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Îòðèìàíî êðèòåði¨ ñêií÷åííîñòi λ-òèïó àíàëiòè÷íî¨ ó âèêîëîòié
ïëîùèíi ôóíêöi¨.

Âñòóï. Ïîçíà÷åííÿ òà ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ.
Êðèòåði¹ì ñêií÷åííîñòi λ-òèïó öiëî¨ ôóíêöi¨ f (ïðè äîâiëüíié ôóíêöi¨
çðîñòàííÿ) ¹ çëi÷åííà ñèñòåìà óìîâ, ÿêà áóëà âñòàíîâëåíà Ðóáåëîì òà
Òåéëîðîì â òåðìiíàõ êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ log |f |. Çà ïåâíèõ óìîâ
íà λ öÿ ñèñòåìà óìîâ ¹ åêâiâàëåíòíîþ ïðîñòiøié ñêií÷åííié ñèñòåìi óìîâ
[1, 2]. Ó äàíié ðîáîòi îòðèìàíî êðèòåði¨ ñêií÷åííîñòi λ-òèïó àíàëiòè÷íî¨
ó âèêîëîòié ïëîùèíi ôóíêöi¨.

Íåõàé f � ìåðîìîðôíà ó âèêîëîòié ïëîùèíi A = C\{0} ôóíêöiÿ,
n0(t, f) � êiëüêiñòü ïîëþñiâ ôóíêöi¨ f â {z : 1/t < |z| ≤ t}. Ïîçíà÷èìî:

N0(r, f) =
∫ r

1

n0(t, f)
t

dt, m(r, f) =
1
2π

∫ 2π

0
log+ |f(reiθ)|dθ,

m0(r, f) = m(r, f) + m(1/r, f)− 2m(1, f), r ≥ 1.

Îçíà÷åííÿ. ([8]) Ôóíêöiÿ T0(r, f) = m0(r, f) + N0(r, f), r ≥ 1, íàçè-
âà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè ôóíêöi¨ f â A.

Ó ïðàöi [8] äîâåäåíî, ùî õàðàêòåðèñòèêà T0(r, f) � íåâiä'¹ìíà, íåïå-
ðåðâíà, íåñïàäíà, îïóêëà âiäíîñíî log r íà [1, +∞) ôóíêöiÿ.

Ôóíêöi¹þ çðîñòàííÿ áóäåìî íàçèâàòè äîäàòíó, íåïåðåðâíó, çðîñòàþ-
÷ó òà íåîáìåæåíó íà [1, +∞) ôóíêöiþ.

ÓÄÊ 517.53; MSC 2000: 30D15, 30D35
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Îçíà÷åííÿ. ([10]) Íåõàé λ(r) � ôóíêöiÿ çðîñòàííÿ. Ôóíêöiÿ f(z)
íàçèâà¹òüñÿ ôóíêöi¹þ ñêií÷åííîãî λ-òèïó, ÿêùî iñíóþòü òàêi äîäàòíi
ñòàëi B,C, ùî T0(r, f) ≤ Bλ(Cr) äëÿ âñiõ r ≥ 1.

Êëàñ òàêèõ àíàëiòè÷íèõ ôóíêöié ïðè ôiêñîâàíié ôóíêöi¨ λ ïîçíà÷à-
òèìåìî ÷åðåç ΛH(A).

Íàãàäà¹ìî, ùî ïîðÿäêîì òà íèæíiì ïîðÿäêîì çà Ïîéÿ ôóíêöi¨ çðî-
ñòàííÿ λ íàçèâàþòü âiäïîâiäíî âåëè÷èíè [7]

ρ∗ = ρ∗[λ] := sup
{

p : lim sup
r,τ→+∞

λ(τr)
τpλ(r)

= +∞
}

,

µ∗ = µ∗[λ] := inf
{

p : lim sup
r,τ→+∞

λ(τr)
τpλ(r)

= 0
}

.

