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Âñòàíîâëåíî óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i ç iíòåã-
ðàëüíèìè óìîâàìè äëÿ åâîëþöiéíî¨ ñèñòåìè ðiâíÿíü iç ÷àñòèííèìè
ïîõiäíèìè ç âiäõèëåííÿì àðãóìåíòó â øêàëi ïðîñòîðiâ Ñîáîë¹âà.
Äîâåäåíî, ùî öi óìîâè âèêîíóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà) çíà÷åíü ïàðàìåòðà âiäõèëåííÿ.

1. ÂÑÒÓÏ
Â îáëàñòi Q = {(t, x) : t ∈ (0, T ), x ∈ Ω}, Ω � îäíîâèìiðíèé òîð R/2πZ,
ðîçãëÿäà¹ìî òàêó çàäà÷ó ç iíòåãðàëüíèìè óìîâàìè äëÿ ëiíiéíî¨ ñèñòåìè
åâîëþöiéíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ç âiäõèëåííÿì àðãóìåíòó:

∂~U(t, x)
∂t

= A

(
−i

∂

∂x

)
~U(t, x + h) + ~F (t, x), (t, x) ∈ (0, T )× Ω, (1)

B

(
−i

∂

∂x

)∫ T

0

~U(t, x)dt = ~Φ(x), T > 0, (2)

äå h ∈ Ω, A(ξ), B(ξ) � ìàòðèöi ðîçìiðó n× n, åëåìåíòàìè ÿêèõ ¹ ìíîãî-
÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè; ~Φ : Ω → Cn, ~F : (0, T )×Ω → Cn �
çàäàíi, à ~U : (0, T )×Ω → Cn � øóêàíà âåêòîð-ôóíêöi¨. Áóäåìî ââàæàòè,
ùî

A(ξ) = ANξN+. . .+A1ξ+A0, B(ξ) = BMξM+. . .+B1ξ+B0, N,M ∈ N,
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äå A0, . . . , AN , B0, . . . , BM � ìàòðèöi ðîçìiðó n× n.

Çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõèëåíèì àðãóìåíòîì (òîáòî
ðiâíÿíü, ÿêi ïîâ'ÿçóþòü çíà÷åííÿ íåâiäîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ ïðè
ðiçíèõ çíà÷åííÿõ àðãóìåíòó) âèíèêàþòü ïðè ìàòåìàòè÷íîìó îïèñi áà-
ãàòüîõ ñèñòåì, êîëè âðàõîâó¹òüñÿ, ùî âçà¹ìîäiÿ ìiæ ÷àñòèíàìè ñèñòåìè
âiäáóâà¹òüñÿ íå ìèòò¹âî, à ç äåÿêèì çàïiçíåííÿì. Çàäà÷i, ïðè ìàòåìàòè÷-
íîìó îïèñi ÿêèõ ¹ ñóòò¹âèì âðàõóâàííÿ âiäõèëåíü àðãóìåíòó, âèíèêàþòü
ó òåîði¨ ÿäåðíèõ ðåàêòîðiâ, òåîði¨ àâòîìàòè÷íîãî ðåãóëþâàííÿ, iìóíî-
ëîãi¨, åïiäåìiîëîãi¨, ìàòåìàòè÷íié åêîíîìiöi òà iíøèõ îáëàñòÿõ ïðèðîä-
íè÷èõ íàóê (äèâ. [1, 10, 11, 20, 21] òà áiáëiîãðàôiþ â íèõ). Ðiçíîìàíiòíèì
àñïåêòàì òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõèëåíèì àðãóìåíòîì òà ¨¨
çàñòîñóâàííÿì ïðèñâÿ÷åíî îáøèðíó ëiòåðàòóðó [1,8, 10,11,20,21,23].

Äëÿ âèïàäêó ðiâíÿíü áåç âiäõèëåííÿ àðãóìåíòó (h = 0) çàäà÷i ç ií-
òåãðàëüíèìè óìîâàìè âèâ÷àëèñü ó ðiçíèõ àñïåêòàõ áàãàòüìà àâòîðàìè.
Òàê, ó ðîáîòàõ Ë.Â.Ôàðäiãîëè [15�19] ó øàði Π(T ) = [0, T ] × Rp, T > 0,
äîñëiäæåíî iíòåãðàëüíó çàäà÷ó âèãëÿäó (1), (2) äëÿ h = 0. Ó [15�19] îò-
ðèìàíî êðèòåði¨ êîðåêòíî¨ ðîçâ'ÿçíîñòi òàêî¨ çàäà÷i ó êëàñàõ ôóíêöié
ñêií÷åííî¨ ãëàäêîñòi çi ñòåïåíåâèì çðîñòàííÿì ïðè |x| → +∞; à òàêîæ
êðèòåðié ñèëüíî¨ êîðåêòíîñòi (ïiäâèùåííÿ ãëàäêîñòi ðîçâ'ÿçêó ïîðiâíÿ-
íî iç çàäàíîþ âåêòîð-ôóíêöi¹þ ~Φ(x)) çàäà÷i (1), (2) i äëÿ òàêèõ çàäà÷
äîñëiäæåíî ïèòàííÿ ïðî íàÿâíiñòü ðiâíîìiðíèõ çà t îöiíîê ïîõiäíèõ (çà
x) ðîçâ'ÿçêiâ çàäà÷. Âèâ÷åíî âïëèâ ìàòðèöü A,B òà òîâùèíè øàðó T íà
âëàñòèâîñòi ðîçâ'ÿçêiâ iíòåãðàëüíî¨ çàäà÷i.

