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Let sn1 z, sn2 z be the Jacobi elliptic functions, κ1,κ2 the moduli
of these elliptic functions, 0 < κ2

1 < 1, 0 < κ2
2 < 1, τ1, τ2 the

values of modular variable, θ3(τ1), θ3(τ2) the theta constants. In this
paper it is shown that there exists a transcendental number among
κ1,κ2, θ3(τ1), θ3(τ2), if τ1/τ2 is irrational.

INTRODUCTION
Let sn1 z, sn2 z be the Jacobi elliptic functions, κj the modulus of snj z, j =
1, 2. They are determined by the values of modular variable τj respectively
[7]. We use the notation [7] for the theta functions: θi(z, τj) is the theta
function (i = 2, 3, 4, j = 1, 2) of z determined by the values of modular
variable τj ; θi,j are the theta constants, θi,j = θi(0, τj).

We refer to [1, 4, 6] for some information on arithmetic properties of
numbers related to elliptic functions. In this paper we obtain the following
result.

Theorem 1. Let 0 < κ2
1 < 1, 0 < κ2

2 < 1, and τ1/τ2 is irrational. Then
at least one of the numbers κ1, κ2, θ3,1, θ3,2 is transcendental.

An analogous result for the theta functions is obtained in [4].
As for the theta functions Jacobi, the elliptic functions sn z, cn z è dn z

are related. In particular, they satisfy the following relations

κ2
j =

θ4
2,j

θ4
3,j

, snj z =
θ3,jθ1(v, τj)
θ2,jθ4(v, τj)

, v =
z

πθ2
3,j

, j = 1, 2, (1)
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|θi(z, τ)| 6 exp(γ|z|2). (2)

Polynomials of κ with integer coe�cients are the coe�cients of expansi-
ons of Jacobi functions into the Taylor series.

Lemma 1. The following conditions take place:

sn z =
∞∑

j=0

A1,2j+1(κ)
z2j+1

(2j + 1)!
, cn z =

∞∑

j=0

A2,2j(κ)
z2j

(2j)!
, (3)

dn z =
∞∑

j=0

A3,2j(κ)
z2j

(2j)!
,

where
A1,2j+1(κ) ¿ (2j + 1)!κ2j , A2,2j(κ) ¿ (2j)!κ2j−2,

A3,2j(κ) ¿ (2j)!κ2j .
(4)

Proof. We proceed by induction on j. For j = 0 we have A1,1(κ) = 1,
A2,0(κ) = 1, A3,0(κ) = 1; for j = 1 we have A1,3(κ) = −(1+κ2), A2,2(κ) =
−1, A3,2(κ) = −κ2. Suppose that (4) holds for all coe�cients in (3) with
j 6 j0. Conditions (1) imply

A1,2j0+1(κ) =
j0∑

k=0

(2j0)!
(2k)!(2(j0 − k))!

A2,2k(κ)A3,2(j0−k)(κ). (5)

The required estimate follows from the induction hypothesis.
The proof is complete.

Lemma 2. For all positive integer t1, t2 there exist polynomials Br,t1,t2 ∈
Z[κ1,κ2, θ3,1, θ3,2] such that

snt1
1 (z) snt2

2 (z) =
∞∑

r=0

Br,t1,t2(κ1,κ2, θ3,1, θ3,2)
zr

r!
(6)

and
Br,t1,t2(κ1,κ2, θ3,1, θ3,2) ¿
¿ r!t1!t2!2

r+t1+t2
2 (κ1 + κ2 + θ3,1 + θ3,2)4r−2t1−2t2 . (7)
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Proof. If r < t1 + t2 then let Br,t1,t2(κ1,κ2, θ3,1, θ3,2) = 0. Lemma 1
applied to sn1(θ2

3,1z), sn2(θ2
3,2z), and (3) imply

∞∑

r=0

Br,t1,t2(κ1,κ2, θ3,1, θ3,2)
zr

r!
=

=




∞∑

j=0

A1,2j+1(κ1)
(θ2

3,1z)2j+1

(2j + 1)!




t1 


∞∑

j=0

A1,2j+1(κ2)
(θ2

3,2z)2j+1

(2j + 1)!




t2

. (8)

For r > t1 + t2 let us compare the coe�cients at zr in the left and right
parts of (8):

Br,t1,t2(κ1,κ2, θ3,1, θ3,2)
r!

