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Äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äëÿ
ëiíiéíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè, íàâàíòàæåíîãî çíà-
÷åííÿìè íåâiäîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ íà ñêií÷åííié êiëüêîñòi
ãiïåðïëîùèí. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó
ðîçãëÿäóâàíî¨ çàäà÷i. Äîâåäåíî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó
ìàëèõ çíàìåííèêiâ, ùî âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i.

Ïðè ìîäåëþâàííi áàãàòüîõ ôiçè÷íèõ ïðîöåñiâ âèíèêàþòü êðàéîâi çà-
äà÷i äëÿ íàâàíòàæåíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, òîáòî ðiâíÿíü,
ÿêi ïîðÿä çi çíà÷åííÿìè íåâiäîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ â äîâiëüíié òî÷-
öi îáëàñòi ìiñòÿòü òàêîæ ¨õíi çíà÷åííÿ íà ìíîãîâèäàõ íèæ÷î¨ ðîçìiðíîñòi
(äèâ. îãëÿä òà áiáëiîãðàôiþ â [13�15]).

Ó ïðàöÿõ [1, 3, 4, 6] äîñëiäæåíî ïèòàííÿ ïðî iñíóâàííÿ òà ¹äèíiñòü
ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè, íàâàíòàæåíèõ çíà÷åííÿìè íåâiäîìî¨ ôóíêöi¨ íà ñêi-
í÷åííié êiëüêîñòi ãëàäêèõ ãiïåðïîâåðõîíü. Â ïðàöÿõ [8�11] ðîçãëÿíóòî
ïèòàííÿ ïðî êîðåêòíó ðîçâ'ÿçíiñòü íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ íà-
âàíòàæåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè òà äèôå-
ðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü. Ó ïðàöÿõ [2,5] ïðè äîñëiäæåííi çàäà÷i
Äiðiõëå òà çàäà÷ ç áàãàòîòî÷êîâèìè óìîâàìè äëÿ íàâàíòàæåíèõ åâîëþ-
öiéíèõ ðiâíÿíü ó íåîáìåæåíèõ îáëàñòÿõ âñòàíîâëåíî êëàñè êîðåêòíî¨
ðîçâ'ÿçíîñòi ó êëàñàõ ôóíêöié ñòåïåíåâîãî çðîñòàííÿ íà íåñêií÷åííîñ-
òi (çà ïðîñòîðîâèìè çìiííèìè). Çàóâàæèìî, ùî äåÿêi íåëîêàëüíi çàäà÷i
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äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè çâîäÿòüñÿ äî çàäà÷ ç ïðîñòiøèìè
íåëîêàëüíèìè óìîâàìè äëÿ íàâàíòàæåíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiä-
íèìè, öå ïîêàçàíî ó [17, c. 165�166].

Ó ïðîïîíîâàíié ðîáîòi äîñëiäæåíî çàäà÷ó ç íåëîêàëüíèìè iíòåãðà-
ëüíèìè óìîâàìè çà âèäiëåíîþ çìiííîþ t òà óìîâàìè ïåðiîäè÷íîñòi çà
çìiííèìè x1, . . . , xp äëÿ ëiíiéíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè,
íàâàíòàæåíîãî çíà÷åííÿìè íåâiäîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ çà x1, . . . , xp

íà ñêií÷åííié êiëüêîñòi ãiïåðïëîùèí t = τj , j = 1, . . . , m. Ðîçâ'ÿçíiñòü öi-
¹¨ çàäà÷i ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Äëÿ îöiíêè çíèçó
ìàëèõ çíàìåííèêiâ âèêîðèñòàíî ìåòðè÷íèé ïiäõiä [16, 17] òà ðåçóëüòàòè
ïðàöi [12], â ÿêié áóëî äîñëiäæåíî iíòåãðàëüíó çàäà÷ó äëÿ ðiâíÿííÿ iç
÷àñòèííèìè ïîõiäíèìè (áåç íàâàíòàæåííÿ).

1. Íèæ÷å âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: Ωp � p-âèìiðíèé òîð
(R/2πZ)p; x = (x1, . . . , xp) ∈ Ωp; Dx = (−i∂/∂x1, . . . ,−i∂/∂xp); QT

p =
(0, T )×Ωp; k = (k1, . . . , kp) ∈ Zp, |k| = |k1|+ . . .+ |kp|; (k, x) = k1x1 + . . .+
kpxp; Cm

n � êiëüêiñòü êîìáiíàöié ç n åëåìåíòiâ ïî m; mesRnA � ìiðà Ëå-
áåãà â Rn âèìiðíî¨ ìíîæèíè A ⊂ Rn; mesCpA � ìiðà Ëåáåãà â Cn âèìiðíî¨
ìíîæèíè A ⊂ Cn; Πp(ρ) = {~z = (z1, . . . , zn) ∈ Cn : max

