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Let sny z,sns z be the Jacobi elliptic functions, s, s5 the moduli
of these elliptic functions, 0 < »7 < 1, 0 < 23 < 1, 7,72 the
values of modular variable, 03(71),03(72) the theta constants. In this
paper it is shown that there exists a transcendental number among
w1, 39, 03(11),03(72), if 71/72 is irrational.

INTRODUCTION

Let snj 2, snp z be the Jacobi elliptic functions, s¢; the modulus of sn; z, j =
1,2. They are determined by the values of modular variable 7; respectively
[7]. We use the notation [7] for the theta functions: 6;(z, ;) is the theta
function (i = 2,3,4,5 = 1,2) of z determined by the values of modular
variable 7;; 6; ; are the theta constants, 6, ; = 6;(0, 7;).

We refer to [1, 4, 6] for some information on arithmetic properties of
numbers related to elliptic functions. In this paper we obtain the following
result.

Theorem 1. Let 0 < 58 < 1, 0 < 562 < 1, and 71/72 is irrational. Then
at least one of the numbers s, s, 031, 032 is transcendental.

An analogous result for the theta functions is obtained in [4].
As for the theta functions Jacobi, the elliptic functions snz,cnz n dnz
are related. In particular, they satisfy the following relations
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10:(2,7)| < exp(v]2[*). (2)

Polynomials of s with integer coefficients are the coefficients of expansi-
ons of Jacobi functions into the Taylor series.

Lemma 1. The following conditions take place:
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where ' '
A172j+1<%) < (2j + 1)!%2J, AQ’QJ‘(%) <K (2]')!%2]72, (4)
A&Qj(%) < (2j)!%2j.
Proof. We proceed by induction on j. For j = 0 we have A 1(x») =1,
Asgp(s) =1, Aszo(3) = 1; for j = 1 we have Ay 3(5) = —(1+ 5?), Asga(x) =
—1, A32(3) = —»2. Suppose that (4) holds for all coefficients in (3) with
J < jo. Conditions (1) imply

Jo .
Mrsson) =3 SRY A (Aot () )

The required estimate follows from the induction hypothesis.
The proof is complete.

Lemma 2. For all positive integer t1,t2 there exist polynomials B4, +, €
L], 59,031, 039] such that

T
sn' (2) snf?( ZBrtl,tQ 1, 22,031, 03, 2)* (6)
r=0

and
Brtl,tz(%l7%2763 1,032) <
L P12 5 2 (5ey + 30y + O3 + O3.9)4r 201 =202, (7)



On transcendence of modulus of Jacobi elliptic functions —_ 355

Proof. If r < t1 + tg then let By, 1,(51,202,031,6032) = 0. Lemma 1
applied to snl(ﬁg,lz), sn2(9§72z), and (3) imply

r

(e o]

z
ZBT7t17t2(%l7%2703,1793,2)*‘ =
o 7!

( )2+l (2 2)2iH1 2
9312 J 03 52)%
A A (8
Z 12+1(%1) 2j+ 1) Z 1,2j+1(522) i (8)

For r > t1 + t2 let us compare the coefficients at 2" in the left and right
parts of (8):

By 15 (501, 722, 031,032)

rl

km 2r1 2rg
B Z £ 1) H 12m+1 .%1 A7 2,,L+1(%2)(9i">,1) (‘93,2) 7 (9)
Jm k! ((2m + 1)1)Im+km

where the sum ), is taken over all nonnegative integers j,, km such that
n=1[r/2], jo+...4jn="t1, ko+...+kn =12, jo+314...+2n+1)j, =
r1, ko+3k1+...4+ (2n+ 1)k, = ro, 1 +ro = r. The following estimate can
be obtained from (4), (9):

Byt 15 (521, 202,031, 032) <

n
L rltgltal(3e1 + 302 + 031 + 93,2)4T_2t1_2t221 11 FIT
L Imehm-

r+t1+to

< T‘!tlltz!(%l + 20 + 0371 + 03’2)4T_2t1_2t22 2 . (]_O)

The proof is complete.

Lemma 3. For every sufficiently large integer N there exist polynomials
Chy i (521, 52,031, 03.2) from Z[x1,x2, 3,24, 0 < k1, ko < K, K = [4VN],
such that the function

K

F(z2)= > Cryry(om, 50,031, 02)sn}' (63 12)snb? (63 ,,2)  (11)
k1,k2=0

satisfy F'(z) # 0 and

ord,—o F' > N, degCl, k, < N + 2k1 + 2ko, In|Ch, k| <2NInN.  (12)
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Proof. From Lemma 2 and the choice of the parameter K it follows that
the following estimate is true:

‘B'f‘,]ﬂ,kQ(%l? 2, 03,17 0372)| < N'C{\fv r < N. (13)

Consider the set of polynomials Dy i, k, (21,22, 23, 24) with undefined
coefficients ay, 1, 151, (K1, k2) € Z,

DN,k’l,k;Q (xla xr2,T3, $4) = Z2all7l2,l3,l4(k17 kz)xlllx?xés’wif’ (14)

where the sum ) , is taken over all nonnegative integers l1, l2, [3, l4 such that
1+l + 13+ 1s =N + 2ky + 2ks.