=

=
∑

1
t1!t2!

n∏

m=0

Ajm
1,2m+1(κ1)Akm

1,2m+1(κ2)(θ3,1)2r1(θ3,2)2r2

jm!km!((2m + 1)!)jm+km
, (9)

where the sum
∑

1 is taken over all nonnegative integers jm, km such that
n = [r/2], j0 + . . .+ jn = t1, k0 + . . .+kn = t2, j0 +3j1 + . . .+(2n+1)jn =
r1, k0 + 3k1 + . . . + (2n + 1)kn = r2, r1 + r2 = r. The following estimate can
be obtained from (4), (9):

Br,t1,t2(κ1,κ2, θ3,1, θ3,2) ¿

¿ r!t1!t2!(κ1 + κ2 + θ3,1 + θ3,2)4r−2t1−2t2
∑

1

n∏

m=0

1
jm!km!

¿

¿ r!t1!t2!(κ1 + κ2 + θ3,1 + θ3,2)4r−2t1−2t22
r+t1+t2

2 . (10)

The proof is complete.
Lemma 3. For every su�ciently large integer N there exist polynomials

Ck1,k2(κ1,κ2, θ3,1, θ3,2) from Z[x1, x2, x3, x4], 0 6 k1, k2 6 K, K = [4
√

N ],
such that the function

F (z) =
K∑

k1,k2=0

Ck1,k2(κ1,κ2, θ3,1, θ3,2) snk1
1 (θ2

3,1z) snk2
2 (θ2

3,2z) (11)

satisfy F (z) 6≡ 0 and

ordz=0 F > N, deg Ck1,k2 6 N + 2k1 + 2k2, ln |Ck1,k2 | 6 2N lnN. (12)
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Proof. From Lemma 2 and the choice of the parameter K it follows that
the following estimate is true:

|Br,k1,k2(κ1,κ2, θ3,1, θ3,2)| 6 N !CN
1 , r 6 N. (13)

Consider the set of polynomials DN,k1,k2(x1, x2, x3, x4) with unde�ned
coe�cients al1,l2,l3,l4(k1, k2) ∈ Z,

DN,k1,k2(x1, x2, x3, x4) =
∑

2
al1,l2,l3,l4(k1, k2)xl1

1 xl2
2 xl3

3 xl4
4 , (14)

where the sum
∑

2 is taken over all nonnegative integers l1, l2, l3, l4 such that
l1 + l2 + l3 + l4 = N + 2k1 + 2k2.

Choose al1,l2,l3,l4(k1, k2) ∈ Z, al1,l2,l3,l4(k1, k2) 6≡ 0, so that for 0 6 r < N
the following relations take place:

K∑

k1,k2=0

DN,k1,k2(x1, x2, x3, x4)Br,k1,k2(x1, x2, x3, x4) ≡ 0. (15)

Applying to system (15) Siegel's Lemma (see, for example, [5]), we obtain
that exist there polynomials, not of all equal to zero, al1,l2,l3,l4(k1, k2) ∈ Z
such that (15) hold and

|al1,l2,l3,l4(k1, k2)| < NNCN
2 , al1,l2,l3,l4(k1, k2) 6≡ 0. (16)

Applying the constructed polynomials DN,k1,k2(x1, x2, x3, x4) we �nd poly-
nomials Ck1,k2(κ1,κ2, θ3,1, θ3,2) in (11) such that Ck1,k2(κ1,κ2, θ3,1, θ3,2) 6≡ 0.

We denote

Ds1,s2,s3,s4 =
1

s1!s2!s3!s4!
∂s

∂s1x1∂s2x2∂s3x3∂s4x4
, s1+s2+s3+s4 = s. (17)

Let s be the minimal integer with 0 6 s < N such that there exist
s1, s2, s3, s4, s1 + s2 + s3 + s4 = s satisfying the conditions

Ds1,s2,s3,s4DN,k1,k2(x1, x2, x3, x4)|(x1,x2,x3,x4)=(κ1,κ2,θ3,1,θ3,2) 6= 0 (18)

for some DN,k1,k2(x1, x2, x3, x4). Let

Ck1,k2(κ1,κ2, θ3,1, θ3,2) =
= Ds1,s2,s3,s4DN,k1,k2(x1, x2, x3, x4)|(x1,x2,x3,x4)=(κ1,κ2,θ3,1,θ3,2). (19)
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Apply the operator Ds1,s2,s3,s4 to the left part of (15). By the choice of s
we see that for all r, 0 6 r < N, (19) implies

Er(κ1,κ2, θ3,1, θ3,2) =

=
K∑

k1,k2=0

Ck1,k2(κ1,κ2, θ3,1, θ3,2)Br,k1,k2(κ1,κ2, θ3,1, θ3,2) = 0. (20)

From (6), (11), (19), (20) it follows that

F (r)(0) = Er(κ1,κ2, θ3,1, θ3,2) = 0, 0 6 r < N. (21)

Conditions of Theorem 1 imply algebraic independence of the functions
sn1(θ2

3,1z), sn2(θ2
3,2z), therefore F (z) 6≡ 0. Let us estimate the coe�cients

Ck1,k2(κ1,κ2, θ3,1, θ3,2). From (14), (16) we obtain

DN,k1,k2(x1, x2, x3, x4) ¿ N !CN
3 (x1 + x2 + x3 + x4)N+2k1+2k2 . (22)

It follows from (19), (22) that

Ck1,k2(κ1,κ2, θ3,1, θ3,2) ¿ N !CN
4 (κ1 + κ2 + θ3,1 + θ3,2)N−s+2k1+2k2 . (23)

The proof is complete.
Let T be minimal integer such that F (T )(0) 6= 0. Then T > N.