Ïîðÿäîê òà íèæíié ïîðÿäîê çà Ïîéÿ ôóíêöi¨ çðîñòàííÿ λ ìîæíà âèçíà-
÷èòè iíàêøå

ρ∗[λ] = lim sup
r,τ→+∞

log λ(τr)− log λ(r)
log τ

,

µ∗[λ] = lim inf
r,τ→+∞

log λ(τr)− log λ(r)
log τ

,

Íàâåäåíi âèùå äâà îçíà÷åííÿ ¹ âiäïîâiäíî ïîïàðíî åêâiâàëåíòíèìè [4].
Çàóâàæèìî, ùî ρ∗[λ] < +∞ òîäi i òiëüêè òîäi, êîëè iñíó¹ òàêà ñòàëà
M > 0, ùî

λ(2r) ≤ Mλ(r), (1)

äëÿ âñiõ r ≥ r0 ïðè äåÿêîìó r0 > 0.
×åðåç ρ ïîçíà÷àòèìåìî ïîðÿäîê ôóíêöi¨ çðîñòàííÿ λ, òîáòî [5]

ρ = lim sup
r→+∞

log λ(r)
log r

.

Ïîðÿäêîì ôóíêöi¨ f ∈ ΛH(A) íàçèâàòèìåìî ïîðÿäîê ¨¨ õàðàêòåðèñòèêè
T0(r, f).

Äëÿ ïîäàëüøèõ âèêëàäîê íàì çíàäîáèòüñÿ íàñòóïíå òâåðäæåííÿ.
Ëåìà A. ([11]) Íåõàé f � àíàëiòè÷íà â D = {z : 1/R0 < |z| < R0},

1 < R0 ≤ ∞, ôóíêöiÿ áåç íóëiâ. Òîäi äëÿ äîâiëüíîãî çàìêíåíîãî øëÿõó
γ â D, ÿêèé ïðîõîäèòü ÷åðåç òî÷êó z0 = 1, iñíó¹ k ∈ Z, ùî äëÿ ôóíêöi¨
g(z) = z−kf(z) âèêîíó¹òüñÿ ðiâíiñòü

∫

γ

g′(z)
g(z)

dz = 0.
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Íàñïðàâäi ñïðàâåäëèâå çàãàëüíiøå òâåðäæåííÿ.
Ëåìà B. Íåõàé f � àíàëiòè÷íà â E = {z : r0 < |z| < R0}, 0 ≤

r0 < 1, 1 < R0 ≤ +∞, ôóíêöiÿ áåç íóëiâ. Òîäi äëÿ äîâiëüíîãî çàìêíåíîãî
øëÿõó γ â E, ÿêèé ïðîõîäèòü ÷åðåç òî÷êó z0 = 1, iñíó¹ k ∈ Z, ùî äëÿ
ôóíêöi¨ g(z) = z−kf(z) âèêîíó¹òüñÿ ðiâíiñòü

∫

γ

g′(z)
g(z)

dz = 0.

Äîâåäåííÿ ëåìè B öiëêîì ïîâòîðþ¹ äîâåäåííÿ ëåìè A, îñêiëüêè â äî-
âåäåííi ëåìè A íå âèêîðèñòîâó¹òüñÿ ñèìåòðè÷íiñòü îáëàñòi àíàëiòè÷íîñòi
ôóíêöi¨; âàæëèâî, ùî êîëî {z : |z| = 1} ¹ ïiäìíîæèíîþ öi¹¨ îáëàñòi.

×åðåç {as} áóäåìî ïîçíà÷àòè ïîñëiäîâíiñòü íóëiâ, à ÷åðåç {bj} �
ïîñëiäîâíiñòü ïîëþñiâ ôóíêöi¨ f(z) â A. Ðîçãëÿíåìî ôóíêöiþ

ϕ(z) = f(z)
∏

j:|bj |=1

(z − bj)
∏

s:|as|=1

(z − as)−1.

