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Âñòàíîâëåíî óìîâè ëîêàëüíîãî iñíóâàííÿ òà ãëîáàëüíî¨ ¹äèíîñòi
ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ íåâiäîìîãî, çàëåæíîãî âiä
÷àñó, êîåôiöi¹íòà ó âèïàäêó îäíîâèìiðíîãî êâàçiëiíiéíîãî ïàðàáî-
ëi÷íîãî ðiâíÿííÿ.

Âñòóï. Ôîðìóëþâàííÿ çàäà÷i. Ó öié ðîáîòi äîñëiäæó¹òüñÿ îáåð-
íåíà çàäà÷à âèçíà÷åííÿ êîåôiöi¹íòà c(t) > 0 äëÿ ðiâíÿííÿ

c(t)ut = a(x, t, u)uxx + b(x, t, u, ux), (x, t) ∈ QT = (0, h)× (0, T ), (1)

ó âèïàäêó ïåðøî¨ êðàéîâî¨ çàäà÷i òà iç çàäàíèì çíà÷åííÿì òåïëîâîãî
ïîòîêó íà îäíîìó ç êiíöiâ ïðîìiæêó â ÿêîñòi äîäàòêîâî¨ óìîâè. Ñåðåä
íåâåëèêîãî ñïèñêó îáåðíåíèõ çàäà÷, ïîâ'ÿçàíèõ iç äîñëiäæåííÿì êâàçi-
ëiíiéíèõ ðiâíÿíü ç íåâiäîìèìè êîåôiöi¹íòàìè, ìîæíà çàçíà÷èòè ðîáîòè
Ì.Â.Ìóçèëüîâà [2, 3], ÿêèé âñòàíîâèâ ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i ó âè-
ïàäêó íåëiíiéíîãî ðiâíÿííÿ

c(u)ut = (k(u)ux)x + d(u)ux, 0 < x < 1, t ∈ [0, T ],

ç íåâiäîìèìè êîåôiöi¹íòàìè c(u), k(u), d(u). Îáåðíåíà çàäà÷à äëÿ íåëi-
íiéíîãî ðiâíÿííÿ äèôóçi¨

ut = (a(u)ux)x + f(x, t), (x, t) ∈ ΩT = {0 < x < h(t), 0 < t < T < ∞},
ÓÄÊ 517.95; MSC 2000: 35N40, 35J60
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â îáëàñòi ç íåâiäîìîþ ìåæåþ h(t) ðîçãëÿíóòà â ðîáîòi Ì.I.Iâàí÷îâà [8].
Ñåðåä îáåðíåíèõ êâàçiëiíiéíèõ çàäà÷ âiäîìèìè ¹ ðîáîòè [10, 11], â ÿêèõ
äîñëiäæåíî óìîâè ñòiéêîñòi ðîçâ'ÿçêó äëÿ ðiâíÿííÿ

ut = b(t)c(u)uxx, x > 0, 0 < t < T,

òà óìîâè éîãî êîðåêòíîñòi ó âèïàäêó ðiâíÿííÿ

ut = [v(u(x, t))ux]x + f(x, t), 0 < x < l, 0 < t < T.

ç íåâiäîìèìè b òà v âiäïîâiäíî.

Â îáëàñòi QT = (0, h) × (0, T ) ðîçãëÿäà¹ìî çàäà÷ó ïðî âèçíà÷åííÿ
íåâiäîìîãî êîåôiöi¹íòà c(t) > 0 äëÿ ðiâíÿííÿ (1) ç ïî÷àòêîâîþ òà êðà-
éîâèìè óìîâàìè

u(x, 0) = ϕ(x), x ∈ [0, h], (2)
u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ] (3)

i óìîâîþ ïåðåâèçíà÷åííÿ

a(0, t, µ1(t))
c(t)

ux(0, t) = µ3(t), t ∈ [0, T ]. (4)

Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i.
Òåîðåìà 1. Ïðè âèêîíàííi óìîâ

(A1) a ∈ C1,0,1(QT × R), b∈C1,0,1,1(QT × R2),
ϕ ∈ C1[0, h], µi ∈ C1[0, T ], i = 1, 2, µ3 ∈ C[0, T ],

