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Îïèñàíî âëàñòèâîñòi ôóíêöiîíàëüíîãî ÷èñëåííÿ äëÿ äèôåðåí-
öiàëüíèõ îïåðàòîðiâ Ëåæàíäðà, ÿêi ¹ ãåíåðàòîðàìè ñèëüíî íåïå-
ðåðâíèõ ãðóï îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ.

Ó ðîáîòi ïîêàçàíî, ùî ôóíêöiîíàëüíå ÷èñëåííÿ, ïîáóäîâàíå â [1] äëÿ
ãåíåðàòîðiâ ñèëüíî íåïåðåðâíèõ ãðóï îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ,
ùî äiþòü íàä äîâiëüíèì áàíàõîâèì ïðîñòîðîì, iñíó¹ i íàä ïðîñòîðàìè
êîðåíåâèõ âåêòîðiâ äèôåðåíöiàëüíèõ îïåðàòîðiâ Ëåæàíäðà, ÿêi äiþòü
íàä ãiëüáåðòîâèì ïðîñòîðîì L2(Ω), Ω = (a, b) ⊂ R, ç íîðìîþ ‖u‖ =√∫

Ω |u(t)|2 dt, u ∈ L2(Ω).

Íåõàé p ∈ C∞(Ω) � òàêà íåñêií÷åííî-äèôåðåíöiéîâíà ôóíêöiÿ íà
âiäðiçêó Ω = [a, b], ùî p(t) > 0 äëÿ t ∈ Ω i

0 < Ca = lim
t↓a

p(t)
t− a

< ∞, 0 < Cb = lim
t↑b

p(t)
b− t

< ∞.

Äëÿ ôiêñîâàíèõ m ∈ N òà k ∈ {0, 1, . . . , 2m − 1} ðîçãëÿíåìî â ïðîñòîði
L2(Ω) îïåðàòîð

Au := (−1)m dm

dtm

(
pk(t)

dmu

dtm

)

ç îáëàñòþ âèçíà÷åííÿ D(A) := C∞(Ω), ÿêùî k ∈ {m,m + 1, . . . , 2m− 1},
òà D(A) := {u ∈ C∞(Ω) | u(l)(a) = u(l)(b) = 0, l ∈ {0, . . . , m − k − 1}},
ÿêùî k ∈ {0, 1, . . . , m− 1}.

ÓÄÊ 517.982.4; MSC 2000: 47A60
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Îïåðàòîð A ñóòò¹âî ñàìîñïðÿæåíèé â ïðîñòîði L2(Ω). Éîãî çàìèêàí-
íÿ (äëÿ ÿêîãî çáåðiãà¹ìî ïîçíà÷åííÿ A) ¹ îïåðàòîðîì ç äèñêðåòíèì ñïå-
êòðîì σ(A) = {λj}∞j=1, âëàñíi çíà÷åííÿ ÿêîãî íåâiä'¹ìíi. Îïåðàòîð A
íàçèâàþòü (óçàãàëüíåíèì) äèôåðåíöiàëüíèì îïåðàòîðîì Ëåæàíäðà (äå-
òàëüíiøå ïðî îçíà÷åííÿ òà âëàñòèâîñòi îïåðàòîðà A äèâ. ó [5]).

Ùîá âèçíà÷èòè ñèìâîëè ôóíêöiîíàëüíîãî ÷èñëåííÿ, ðîçãëÿíåìî ïðè
ôiêñîâàíèõ m ∈ Z+, a > 0 áàíàõîâèé ïðîñòið L

(m,a)
1 (R) âèìiðíèõ ôóíêöié

R 3 t 7→ ϕ(t) ∈ C ç íîðìîþ

‖ϕ‖
L

(m,a)
1 (R)

=
∫ ∞

−∞
|tmω(at)ϕ(t)|dt < ∞,

äå ω(t) � öiëà òðàíñöåíäåíòíà ôóíêöiÿ íóëüîâîãî ðîäó, êîðåíi ÿêî¨ ëå-
æàòü íà óÿâíié äîäàòíié ïiâîñi, òàêîãî âèãëÿäó

R 3 t 7→ ω(t) :=
∞∏

k=1

(
1− t

itk

)
∈ C, 0 < t1 ≤ t2 ≤ . . . ,

∞∑

k=1

1
tk

< ∞.