Ó ðîáîòi I.Â.Òiõîíîâà [14] ó áàíàõîâîìó ïðîñòîði E äîñëiäæåíî iíòå-
ãðàëüíó çàäà÷ó

du(t)
dt

= Au(t),
∫ T

0
u(t)dµ(t) = u1 ∈ E, (3)

äå T > 0, A � ëiíiéíèé çàìêíåíèé îïåðàòîð â E, à µ(t) � ñêàëÿðíà ôóíê-
öiÿ îáìåæåíî¨ âàðiàöi¨ íà âiäðiçêó [0, T ]. Ó [14] ç'ÿñîâàíî, ùî ÿêùî ìiðà
µ(t) íå âèðîäæó¹òüñÿ íà êiíöÿõ âiäðiçêà [0, T ], òî äëÿ ¹äèíîñòi ðîçâ'ÿçêó
çàäà÷i (3) íà [0, T ] íåîáõiäíî i äîñèòü, ùîá æîäåí íóëü õàðàêòåðèñòè÷íî¨
ôóíêöi¨ l(λ) =

∫ T
0 eλtdµ(t), λ ∈ C, íå áóâ âëàñíèì çíà÷åííÿì îïåðàòîðà

A. Îêðåìi ðåçóëüòàòè ó [14] ñòîñóþòüñÿ âèïàäêiâ, êîëè îïåðàòîð A ¹
ñèìåòðè÷íèì àáî ïîðîäæó¹ C0-íàïiâãðóïó.

Ì.I.Iâàí÷îâ ó ðîáîòi [4] ðîçãëÿíóâ ïî÷àòêîâî-êðàéîâó çàäà÷ó äëÿ ïà-
ðàáîëi÷íîãî ðiâíÿííÿ ç iíòåãðàëüíèìè óìîâàìè â ÿêîñòi êðàéîâèõ óìîâ

ut = a(x, t)uxx + b(x, t)ux + c(x, t)u + f(t, x), 0 < x < h, 0 < t ≤ T,
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u(x, 0) = ϕ(x),
∫ h

0
pi(x)u(t, x)dx = µi(t), i = 1, 2, t ∈ [0, T ].

Òàêi çàäà÷i âèíèêàþòü ïðè äîñëiäæåííi ïðîöåñiâ êåðóâàííÿ òåðìîïðóæ-
íèìè äåôîðìàöiÿìè [2]. Ó ðîáîòi [4] âñòàíîâëåíî óìîâè iñíóâàííÿ i ¹äè-
íîñòi êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i øëÿõîì çâåäåííÿ ¨¨ äî åêâiâàëåíòíî¨
ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ òîãî æ ðiâíÿííÿ.

Äëÿ ñòðîãî ãiïåðáîëi÷íèõ çà Ïåòðîâñüêèì ðiâíÿíü âèãëÿäó
n∑

j=0

∑

|s|=j

aj,s
∂nu(t, x)

∂tn−j∂xs1
1 . . . ∂x

sp
p

= 0, (4)

Ï.I.Øòàáàëþê [22, �2.3] (äèâ. òàêîæ �7.4 ó [12]) äîñëiäèâ ó êëàñàõ ôóíê-
öié, ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè x1, . . . , xp, çàäà÷ó ç
iíòåãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåíòiâ

∫ T

0
tj−1u(t, x)dt = ϕj(x), j = 1, . . . , n. (5)

Ðîçâ'ÿçíiñòü òàêî¨ çàäà÷i ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, äëÿ
îöiíêè çíèçó ÿêèõ âèêîðèñòàíî ìåòðè÷íèé ïiäõiä [12]. Íà îñíîâi öüîãî
ïiäõîäó ó [22, �2.3], [12, �7.4] âñòàíîâëåíî, ùî óìîâè iñíóâàííÿ ¹äèíîãî
ðîçâ'ÿçêó çàäà÷i (4), (5) âèêîíóþòüñÿ äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà) ÷èñåë T > 0 òà äëÿ ìàéæå âñiõ âåêòîðiâ ~A = colon(aj,s : |s| =
j, j = 1, n), ñêëàäåíèõ ç êîåôiöi¹íòiâ ðiâíÿííÿ (4), à ó âèïàäêó îäíi¹¨
ïðîñòîðîâî¨ çìiííî¨ (p = 1) � äëÿ âñiõ T > 0 òà äëÿ ìàéæå âñiõ âåêòîðiâ
~A.

Ó [9] àâòîðàìè äîñëiäæåíî çàäà÷ó ç iíòåãðàëüíèìè óìîâàìè ó âèãëÿ-
äi ìîìåíòiâ äëÿ âèïàäêó äîâiëüíîãî (áåç îáìåæåíü íà òèï òà êiëüêiñòü
ïðîñòîðîâèõ çìiííèõ) ëiíiéíîãî ðiâíÿííÿ

∂nu(t, x)
∂tn

+
n−1∑

j=0

Aj(Dx)
∂ju(t, x)

∂tj
= 0, (6)