Choose ay, 1, 151, (K1, k2) € Z, ayy 15.15.14(k1, k2) # 0, so that for 0 <r < N
the following relations take place:

K

Z DN,k’l,kQ (xla xr2,x3, $4)Br,k1,k2 (xla T2,T3, $4> =0. (15)
k1,k2=0

Applying to system (15) Siegel’s Lemma (see, for example, [5]), we obtain
that exist there polynomials, not of all equal to zero, aj, 1,151, (k1,k2) € Z
such that (15) hold and

|a11,l2,l37l4 (klv kQ)‘ < NNCéVv all,l27l37l4(k1’ kQ) 7_é 0. (16)

Applying the constructed polynomials Dy j, ko (21, 22,23, 24) we find poly-
nomials Ck1,k2 (%1, 9, 0371, 9372) in (11) such that Ckl,kz(%la 9, 9371, (93,2) 5_'3 0.
We denote
1 0*
s1!s91s83184! 8511'1852.%'2853.%'3854.@47

81+82+83+84 = S. (17)

D81,82783,S4 =

Let s be the minimal integer with 0 < s < N such that there exist
S1, 52, 53,84, S1 + S2 + 3 + s4 = s satisfying the conditions

Ds, 59,538,548 DN ky ko (z1, 72, 73, x4)|(901,562,333,274)=(%17%2,93,176’3,2) #0 (18)
for some D g, k, (21, %2, 23, 24). Let

Cloy ko (521, 52,03.1,039) =

= D51’32733,34DN7]€17]€2 (xl? r2,T3, x4)|($17$27$3,x4):(%1,%2,93,1,93,2) . (19)
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Apply the operator Dy, s, 555, to the left part of (15). By the choice of s
we see that for all 7, 0 < r < N, (19) implies

E, (501, 0,0371,032) =
K

= Z Choy ko (511, 52, 03.1,03.2) By oy 1y (511, 522, 03,1, 032) = 0. (20)
ki k2=0

From (6), (11), (19), (20) it follows that
FU(0) = E.(5¢1, 52,03.1,6032) =0, 0<r<N. (21)

Conditions of Theorem 1 imply algebraic independence of the functions
sy (05 12), sn(63 52), therefore F(z) # 0. Let us estimate the coefficients
Chy ey (721, 522,03 1,03 2). From (14), (16) we obtain

DN,kl,kg (:L’l, T2, T3, .CC4) < N!Cév(xl + X9+ x3 + .I4)N+2k1+2k2. (22)
It follows from (19), (22) that
Chy ko (521, 50,031, 03.9) < NICY (501 + 39 + 031 + 032) N —5T2k1t2k2 - (93)

The proof is complete.
Let T be minimal integer such that F(7)(0) # 0. Then T' > N.

Lemma 4. There exists a polynomial Ry € Z|x1,x2, T3, x4] such that
FT(0) = Ry(3a1, 32,031, 032), (24)
deg Rp(s11,502,031,032) <51, In|Rp(s1,0,051,032)] < CsT'InT, (25)
0 < |Rp(a1, 50,031, 032)| < exp(—CsTVT). (26)

Proof. 1t follows from (6), (11), (21) and the definition of 7" that

K
FDO) = " Chyry(oa1, 52,051, 032) Brgy o (341, 502,031, 03.2).  (27)
k1,ka=0
Let
K
RT(£17£27$37$4) — Z C]gth(ZBl,ZL'Q,$3,$4)BT7]<;17]<;2(CU1,$2,$3,$4).
k1,ka=0

(28)
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From (7) it follows that Lemma 3 and the choice K imply estimates (25).
From the definition of 1" it follows that |Rp (21, 52,6031,032) > 0.
Consider the function

G(z) = F(2)0K (;,ﬁ) s (%,72) : (29)

From (1), (12), (29) and the properties of 04(z, 7) it follows that G(z) is
an entire periodical function with period 27 and zeros in 2wn. The choice of
T implies that the order of zeros is equal to T, therefore the function

G(2)

T = MG - 20T &
where M = [C7V/T), is entire. Thus
|H(0)] < max |H(z)|. (31)

|z|=47 M

From (2), (13), (23), (29) and the choice of T, N for |z| < 47 M it follows
that

|G(2)| < exp(CsTVT) (32)
For |z| = 4w M we have
I (z=2n)" > (a1)*" (27)?M7 (33)
In|<M
From (12), (29), (30) and the choice of T it follows that
IFT(0)] = TUMN)?T (27)*MT(0,(0, 11)04(0, 7)) H(0).  (34)

From (30) - (34) it follows that

|FM(0)| < exp(—CoTVT). (35)
It follows from (24) and (35) that
|RT(%1, 9, 9371, 93’2)’ < eXp(—ClgTﬁ). (36)

The proof is complete.

Suppose that Theorem 1 is not true and s, 30,031,032 are algebraic
numbers. Then (27) implies that F(7)(0) is the value of a polynomial with
algebraic coefficients at the algebraic point (s, 52,63 1,632). Applying Li-
ouville’s Theorem [5], we obtain

|Rr (51, 52,031,032)] > exp(—C11T'InT),

which contradicts to (36) and the proof of Theorem 1 is complete.
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ITPO TPAHCHEHJIEHTHICTD MOAVYJIIB
EJIIIITUYHNX OYHKIIIN AKOBI

Spocaas XOJIAABKA

JILbBiBCHKMI HalioHAJBHNN yHIBepcuTeT iMeni [ana @panka,
ByJI. YHiBepcurerchbka, 1, JIssi 79000, Ykpaina

Hexait sny z,sng 2 — emintuani dyskmil Axobi, s, 200 — Momysi 1ux
dyukmiit, 0 < %% <1,0< %% < 1, 71,79 — BHaYEHHS MOIYJIAPHOI 3MiH-
Hol; 03(71),03(m2) — Tera-xkoncranTu. JIoBeEHO iICHYBaHHSA TPAHCIEHJEHT-
HOTO 9HUCIa cepel] »1, 32, 03(71) Ta 03(72), Ko 71/7s — ippallioHaabHe.