Äëÿ êîæíîãî ν > 0 ðîçãëÿíåìî â L
(m,a)
1 (R) ïiäïðîñòið

E(m,a)
ν :=

{
ϕ ∈ L

(m,a)
1 (R)

∣∣∣ ‖ϕ‖
E

(m,a)
ν

= sup
k∈Z+

‖Dkϕ‖
L

(m,a)
1 (R)

νk
< ∞

}
.

Ïðîñòîðè E
(m,a)
ν ¹ áàíàõîâèìè òà ñêëàäàþòüñÿ ç öiëèõ ôóíêöié åêñïî-

íåíöiàëüíîãî òèïó [2].
Ðîçãëÿíåìî îá'¹äíàííÿ ïðîñòîðiâ E

(m,a)
ν ç òîïîëîãi¹þ iíäóêòèâíî¨

ãðàíèöi
E(m,a) :=

⋃
ν
E(m,a)

ν = lim ind
ν→+∞ E(m,a)

ν

âiäíîñíî íåïåðåðâíèõ âêëàäåíü E
(m,a)
ν ⊂ E

(m,a)
µ , äå ν ≤ µ. Ïðîñòið E(m,a)

íàëåæèòü äî îáëàñòi âèçíà÷åííÿ îïåðàòîðà äèôåðåíöiþâàííÿ D òà ¹ ií-
âàðiàíòíèì âiäíîñíî éîãî äi¨.

Ðîçãëÿíåìî ïåðåòèí ïðîñòîðiâ E(m,a) ç òîïîëîãi¹þ ïðîåêòèâíî¨ ãðà-
íèöi

E :=
⋂

m,a
E(m,a) = lim pr

m,a
E(m,a),

âïîðÿäêóâàâøè m, a òàê, ùîá âêëàäåííÿ E(m+1,a+1) ⊂ E(m,a) áóëè íåïå-
ðåðâíèìè. Ïðîñòið E � ñåêâåíöiàëüíî ïîâíèé òà iíâàðiàíòíèé âiäíîñíî
äi¨ ãðóïè çñóâiâ Ts : ϕ(t) → ϕ(t− s), äå s ∈ R [2].
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Ïîçíà÷èìî ÷åðåç Ut := e−itA ðiâíîìiðíî îáìåæåíó îäíîïàðàìåòðè÷-
íó ñèëüíî íåïåðåðâíó ãðóïó â ïðîñòîði L2(Ω), ïîðîäæåíó îïåðàòîðîì
Ëåæàíäðà A. Äëÿ äîâiëüíî¨ ôóíêöi¨ ρ ∈ E ó ïðîñòîði L2(Ω) ïîáóäó¹ìî
ëiíiéíèé îïåðàòîð

ρ̂(A) :=
∫ ∞

−∞
e−iAtρ(t)dt =

∫ ∞

−∞
Utρ(t)dt.

Iíòåãðàë çáiãà¹òüñÿ ñèëüíî íà âñüîìó ïðîñòîði L2(Ω) i âèçíà÷åíèé íèì
îïåðàòîð ρ̂(A) îáìåæåíèé. Çàïðîâàäèìî ïðîñòið ôóíêöié

Em :=
{
ρ ∈ E

∣∣ ρ̂ ¹ [−m,m] = 1
}
.

Ó [3] âñòàíîâëåíî, ùî cïåêòðàëüíi ïiäïðîñòîðè

Sm :=
{
x ∈ L2(Ω)

∣∣ ρ̂(A)x = x, ρ ∈ Em

}

¹ çàìêíåíèìè òà çàäîâîëüíÿþòü óìîâó Sm ⊂ Sm+1, à çâóæåííÿ îïåðàòî-
ðà A íà íèõ ìà¹ âëàñòèâiñòü Ax = Aρ̂(A)x = −̂iρ′(A)x, òîìó Sm ⊂ D(A).
Îïåðàòîð A íà Sm îáìåæåíèé i ¹ ãåíåðàòîðîì ðiâíîìiðíî îáìåæåíî¨
ñèëüíî íåïåðåðâíî¨ ãðóïè, òîìó îá'¹äíàííÿ

⋃
m Sm ¹ ùiëüíèì â L2(Ω).