1≤j≤n
|zj | ≤ ρ}; W γ

α,β

(α, β ∈ R, γ > 0) � ïðîñòið, îòðèìàíèé â ðåçóëüòàòi ïîïîâíåííÿ ïðîñ-
òîðó ñêií÷åííèõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ϕ(x) =

∑
ϕk exp(ik, x) çà

íîðìîþ

‖ϕ(x);W γ
α,β‖ =

√ ∑

|k|≥0

|ϕk|2w2
k(α, β, γ), wk(α, β, γ) = (1 + |k|)α exp(β|k|γ);

Cn([0, T ];W γ
α,β) � ïðîñòið ôóíêöié u(t, x) òàêèõ, ùî äëÿ ôiêñîâàíîãî

t ∈ [0, T ] ïîõiäíi ∂ju(t, x)/∂tj , 0 ≤ j ≤ n, íàëåæàòü äî ïðîñòîðó W γ
α,β

i ÿê åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà t íà [0, T ]. Íîðìó â
ïðîñòîði Cn([0, T ];W γ

α,β) çàäà¹ìî ôîðìóëîþ

‖u(t, x);Cn([0, T ];W γ
α,β)‖ =

n∑

j=0

max
t∈[0,T ]

∥∥∥∂ju(t, x)/∂tj ; W γ
α,β

∥∥∥ .

2. Â îáëàñòi QT
p ðîçãëÿíåìî çàäà÷ó

L

(
∂

∂t
, Dx

)
u(t, x) ≡ ∂nu(t, x)

∂tn
+

n−1∑

j=0

Aj(Dx)
∂ju(t, x)

∂tj
=

= F (t, x) +
∑m

j=1 Bj(Dx)u(τj , x),

(1)
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∫ t1

0
tj−1u(t, x)dt = ϕj(x), x ∈ Ωp, j = 1, n, 0 < t1 ≤ T, (2)

äå Aj(ξ) � ìíîãî÷ëåíè âèãëÿäó
∑

|s|≤Nj

As
jξ

s1
1 · . . . · ξsp

p , s ∈ Zp
+, Nj ∈ N, |s| = s1 + . . .+ sp, j = 0, n− 1, (3)

äå ξ ∈ Rp, As
j ∈ C, B1(ξ), . . . , Bm(ξ) � ìíîãî÷ëåíè ñòåïåíÿ íå áiëüøîãî,

íiæ M = max
0≤j≤n−1

{Nj} − 1, 0 ≤ τ1 < . . . < τm ≤ T .

Îçíà÷åííÿ. Çàäà÷ó (1), (2) íàçèâà¹ìî (α0, β0; α1, β1; α2, β2; γ)−êîðå-
êòíîþ (äå α0, β0, α1, β1, α2, β2 ∈ R, γ > 0), ÿêùî äëÿ äîâiëüíèõ ôóíêöié
F ∈ C([0, T ]; W γ

α1,β1
), ϕj ∈ W γ

α2,β2
, j = 1, n, iñíó¹ ¹äèíèé ðîçâ'ÿçîê u(t, x)

çàäà÷i (1), (2) ç ïðîñòîðó Cn([0, T ]; W γ
α0,β0

) òàêèé, ùî
∥∥u(t, x);Cn([0, T ];W γ

α0,β0
)
∥∥ ≤

≤ C1

(‖F (t, x);C([0, T ],W γ
α1,β1

)‖+
n∑

j=1

∥∥ϕj(x);W γ
α2,β2

∥∥)
,

(4)

äå ñòàëà C1 > 0 íå çàëåæèòü âiä âèáîðó ôóíêöié F ∈ C([0, T ]; W γ
α1,β1

)
òà ϕj ∈ W γ

α2,β2
, j = 1, n.

3. Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑

|k|≥0

uk(t)e(ik,x). (5)

Êîæíà ôóíêöiÿ uk(t), k ∈ Zp, ¹ ðîçâ'ÿçêîì iíòåãðàëüíî¨ çàäà÷i äëÿ íà-
âàíòàæåíîãî çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

L (d/dt, k) uk(t) = Fk(t) +
m∑

j=1

Bj(k)uk(τj), (6)

∫ t1

0
tj−1uk(t)dt = ϕjk, j = 1, n. (7)

×åðåç f1(t, k), . . . , fn(t, k), k ∈ Zp, ïîçíà÷èìî ðîçâ'ÿçêè òàêèõ çàäà÷
Êîøi:

L

(
d

dt
, k

)
fq(t) = 0, f (j−1)

q (0, k) = δjq, j, q = 1, n,

äå δjq, j, q = 1, n, � ñèìâîë Êðîíåêåðà. Íåõàé

∆(k) = det
∥∥∥∥
∫ t1

0
tj−1fq(t, k)dt

∥∥∥∥
n

j,q=1

, k ∈ Zp, (8)
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Υ(k) = det ‖δrs −Br(k)Φk(1)[τs]‖m
r,s=1 , k ∈ Zp, (9)