Ôóíêöiÿ ϕ(z) íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà îäèíè÷íîìó êîëi {z : |z| = 1}.
Ðîçâèíåìî ¨¨ ëîãàðèôìi÷íó ïîõiäíó â ðÿä Ëîðàíà â îêîëi öüîãî êîëà

ϕ′(z)
ϕ(z)

=
∑

k∈Z
βkz

k. (2)

Çâiäñè îòðèìà¹ìî, ùî

f ′(z)
f(z)

=
∑

k∈Z
βkz

k +
∑

|as|=1

1
z − as

−
∑

|bj |=1

1
z − bj

.

Ëåìà B ãàðàíòó¹ iñíóâàííÿ òàêîãî m ∈ Z, ùî â îáëàñòi A∗ (äå A∗ � öå
îáëàñòü A ç ðàäiàëüíèìè ðîçðiçàìè âiä íóëiâ òà ïîëþñiâ ôóíêöi¨ f(z))
ìîæíà âèçíà÷èòè îäíîçíà÷íó âiòêó log F (z), äå F (z) = z−mϕ(z). Ñïðàâ-
äi, íåõàé z0 = 1 i log F (z0) ¹ âèçíà÷åíèì. Ïðèéìåìî

log F (z) = log F (z0) +
∫ z

z0

F ′(ζ)
F (ζ)

dζ,

äå iíòåãðàë îá÷èñëþ¹òüñÿ âçäîâæ øëÿõó, ÿêèé ç'¹äíó¹ z0 i z â A∗. Îñêiëü-
êè F (z) íå ìà¹ íi íóëiâ, íi ïîëþñiâ íà îäèíè÷íîìó êîëi, òî ôóíêöiÿ
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log F (z) ¹ àíàëiòè÷íîþ â îêîëi öüîãî êîëà i äîïóñêà¹ ðîçâèíåííÿ â ðÿä
Ëîðàíà

log F (z) =
∑

k∈Z
αkz

k.

Òîäi
F ′(z)
F (z)

=
∑

k∈Z
kαkz

k−1.

Ç iíøîãî áîêó,
F ′(z)
F (z)

=
ϕ′(z)
ϕ(z)

− m

z
.

Çâiäñè âèïëèâà¹, ùî βk−1 = kαk, k 6= 0, β−1 = m.
Ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà. Íåõàé λ � òàêà ôóíêöiÿ çðîñòàííÿ, ùî ρ∗ = ρ∗[λ] <

+∞. ßêùî f ∈ ΛH(A), òî iñíó¹ òàêà ñòàëà a > 0, ùî äëÿ âñiõ r ≥ 1
âèêîíóþòüñÿ îöiíêè

N0(r, 1/f) ≤ aλ(r), (3)

1
2




∣∣∣∣∣∣
αk +

1
k

∑

1<|as|<r

a−k
s

∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
α−k +

1
k

∑
1
r
<|ai|≤1

(ai)k

∣∣∣∣∣∣∣


 ≤ a

λ(r)
rk

, k ∈ N. (4)

ßêùî àíàëiòè÷íà â A ôóíêöiÿ f ïîðÿäêó íå âèùå ρ∗ ñïðàâäæó¹ óìîâó
(3) òà óìîâó (4) ïðè k ∈ [µ∗; ρ∗]

⋂
N, òî f ∈ ΛH(A).

Îçíà÷åííÿ. ([5]) Êîëèâíèì óòî÷íåíèì ïîðÿäêîì ó ðîçóìiííi Áóò-
ðó íàçèâà¹òüñÿ òàêà äîäàòíà, íåïåðåðâíî äèôåðåíöiéîâíà íà (1, +∞)
ôóíêöiÿ l(r), ùî

1) 0 ≤ α := lim inf
r→+∞ l(r), β := lim sup

r→+∞
l(r) < +∞.

2) l′(r)r log r → 0 ïðè r → +∞.
Ïðè öüîìó, ÿêùî α = β := ρ = lim

r→+∞ l(r) òà l′(r)r log r → 0, r → +∞,
òî ôóíêöiþ l(r) íàçèâàþòü óòî÷íåíèì ïîðÿäêîì ó ðîçóìiííi Ëiíäåëüîôà.