Êîæíîìó âëàñíîìó ÷èñëó λ ∈ σ(A) âiäïîâiäà¹ ñêií÷åííîâèìiðíèé êî-
ðåíåâèé ïiäïðîñòið

R(λ) := {x ∈ L2(Ω) : (λI −A)rx = 0},

äå r � iíäåêñ âëàñíîãî ÷èñëà λ, òîáòî íàéìåíøå íåâiä'¹ìíå öiëå ÷èñëî
òàêå, ùî (λI − A)rx = 0 äëÿ äîâiëüíîãî x òàêîãî, ùî (λI − A)r+1x = 0.
Ó [8] ïîêàçàíî, ùî ñïåêòðàëüíi ïiäïðîñòîðè îïåðàòîðà A ñïiâïàäàþòü ç
ïðÿìîþ ñóìîþ éîãî êîðåíåâèõ ïiäïðîñòîðiâ, òîáòî

Sm =
⊕

λj≤m

R(λj).

Ïðîñòið, ñïðÿæåíèé äî E, ïîçíà÷èìî ÷åðåç E′ i íàäiëèìî éîãî ñëàá-
êîþ òîïîëîãi¹þ ñïðÿæåíîãî ïðîñòîðó. Êàíîíi÷íó áiëiíiéíó ôîðìó, ÿêà
çàäà¹ äâî¨ñòiñòü ìiæ ïðîñòîðàìè E′ i E, ïîçíà÷èìî ÷åðåç 〈f | ϕ〉. Åëå-
ìåíòè ñïðÿæåíîãî ïðîñòîðó íàçèâà¹ìî óçàãàëüíåíèìè ôóíêöiÿìè åêñïî-
íåíöiàëüíîãî òèïó.

Äëÿ äîâiëüíî¨ óçàãàëüíåíî¨ ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó f ∈ E′

òà ôóíêöi¨ ϕ ∈ E îïåðàöiþ çãîðòêè âèçíà÷èìî ñïiââiäíîøåííÿì

(f ? ϕ)(t) := 〈f(s) | ϕ(t + s)〉 = 〈f(s) | T−sϕ(t)〉 = 〈f(s) | T−tϕ(s)〉,
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äå f(s) ïîçíà÷à¹ äiþ ôóíêöiîíàëà f íà ôóíêöiþ T−s ϕ(t) çà çìiííîþ s.

Íàä ïðîñòîðîì E ¹ âèçíà÷åíèì ïåðåòâîðåííÿ Ôóð'¹

Ê :=
{

ϕ̂(ξ) =
∫ ∞

−∞
e−it·ξϕ(t) dt

∣∣∣∣ϕ ∈ E

}
, ξ ∈ R,

ÿêå çäiéñíþ¹ ëiíiéíèé içîìîðôiçì E 3 ϕ 7→ Fϕ := ϕ̂ ∈ Ê. Ïðîñòið Ê
íàäiëÿ¹ìî òîïîëîãi¹þ, âiäíîñíî âiäîáðàæåííÿ F .

Ôóð'¹-îáðàçè ôóíêöié ç E ¹ ôiíiòíèìè [4], òîìó îáåðíåíå ïåðåòâîðå-
ííÿ ìîæíà âèçíà÷èòè ôîðìóëîþ

Ê 3 ϕ̂ 7→ (F−1ϕ̂)(t) :=
1
2π

∫ ∞

−∞
eit·ξϕ̂(ξ) dξ ∈ E.

Äâî¨ñòiñòü 〈E′ | E〉 äîçâîëÿ¹ âèçíà÷èòè âiäîáðàæåííÿ, ñïðÿæåíå äî F−1,

F# ≡ 2π(F−1)′ : E′ 3 f → f̂ ∈ Ê′.