(A2) a(x, t, u)>a0 >0, |ax(x, t, u)|+|au(x, t, u)|6a1, (x, t, u)∈QT×R,
a1, a0 � äîäàòíi ñòàëi,

(A3) |b(x, t, u, v)| ≤ ν(|u|)(1 + |v|2), (x, t) ∈ QT , u ∈ R, v ∈ R,
ν(s)>0 � íåñïàäíà íåïåðåðâíà ôóíêöiÿ íà [0,∞),
bu(x, t, u, 0) 6 −ν0 < 0, (x, t, u) ∈ QT × R, ν0 � äîäàòíà ñòàëà,

(A4) ϕ′(x)>0, x∈ [0, h], µ3(t) > 0, t ∈ [0, T ],

(A5) ϕ(0) = µ1(0), ϕ(h) = µ2(0),

ìîæíà âêàçàòè òàêå ÷èñëî t0, 0<t0 6T , ùî ðîçâ'ÿçîê (c, u) ∈ C[0, t0]×
C2,1(Qt0)

⋂
C1,0(Qt0), c(t)>0, t ∈ [0, t0], çàäà÷i (1)�(4) iñíó¹.
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Äîâåäåííÿ. Ùîá äîâåñòè iñíóâàííÿ ðîçâ'ÿçêó, âèêîðèñòîâóâàòèìå-
ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòî-
ðà. Äëÿ öüîãî çâåäåìî çàäà÷ó (1) � (4) äî ñèñòåìè iíòåãðî-äèôåðåíöiàëü-
íèõ ðiâíÿíü. Áåçïîñåðåäíüî ç óìîâè (4) ìà¹ìî

c(t) =
a(0, t, µ1(t))ux(0, t)

µ3(t)
, t ∈ [0, T ]. (5)

Çàóâàæèìî, ùî ïðè óìîâàõ (A2), (A3) òà ïðè âiäîìié ôóíêöi¨ c(t)
êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (1), (2), (3) iñíó¹ òà ¹äèíèé [1, c. 32, 509].

Çàôiêñó¹ìî äîâiëüíó òî÷êó y ∈ [0, h] i ïîäàìî ðiâíÿííÿ (1) ó íàñòóï-
íîìó âèãëÿäi

c(t)ut = a(y, t, u(y, t))uxx + (a(x, t, u(x, t))− a(y, t, u(y, t)))uxx+
+b(x, t, u(x, t), ux(x, t)), (x, t) ∈ QT . (6)

Ó ïðèïóùåííi, ùî ôóíêöiÿ c(t) ¹ âiäîììîþ, çâåäåìî çàäà÷ó (6), (2), (3)
äî íåëiíiéíîãî iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ

u(x, t)=
∫ h

0
ϕ(ξ)G1(x, t, ξ, 0; y)dξ+

∫ t

0

a(y, τ, u(y, τ))
c(τ)

µ1(τ)G1ξ(x, t, 0, τ ; y)dτ−

−
∫ t

0

a(y, τ, u(y, τ))
c(τ)

µ2(τ)G1ξ(x, t, h, τ ; y)dτ +
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))−

−a(y, τ, u(y, τ))
)
uξξ(ξ, τ)G1(x, t, ξ, τ ; y)dξ +

∫ t

0

dτ

c(τ)
×

×
∫ h

0
b(ξ, τ, u(ξ, τ), uξ(ξ, τ))G1(x, t, ξ, τ ; y)dξ, (7)

äå

Gi(x, t, ξ, τ ; y)=
1

2
√

π(θ(t, y)−θ(τ, y))

+∞∑
n=−∞

(
exp

(
− (x−ξ+2nh)2

4(θ(t, y)−θ(τ, y))

)
+

+ (−1)iexp
(
− (x+ξ+2nh)2

4(θ(t, y)−θ(τ, y))

))
, i = 1, 2, θ(t, y)=

∫ t

0

a(y, τ, u(y, τ))
c(τ)

dτ.