Íàñëiäîê. 1) Íåõàé l(r) � êîëèâíèé óòî÷íåíèé ïîðÿäîê ó ðîçóìiííi
Áóòðó, λ(r) = rl(r). ßêùî àíàëiòè÷íà â A ôóíêöiÿ f ïîðÿäêó íå âèùîãî,
íiæ β, ñïðàâäæó¹ óìîâó (3) ó âèïàäêó, êîëè [α, β]

⋂
N = ∅, àáî óìîâó

(3) òà óìîâó (4) ïðè k ∈ [α, β]
⋂
N 6= ∅, òî f ∈ ΛH(A).

2) Íåõàé l(r) � óòî÷íåíèé ïîðÿäîê ó ðîçóìiííi Ëiíäåëüîôà, λ(r) =
rl(r). ßêùî àíàëiòè÷íà â A ôóíêöiÿ f ïîðÿäêó íå âèùîãî, íiæ ρ = ρ[λ],
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ñïðàâäæó¹ óìîâó (3) ó âèïàäêó, êîëè ρ 6∈ N, àáî óìîâó (3) òà óìîâó (4)
ïðè k = ρ ∈ N, òî f ∈ ΛH(A).

Äîïîìiæíi òâåðäæåííÿ òà ðåçóëüòàòè. Çàïðîâàäèìî òàêi ïîçíà-
÷åííÿ:

ck(r, f) =
1
2π

∫ 2π

0
e−ikθ log |f(reiθ)| dθ, k ∈ Z, 0 < r < +∞,

mq(r, f) =
{

1
2π

∫ 2π

0
| log |f(reiθ)|| dθ

}1/q

, r > 0, q ≥ 1.

Äîâåäåííÿ ñôîðìóëüîâàíî¨ òåîðåìè ñïèðà¹òüñÿ íà íàñòóïíi òâåðä-
æåííÿ.

Òåîðåìà A. ([10]) Íåõàé f(z) � àíàëiòè÷íà â îáëàñòi A ôóíêöiÿ.
Òîäi äëÿ 1 ≤ r < +∞, k 6= 0, âèêîíóþòüñÿ ñïiââiäíîøåííÿ

c0(r, f) + c0(1/r, f)− 2c0(1, f) = N0(r, 1/f),

ck(r, f) =
αkr

k + α−kr
−k

2
+

1
2k

∑

1<|as|≤r

((
ra−1

s

)k − (
asr

−1
)k

)
,

ck(1/r, f) =
αkr

−k + α−kr
k

2
+

1
2k

∑

1/r≤|as|≤1

(
(asr)

k − (asr)
−k

)
.

Òåîðåìà B. ([10]) Íàñòóïíi òâåðäæåííÿ åêâiâàëåíòíi:
1) f ∈ ΛH(A);
2) äëÿ äåÿêèõ äîäàòíèõ B,C i âñiõ r ≥ 1, k ∈ Z,

|ck(r, f)|+ |ck(1/r, f)| ≤ Bλ(Cr);

3) äëÿ äåÿêèõ äîäàòíèõ B,C i âñiõ r ≥ 1, k ∈ Z,

|ck(r, f)|+ |ck(1/r, f)| ≤ Bλ(Cr)
|k|+ 1

;

4) ßêùî 1 ≤ q < +∞, òî äëÿ ïåâíèõ äîäàòíèõ Bq, Cq i âñiõ r ≥ 1,

mq(r, f) + mq(1/r, f) ≤ Bqλ(Cqr). (5)

Íàâïàêè, ÿêùî (5) âèêîíó¹òüñÿ äëÿ äåÿêîãî q ≥ 1, òî f ∈ ΛH(A).
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Äîâåäåííÿ òåîðåìè. Íåõàé f ∈ ΛH(A). Ç òåîðåìè B âèïëèâà¹, ùî
çíàéäóòüñÿ òàêi äîäàòíi ñòàëi B, C äëÿ ÿêèõ

|ck(r, f)|+ |ck(1/r, f)| ≤ Bλ(Cr), r ≥ 1, k ∈ Z.