Éîãî îáðàç Ê′, ÿêèé ïîðîäæó¹ äâî¨ñòiñòü âèãëÿäó 〈Ê′ | Ê〉, íàäiëÿ¹ìî
ñëàáêîþ òîïîëîãi¹þ.

Âiäîáðàæåííÿ F# ¹ ðîçøèðåííÿì ïåðåòâîðåííÿ Ôóð'¹ íà ïðîñòîðè
óçàãàëüíåíèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó. Åëåìåíòè ïðîñòîðó Ê′ �
ñèìâîëè ôóíêöiîíàëüíîãî ÷èñëåííÿ.

Ïðîñòið Ê′ ¹ êîìóòàòèâíîþ àëãåáðîþ âiäíîñíî ìíîæåííÿ, âèçíà÷å-
íîãî ñïiââiäíîøåííÿì 〈ĝ · f̂ | ϕ̂〉 := 〈ĝ | f̂ · ϕ̂〉, äå äëÿ áóäü-ÿêèõ f, g ∈ E′,
ϕ,ψ ∈ E f̂ ? ϕ := f̂ · ϕ̂, 〈f̂ · ϕ̂ | ψ̂〉 := 〈f̂ | ϕ̂ · ψ̂〉.

Íåõàé E(R; X) := X⊗̃E � ïîïîâíåííÿ ïðîåêòèâíîãî òåíçîðíîãî äî-
áóòêó ïðîñòîðiâ X òà E. Ëiíiéíèé îïåðàòîð f̂(A) âèçíà÷èìî, ÿê i â [1],
ñïiââiäíîøåííÿì f̂(A) : Ê(X) 3 x̂ → f̂(A)x̂ :=

∫ ∞

−∞
(Ut ⊗ Kf )x(t) dt ∈

Ê(X), äå Ê(X) :=
{

x̂ =
∫ ∞

−∞
(Ut ⊗ I)x(t) dt : x ∈ E(R; X)

}
, Kfϕ = f ? ϕ.

Íåõàé L(Sm) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ, ùî äiþòü
ó ïðîñòîði Sm.

Òåîðåìà 1. Äëÿ äîâiëüíî¨ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ E′, äîâiëüíèõ
ôóíêöié ρ ∈ Em, x ∈ Sm, äå m ∈ N, âèêîíó¹òüñÿ ðiâíiñòü

f̂(A)x = (̂f ? ρ)(A)x,

äî òîãî æ, f̂(A) ¹ Sm ∈ L(Sm).
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Äîâåäåííÿ. Ïiäñòàâëÿþ÷è ðiâíiñòü x(t) = x ⊗ ϕ(t) ó ôîðìóëó (4)
iç [1], îòðèìó¹ìî, ùî (̂f ? ρ)(A)x = f̂(A)ρ̂(A)x = f̂(A)x äëÿ äîâiëüíîãî
x ∈ Sm. Äëÿ x ∈ Sm òà ôóíêöi¨ ρ ∈ Em ìà¹ìî

‖f̂(A)x‖ = ‖f̂ ? ρ(A)x‖ ≤
∫ ∞

−∞
‖Utx‖ |ρ(t)| dt ≤ ‖Ut‖‖x‖ ‖ρ‖L1 .

Çâiäñè, f̂(A) ¹ Sm ∈ L(Sm). Òåîðåìó äîâåäåíî.
Íåõàé òîïîëîãiÿ â ïiäïðîñòîði S :=

⋃
m Sm iíäóêó¹òüñÿ ç ïðîñòîðó

L2(Ω) i â àëãåáði L(S) çàäàíà ñèëüíà îïåðàòîðíà òîïîëîãiÿ.
Òåîðåìà 2. Âiäîáðàæåííÿ Ê′ 3 f̂ → f̂(A) ∈ L(S) ¹ íåïåðåðâíèì

ãîìîìîðôiçìîì àëãåáðè Ê′ â àëãåáðó L(S), äî òîãî æ

(̂Dkf)(A) = ikAkf̂(A), (̂it)kf(A) = Dkf̂(A).