äå Φk : C[0, T ] → Cn[0, T ] � ëiíiéíèé îïåðàòîð, äiÿ ÿêîãî íà ôóíêöiþ
g(t) çàäà¹òüñÿ ôîðìóëîþ:

Φk(g)[t] = −
n∑

j,q=1

∆jq(k)
∆(k)

fq(t, k)
∫ t1

0

[
tj−1

∫ t

0
fn(t− τ, k)g(τ)dτ

]
dt+

+
∫ t

0
fn(t− τ, k)g(τ)dτ, (10)

à ∆jq(k) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà
∫ t1
0 tj−1fq(t, k)dt, j, q = 1, n,

ó âèçíà÷íèêó ∆(k).
Ëåìà 1. ßêùî ∆(k) 6= 0 i Υ(k) 6= 0, òî çàäà÷à (6), (7) ìà¹ ¹äèíèé

ðîçâ'ÿçîê uk(t) ∈ Cn[0, T ]; öåé ðîçâ'ÿçîê çîáðàæà¹òüñÿ ðiâíiñòþ

uk(t) = vk(t) + Φk(1)[t]
m∑

r,s=1

Br(k)
Υsr(k)
Υ(k)

vk(τs), (11)

äå
vk(t) =

n∑

j,q=1

∆jq(k)
∆(k)

fq(t, k)ϕjk + Φk(Fk)[t], (12)

a Υrs(k) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà δrs − Br(k)Φk(1)[τs], r, s =
1,m, ó âèçíà÷íèêó Υ(k).

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ìåòîä âàðiàöi¨ ñòàëèõ, äëÿ ðîçâ'ÿçêó
uk(t) ∈ Cn[0, T ] íàâàíòàæåíîãî ðiâíÿííÿ (6) îòðèìà¹ìî çîáðàæåííÿ

uk(t) =
n∑

q=1

Ckqfq(t, k)+
∫ t

0

(
Fk(τ) +

m∑

r=1

Br(k)uk(τr)

)
fn(t−τ, k)dτ. (13)

Ç óìîâ (7) âèïëèâà¹, ùî ñòàëi Ckq, q = 1, n, ó ôîðìóëi (13) ¹ ðîçâ'ÿçêàìè
òàêî¨ ëiíiéíî¨ ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü

n∑

q=1

Ckq

∫ t1

0
tj−1fq(t, k)dt = ϕjk −

∫ t1

0

{
tj−1

∫ t

0
(Fk(τ)+

+
m∑

r=1

Br(k)uk(τr)

)
fn(t− τ, k)dτ

}
dt, j = 1, n.

(14)

Âèçíà÷íèê ñèñòåìè (14) cïiâïàäà¹ ç âèçíà÷íèêîì ∆(k), i, çãiäíî ç óìî-
âîþ ëåìè, ¹ âiäìiííèì âiä íóëÿ. Òîìó öÿ ñèñòåìà ìà¹ ¹äèíèé ðîçâ'ÿçîê
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(C1j , . . . , Ckn), ÿêèìè íå áóëè ïðàâi ÷àñòèíè ðiâíîñòåé â (13). Çàñòîñîâó-
þ÷è ïðàâèëî Êðàìåðà äëÿ çíàõîäæåííÿ ñòàëèõ Ckq, q = 1, n, äiñòàíåìî

Ckq =
n∑

j=1

∆jq(k)
∆(k)

(
ϕjk −

∫ t1

0

{
tj−1

∫ t

0
(Fk(τ)+

+
m∑

r=1

Br(k)uk(τr)

)
fn(t− τ, k)dτ

}
dt

)
, q = 1, n.

Ïiäñòàâëÿþ÷è îòðèìàíi âèðàçè äëÿ Ckq, q = 1, n, ó ôîðìóëó (13), îäåð-
æèìî íàñòóïíå çîáðàæåííÿ

uk(t) =
n∑

j=1

∆jq(k)
∆(k)

fq(t, k)ϕjk + Φk(Fk)[t] + Φk(1)[t]
m∑

r=1

Br(k)uk(τr). (15)

Ïîêëàäåìî ïîñëiäîâíî ó ðiâíîñòi (15) t = τs, s = 1,m. Äëÿ çíàõîäæåííÿ
uk(τs), s = 1, m, îòðèìà¹ìî ëiíiéíó ñèñòåìó ðiâíÿíü

m∑

r=1

(δrs − Φk(1)[τs]Br(k))uk(τr) = vk(τs), s = 1,m. (16)

Îñêiëüêè çà óìîâîþ ëåìè Υ(k) 6= 0, òî ñèñòåìà (16) ìà¹ ¹äèíèé ðîçâ'ÿ-
çîê. Òîìó, çàñòîñîâóþ÷è äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó (uk(τ1), . . . , uk(τm))
ñèñòåìè (16) ïðàâèëî Êðàìåðà, çíàõîäèìî, ùî

uk(τr) =
m∑

s=1

Υsr(k)
Υ(k)

vk(τs), r = 1, m.