Çàóâàæèìî, ùî ôóíêöi¨ Ãðiíà Gi(x, t, ξ, τ ; y), i = 1, 2, çàëåæàòü ÿê âiä
ïàðàìåòðà y, áî âîíè ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

c(t)zt = a(y, t, z(y, t))zxx,

òàê i âiä íåâiäîìèõ c, u, ùî ìiñòÿòüñÿ â ôóíêöi¨ θ(t, y). Äëÿ ñïðîùåííÿ
ïîçíà÷åíü, çàëåæíiñòü âiä îñòàííiõ íå ïèñàòèìåìî.
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Âðàõîâóþ÷è ñïiââiäíîøåííÿ

G1ξ(x, t, ξ, τ ; y)=−G2x(x, t, ξ, τ ; y), G1xx(x, t, ξ, τ ; y)=G1ξξ(x, t, ξ, τ ; y),

G2xx(x, t, ξ, τ ; y)=− c(τ)
a(y, τ, u(y, τ))

G2τ (x, t, ξ, τ ; y),

òà
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(y, τ, u(y, τ))

)
uξξ(ξ, τ)G1x(x, t, ξ, τ ; y)dξ=

=
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(y, τ, u(y, τ))

)
uξ(ξ, τ)G2ξξ(x, t, ξ, τ ; y)dξ+

+
∫ t

0

dτ

c(τ)

∫ h

0

(
aξ(ξ, τ, u(ξ, τ))+au(ξ, τ, u(ξ, τ))uξ(ξ, τ)

)
uξ(ξ, τ)×

×G2ξ(x, t, ξ, τ ; y)dξ,

îá÷èñëèìî ïåðøó ïîõiäíó ç (7). Òîäi, çàôiêñóâàâøè y = x, îòðèìà¹ìî

ux(x, t) =
∫ h

0
ϕ′(ξ)G2(x, t, ξ, 0;x)dξ−

∫ t

0
µ′1(τ)G2(x, t, 0, τ ; x)dτ +

∫ t

0
µ′2(τ)×

×G2(x, t, h, τ ; x)dτ +
∫ t

0

dτ

c(τ)

∫ h

0
b(ξ, τ, u(ξ, τ), uξ(ξ, τ))G1x(x, t, ξ, τ ; x)dξ+

+
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(x, τ, u(x, τ))

)
uξ(ξ, τ)G2ξξ(x, t, ξ, τ ; x)dξ+

+
∫ t

0

dτ

c(τ)

∫ h

0

(
aξ(ξ, τ, u(ξ, τ))+au(ξ, τ, u(ξ, τ))uξ(ξ, τ)

)
uξ(ξ, τ)×

×G2ξ(x, t, ξ, τ ;x)dξ. (8)

Ç âëàñòèâîñòåé òåïëîâèõ ïîòåíöiàëiâ [5] òà ç ðiâíîñòi

u(x, t)=µ1(t) +
∫ x

0
uξ(ξ, τ)dξ,

ìîæíà çðîáèòè âèñíîâîê, ùî çàäà÷à (1)�(4) åêâiâàëåíòíà ñèñòåìi ðiâíÿíü
(5), (8) âiäíîñíî íåâiäîìèõ c, ux.

Äëÿ òîãî, ùîá çàñòîñóâàòè òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó
öiëêîì íåïåðåðâíîãî îïåðàòîðà, íåîáõiäíî âñòàíîâèòè îöiíêè çâåðõó òà
çíèçó ðîçâ'ÿçêiâ ñèñòåìè (5), (8). ßêùî ðîçãëÿíóòè çàäà÷ó

c(t)ut = a(y, t, u(y, t))uxx,

u(x, t)|t=0 = 1, ux(0, t) = 0, ux(h, t) = 0,
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òî äëÿ äîâiëüíîãî y ∈ [0, h] ðîçâ'ÿçêîì öi¹¨ çàäà÷i áóäå

u(x, t) =
∫ h

0
G2(x, t, ξ, 0; y)dξ = 1.

Çâiäñè

0 < C1 = min
[0,h]

ϕ′(x) 6
∫ h

0
ϕ′(ξ)G2(x, t, ξ, 0;x) dξ 6 max

[0,h]
ϕ′(x) = C2. (9)