Lemma 4. There exists a polynomial RT ∈ Z[x1, x2, x3, x4] such that

F (T )(0) = RT (κ1,κ2, θ3,1, θ3,2), (24)

deg RT (κ1,κ2, θ3,1, θ3,2) 6 5T, ln |RT (κ1,κ2, θ3,1, θ3,2)| 6 C5T ln T, (25)

0 < |RT (κ1,κ2, θ3,1, θ3,2)| < exp(−C6T
√

T ). (26)

Proof. It follows from (6), (11), (21) and the de�nition of T that

F (T )(0) =
K∑

k1,k2=0

Ck1,k2(κ1,κ2, θ3,1, θ3,2)BT,k1,k2(κ1,κ2, θ3,1, θ3,2). (27)

Let

RT (x1, x2, x3, x4) =
K∑

k1,k2=0

Ck1,k2(x1, x2, x3, x4)BT,k1,k2(x1, x2, x3, x4).

(28)
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From (7) it follows that Lemma 3 and the choice K imply estimates (25).
From the de�nition of T it follows that |RT (κ1,κ2, θ3,1, θ3,2)| > 0.

Consider the function

G(z) = F (z)θK
4

( z

π
, τ1

)
θK
4

( z

π
, τ2

)
. (29)

From (1), (12), (29) and the properties of θ4(z, τ) it follows that G(z) is
an entire periodical function with period 2π and zeros in 2πn. The choice of
T implies that the order of zeros is equal to T, therefore the function

H(z) =
G(z)∏

|n|6M (z − 2πn)T
, (30)

where M = [C7

√
T ], is entire. Thus

|H(0)| 6 max
|z|=4πM

|H(z)|. (31)

From (2), (13), (23), (29) and the choice of T, N for |z| 6 4πM it follows
that

|G(z)| 6 exp(C8T
√

T ) (32)
For |z| = 4πM we have

∏

|n|6M

(z − 2πn)T > (M !)2T (2π)2MT . (33)

From (12), (29), (30) and the choice of T it follows that

|F (T )(0)| = T !(M !)2T (2π)2MT (θ4(0, τ1)θ4(0, τ2))−KH(0). (34)

From (30) � (34) it follows that

|F (T )(0)| < exp(−C9T
√

T ). (35)
It follows from (24) and (35) that

|RT (κ1,κ2, θ3,1, θ3,2)| < exp(−C10T
√

T ). (36)

The proof is complete.
Suppose that Theorem 1 is not true and κ1,κ2, θ3,1, θ3,2 are algebraic

numbers. Then (27) implies that F (T )(0) is the value of a polynomial with
algebraic coe�cients at the algebraic point (κ1,κ2, θ3,1, θ3,2). Applying Li-
ouville's Theorem [5], we obtain

|RT (κ1,κ2, θ3,1, θ3,2)| > exp(−C11T ln T ),

which contradicts to (36) and the proof of Theorem 1 is complete.
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ÏÐÎ ÒÐÀÍÑÖÅÍÄÅÍÒÍIÑÒÜ ÌÎÄÓËIÂ
ÅËIÏÒÈ×ÍÈÕ ÔÓÍÊÖIÉ ßÊÎÁI

ßðîñëàâ ÕÎËßÂÊÀ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,
âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ 79000, Óêðà¨íà

Íåõàé sn1 z, sn2 z � åëiïòè÷íi ôóíêöi¨ ßêîái, κ1,κ2 � ìîäóëi öèõ
ôóíêöié, 0 < κ2

1 < 1, 0 < κ2
2 < 1, τ1, τ2 � çíà÷åííÿ ìîäóëÿðíî¨ çìií-

íî¨; θ3(τ1), θ3(τ2) � òåòà-êîíñòàíòè. Äîâåäåíî iñíóâàííÿ òðàíñöåíäåíò-
íîãî ÷èñëà ñåðåä κ1,κ2, θ3(τ1) òà θ3(τ2), ÿêùî τ1/τ2 � iððàöiîíàëüíå.