Çâiäñè, íà ïiäñòàâi ôîðìóëè (15), äëÿ ðîçâ'ÿçêó çàäà÷i (6), (7) îòðèìó-
¹ìî çîáðàæåííÿ (11). �äèíiñòü öüîãî ðîçâ'ÿçêó âèïëèâà¹ ç îäíîçíà÷íî¨
ðîçâ'ÿçíîñòi ëiíiéíèõ ñèñòåì (14), (16).

Òåîðåìà 1. ßêùî âèêîíó¹òüñÿ óìîâà

∀k ∈ Zp ∆(k) 6= 0, Υ(k) 6= 0, (17)

òî çàäà÷à (1), (2) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ â ïðîñòîði
Cn([0, T ]; W γ

α,β).
Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 5.3

ó [16] i âèïëèâà¹ ç ëåìè 1 òà òåîðåìè ïðî ¹äèíiñòü ðîçâèíåííÿ ïåðiîäè÷íî¨
ôóíêöi¨ â ðÿä Ôóð'¹.
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4. Íàäàëi ââàæà¹ìî, ùî óìîâè (17) âèêîíóþòüñÿ, òîäi íà ïiäñòàâi
ôîðìóë (5) òà (11) îäåðæó¹ìî ôîðìàëüíå çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i
(1), (2) ó âèãëÿäi ðÿäó

u(t, x) =
∑

|k|≥0

e(ik,x)


vk(t) + Φk(1)[t]

m∑

r,s=1

Br(k)
Υsr(k)
Υ(k)

vk(τs)


 . (18)

Çáiæíiñòü ðÿäó (18) ïîâ'ÿçàíà çi øâèäêiñòþ íàáëèæåííÿ íóëÿ çíà÷åííÿ-
ìè âåëè÷èí ∆(k), Υ(k), ÿêi âõîäÿòü çíàìåííèêàìè ó ðiâíîñòi (11), (12).

Íåõàé λ1(k), . . . , λm(k)(k), m(k) ≤ n, � ðiçíi êîðåíi ðiâíÿííÿ L(λ, k) =
0, k ∈ Zp, êðàòíîñòåé n1(k), . . . , nm(k)(k) âiäïîâiäíî. Ïîçíà÷èìî: γ0 =

max
0≤j≤n−1

{Nj/(n− j)}. Âiäîìî [18], ùî ñêií÷åííèìè ¹ ÷èñëà

Λ = sup
k∈Zp

max
1≤j≤m(k)

{ |λj(k)|
1 + |k|γ0

}
, Λ1 = max

{
0; sup

k∈Zp
max

1≤j≤m(k)

Reλj(k)
1 + |k|γ0

}
,

Λ2 = −min
{

0; inf
k∈Zp

min
1≤j≤m(k)

Reλj(k)
1 + |k|γ0

}
.

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ óìîâà (17) i íåõàé iñíóþòü òàêi
ñòàëi ω1, ω2, δ1, δ2 ∈ R, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòî-
ðiâ k ∈ Zp âèêîíóþòüñÿ íåðiâíîñòi

|∆(k)| ≥ (1 + |k|)−ω1 exp(−δ1|k|γ0), (19)

|Υ(k)| ≥ (1 + |k|)−ω2 exp(−δ2|k|γ0). (20)
ßêùî

α1 = α0 + (m + 1)ω1 + ω2 +
(m + 1)(n2 + n + 2) + 2n

2
γ0 + mM,

β1 = β0 + (m + 1)δ1 + δ2 + (n + 1)(m + 1)Λ1T,

α2 = α0 + (m + 1)ω1 + ω2 +
(m + 1)(n2 + n + 2) + 2n− 2

2
γ0 + mM,

β2 = β0 + (m + 1)δ1 + δ2 + ((n + 1)(m + 1)− 1)Λ1T,

òî çàäà÷à (1), (2) ¹ (α0, β0; α1, β1; α2, β2; γ0)−êîðåêòíîþ.
Äîâåäåííÿ. Äëÿ ôóíêöié f1(t, k), . . . , fn(t, k), k ∈ Zp, òà ¨õíiõ ïîõiä-