Ñåðåä äîäàíêiâ, ùî âõîäÿòü â ux, âñi, îêðiì ïåðøîãî, ïðÿìóþòü äî íóëÿ
ïðè t → 0. Òîìó iñíó¹ òàêèé ïðîìiæîê [0, T0], 0 < T0 6 T, íà ÿêîìó áóäå
âèêîíóâàòèñü íåðiâíiñòü

1
2

∫ h

0
ϕ′(ξ)G2(x, t, ξ, 0;x)dξ>

∫ t

0
µ′1(τ)G2(x, t, 0, τ ; y)dτ−

∫ t

0
G2(x, t, h, τ ; x)×

×µ′2(τ)dτ−
∫ t

0

dτ

c(τ)

∫ h

0
b(ξ, τ, u(ξ, τ), uξ(ξ, τ))G1x(x, t, ξ, τ ;x)dξ −

∫ t

0

dτ

c(τ)
×

×
∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(x, τ, u(x, τ))

)
uξ(ξ, τ)G2ξξ(x, t, ξ, τ ; x)dξ −

∫ t

0

dτ

c(τ)
×

×
∫ h

0

(
aξ(ξ, τ, u(ξ, τ))+au(ξ, τ, u(ξ, τ))uξ(ξ, τ)

)
uξ(ξ, τ)G2ξ(x, t, ξ, τ ;x)dξ,

çâiäêè ìà¹ìî

ux(0, t)=
∫ h

0
ϕ′(ξ)G2(0, t, ξ, 0; 0)dξ−

(∫ t

0
µ′1(τ)G2(0, t, 0, τ ; 0)dτ−

∫ t

0
µ′2(τ)×

×G2(0, t, h, τ ; 0)dτ−
∫ t

0

dτ

c(τ)

∫ h

0
b(ξ, τ, u(ξ, τ), uξ(ξ, τ))G1x(0, t, ξ, τ ; 0)dξ−

−
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(0, τ, µ1(τ))

)
uξ(ξ, τ)G2ξξ(0, t, ξ, τ ; 0)dξ−

−
∫ t

0

dτ

c(τ)

∫ h

0

(
aξ(ξ, τ, u(ξ, τ))+au(ξ, τ, u(ξ, τ))uξ(ξ, τ)

)
uξ(ξ, τ)×

×G2ξ(0, t, ξ, τ ; 0)dξ > 1
2

∫ h

0
ϕ′(ξ)G2(0, t, ξ, 0; 0)dξ > 1

2
min
[0,h]

ϕ′(x) (10)

àáî
ux(0, t)> C2

2
> 0, t ∈ [0, T0].

Òîäi ç (5) òà ïðèïóùåíü (A4) îòðèìà¹ìî

c(t) > A0 > 0, t ∈ [0, T0], (11)
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äå êîíñòàíòà A0 çàëåæèòü òiëüêè âiä âiäîìèõ âåëè÷èí.
Îñêiëüêè, çà òåîðåìîþ Ëàãðàíæà

b(x, t, u, ux) = b0(x, t, u, ux)ux + b1(x, t, u)u + b(x, t, 0, 0)

äå b0, b1 âèçíà÷àþòüñÿ ÷åðåç ïîõiäíi bv, bu, òî ðiâíÿííÿ (1) ìîæíà ïåðå-
ïèñàòè ó ôîðìi

c(t)ut = a(x, t, u)uxx + b0(x, t, u, ux)ux + b1(x, t, u)u + b(x, t, 0, 0),

ùî äà¹ çìîãó, çà ïðèïóùåííÿ (A3), çàñòîñóâàòè ïðèíöèï ìàêñèìóìó [1]
äëÿ îöiíêè ðîçâ'ÿçêó ïåðøî¨ êðàéîâî¨ çàäà÷i:

|u(x, t)| 6 C3, (x, t) ∈ QT . (12)

Ïåðåéäåìî äî îöiíêè v = ux. Ç âiäîìèõ ñïiââiäíîøåíü [7, c. 12]
∫ h

0
G2(x, t, ξ, 0;x) dξ = 1, G2(x, t, ξ, τ ; x) 6 C4 +

C5√
θ(t, x)− θ(τ, x)

(13)

ìà¹ìî
∣∣∣∣
∫ h

0
ϕ′(ξ)G2(x, t, ξ, 0;x)dξ −

∫ t

0
µ′1(τ)G2(x, t, 0, τ ;x)dτ +

∫ t

0
µ′2(τ)×

×G2(x, t, h, τ ; x)dτ

∣∣∣∣ 6 C6 + C7

∫ t

0

dτ√
θ(t, x)− θ(τ, x)

.