äå Dx = (−i∂x1 , . . . ,−i∂xp), A0(ξ), . . . , An−1(ξ) � ìíîãî÷ëåíè ç êîìïëåêñ-
íèìè êîåôiöi¹íòàìè ñòåïåíiâ Nj , Nj ∈ N, âiäïîâiäíî (ξ ∈ Rp). Ó [9]
çàïðîïîíîâàíî íîâó (ïîðiâíÿíî ç [22, �2.3]) ìåòîäèêó äëÿ îöiíþâàííÿ
çíèçó ìàëèõ çíàìåííèêiâ iíòåãðàëüíî¨ çàäà÷i i âñòàíîâëåíî çàãàëüíèé
ðåçóëüòàò ïðî êîðåêòíiñòü öi¹¨ çàäà÷i äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè òà
ðîçìiðíîñòi Ãàóñäîðôà íà ïðÿìié) ¨¨ âåðõíiõ ìåæ äëÿ äîâiëüíîãî ëiíié-
íîãî ðiâíÿííÿ.
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Â.Ñ.Iëüêiâ [5] äîñëiäèâ çàäà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêó ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè

∑

s0+s1+...+sp≤n

As(t)∂s1
x1

. . . ∂
sp
xp∂

s0
t

~U(t, x) = 0,

∫ T

0
(µ(t) + ν)∂j−1

t
~U(t, x)dt = ~Φj(x), j = 1, . . . , n,

äå ìàòðèöi As(t) ¹ êâàäðàòíèìè, åëåìåíòè ÿêèõ ¹ íåïåðåðâíèìè çà çìií-
íîþ t íà âiäðiçêó [0, T ], An,0,...,0 � îäèíè÷íà ìàòðèöÿ. Ó [5] âñòàíîâëåíî
êîðåêòíiñòü öi¹¨ çàäà÷i ó øêàëi ïðîñòîðiâ Ñîáîë¹âà äëÿ âñiõ ïàðàìåòðiâ
ν ∈ C (çà âèíÿòêîì ìíîæèíè ÿê çàâãîäíî ìàëî¨ ìiðè Ëåáåãà â C).

Îñíîâíîþ ìåòîþ äàíî¨ ðîáîòè ¹ âñòàíîâëåííÿ ðåçóëüòàòó ïðî ðîçâ'ÿç-
íiñòü ó øêàëi ïðîñòîðiâ Ñîáîë¹âà çàäà÷i (1), (2) äëÿ ìàéæå âñiõ (ñòîñîâíî
ìiðè Ëåáåãà) çíà÷åíü ïàðàìåòðà âiäõèëåííÿ h ∈ Ω.

2. ÊÎÐÅÊÒÍIÑÒÜ IÍÒÅÃÐÀËÜÍÎ� ÇÀÄÀ×I
Íåõàé Hn

α (α ∈ R, n ∈ N) � ïîïîâíåííÿ ïðîñòîðó ñêií÷åííèõ âåêòîðíèõ
òðèãîíîìåòðè÷íèõ ïîëiíîìiâ

~Φ(x) =
∑

~Φke
ikx, ~Φk = col (Φ1

k, . . . , Φ
n
k) ∈ Cn,

çà íîðìîþ

‖~Φ(x);Hn
α‖ =

√√√√
∞∑

k=−∞
‖~Φk‖2(1 + |k|)2α, ‖~Φk‖2 = |Φ1

k|2 + . . . + |Φn
k |2;

Cm([0, T ]; Hn
α) � ïðîñòið âåêòîð-ôóíêöié ~U(t, x) òàêèõ, ùî äëÿ ôiêñîâà-

íîãî t ∈ [0, T ] ïîõiäíi ∂j ~U(t, x)/∂tj , 0 ≤ j ≤ m, íàëåæàòü äî ïðîñòîðó
Hn

α i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà t íà [0, T ]; íîðìó â
ïðîñòîði Cm([0, T ]; Hn

α) çàäà¹ìî ôîðìóëîþ

‖~U(t, x);Cm([0, T ];Hn
α)‖ =

m∑

j=0

max
t∈[0,T ]

∥∥∥∥∥
∂j ~U(t, x)

∂tj
; Hn

α

∥∥∥∥∥ .

Îçíà÷åííÿ. Çàäà÷ó (1), (2) áóäåìî íàçèâàòè (α0;α1, α2)�êîðåêò-
íîþ, ÿêùî äëÿ äîâiëüíèõ ~Φ(x) ∈ Hn

α1
, ~F (t, x) ∈ C([0, T ]; Hn

α2
) ó ïðîñòîði

C1([0, T ]; Hn
α0

) iñíó¹ ¹äèíèé ðîçâ'ÿçîê ~U(t, x) çàäà÷i (1), (2), äëÿ ÿêîãî
âèêîíó¹òüñÿ íåðiâíiñòü

‖~U ;C1([0, T ];Hn
α0

)‖ ≤ C1

(
‖~Φ(x);Hn

α1
‖+ ‖~F (t, x);C([0, T ];Hn

α2
)‖

)
, (7)
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äå ñòàëà C1 > 0 íå çàëåæèòü âiä âèáîðó âåêòîð-ôóíêöié ~Φ(x), ~F (t, x).
Äëÿ âñòàíîâëåííÿ óìîâ êîðåêòíîñòi iíòåãðàëüíî¨ çàäà÷i (1), (2) íàì

çíàäîáëÿòüñÿ äåÿêi äîïîìiæíi òâåðäæåííÿ ïðî îöiíêè âëàñíèõ çíà÷åíü
òà âëàñíèõ âåêòîðiâ ìàòðèöü. Ìàòðèöþ A∗ = ‖a∗ij‖n

i,j=1 íàçèâà¹ìî ïðè¹ä-
íàíîþ äî ìàòðèöi A = ‖aij‖n

i,j=1, ÿêùî a∗ij = Aji äëÿ âñiõ i, j = 1, . . . , n,
äå Aij � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà aij , i, j = 1, . . . , n.