íèõ ñïðàâåäëèâi çîáðàæåííÿ

f (j−1)
q (t, k) =

1
2πi

∮

Γk

λj−1Sq(λ, k) exp(λt)
L(λ, k)

dλ, q = 1, n, j ≥ 1, (21)
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äå Sq(λ, k) = λn−q + An−1(k)λn−q + · · · + Aq(k), q = 1, n− 1, Sn(λ, k) =
1, Γk � ìåæà îáëàñòi {λ ∈ C : |λ| < Λ(1 + |k|γ) + 1,−Λ2(1 + |k|γ) −
1 < Reλ < Λ1(1 + |k|γ) + 1}, îði¹íòîâàíà íàïðÿìêîì îáõîäó êîíòóðà
ïðîòè ãîäèííèêîâî¨ ñòðiëêè. Îñêiëüêè âiäñòàíü âiä êîíòóðà Γk äî êîðåíiâ
λ1(k), . . . , λm(k)(k) íå ìåíøà âiä 1, òî

|L(λ, k)||λ∈Γk
= |(λ− λ1(k)) · . . . · (λ− λm(k)(k))||λ∈Γk

≥ 1.

Êðiì òîãî, íà êîíòóði Γk âèêîíóþòüñÿ íåðiâíîñòi

|Sq(λ, k)||λ∈Γk
≤ C2(1 + |k|)γ0(n−q), q = 1, n,

| exp(λt)||λ∈Γk
≤ exp((Λ1(1 + |k|γ0) + 1)T ).

(22)

Âðàõîâóþ÷è, ùî äîâæèíà êîíòóðà Γk íå ïåðåâèùó¹ 2π(Λ(1 + |k|γ0) + 1),
iç ôîðìóë (21) òà îöiíîê (22) äiñòàíåìî îöiíêè

max
t∈[0,T ]

∣∣∣f (j−1)
q (t, k)

∣∣∣ ≤ C3(1 + |k|)γ0(n+j−q) exp(Λ1T |k|γ0), j, q = 1, n. (23)

Òîìó äëÿ äîâiëüíî¨ íåïåðåðâíî¨ íà [0, T ] ôóíêöi¨ g(t) â êîæíié òî÷öi
t ∈ [0, T ] âèêîíó¹òüñÿ íåðiâíiñòü:

∣∣∣∣
dr

dtr

∫ t

0
g(τ)fn(t− τ, k)dτ

∣∣∣∣ ≤ C4(1 + |k|)(r+1)γ0 exp(Λ1T |k|γ0)ḡ+

+δrn|g(t)|, r = 0, n,
(24)

äå ḡ =
(∫ T

0 |g(τ)|2dτ
)1/2

. Iç ôîðìóë (23) âèïëèâà¹, ùî

|∆jq(k)| ≤ C5(1 + |k|)γ0((n−2)(n+1)/2+q) exp((n− 1)Λ1T |k|γ0),
j, q = 1, n.

(25)

Òîìó ç íåðiâíîñòåé (19)�(25) äiñòà¹ìî, ùî âèêîíóþòüñÿ òàêi îöiíêè
∣∣∣∣
drΦk(g)[t]

dtr

∣∣∣∣ ≤ C6ḡ×
×wk

(
ω1 + (n2 + n + 2r + 2)γ0/2, δ1 + (n + 1)Λ1T, γ0

)
, r = 0, n,

(26)

|Υrs| ≤ C7w
m−1
k

(
ω1 +M + (n2 + n + 2)γ0/2, δ1 + (n + 1)Λ1T, γ0

)
,

r, s = 1,m.
(27)

|v(r)
k (t)| ≤ C8

(
n∑

j=1

|ϕjk|wk

(
ω1 + (n2 + n + 2r)γ0/2, δ1 + nΛ1T, γ0

)
+

+|F̄ |wk

(
ω1 + (n2 + n + 2r + 2)γ0/2, δ1 + (n + 1)Λ1T, γ0

))
.

(28)
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Iç îöiíîê (23)�(28) îòðèìà¹ìî

max
t∈[0,T ]

|u(q)
k (t)| ≤ C9

(
|F̄k|wk(α1 − α0, β1 − β0, γ0)+

+
n∑

j=1
|ϕjk|wk(α2 − α0, β2 − β0, γ0)

)
, q = 0, n.

(29)

Ç íåðiâíîñòåé (29) âèïëèâà¹, ùî
∥∥u(t, x);Cn([0, T ]; W γ0

α0,β0
)
∥∥ ≤

≤ C10

(
‖F (t, x);C([0, T ], W γ0

α1,β1
)‖+

n∑
j=1

∥∥ϕj(x);W γ0

α2,β2

∥∥
)

,

òîáòî ðÿä u(t, x) íàëåæèòü äî ïðîñòîðó Cn([0, T ]; W γ0

α0,β0
) i äëÿ íüîãî

âèêîíó¹òüñÿ íåðiâíiñòü (4). Òåîðåìó äîâåäåíî.
5. Äîñëiäèìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòåé (19),

(20). Äëÿ öüîãî íàì çíàäîáëÿòüñÿ äîïîìiæíi òâåðäæåííÿ ïðî îöiíêè ìið
âèíÿòêîâèõ ìíîæèí ãëàäêèõ ôóíêöié.