Íåõàé V (t) = max
x∈[0,h]

|v(x, t)|. Âèêîðèñòîâóþ÷è óìîâó (A3) [1], îöiíêó
u(x, t) òà θ(t, x), îòðèìà¹ìî

∣∣∣∣
∫ t

0

dτ

c(τ)

∫ h

0
b(ξ, τ, u(ξ, τ), v(ξ, τ))G1x(x, t, ξ, τ ;x)dξ

∣∣∣∣ 6 C8×

×
∫ t

0

1 + V 2(τ)
c(τ)

√
θ(t, x)− θ(τ, x)

dτ 6 C9 + C10

∫ t

0

V 2(τ)
c(τ)

√
θ(t, x)− θ(τ, x)

dτ.

Îñêiëüêè, çà òåîðåìîþ Ëàãðàíæà

f(x)−f(y)=
∫ 1

0

d

dα
(f(y+α(x−y)))dα=(x−y)

∫ 1

0
f ′(z)|z=y+α(x−y)dα,

(14)



290 Ó.Ôåäóñü

òî

|a(ξ, τ, u(ξ, τ))− a(x, τ, u(x, τ))| 6 C11|ξ − x|+ C12|u(ξ, τ)− u(x, τ))| 6
6 (C11 + C12V (τ))|ξ − x|,

äå ñòàëi C11, C12 âèçíà÷àþòüñÿ ÷åðåç ïîõiäíi ax, au. Òîäi
∣∣∣∣
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))− a(y, τ, u(x, τ))

)
v(ξ, τ)G2ξξ(x, t, ξ, τ ; x)dξ+

+
∫ t

0

dτ

c(τ)

∫ h

0

(
aξ(ξ, τ, u(ξ, τ)) + au(x, τ, u(x, τ))v(ξ, τ)

)
v(ξ, τ)×

×G2ξ(x, t, ξ, τ ;x)dξ

∣∣∣∣ 6 C13

∫ t

0

V 2(τ)
c(τ)

dτ

∫ h

0
|ξ − x||G2ξξ(x, t, ξ, τ ; x)|dξ+

+ C14

∫ t

0

V (τ)
c(τ)

√
θ(t, x)− θ(τ, x)

dτ + C15

∫ t

0

V 2(τ)
c(τ)

√
θ(t, x)− θ(τ, x)

dτ.

Âèêîðèñòîâóþ÷è îöiíêó [4]
h∫

0

|ξ − x||G2ξξ(x, t, ξ, τ ; x)|dξ 6 C16√
θ(t, x)− θ(τ, x)

,

îòðèìà¹ìî
∣∣∣∣
∫ t

0

dτ

c(τ)

∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(y, τ, u(x, τ))

)
v(ξ, τ)G2ξξ(x, t, ξ, τ ; x)dξ+

+
∫ t

0

dτ

c(τ)

∫ h

0

(
aξ(ξ, τ, u(ξ, τ))+au(x, τ, u(x, τ))v(ξ, τ)

)
v(ξ, τ)G2ξ(x, t, ξ, τ ; x)×

× dξ

∣∣∣∣6C17

∫ t

0

V (τ)
c(τ)

√
θ(t, x)− θ(τ, x)

dτ + C18

∫ t

0

V 2(τ)
c(τ)

√
θ(t, x)− θ(τ, x)

dτ.