Âèáåðåìî òàêå m0 ∈ N, ùî 2m0 > C. Âðàõîâóþ÷è îöiíêó (1), îòðèìà¹ìî

|ck(r, f)|+ |ck(1/r, f)| ≤ Bλ(2m0r) ≤ BMλ(2m0−1r) ≤ BMm0λ(r), k ∈ Z,

äëÿ äåÿêîãî M > 0 i âñiõ r ≥ 1; òîáòî iñíó¹ òàêà ñòàëà a > 0, ùî |ck(r, f)|+
|ck(1/r, f)| ≤ aλ(r). Äëÿ k = 0 îòðèìà¹ìî íåðiâíiñòü (3). Çàóâàæèìî, ùî
îñêiëüêè ðÿä (2) çáiãà¹òüñÿ â òî÷öi z = 1, òî çâiäñè äiñòà¹ìî, ùî

αk = O
(|k|−1

)
, |k| → +∞. (6)

Ç òåîðåìè A âèïëèâà¹, ùî

1
2




∣∣∣∣∣∣
αk +

1
k

∑

1<|as|<r

a−k
s

∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
α−k +

1
k

∑
1
r
<|as|≤1

a k
s

∣∣∣∣∣∣∣


 ≤

≤ |ck(r, f)|+ |ck(1/r, f)|
rk

+
|αk|+ |α−k|

r2k
+

1
2|k|r2k

∑

1<|as|<r

|as|k+

+
1

2|k|r2k

∑

1/r<|as|≤1

|as|−k ≤ |ck(r, f)|+ |ck(1/r, f)|
rk

+
|αk|+ |α−k|

r2k
+

+
n0(r, 1/f)

2|k|rk
≤ B1λ(C1r)

rk
,

àäæå
n0(r, 1/f) ≤

∫ er

r

n0(t, 1/f)
t

dt ≤ N0(er, 1/f).

Ç íåðiâíîñòi B1λ(C1r) ≤ a1λ(r), ÿêà âèêîíó¹òüñÿ äëÿ äåÿêîãî a1 > 0 i
âñiõ r ≥ 1, îäåðæó¹ìî îöiíêó (4).

Íåõàé òåïåð f(z) � àíàëiòè÷íà â îáëàñòi A ôóíêöiÿ ïîðÿäêó ρ < ρ∗,
äëÿ ÿêî¨ âèêîíóþòüñÿ íåðiâíîñòi (3) òà (4) ïðè k ∈ [µ∗, ρ∗]

⋂
N. Îñêiëüêè

c−k(r, f) = ck(r, f), äîñèòü ðîçãëÿíóòè âèïàäîê, êîëè k ∈ N. Çàóâàæèìî,
ùî îñêiëüêè e < 4, òî

n0(r, 1/f) ≤ N0(4r, 1/f) ≤ aλ(4r) ≤ aM2λ(r). (7)
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Äëÿ k > ρ∗ > ρ êîåôiöiåíòè ck(r, f), ck(1/r, f) ìîæíà çàïèñàòè â òàêîìó
âèãëÿäi [6]:

ck(r, f) =
1
2
α−kr

−k − 1
2k


 ∑

|as|>r

(
ra−1

s

)k +
∑

1<|as|≤r

(
asr

−1
)k


 ,

ck(1/r, f) =
1
2
αkr

−k − 1
2k


 ∑

|as|<1/r

(ras)
k +

∑

1/r<|as|≤1

(ras)−k


 .