Íåõàé f(t) � êâàçiìíîãî÷ëåí âèãëÿäó

f(t) =
m∑

j=1

pj(t) exp(µjt), µj 6= µq, j 6= q, (30)

äå pj(t) � ìíîãî÷ëåíè ç êîìïëåêñíèìè êîåôiöi¹íòàìè, ñòåïåíiâ nj−1, j =
1,m, âiäïîâiäíî. Äëÿ êâàçiìíîãî÷ëåíà f(t) áóäåìî ïîçíà÷àòè: n = n1 +
. . . + nm, Bf = 1 + max

1≤j≤m
|µj |, Mf = min

1≤j≤m
Reµj , ψf = max

t∈[0,T ]
exp(−Mf t),

Gf (t) = max
1≤j≤n

{|f (j−1)(t)|B(k)−j
}
.

Ëåìà 2. Iñíóþòü òàêi ñòàëi C11, C12 > 0 (ÿêi çàëåæàòü òiëüêè âiä
n, T ), ùî äëÿ äîâiëüíîãî êâàçiìíîãî÷ëåíà f(t) âèãëÿäó (30), äîâiëüíîãî
ε ∈ (0, ε0), ε0 = C10Gf (0)

4ψQBn−1
f

, âèêîíó¹òüñÿ íåðiâíiñòü

mes R{t ∈ [0, T ] : |f(t)| ≤ ε} ≤ C12Bf2
( 2εψf

C11Gf (0)

)1/(n−1)
.

Ëåìà 3. ßêùî äëÿ äåÿêèõ êîìïëåêñíèõ ÷èñåë aj, j = 1, r i äëÿ âñiõ
t ∈ [0, T ] âèêîíó¹òüñÿ íåðiâíiñòü

|f (r)(t) + a1f
(r−1)(t) + . . . + arf(t)| ≥ δ, δ > 0,
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òî äëÿ äîâiëüíîãî ε ∈ (0, ε0), ε0 = δ/(2(r + 1)Ar), A = 1 + max
1≤j≤r

|aj |1/j,

mes R{t ∈ [0, T ] : |f(t)| ≤ ε} ≤ C13 Bf (ε/δ)1/r,

äå C13 = C13(m, r, b− a) > 0.
Ëåìà 4. Íåõàé Πp(ρ) = {~z = (z1, . . . , zp) ∈ Cp : max

1≤j≤p
|zp| ≤ ρ}, ρ > 0,

Pm(ξ1, . . . , ξp) =
p∑

j=1

ajξ
m
j + Qm−1(ξ1, . . . , ξp), aj ∈ Z,

Qm−1(ξ1, . . . , ξp) � ìíîãî÷ëåí ïîðÿäêó (m − 1) çà êîæíîþ iç çìiííèõ
ξj, j = 1, p. ßêùî max

1≤j≤p
|aj | ≥ δ, òî äëÿ äîâiëüíîãî ε > 0 âèêîíó¹òüñÿ

íåðiâíiñòü

mes Cp{~ξ ∈ Πp(ρ) : |Pm(ξ1, . . . , ξp)| ≤ ε} ≤ C14 (ε/δ)2/m .

Ëåìà 5. [12] Äëÿ âèçíà÷íèêà ∆(k), k ∈ Zp, âèêîíóþòüñÿ òàêi ðiâ-
íîñòi:

∂q∆(k)
∂tq1

∣∣∣
t1=0

=
{

0, ÿêùî 0 ≤ q < n2,
C15, ÿêùî q = n2,

äå C15 = (n2)!
n−1∏
q=1

(q!)2/
2n−1∏
q=n

(q!) ∈ N.

Ëåìà 6. [12] Âèçíà÷íèê ∆(k), k ∈ Zp, ¹ êâàçiìíîãî÷ëåíîì âèãëÿäó

∆(k) =
R∑

q=1

pq(t1, k) exp(Λq(k)t1),

äå R ≤ 2n, Λj(k) 6= Λq(k), j 6= q, à äëÿ äiéñíèõ ÷àñòèí ïîêàçíèêiâ åêñ-
ïîíåíò âèêîíóþòüñÿ íåðiâíîñòi: ReΛq(k) ≥ −nΛ2(1 + |k|γ), q = 1, R.

Ïîðÿäîê n∆(k) ≡
R∑

q=1
(deg pq(t1, k) + 1) êâàçiìíîãî÷ëåíà ∆(k, t1), k ∈ Zp,

íå ïåðåâèùó¹ ÷èñëà
m(k)∏

j=1

(nj(k) + 1)
(
2 + C2

n +
m(k)∑

j=1

nj(k)(nj(k)− 1)/2
)
.