Äîâåäåííÿ. Îñêiëüêè Em ⊂ E, òî ç òåîðåìè 4 ïðàöi [1] âèïëèâà¹,
ùî âiäîáðàæåííÿ Ê′ 3 f̂ → f̂(A) ∈ L(S) ¹ ãîìîìîðôiçìîì àëãåáðè Ê′

â àëãåáðó L(S). Ïåðåâiðèìî íåïåðåðâíiñòü öüîãî âiäîáðàæåííÿ. Äëÿ êî-
æíîãî x ∈ S ìà¹ìî ‖f̂(A)x − ĝ(A)x‖ ≤ ∫∞

−∞ ‖Utx‖ |(f − g) ? ρ(t)| dt → 0,
ÿêùî f → g â ïðîñòîði E′. Òåîðåìó äîâåäåíî.

Òåîðåìà 3. Äëÿ áóäü-ÿêî¨ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ E′ îïåðàòîðè
f̂(A) íàä ïðîñòîðîì L2(Ω) äîïóñêàþòü çàìèêàííÿ ç îáëàñòþ âèçíà÷åí-

íÿ
{

x =
∞∑

m=1

xm ∈ L2(Ω)
∣∣∣ xm ∈ Sm,

∞∑

m=1

‖f̂(A)xm‖ < ∞
}

.

Äîâåäåííÿ. Îñêiëüêè Sm =
⊕

λj≤m R(λj), òî ìîæíà âèêîðèñòàòè
ðåçóëüòàòè ðîáîòè [8]. Âèçíà÷èìî ïðîñòið àáñîëþòíî çáiæíèõ ðÿäiâ

l1(Sm; L2(Ω)) :=
{

x =
∞∑

m=1

xm ∈ L2(Ω)
∣∣∣ xm ∈ Sm ;

∞∑

m=1

‖xm‖ < ∞
}

ç íîðìîþ ‖x‖l1 := inf
∞∑

m=1
‖xm‖, äå òî÷íà íèæíÿ ãðàíü áåðåòüñÿ çà âñiìà

çîáðàæåííÿìè âåêòîðà x ó âèãëÿäi ðÿäó x =
∞∑

m=1
xm, äå xm ∈ Sm. Îïåðà-

òîð A � çàìêíåíèé â L2(Ω), òîìó ïðîñòið l1(Sm; L2(Ω)) � içîìåòðè÷íèé
ïðîñòîðó L2(Ω).

Íåõàé l1(Sm) =
{

x = (xm)∞m=1

∣∣∣xm ∈ Sm , ‖x‖l1 =
∞∑

m=1
‖xm‖ < ∞

}
i

íåõàé S
′
m � ñïðÿæåíèé ïðîñòið äî Sm ç íîðìîþ ‖ym‖ = sup

‖xm‖≤1
|〈xm, ym〉|,
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äå xm ∈ Sm. Ñèëüíî ñïðÿæåíèé ïðîñòið äî l1(Sm) ìà¹ âèãëÿä

l∞(S
′
m) =

{
y = (ym)∞m=1

∣∣∣ ym ∈ S
′
m , ‖y‖∞ < ∞

}
,

äå ‖y‖∞ = sup
m≥ 1

‖ym‖. Cèëüíî ñïðÿæåíèé ïðîñòið äî l1(Sm; L2(Ω)) içî-
ìåòðè÷íèé ïðîñòîðó

l 0
∞(S

′
m) =

{
y = (ym)∞m=1 ∈ l∞(S

′
m)

∣∣∣
∞∑

m=1

〈xm, ym〉 = 0

äëÿ âñiõ
∞∑

m=1

xm = 0
}

.

Äëÿ áóäü-ÿêîãî ôóíêöiîíàëà y ∈ L′2(Ω) ïîñëiäîâíiñòü éîãî çâóæåíü
ym = y ¹ Sm âèçíà÷à¹ åëåìåíò ïðîñòîðó l 0∞(S