Çâiäñè îäåðæèìî, ùî

|ck(r, f)|+ |ck(1/r, f)| ≤ 1
2

(|αk|+ |α−k|) r−k+

+
1
2k

∑

|as|>r

(
r

|as|
)k

+
1
2k

∑

1<|as|≤r

( |as|
r

)k

+
1
2k

∑

|as|<1/r

(r|as|)k +

+
1
2k

∑

1/r<|as|≤1

(r|as|)−k ≤ 1
2

(|αk|+ |α−k|) r−k +
rk

2

∫ +∞

r

n0(t, 1/f)
tk+1

dt ≤

≤ 1
2

(|αk|+ |α−k|) r−k +
aM2

2
rk

∫ +∞

r

λ(t)
tk+1

dt, k > ρ∗. (8)

Îñòàííié iíòåãðàë áóäåìî îöiíþâàòè, ÿê i â ðîáîòàõ [1, 2]. Äëÿ öüîãî
çðîáèìî çàìiíó t = rτ . Òîäi

rk

∫ +∞

r

λ(t)
tk+1

dt =
∫ +∞

1

λ(rτ)
τk+1

dτ = λ(r)
∫ +∞

1

λ(rτ)
τk+1λ(r)

dτ.

Íåõàé ε = ([ρ∗] + 1− ρ∗)/2. Âðàõîâóþ÷è, ùî λ(rτ)

λ(r)τρ∗+ε ≤ C1, îäåðæèìî

aM2rk

2

∫ +∞

r

λ(t)
tk+1

dt = C2λ(r)
∫ +∞

1

λ(rτ)
τk+1λ(r)

dτ ≤ C3

∫ +∞

1
τ−k+ρ∗+ε−1dτ =

=
C3

k − ρ∗ − ε
λ(r) ≤ 2C3

[ρ∗] + 1− ρ∗
λ(r) = C4λ(r), k > ρ∗.

Âðàõîâóþ÷è öþ íåðiâíiñòü, îöiíêó (8) òà ñïiââiäíîøåííÿ (6), îäåðæèìî,
ùî

|ck(r, f)|+ |ck(1/r, f)| ≤ C5λ(r), k > ρ∗. (9)
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Çàëèøà¹òüñÿ ïîêàçàòè, ùî àíàëîãi÷íi ñïiââiäíîøåííÿ âèêîíóþòüñÿ i
äëÿ 1 ≤ k ≤ ρ∗. Iç ñïiââiäíîøåíü (3), (4) òà òåîðåìè A âèïëèâà¹, ùî

|ck(r, f)|+ |ck(1/r, f)| ≤

≤ 1
2




∣∣∣∣∣∣
αk +

1
k

∑

1<|as|<r

(as)
−k

∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
α−k +

1
k

∑
1
r
<|as|≤1

(as)k

∣∣∣∣∣∣∣


 rk+

+(|αk|+ |α−k|)r−k +
1
2k


 ∑

1<|as|<r

|as|k +
∑

1/r<|as|≤1

|as|−k


 r−k ≤

≤ aλ(r) + (|αk|+ |α−k|)r−k + n0(r, 1/f) ≤
≤ aλ(r) + (|αk|+ |α−k|)r−k + aM2λ(r) ≤ Bλ(r), (10)

äå µ∗ ≤ k ≤ ρ∗. Ó âèïàäêó, êîëè µ∗ ≤ 1, íà ïiäñòàâi òåîðåìè B iç ñïiâ-
âiäíîøåíü (3), (9), (10) äiñòà¹ìî, ùî f ∈ ΛH(A). ßêùî æ µ∗ > 1, òî ïðè
1 ≤ k < µ∗ ç òåîðåìè A âèïëèâà¹, ùî

|ck(r, f)|+ |ck(1/r), f)| ≤ 1
2
(|αk|+ |α−k|)(rk + r−k)+

+
1
2k

∑

1<|as|<r

∣∣∣∣∣
(

r

as

)k

−
(

as

r

)k
∣∣∣∣∣ +

1
2k

∑

1/r<|as|≤1

∣∣∣(asr)
k − (asr)

−k
∣∣∣ .