Ïiäñóìîâóþ÷è îöiíêè âñiõ iíòåãðàëiâ ç (8), ïðèõîäèìî äî íåðiâíîñòi

V (t)6C19+C20

∫ t

0

dτ√
θ(t)−θ(τ)

+C21

∫ t

0

V (τ)
c(τ)

√
θ(t)−θ(τ)

dτ+

+C22

∫ t

0

V 2(τ)
c(τ)

√
θ(t)−θ(τ)

dτ,

äå θ(t) =
∫ t

0

dτ

c(τ)
. Îñêiëüêè ç ðiâíîñòi (5) âèïëèâà¹ íåðiâíiñòü

c(t) 6 C23V (t),
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òî âðàõîâóþ÷è îöiíêó θ(t, x) òà âèêîíóþ÷è çàìiíó Ṽ (t) = V (t) + 1, öþ
íåðiâíiñòü ìîæíà ïåðåïèñàòè ó âèãëÿäi

Ṽ (t) 6 C24 + C25

∫ t

0

Ṽ 2(τ)
c(τ)

√
θ(t)− θ(τ)

dτ.

Ïiäíîñÿ÷è äî êâàäðàòó îáèäâi ÷àñòèíè îòðèìàíî¨ íåðiâíîñòi, çàñòîñî-
âóþ÷è íåðiâíiñòü Êîøi, à ïîòiì Ãåëüäåðà, çâåäåìî ¨¨ äî òàêîãî âèãëÿäó:

Ṽ 2(t) 6 C26 + C27

∫ t

0

Ṽ 4(τ)
c(τ)

√
θ(t)− θ(τ)

dτ.

Ïîêëàäåìî â öié íåðiâíîñòi t = σ, äîìíîæèìî íà 1
c(σ)

√
θ(t)− θ(σ)

òà

ïðîiíòåãðó¹ìî âiä 0 äî t. Âèêîðèñòîâóþ÷è ðiâíiñòü
∫ t

0

dσ

c(σ)
√

(θ(t)− θ(σ))(θ(σ)− θ(τ))
= π

òà îöiíêó c(t) çíèçó, ïðèõîäèìî äî íåðiâíîñòi

Ṽ 2(t) 6 C28 + C29

∫ t

0
Ṽ 4(τ)dτ.

Ïîçíà÷èìî V1(t) = C28 + C29

∫ t

0
Ṽ 4(τ)dτ i çàñòîñó¹ìî ìåòîä äîâåäåííÿ

íåðiâíîñòi �ðîíóîëà: V ′
1(t) = C29Ṽ

4(t) 6 C29V
2
1 (t), àáî, iíòåãðóþ÷è,

1
3C3

28

− 1
3V 3

1 (t)
6 C29t.

Çâiäñè, â ïðèïóùåííi, ùî 1 − 3C29C
3
28t > 0 ïðè t ∈ [0, T1], 0 < T1 6 T,

ìà¹ìî îöiíêó

V1(t) 6 C30, t ∈ [0, T1],

à, îòæå, i îöiíêó V (t) òà c(t):

V (t) 6 C31, t ∈ [0, T1], c(t) 6 A1 < ∞, t ∈ [0, T0]. (15)

Çàóâàæèìî, ùî íåðiâíiñòü
∣∣∣∣
∫ t

0
µ′1(τ)G2(0, t, 0, τ ; 0)dτ−

∫ t

0
µ′2(τ)G2(0, t, h, τ ; 0)dτ−

∫ t

0

dτ

c(τ)
×
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×
∫ h

0
b(ξ, τ, u(ξ, τ), v(ξ, τ))G1x(0, t, ξ, τ ; 0)dξ−

∫ t

0

dτ

c(τ)

∫ h

0

(
aξ(ξ, τ, u(ξ, τ))+

+au(ξ, τ, u(ξ, τ))uξ(ξ, τ)
)
uξ(ξ, τ)G2ξ(0, t, ξ, τ ; 0)dξ −

∫ t

0

dτ

c(τ)
×

×
∫ h

0

(
a(ξ, τ, u(ξ, τ))−a(0, τ, u(0, τ))

)
uξ(ξ, τ)G2ξξ(0, t, ξ, τ ; 0)dξ

∣∣∣∣6

6 1
2

min
x∈[0,h]

ϕ′(x)

âèêîíó¹òüñÿ íà [0, T0] i, ìàþ÷è îöiíêè c òà v, T0 âèçíà÷à¹òüñÿ ëèøå ÷å-
ðåç âèõiäíi äàíi. Âèáèðàþ÷è t0 = min{T0, T1}, ìà¹ìî îöiíêè c òà v íà
ïðîìiæêó [0, t0].