′
m) i âiäîáðàæåííÿ L′2(Ω) 3

y 7−→ (ym)∞m=1 ∈ l 0∞(S
′
m) çäiéñíþ¹ içîìåòðè÷íèé içîìîðôiçì ìiæ öèìè

ïðîñòîðàìè, òîáòî âèêîíó¹òüñÿ ðiâíiñòü ‖y‖ = sup
m≥1

‖ym‖.
Ïåðåéäåìî äî ïèòàííÿ ïðî iñíóâàííÿ çàìèêàííÿ ôóíêöié âiä îïåðà-

òîðà. Äîâåäåìî, ùî äëÿ áóäü-ÿêî¨ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ E′ îïåðàòîð
f̂(A) äîïóñêà¹ çàìèêàííÿ f̂(A) := f(A) íàä ïðîñòîðîì L2(Ω) ç îáëàñòþ
âèçíà÷åííÿ

D[f(A)] =
{

x =
∞∑

m=1

xm ∈ L2(Ω)
∣∣∣ xm ∈ Sm,

∞∑

m=1

‖fm(Am)xm‖ < ∞
}

,

ïðè÷îìó, ÿêùî fm(Am) = Am äëÿ âñiõ m ∈ N, òî f(A) = A.
Ïðîñòið ôiíiòíèõ ïîñëiäîâíîñòåé lfin(S

′
m) � ñëàáî ùiëüíèé ó ïðîñòîði

l∞(S
′
m), òîìó ïðîñòið l 0

fin(S
′
) := lfin(S

′
)
⋂

l 0∞(S
′
) � ñëàáî ùiëüíèé ó ïðî-

ñòîði l 0∞(S
′
m). Äâî¨ñòiñòü ìiæ 〈l 0∞(S

′
m) òà l1(Sm; L2(Ω))〉 ðåàëiçó¹òüñÿ ái-

ëiíiéíîþ ôîðìîþ 〈x , y〉 =
∞∑

m=1
〈xm , ym〉, äå x =

∞∑
m=1

xm ∈ l1(Sm; L2(Ω)),

y = (ym)∞m=1 ∈ l 0∞(S
′
m) i áiëiíiéíi ôîðìè 〈xm , ym〉 âiäïîâiäàþòü äóàëü-

íèì ïàðàì 〈Sm , S
′
m〉.

Ïðîñòið l 0
fin(S

′
m) ëåæèòü â îáëàñòi âèçíà÷åííÿ ñïðÿæåíîãî îïåðàòîðà

f̂(A)′ äî îïåðàòîðà f̂(A) âiäíîñíî äâî¨ñòîñòi ìiæ ïðîñòîðîì l 0∞(S
′
m) òà

ïðîñòîðîì l1(Sm; L2(Ω)). Ñïðàâäi, êîæíà ïîñëiäîâíîñòü y = (ym)∞m=1 ∈
l 0
fin(S

′
m) iç p íåíóëüîâèìè ÷ëåíàìè âèçíà÷à¹ ôóíêöiîíàë âèãëÿäó

Sm 3 xm 7→
〈
f̂m(Am)xm , ym

〉
=

〈
xm , f̂m(Am)′ym

〉
∈ C,
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äå f̂m(Am)′ � ñïðÿæåíèé îïåðàòîð äî îïåðàòîðà f̂m(Am) âiäíîñíî äâî¨-
ñòîñòi 〈Sm , S′m〉. Òîìó äîñèòü ïîêàçàòè, ùî öåé ôóíêöiîíàë ìà¹ íåïå-
ðåðâíå ðîçøèðåííÿ íà ïðîñòið l1(Sm; L2(Ω)).

Äëÿ äîâiëüíîãî åëåìåíòà x =
∞∑

m=1
xm iç ïðîñòîðó l1(Sm; L2(Ω)) âèêî-

íó¹òüñÿ íåðiâíiñòü
∣∣∣

p∑

m=1

〈xm, f̂m(Am)′ym〉
∣∣∣ ≤

( ∞∑

m=1

‖xm‖
)

sup
1≤m≤p

‖f̂m(Am)′ym‖ =

=
( ∞∑

m=1

‖xm‖
)
‖f̂(A)′y‖,

òîìó ôóíêöiîíàë 〈x, f̂(A)′y〉 =
j∑

m=1
〈xm , f̂m(Am)′ym〉 çàäîâîëüíÿ¹ íåðiâ-

íiñòü
∣∣∣〈x, f̂(A)′y〉

∣∣∣ ≤
(

inf
∞∑

m=1
‖xm‖

)
‖f̂(A)′y‖ = ‖x‖l1 ‖f̂(A)′y‖. Ôóíêöiî-

íàë 〈x , f̂(A)′y〉 ¹ øóêàíèì ðîçøèðåííÿì, ÿêå âèçíà÷à¹ ñïðÿæåíèé îïå-
ðàòîð f̂(A)′. Îòæå, ïðîñòið l0fin(S