Ëåìà 1. [3, ñ. 95]. ßêùî λ � ïðîñòå âëàñíå çíà÷åííÿ ìàòðèöi A, òî
ìàòðèöÿ (λE−A)∗ ìà¹ íåíóëüîâèé ñòîâïåöü. Öåé ñòîâïåöü ¹ âëàñíèì
âåêòîðîì ìàòðèöi A, ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λ.

Ëåìà 2. Íåõàé λ � ïðîñòå âëàñíå çíà÷åííÿ ìàòðèöi AN , ~ξ � íåíó-
ëüîâèé ñòîâïåöü ìàòðèöi (λE −AN )∗, ÿêèé ìà¹ íîìåð q. Òîäi iñíóþòü
òàêi ñòàëi C1 > 0, K1 > 0, ùî äëÿ âñiõ k ∈ Z, |k| ≥ K1 :

1) ìàòðèöÿ k−NA(k) ìà¹ òàêå ïðîñòå âëàñíå çíà÷åííÿ λ(k), äëÿ
ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü

|λ(k)− λ| ≤ C1|k|−1;

2) ìàòðèöÿ
(
λ(k)E − k−NA(k)

)∗ ìà¹ íåíóëüîâèé q-èé ñòîâïåöü ~ξ(k),
òàêèé, ùî

‖~ξ(k)− ~ξ‖ ≤ C1|k|−1,

ïðè öüîìó âåêòîð ~ξ(k) ¹ âëàñíèì âåêòîðîì ìàòðèöi k−NA(k), ÿêèé
âiäïîâiäà¹ ¨¨ âëàñíîìó çíà÷åííþ λ(k).

Äîâåäåííÿ ëåìè 2 ïðîâîäèòüñÿ ñòàíäàðòíèìè çàñîáàìè òåîði¨ àñèì-
ïòîòèê. Iç ëåì 1, 2 âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Ëåìà 3. Íåõàé óñi âëàñíi çíà÷åííÿ λ1, . . . , λn ìàòðèöi AN ¹ ïðîñ-
òèìè. Òîäi äëÿ äîñèòü âåëèêèõ çà ìîäóëåì k ∈ Z óñi âëàñíi çíà÷åííÿ
λ1(k), . . . , λn(k) ìàòðèöi A(k) ¹ ïðîñòèìè. Öi âëàñíi çíà÷åííÿ ìîæíà
çàíóìåðóâàòè òàê, ùîá âèêîíóâàëèñü íåðiâíîñòi

|λj(k)− λjk
N | ≤ C2|k|N−1, j = 1, . . . , n.

ßêùî ïðîñòîìó âëàñíîìó çíà÷åííþ λj ìàòðèöi AN âiäïîâiäà¹ íåíó-
ëüîâèé ñòîâïåöü ~ξj ìàòðèöi (λjE −AN )∗, ÿêèé ìà¹ íîìåð q(j), òî äëÿ
äîñèòü âåëèêèõ çà ìîäóëåì k ∈ Z ìàòðèöÿ (λj(k)E −A(k))∗ ìà¹ òàêèé
íåíóëüîâèé q(j)-èé ñòîâïåöü ~ξj(k), ùî

‖~ξj(k)− ~ξjk
N‖ ≤ C2|k|N−1, j = 1, . . . , n.

Âåêòîð ~ξj(k) ¹ âëàñíèì âåêòîðîì ìàòðèöi A(k), ùî âiäïîâiäà¹ âëàñíîìó
çíà÷åííþ λj(k), j = 1, . . . , n.
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Ëåìà 4. Íåõàé ìàòðèöÿ BM � íåâèðîäæåíà. Òîäi äëÿ äîñèòü âå-
ëèêèõ çà ìîäóëåì k ∈ Z ìàòðèöÿ B(k) ¹ íåâèðîäæåíîþ, ïðè öüîìó äëÿ
îáåðíåíî¨ ìàòðèöi B−1(k) âèêîíó¹òüñÿ íåðiâíiñòü

‖B−1(k)~Ψ‖ ≤ C3(1 + |k|)−M‖~Ψ‖. (8)

Äîâåäåííÿ. Î÷åâèäíî, ùî iñíó¹ äîäàòíà ñòàëà C4, ÿêà ìåíøà âiä 1,
òàêà, ùî äëÿ äîñèòü âåëèêèõ k ∈ Z âèêîíóþòüñÿ òàêi îöiíêè äëÿ íîðìè:

‖B−1
M BM−1k

−1 + . . . + B−1
M B0k

−M‖ ≤ C4 < 1.

Òîìó çãiäíî ç òåîðåìîþ 5 íà ñ. 230 ó [6] ìàòðèöÿ
(
E + B−1

M BM−1k
−1 + . . . + B−1

M B0k
−M

)

¹ îáîðîòíîþ, ïðè öüîìó
∥∥∥
(
E + B−1

M BM−1k
−1 + . . . + B−1

M B0k
−M

)−1
∥∥∥ ≤ 1

1− C4
. (9)

Îñêiëüêè B(k) = BMkM
(
E + B−1

M BM−1k
−1 + . . . + B−1

M B0k
−M

)
, òî äëÿ

äîñèòü âåëèêèõ çà ìîäóëåì k ∈ Z ìàòðèöÿ B(k) ¹ îáîðîòíîþ, ÿê äîáóòîê
íåâèðîäæåíèõ ìàòðèöü, ïðè öüîìó

B−1(k) =
(
E + B−1

M BM−1k
−1 . . . + B−1

M B0k
−M

)−1
B−1

M k−M .

