðàëüíå çîáðàæåííÿ äëÿ ôóíêöi¨ Áåññåëÿ [5]

Jν(tτ) =
21−νt−ντν

√
πΓ(ν + 1

2)

t∫

0

cos(xτ)

(t2 − x2)
1
2
−ν

dx, (25)
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ïiñëÿ ïåðåòâîðåíü íàä (23) îäåðæèìî (ðàçîì ç (19)) òàêi ïàðíi iíòåãðàëü-
íi ðiâíÿííÿ:

∞∫

0

τ−2δϕ(τ)Jν(tτ)dτ = ψ1(t), (0 ≤ t ≤ a), (26)

∞∫

0

τ−2βϕ(τ)Jγ(tτ)dτ = g(t), (a < t < ∞), (27)

äå

ψ1(t) =
21−νt−ν

√
πΓ(ν + 1

2)

t∫

0

Ψ1(x) dx

(t2 − x2)
1
2
−ν

.

Âèêîðèñòîâóþ÷è, ÿê i â ïîïåðåäíüîìó ïóíêòi, àïàðàò äðîáîâîãî ií-
òåãðî-äèôåðåíöiþâàííÿ, îäåðæèìî îïåðàòîðíå ðiâíÿííÿ:

S ν
2
−δ, λ−ν+2δ, 1 Φ = F̃ , (28)

ÿêå åêâiâàëåíòíå (26), (27). Çàñòîñîâóþ÷è ôîðìóëó îáåðíåííÿ îïåðàòîðà
Ãàíêåëÿ [6], îñòàòî÷íî îäåðæèìî ðîçâ'ÿçîê ðiâíÿíü (18), (19) ó âèãëÿäi:

Φ = S ν
2
+β, ν−λ−2δ, 1 F̃ , (29)

äå

F̃ =





I+
ν
2
+δ, λ−ν F, (0 ≤ α ≤ a),

K−
ν
2
−δ, γ−λ G, (a < α < ∞)

(30)

F (α) = 22δα−δf(
√

α), G(α) = 22βα−βg(
√

α),

Φ(τ) = τ−
1
2 ϕ(2

√
τ), λ =

ν + γ

2
+ β − δ.
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Hybrid dual integral equations with Lommel and Bessel functions and
hybrid dual integral equations with the generalized associated Legendre and
Bessel functions are considered. The solutions of these equations are received
in the closed form.