Ó âñòàíîâëåíèõ îöiíêàõ Ci(i = 1, 31), A0, A1 � âiäîìi âåëè÷èíè. Îò-
æå, îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (5), (8) âñòàíîâëåíi, ùî äà¹ çìîãó çàñòîñó-
âàòè òåîðåìó Øàóäåðà äî öi¹¨ ñèñòåìè. Íåõàé N = {(c, v) ∈ C[0, t0] ×
(C1,1(Qt0 ∩ C(Qt0)) : 0<A0 6 c(t)6A1, |v(x, t)| 6 C30}. Òîäi, ÿêùî çàïè-
ñàòè ñèñòåìó (5), (8) ó îïåðàòîðíîìó âèãëÿäi

ω = Pω,

òî îïåðàòîð P , ÿêèé âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè äàíî¨ ñèñòåìè,
ïåðåâîäèòü ìíîæèíó N â ñåáå. Êîìïàêòíiñòü îïåðàòîðà âèãëÿäó P âñòà-
íîâëåíà ó [7, c.27]. Çàñòîñîâóþ÷è òåîðåìó Øàóäåðà äî îïåðàòîðà P ,
îòðèìó¹ìî iñíóâàííÿ íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (5), (8),
à, îòæå, é iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)�(4).

�äèíiñòü ðîçâ'ÿçêó çàäà÷i. Âñòàíîâèìî ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i
äëÿ ðiâíÿííÿ

c(t)ut =a(x, t, u, ux)uxx+b(x, t, u, ux), (x, t)∈QT , (16)

ç óìîâàìè (2), (3) òà

a(0, t, µ1(t), ux(0, t))
c(t)

ux(0, t) = µ3(t), t ∈ [0, T ]. (17)

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:
1) a, au, av, b, bu, bv ∈ C(QT × R2), i öi ôóíêöi¨ çàäîâîëüíÿþòü óìîâó
Ãåëüäåðà ç äåÿêèì ïîêàçíèêîì γ, 0 < γ < 1 çà çìiííèìè x, u òà v;
2) µ3(t) 6= 0, t ∈ [0, T ].
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Òîäi ðîçâ'ÿçîê çàäà÷i (2), (3), (16), (17) ¹äèíèé.
Äîâåäåííÿ.Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè (c1, u1) i (c2, u2) ç

êëàñó C[0, T ]×C2,1(QT )
⋂

C1,0(QT ), çàäà÷i (2), (3), (16), (17). Ïîêëàäåìî
c = c1 − c2, u = u1 − u2. Çàïèøåìî çàäà÷ó äëÿ (c, u):

c1(t)ut = a(x, t, u1, u1x)uxx+(a(x, t, u1, u1x)−a(x, t, u2, u2x))u2xx+
+b(x, t, u1, u1x)−b(x, t, u2, u2x)−c(t)u2t, (18)
u(x, 0)=0, u(0, t) = u(h, t) = 0, (19)
a(0, t, µ1(t), u1x(0, t))

c1(t)
u1x(0, t)− a(0, t, µ1(t), u2x(0, t))

c2(t)
u2x(0, t)=0. (20)

Ïåðåòâîðèìî ïðàâó ÷àñòèíó ó (18), çàñòîñóâàâøè ôîðìóëó (14) äî ðiç-
íèöü b(x, t, u1, u1x)− b(x, t, u2, u2x) òà a(x, t, u1, u1x)−a(x, t, u2, u2x). Îñ-
êiëüêè u1, u2 � âiäîìi ôóíêöi¨ âiä (x, t), òî îòðèìàíå ïiñëÿ ïåðåòâîðåííÿ
ðiâíÿííÿ (18) çàïèøåìî ó âèãëÿäi

c1(t)ut = a1(x, t)uxx+a2(x, t)ux+a3(x, t)u−c(t)u2t, (21)