Ç îòðèìàíî¨ ðiâíîñòi òà îöiíêè (9) âèïëèâà¹ íåðiâíiñòü (8). Ëåìó äîâå-
äåíî.

Äëÿ ïîäàëüøèõ âèêëàäîê íàì çíàäîáëÿòüñÿ íàñòóïíi ïîçíà÷åííÿ. Íå-
õàé ∆(k) =

∫ T

0
exp(A(k)eikht)dt, k ∈ Z. Çðîçóìiëî, ùî

det ∆(k) =
n∏

j=1

∫ T

0
exp(λj(k)eikht)dt,

äå λ1(k), . . . , λn(k) � âëàñíi çíà÷åííÿ ìàòðèöi A(k). ßêùî äëÿ âñiõ k ∈ Z
âèêîíóþòüñÿ íåðiâíîñòi

∫ T

0
exp(λj(k)eikht)dt 6= 0, j = 1, . . . , n, (10)

òî ìîæíà êîðåêòíî îçíà÷èòè ìàòðèöi

Rk(t) = ∆−1(k) exp(A(k)eikht), k ∈ Z. (11)
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Ëåìà 5. Íåõàé äëÿ âñiõ k ∈ Z âèêîíó¹òüñÿ óìîâà (10) i íåõàé iñíó¹
ñòàëà ω ∈ R òàêà, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë
k âèêîíóþòüñÿ íåðiâíîñòi
∣∣∣∣
∫ T

0
exp(λj(k)eikht)dt

∣∣∣∣ ≥ (1 + |k|)−ω max{1; eTRe(λj(k)eikh)}, j = 1, . . . , n.

(12)
ßêùî óñi âëàñíi çíà÷åííÿ ìàòðèöi AN ¹ ïðîñòèìè, òî äëÿ äîñèòü âå-
ëèêèõ çà ìîäóëåì k ∈ Z âèêîíóþòüñÿ îöiíêè

max
t∈[0,T ]

‖Rk(t)‖ ≤ C5(1 + |k|)ω, (13)

max
t∈[0,T ]

‖R′
k(t)‖ ≤ C5(1 + |k|)ω+N , (14)

Äîâåäåííÿ. Çãiäíî ç ëåìîþ 3 äëÿ âåëèêèõ çà ìîäóëåì k ∈ Z âëàñíi
çíà÷åííÿ ìàòðèöi A(k) ¹ ïðîñòèìè. Öèì âëàñíèì çíà÷åííÿì âiäïîâiäà-
þòü âëàñíi âåêòîðè ~ξ1(k), . . . , ~ξn(k), íåõàé ~ξj(k) = col(ξ1

j (k), . . . , ξn
j (k)),

j = 1, . . . , n. Iç òîãî, ùî âëàñíi çíà÷åííÿ ¹ ïðîñòèìè, âèïëèâà¹, ùî âåê-
òîðè ~ξ1(k), . . . , ~ξn(k) óòâîðþþòü áàçó ïðîñòîðó Cn. Ðîçãëÿíåìî äîâiëüíèé
âåêòîð ~Ψ = col(Ψ1, . . . , Ψn) ∈ Cn ç îäèíè÷íîþ íîðìîþ ‖~Ψ‖ = 1. Ðîçâè-
íåìî öåé âåêòîð çà áàçîâèìè âåêòîðàìè ~ξ1(k), . . . , ~ξn(k) :

~Ψ = ψ1
k
~ξ1(k) + . . . + ψn

k
~ξn(k). (15)

Ñòàëi ψq
k, q = 1, . . . , n, ó ôîðìóëi (15) ¹ ðîçâ'ÿçêàìè òàêî¨ ñèñòåìè ëiíié-

íèõ ðiâíÿíü

Ψj =
n∑

s=1

ξj
q(k)ψq

k, j = 1, . . . , n.

Çãiäíî ç ïðàâèëîì Êðàìåðà öi ðîçâ'ÿçêè çîáðàæóþòüñÿ ðiâíîñòÿìè

ψq
k =

n∑

j=1

Vjq(k)
V (k)

Ψj , q = 1, . . . , n,

äå Vjq(k), j, q = 1, . . . , n, � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà ξj
q(k), j, q =

1, . . . , n, ó âèçíà÷íèêó V (k) ≡ det ‖ξq
j (k)‖n

j,q=1. Ç ëåìè 3 âèïëèâàþòü òàêi
îöiíêè:

‖~ξj(k)‖ ≤ C6(1 + |k|N ), j = 1, . . . , n, (16)

|Vjq(k)| ≤ C7(1 + |k|N(n−1)), |V (k)| ≥ C8(1 + |k|nN ).
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Òîìó

|ψq
k| ≤ C9(1 + |k|)−N‖~Ψ‖ = C9(1 + |k|)−N , q = 1, . . . , n. (17)

Âðàõîâóþ÷è, ùî ìàòðèöÿ Rk(t) ¹ ôóíêöi¹þ ìàòðèöi A(k), äiñòà¹ìî, ùî

Rk(t)~ξj(k) =
exp(λj(k)eikht)∫ T

0
exp(λj(k)eikht)dt

~ξj(k), j = 1, . . . , n.