′
m) ëåæèòü â îáëàñòi âèçíà÷åííÿ ñïðÿ-

æåíîãî äî îïåðàòîðà f̂(A) âiäíîñíî äâî¨ñòîñòi ìiæ ïðîñòîðàìè l 0∞(S
′
m)

òà l1(Sm; L2(Ω)).

Çàìèêàííÿ f̂(A) îïåðàòîðà f̂(A) iñíó¹ i ñïiâïàäà¹ ç éîãî äðóãèì ñïðÿ-
æåíèì, ÿêùî îáëàñòü âèçíà÷åííÿ ñïðÿæåíîãî îïåðàòîðà ñëàáî ùiëüíà
ó ñïðÿæåíîìó ïðîñòîði (äèâ. [7], ðîçä. IV, ï. 7). Iñíóâàííÿ çàìèêàííÿ
îïåðàòîðà f̂(A) äîâåäåíî.

ßêùî f̂m(Am) = Am, m ∈ N, òî f̂(A)′ = A′ i äðóãi ñïðÿæåíi îïåðàòîðè
òàêîæ äîðiâíþþòü f(A) = A.

Îáëàñòü âèçíà÷åííÿ çàìèêàííÿ f(A), ÿê äðóãîãî ñïðÿæåíîãî äî f̂(A),
ìà¹ âèãëÿä

{
x =

∞∑

m=1

xm ∈ l1(Sm;L2(Ω))
∣∣∣
∣∣∣
∞∑

m=1

〈fm(Am)xm, ym〉
∣∣∣ ≤ C‖y‖

}
,

äëÿ âñiõ y = (ym)∞m=1 ∈ l0∞(S′m), äå ñòàëà C > 0 çàëåæèòü âiä x i íå çàëå-
æèòü âiä y. Ïîçíà÷èìî ÷åðåç ym = y ¹ Sm. ßêùî ðÿä

∞∑
m=1

〈fm(Am)xm, ym〉
çáiæíèé äëÿ áóäü-ÿêîãî y = (ym)∞m=1 ∈ l0∞(S′m), òî âií çáiæíèé àáñîëþò-
íî, òîáòî ðÿäè

∞∑
m=1

∣∣〈fm(Am)xm, ym〉
∣∣ çáiãàþòüñÿ äëÿ âñiõ òàêèõ y. Äëÿ

öüîãî äîñèòü ïîêëàñòè y′m = e−iθ(m)ym, äå θ(m) � àðãóìåíò êîìïëåêñíîãî
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÷èñëà 〈fm(Am)xm , ym〉. Òîäi ‖y′m‖ = ‖ym‖, y′ = (y′m)∞m=1 ∈ l0∞(S′m). Íàâ-
ïàêè,

∣∣∣
∞∑

m=1
〈fm(Am)xm, ym〉

∣∣∣ ≤
∞∑

m=1

∣∣〈fm(Am)xm , ym〉
∣∣ < ∞. Âðàõîâóþ÷è

äîâiëüíiñòü âèáîðó âåêòîðà y′ = (y′m) iç l0∞(S′m), äëÿ êîæíîãî m çíàé-
äåìî òàêèé âåêòîð y′m, ùî ‖y′m‖ = 1 i ‖fm(Am)xm‖ =

∣∣〈fm(Am)xm, y′m〉
∣∣.

Îòæå, äëÿ êîæíîãî x iç îáëàñòi âèçíà÷åííÿ îïåðàòîðà f(A) çáiãà¹òüñÿ
ðÿä

∞∑
m=1

‖fm(Am)xm‖. Òåîðåìó äîâåäåíî.
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