äå êîåôiöi¹íòè ai, i = 1, 2, 3, âèçíà÷àþòüñÿ ÷åðåç a, au, av, bu, bv. Ïåðåòâî-
ðèìî ëiâó ÷àñòèíó óìîâè (20):

a(0, t, µ1(t), u1x(0, t))c2(t)u1x(0, t)−a(0, t, µ1(t), u2x(0, t))c1(t)u2x(0, t)=
=a(0, t, µ1(t), u1x(0, t))c2(t)ux(0, t)− a(0, t, µ1(t), u1x(0, t))c(t)u2x(0, t)+
+ (a(0, t, µ1(t), u1x(0, t))− a(0, t, µ1(t), u2x(0, t)))c1(t)u2x(0, t).

Âèêîðèñòîâóþ÷è ôîðìóëó (14) òà óìîâó (17), îòðèìà¹ìî óìîâó (20) ó
âèãëÿäi

a(0, t, µ1(t), u1x(0, t))µ3(t)c2(t)
a(0, t, µ1(t), u2x(0, t))

c(t)−c2(t)
(

a(0, t, µ1(t), u1x(0, t))+

+
c1(t)µ3(t)

∫ 1
0 az(0, t, µ1(t), z)|z=u2x(0,t)+α(u1x(0,t)−u2x(0,t))dα

a(0, t, µ1(t), u2x(0, t))

)
ux(0, t)=0

àáî

a(0, t, µ1(t), u1x(0, t))µ3(t)c2(t)c(t)−c2(t)
(

a(0, t, µ1(t), u1x(0, t))×

a(0, t, µ1(t), u2x(0, t))+
∫ 1

0
az(0, t, µ1(t), z)|z=u2x(0,t)+α(u1x(0,t)−u2x(0,t))dα×

× c1(t)µ3(t)
)

ux(0, t)=0. (22)
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Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G̃1(x, t, ξ, τ) ðiâíÿííÿ (21) çàïèøåìî ðîçâ'ÿ-
çîê çàäà÷i (19), (21):

u(x, t) = −
∫ t

0

c(τ)
c1(τ)

dτ

∫ h

0
u2τ (ξ, τ)G̃1(x, t, ξ, τ)dξ. (23)

Çàóâàæèìî, ùî çà óìîâè íàëåæíîñòi êîåôiöi¹íòiâ ai, i = 1, 2, 3, ðiâíÿííÿ
(21) äî êëàñó Ãåëüäåðà çà çìiííîþ x, ôóíêöiÿ Ãðiíà G̃1(x, t, ξ, τ) iñíó¹.
Äèôåðåíöiþþ÷è (23) çà x i ïiäñòàâëÿþ÷è â óìîâó ïåðåâèçíà÷åííÿ (22),
ïðèéäåìî äî ðiâíîñòi

a(0, t, µ1(t), u1x(0, t))µ3(t)c2(t)c(t)+c2(t)
(

a(0, t, µ1(t), u1x(0, t))×

a(0, t, µ1(t), u2x(0, t))+
∫ 1

0
az(0, t, µ1(t), z)|z=u2x(0,t)+α(u1x(0,t)−u2x(0,t))dα×

× c1(t)µ3(t)
)∫ t

0

c(τ)
c1(τ)

dτ

∫ h

0
u2τ (ξ, τ)G̃1x(0, t, ξ, τ)dξ=0.

Çãiäíî ç ïðèïóùåííÿì òåîðåìè, îòðèìàíå ðiâíÿííÿ � iíòåãðàëüíå ðiâ-
íÿííÿ Âîëüòåððà äðóãîãî ðîäó ç iíòåãðîâíèì ÿäðîì [1, 5], ÿêå ìà¹ ¹äèíèé
ðîçâ'ÿçîê c(t) = 0, òîäi îäíîðiäíà çàäà÷à (18), (19) ìà¹ ðîçâ'ÿçîê u(x, t) =
0. Òåîðåìó äîâåäåíî.
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We establish conditions of local existence and global uniqueness of the
solution to inverse problem of identifying unknown time-dependent coef�ci-
ent in the case of onedimensional quasilinear parabolic equation.