Òîäi

Rk(t)~Ψ =
n∑

j=1

ψj
k

exp(λj(k)eikht)∫ T

0
exp(λj(k)eikht)dt

~ξj(k).

Îñêiëüêè äëÿ äîâiëüíîãî t ∈ [0, T ] âèêîíóþòüñÿ íåðiâíîñòi

| exp(λj(k)eikht)| ≤ max{1; eTRe(λj(k)eikh)}, j = 1, . . . , n,

òî, âðàõîâóþ÷è óìîâó (12) òà îöiíêè (17), (16), îòðèìó¹ìî, ùî äëÿ äî-
âiëüíîãî âåêòîðà ~Ψ ∈ Cn ç îäèíè÷íîþ íîðìîþ ‖~Ψ‖ = 1

‖Rk(t)~Ψ‖ ≤
n∑

j=1

|ψj
k|

∣∣∣∣∣∣∣∣

exp(λj(k)eikht)∫ T

0
exp(λj(k)eikht)dt

∣∣∣∣∣∣∣∣
‖~ξj(k)‖ ≤ C10(1 + |k|)ω.

Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹ îöiíêà (13). Äîâåäåííÿ îöiíêè (14) ïðî-
âîäèòüñÿ àíàëîãi÷íî i âèïëèâà¹ ç ðiâíîñòi

R′
k(t)~Ψ =

n∑

j=1

ψj
k

λj(k)eikh exp(λj(k)eikht)∫ T

0
exp(λj(k)eikht)dt

~ξj(k)

òà íåðiâíîñòåé

|λj(k)| ≤ C11(1 + |k|N ), j = 1, . . . , n, k ∈ Z. (18)

Âñòàíîâèìî òåïåð äîñòàòíi óìîâè êîðåêòíîñòi çàäà÷i (1), (2).
Òåîðåìà 1. Íåõàé äëÿ âñiõ k ∈ Z âèêîíóþòüñÿ óìîâè (10), ìàòðèöÿ

B(k) ¹ íåâèðîäæåíîþ, i íåõàé iñíó¹ ñòàëà ω ∈ R òàêà, ùî äëÿ âñiõ
(êðiì ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë k âèêîíóþòüñÿ íåðiâíîñòi (12).
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ßêùî ìàòðèöÿ BM � íåâèðîäæåíà, à âñi âëàñíi çíà÷åííÿ ìàòðèöi AN

¹ ïðîñòèìè, òî äëÿ äîâiëüíîãî α0 ∈ R çàäà÷à (1), (2) ¹ (α0; α1, α2)�
êîðåêòíîþ, äå

α1 ≥ α0 + ω + N −M, α2 ≥ α0 + ω + N.

Äîâåäåííÿ. Íåõàé ~Φ ∈ Hn
α0

. Ïîêàæåìî, ùî â ïðîñòîði C1([0, T ]; Hn
α)

iñíó¹ ¹äèíà âåêòîð-ôóíêöiÿ ~U(t, x), ÿêà ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2) i
ñïðàâäæó¹ ñïiââiäíîøåííÿ (7). Ôóíêöiþ ~U(t, x) ∈ C1([0, T ];Hn

α) ìîæíà
çîáðàçèòè ó âèãëÿäi âåêòîðíîãî ðÿäó Ôóð'¹

~U(t, x) =
∞∑

k=−∞
~Uk(t)eikx,

äå ~Uk(t) ∈ C1[0, T ], k ∈ Z. Ç óìîâ (2) âèïëèâà¹, ùî êîæíà âåêòîð-ôóíêöiÿ
~Uk(t), k ∈ Z, ¹ ðîçâ'ÿçêîì òàêî¨ iíòåãðàëüíî¨ çàäà÷i äëÿ ñèñòåìè çâè÷àé-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü:

~U ′
k(t) = A(k)eikh~Uk(t) + ~Fk(t), (19)

B(k)
∫ T

0

~Uk(t)dt = ~Φk, (20)

äå ~Φk, ~Fk(t), k ∈ Z, � êîåôiöi¹íòè Ôóð'¹ âåêòîð-ôóíêöié ~Φ(x) òà ~F (t, x)
âiäïîâiäíî. Ëåãêî ïåðåâiðèòè, ùî ïðè âèêîíàííi óìîâ òåîðåìè äëÿ êîæ-
íîãî k ∈ Z iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (19), (20) â êëàñi C1[0, T ]. Öåé
ðîçâ'ÿçîê çîáðàæó¹òüñÿ ôîðìóëîþ

~Uk(t) = Rk(t)B−1(k)~Φk +
∫ T

0

∫ t

ξ
Rk(t + ξ − τ)~Fk(τ)dτdξ,

äå ìàòðèöi Rk(t), k ∈ Z, îçíà÷åíi ðiâíîñòÿìè (11). Iç ëåì 4, 5 âèïëèâà¹,
ùî â êîæíié òî÷öi t ∈ [0, T ] âèêîíóþòüñÿ òàêi îöiíêè:

‖Rk(t)B−1(k)~Φk‖ ≤ C12(1 + |k|)ω‖B−1(k)~Φk‖ ≤ C13(1 + |k|)ω−M‖~Φk‖,

‖R′
k(t)B

−1(k)~Φk‖ ≤ C14(1+|k|)ω+N‖B−1(k)~Φk‖ ≤ C15(1+|k|)ω+N−M‖~Φk‖,
∣∣∣∣
∫ T

0

∫ t

ξ
Rk(t + ξ − τ)~Fk(τ)dτdξ

∣∣∣∣ ≤ C16(1 + |k|)ω

(∫ T

0
‖~Fk(t)‖2dt

)1/2

,

∣∣∣∣
d

dt

∫ T

0

∫ t

ξ
Rk(t + ξ − τ)~Fk(τ)dτdξ

∣∣∣∣≤C17(1+|k|)ω+N

(∫ T

0
‖~Fk(t)‖2dt

)1/2

.
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Òàêèì ÷èíîì, äëÿ âåêòîð-ôóíêöié ~Uk(t) òà ~U ′
k(t) âèêîíóþòüñÿ íåðiâíîñòi

max
t∈[0,T ]

‖~U
(i)
k (t)‖ ≤ C18(1 + |k|)ω+iN×

×
(

(1 + |k|)−M‖~Φk‖+
√∫ T

0 ‖~Fk(t)‖2dt

)
, i = 0, 1,

(21)

Iç îöiíîê (21) îòðèìó¹ìî, ùî ïðè α1 ≥ α0+ω+N−M, α2 ≥ α0+ω+N

‖~U(t, x);C1([0, T ]; Hn
α0

)‖ ≤ C20

(
‖~Φ(x);Hn

α0+ω+N−M‖+ ‖~F (t, x);

C([0, T ];Hn
α0+ω−M )‖

)
≤ C21

(
‖~Φ(x);Hn

α1
‖+ ‖~F (t, x);C([0, T ]; Hn

α2
)‖

)
.

Òåîðåìó äîâåäåíî.

3. ÌÅÒÐÈ×ÍI ÎÖIÍÊÈ ÇÍÈÇÓ ÌÀËÈÕ ÇÍÀÌÅÍÍÈÊIÂ
Äîñëiäèìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ îöiíîê (12). Äëÿ öüîãî
âèêîðèñòà¹ìî òàêó ëåìó.

Ëåìà 6. Íåõàé f : I → J � òàêå âiäîáðàæåííÿ iíòåðâàëó I íà
iíòåðâàë J = f(I), ùî |f ′(x)| ≥ δ > 0 äëÿ âñiõ x ∈ I. Òîäi äëÿ äîâiëüíî¨
âèìiðíî¨ ìíîæèíè E ⊂ I

mesE ≤ 1
δ
mes f(E).

Òåîðåìà 2. Íåõàé óñi âëàñíi çíà÷åííÿ ìàòðèöi AN ¹ ïðîñòèìè.
ßêùî ω > N+1, òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) ÷èñåë h ∈ Ω
êîæíà ç îöiíîê (12) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨
êiëüêîñòi) öiëèõ ÷èñåë k.

Äîâåäåííÿ. Çãiäíî ç ëåìîþ 3 äëÿ äîñèòü âåëèêèõ çà ìîäóëåì k ∈
Z óñi âëàñíi çíà÷åííÿ λ1(k), . . . , λn(k) ìàòðèöi A(k) ¹ ïðîñòèìè. ßêùî
λj0(k) = 0 äëÿ äåÿêîãî j0, òî

∫ T
0 exp(λj0(k)eikht)dt = T i âiäïîâiäíà îöiíêà

ó ôîðìóëi (12) âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëü-
êîñòi) öiëèõ ÷èñåë k.

Íåõàé òåïåð óñi âëàñíi çíà÷åííÿ λ1(k), . . . , λn(k) ¹ âiäìiííèìè âiä íó-
ëÿ. Òîäi

∫ T

0
exp(λj(k)eikht)dt =

exp(λj(k)eikhT )− 1
λj(k)eikh

, j = 1, . . . , n.

Îñêiëüêè äëÿ äîâiëüíîãî z ∈ C âèêîíó¹òüñÿ îöiíêà

|ez − 1| ≥ max{1; eRe z} · | sin(Im z)|,
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òî ç ïîïåðåäíüî¨ ðiâíîñòi äiñòà¹ìî, ùî
∣∣∣∣
∫ T

0
exp(λj(k)eikht)dt

∣∣∣∣ ≥ max{1, eTRe(λj(k)eikh)}×

×| sin(T Im(λj(k)eikh))|
|λj(k)| , j = 1, . . . , n.

(22)

Òàêèì ÷èíîì, äëÿ äîâåäåííÿ òåîðåìè äîñèòü ïåðåâiðèòè, ùî ïðè ω >
N + 1 äëÿ ìàéæå âñiõ çíà÷åíü h ∈ Ω êîæíà ç íåðiâíîñòåé

| sin(T Im(λj(k)eikh))|
|λj(k)| ≥ (1 + |k|)−ω, j = 1, . . . , n.

âèêîíó¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë
k. Ç îãëÿäó íà ëåìó Áîðåëÿ�Êàíòåëëi äëÿ öüîãî äîñèòü âñòàíîâèòè, ùî
ïðè ω > N + 1 çáiãàþòüñÿ ðÿäè

∑
k∈Z

mesMj,ω(k), j = 1, . . . , n, äå

Mj,ω(k) ≡
{

h ∈ Ω :
| sin(T Im(λj(k)eikh))|

|λj(k)| ≤ (1 + |k|)−ω

}
.