Òåîðåìà 3. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t1 ∈
(0, T ] íåðiâíiñòü (19) âèêîíó¹òüñÿ, ÿêùî ω1 > γ0(n2+1)+(p+γ0)(ξ1−1),
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δ1 ≥ nΛ2T , γ ≥ γ0, äå

ξ1 = sup
k∈Zp

m(k)∏

j=1

(nj(k) + 1)
(
2 + C2

n +
m(k)∑

j=1

nj(k)(nj(k)− 1)/2
)
.

Äîâåäåííÿ. ×åðåç Aγ
ω1,δ1

(k) ïîçíà÷èìî ìíîæèíó òèõ t1 ∈ (0, T ], äëÿ
ÿêèõ íåðiâíiñòü

|∆(k)| ≤ (1 + |k|)−ω1 exp(−δ1|k|γ) (31)

âèêîíó¹òüñÿ ïðè ôiêñîâàíîìó k ∈ Zp. Ç ëåìè 2 íà îñíîâi òâåðäæåíü ëåì
5, 6 âèïëèâà¹, ùî äëÿ ω1 > γ0(n2 +1)+(p+γ0)(ξ1−1), δ1 ≥ nΛ2T , γ ≥ γ0

mes RAγ
ω1,δ1

(k) ≤ C16(1 + |k|)γ0×
×(

(1 + |k|)γ0(n2+1)−ω1 exp((nΛ2T − δ1)|k|γ0)
)1/(n∆(k)−1) ≤

≤ C16

(
1 + |k|)(γ0(n2+1)−ω1)/(ξ1−1)+γ0 = C16(1 + |k|)−p−ε, k ∈ Zp,

(32)

äå n∆(k), k ∈ Zp, � ïîðÿäîê êâàçiìíîãî÷ëåíà ∆(k), ε = ω1 − γ0(n2 +
1) − (ξ1 − 1)(p + γ0) > 0. Ç íåðiâíîñòåé (32) òà ç ëåìè Áîðåëÿ-Êàíòåëëi
âèïëèâà¹ òâåðäæåííÿ òåîðåìè 3.

×åðåç sj , j = 1, p, ïîçíà÷èìî ìóëüòèiíäåêñ (0, . . . , 0, N0,︸ ︷︷ ︸
j

0, . . . , 0), ïî-

êëàäåìî òàêîæ ~τ = col(τ1, . . . , τm)
Òåîðåìà 4. Íåõàé iñíó¹ òàêà ñòàëà µ, ùî äëÿ âñiõ (êðiì ñêií÷åííî¨

êiëüêîñòi) âåêòîðiâ k ∈ Zp âèêîíóþòüñÿ íåðiâíîñòi

|A0(k)| > (1 + |k|)−µ. (33)

Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rm) âåêòîðiâ ~τ íåðiâ-
íiñòü (20) âèêîíó¹òüñÿ, ÿêùî ω2 > mnp + µ, δ2 ≥ 0, γ ≥ γ0.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî Υ(k) = 1−
m∑

r=1
Br(k)Φk(1)[τr], k ∈

Zp. Iç ôîðìóë (10) âèïëèâà¹ ñïðàâåäëèâiñòü ðiâíîñòåé

L

(
∂

∂τj
, k

)
Υj−1(k) = Υj(k), j = 1,m, (34)

äå Υ0(k) = Υ(k),

Υj(k) = Aj
0(k)

(
1−

m∑
r=j+1

Br(k)Φk(1)[τr]

)
−Aj−1

0 (k)
j∑

r=1
Br(k),



Iíòåãðàëüíà çàäà÷à äëÿ íàâàíòàæåíèõ ðiâíÿíü ... 211

j = 1,m− 1, Υm(k) = Am
0 (k)−Am−1

0 (k)
m∑

r=1
Br(k).

Äëÿ âñiõ k ∈ Zp ðîçãëÿíåìî ìíîæèíè:

B(k) = {~T ∈ [0, T ]m : |Υ(k)| ≤ ν0},
Bj(k) = {~τ ∈ [0, T ]m : |Υj−1(k)| ≤ νj−1, |Υj(k)| > νj}, j = 1,m,

äå νj = (1 + |k|)−ρj |A0(k)|m, ρj = (m− j)np + εj , j = 1,m, à εj , j = 1,m,
� òàêi äîäàòíi ÷èñëà, ùî ε0 > ε1 > . . . > εm, ε0 = ω2 + mµ.