Íåõàé λj(k) = |λj(k)|eiϕj(k), j = 1, . . . , n, äå ϕj(k) � àðãóìåíò êîìïëåêñ-
íîãî ÷èñëà λj(k). Òîäi Im(λj(k)eikh) = |λj(k)| sin(kh+ϕj(k)), j = 1, . . . , n.
Ðîçãëÿíåìî âèïàäîê, êîëè k > 0. Î÷åâèäíî, ùî

mesMj,ω(k) =

1
k
mes

{
H ∈ (0, 2πk) :

| sin(T |λj(k)| sin(H + ϕj(k))|
|λj(k)| ≤ (1 + |k|)−ω

}
=

=
1
k
mes

{
H ∈ (ϕj(k), ϕj(k) + 2πk) :

| sin(T |λj(k)| sinH|
|λj(k)| ≤ (1 + |k|)−ω

}
.

Äëÿ çàäàíîãî δ = (ω−N−1)/2 > 0 ðîçiá'¹ìî âiäðiçîê [ϕj(k), ϕj(k)+2πk]
íà òàêi âiäðiçêè Iq (q = 1, . . . , N1(k)) òà âiäðiçêè Jq (q = 1, . . . , N2(k)), ùîá
âèêîíóâàëèñü óìîâè

∀H ∈ Iq | cosH| ≥ 1
kδ+1

, q = 1, . . . , N1(k),

∀H ∈ Jq | cosH| ≤ 1
kδ+1

, q = 1, . . . , N2(k).

Äëÿ êiëüêîñòåé N1(k), N2(k) öèõ âiäðiçêiâ, î÷åâèäíî, ñïðàâäæóþòüñÿ
îöiíêè N1(k) ≤ C22k, N2(k) ≤ C22k. Îñêiëüêè mesJq ≤ C23k

−δ−1, q =
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1, . . . , N2(k), òî mes
(

N2(k)⋃
q=1

Jq

)
≤ C24k

−δ. Çãiäíî ç ëåìîþ 6 âèêîíóþòüñÿ

îöiíêè

mes
{

H ∈ Iq :
| sin(T |λj(k)| sinH)|

|λj(k)| ≤ (1 + |k|)−ω

}
≤

≤ k1+δmes
{

t ∈ sin(Iq) :
| sin(T |λj(k)|t)|

|λj(k)| ≤ (1 + |k|)−ω

}
≤

≤ k1+δmes
{

t ∈ [−1; 1] :
| sin(T |λj(k)|t)|

|λj(k)| ≤ (1 + |k|)−ω

}
.

Ïðè äîâåäåííi ëåìè 10 ó [13] âñòàíîâëåíî, ùî

mes
{

t ∈ [−1; 1] :
| sin(T |λj(k)|t)|

|λj(k)| ≤ (1 + |k|)−ω

}
≤

≤ C25(1 + |λj(k)|)(1 + |k|)−ω ≤ C26(1 + |k|)N−ω,

âíàñëiäîê âèêîíàííÿ îöiíîê (18). Òàêèì ÷èíîì, äëÿ k > 0
mesMj,ω(k) ≤

C27k
−1

N2(k)∑

q=1

mes
{

H ∈ Iq :
| sin(T |λj(k)| sinH)|

|λj(k)| ≤ (1 + |k|)−ω

}
+

+C28k
−1

N2(k)∑

q=1

mesJq ≤ C29k
−1−δ + C30k

δ+N−ω =

= C29k
−1−δ + C30k

−1−(ω−N−1)/2.

Àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê k < 0. Çâiäñè îòðèìó¹ìî çáiæíiñòü
ðÿäiâ

∑
k∈Z

mesMj,ω(k), j = 1, . . . , n.

Òåîðåìó äîâåäåíî.

4. ÐÎÇÂ'ßÇÍIÑÒÜ IÍÒÅÃÐÀËÜÍÎ� ÇÀÄÀ×I ÄËß ÌÀÉÆÅ
ÂÑIÕ ×ÈÑÅË h
Iç ðåçóëüòàòiâ, âñòàíîâëåíèõ ó ïóíêòàõ 2, 3 ðîáîòè, âèïëèâà¹ íàñòóïíå
òâåðäæåííÿ ïðî ðîçâ'ÿçíiñòü çàäà÷i (1), (2) ó øêàëi ïðîñòîðiâ Ñîáîë¹âà
äëÿ ìàéæå âñiõ ÷èñåë h ∈ Ω.
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Òåîðåìà 3. Íåõàé ìàòðèöi BM , B(k), k ∈ Z, ¹ íåâèðîäæåíèìè,
à âñi âëàñíi çíà÷åííÿ ìàòðèöi AN ¹ ïðîñòèìè. Òîäi äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà) çíà÷åíü h ∈ Ω çàäà÷à (1), (2) ¹ (α0; α1, α2)�
êîðåêòíîþ, äå

α1 ≥ α0 + 2N −M + 1, α2 ≥ α0 + 2N + 1.
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THE PROBLEM WITH INTEGRAL CONDITIONS
FOR LINEAR SYSTEMS OF PARTIAL DIFFERENTIAL

EQUATIONS WITH DELAY
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In this paper we established the conditions of existing in the Sobolev
spaces of the unique solution of the integral problem for evolutional systems
of partial di�erential equations with delay. We proved that this conditions
are satis�ed for almost all (respect to Lebesgue measure) values of parameter
of delay.