ßêùî ~Y ∈ Bj(k), j = 1,m, òî ç ôîðìóë (34) âèïëèâà¹, ùî

|L(∂/∂τj , k)Υj−1(k)| ≥ νj . (35)

Iç ñòðóêòóðè ôóíêöié Υj(k), j = 0,m− 1, ôîðìóë (35) òà ëåìè 3
îòðèìà¹ìî

mesRBj(k, τ1, . . . , τj−1, τj+1, . . . , τm) ≤ C17(νj−1/νj)1/n ≤
≤ C18(1 + |k|)−p−ε, j = 1,m, k ∈ Zp,

(36)

äå ε = min
1≤j≤m

(εj−1 − εj)/n > 0, à

Bj(k, τ1, . . . , τj−1, τj+1, . . . , τm) =
= {τj ∈ [0, T ] : (τ1, . . . , τj−1, τj , τj+1, . . . , τm) ∈ Bj(k)},

äå j = 1, m. Iíòåãðóþ÷è îöiíêè (36) ó êóái [0, T ]m−1, äiñòà¹ìî, ùî

mesRmBj(k) ≤ C19(1 + |k|)−p−ε, j = 1,m, k ∈ Zp. (37)

Ç óìîâè òåîðåìè âèïëèâà¹, ùî âèêîíó¹òüñÿ íåðiâíiñòü |Υm(k)| > |k|−mµ

äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) äîñòàòíüî âåëèêèõ âåêòîðiâ k ∈ Zp,
|k| > K. Òîìó B(k) =

m⋃
j=1

Bj(k) äëÿ äîñòàòíüî âåëèêèõ |k| > K. Òîäi

ç íåðiâíîñòåé (37) âèïëèâà¹ çáiæíiñòü ðÿäó
∑
|k|≥0

mesRmB(k), à, îòæå, çà

ëåìîþ Áîðåëÿ-Êàíòåëëi, ìiðà Ëåáåãà â Rm ìíîæèíè òèõ âåêòîðiâ ~τ , ÿêi
íàëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí B(k), äîðiâíþ¹ íóëåâi.

Òåîðåìó äîâåäåíî.
Òåîðåìà 5. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Cp) âåêòîðiâ

~X = col(As1
0 , . . . , A

sp

0 ) íåðiâíiñòü (33) âèêîíó¹òüñÿ, ÿêùî µ > p/2−N0.
Äîâåäåííÿ. Îñêiëüêè A0(k) � ìíîãî÷ëåí âiä A

sj

0 , j = 1, p, òî éîãî
ìîæíà çàïèñàòè ó âèãëÿäi

A0(k) =
p∑

j=1

kN0
j A

sj

0 + Q0(k, As1
0 , . . . , A

sp

0 ), (38)
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äå Q0(k, As1
0 , . . . , A

sp

0 ) � ìíîãî÷ëåí íóëüîâîãî ïîðÿäêó âiä çìiííèõ A
sj

0 ,
j = 1, p. Ðîçãëÿíåìî òàêi ìíîæèíè äëÿ êîæíîãî k ∈ Zp

E(k) = { ~X = col(As1
0 , . . . , A

sp

0 ) ∈ Cp : |A0(k)| ≤ |k|µ}.

Eρ(k) = { ~X = col(As1
0 , . . . , A

sp

0 ) ∈ Πp(ρ) : |A0(k)| ≤ |k|µ}.

Âðàõîâóþ÷è, ùî max
1≤j≤p

|kj |N0 ≥
( |k|

p

)N0

äëÿ äîâiëüíîãî k = (k1, . . . , kp) ∈
Zp, ç ëåìè 4 îòðèìà¹ìî, ùî äëÿ µ > p/2−N0 âèêîíó¹òüñÿ îöiíêà

mesCpEρ(k) ≤ C20(1 + |k|)−2(µ+N0) ≤ C21(1 + |k|)−p−ε, (39)

à, îòæå, i çáiæíiñòü ðÿäó
∑
|k|≥0

mesCpEρ(k). Çâiäñè, çà ëåìîþ Áîðåëÿ�Êàí-

òåëëi, ìiðà Ëåáåãà â Cp ìíîæèíè òèõ âåêòîðiâ ~X, ÿêi íàëåæàòü äî íåñêií-
÷åííî¨ êiëüêîñòi ìíîæèí Eρ(k), äîðiâíþ¹ íóëåâi. Ìíîæèíó E(k) ìîæíà
ïðåäñòàâèòè ÿê çëi÷åííå îá'¹äíàííÿ ìíîæèí Eρ(k), à, îòæå, é ìiðà Ëåáå-
ãà â Cp ìíîæèíè òèõ âåêòîðiâ ~X, ÿêi íàëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi
ìíîæèí E(k), äîðiâíþ¹ íóëåâi.

Òåîðåìó äîâåäåíî.
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The correctness of the integral problem for loaded partial di�erential
equations is investigated. The conditions of uniqueness of the solution of
the problem are established. The metric theorems of an estimations of small
denominators of the problem are proved.