Âðàõîâóþ÷è, ùî
∣∣a− 1

a

∣∣ = |a| − 1
|a| ïðè |a| ≥ 1, òà âèêîðèñòîâóþ÷è âëà-

ñòèâîñòi iíòåãðàëà Ñòiëüòü¹ñà, îäåðæèìî

|ck(r, f)|+ |ck(1/r, f)| ≤

≤ 1
2
(|αk|+ |α−k|)(rk + r−k) +

1
2
n0(r, 1/f) +

rk

2

∫ r

1

n0(t, 1/f)
tk+1

dt.

Òîäi ç îöiíîê (7) äiñòà¹ìî

|ck(r, f)|+ |ck(1/r), f)| ≤

≤ 1
2
(|αk|+ |α−k|)(rk + r−k) + C6λ(r) + C6r

k

∫ r

1

λ(t)
tk+1

dt.
(11)

Ïîäàëüøi ìiðêóâàííÿ ïðîâåäåìî çà ñõåìîþ, ïîäiáíîþ äî çàïðîïîíî-
âàíî¨ â ðîáîòi [2]. Íåõàé ε = (µ∗ − k0)/2, äå k0 = max{k ∈ N : k < µ∗}.
Òîäi ïðè 1 ≤ k < µ∗, çãiäíî ç îçíà÷åííÿì íèæíüîãî ïîðÿäêó çà Ïîéÿ,
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iñíóþòü òàêi τ0, t0 ≥ 1, ùî äëÿ áóäü-ÿêèõ τ ≥ τ0, t ≥ t0 âèêîíó¹òüñÿ
îöiíêà

λ(τt) ≥ λ(t)τµ∗−ε ≥ λ(t)τk.

Çâiäñè îòðèìà¹ìî, ùî ïðè äåÿêîìó C7 > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü

τk ≤ λ(t0τ)/λ(t0) ≤ C7λ(τ), τ ≥ 1, (12)

à äëÿ âñiõ t ∈ [t0, r/τ0], äå r ≥ t0τ0, � íåðiâíiñòü

λ(t) ≤ λ(r)
(

t

r

)µ∗−ε

. (13)

Ç îãëÿäó íà ôîðìóëè (12) òà (13) îöiíêà (11) íàáóâà¹ òàêîãî âèãëÿäó:

|ck(r, f)|+ |ck(1/r, f)| ≤

≤ C8λ(r) + C6r
k

∫ t0

1

λ(t)
tk+1

dt + C6r
k

∫ r/τ0

t0

λ(t)
tk+1

dt + C6r
k

∫ r

r/τ0

λ(t)
tk+1

dt ≤

≤ C9λ(r) + C6λ(r)
∫ r/τ0

t0

(
t

r

)µ∗−k−ε dt

t
+ C6λ(r)

∫ r

r/τ0

(r

t

)k dt

t
≤

≤ C10λ(r), r ≥ t0τ0, 1 ≤ k < µ∗,

äå C10 � äåÿêà äîäàòíà ñòàëà. Îñêiëüêè ñóìà |ck(r, f)| + |ck(1/r, f)| ¹
íåïåðåðâíîþ çà r, òî äëÿ âñiõ r ∈ [1, t0τ0]

|ck(r, f)|+ |ck(1/r, f)| ≤ C11

λ(r)
λ(r) ≤ max

r∈[1, t0τ0]

(
C11

λ(r)

)
λ(r) ≤ C12λ(r).

Îñòàòî÷íî îòðèìó¹ìî, ùî

|ck(r, f)|+ |ck(1/r, f)| ≤ Cλ(r), 1 ≤ k < µ∗, r ≥ 1, (14)

äå C = max{C10, C12}. Îòæå, ñïiââiäíîøåííÿ (3), (4), (9), (10), (14) ðàçîì
ç òåîðåìîþ B çàáåçïå÷óþòü íàëåæíiñòü ôóíêöi¨ f äî êëàñó ΛH(A).

Òåîðåìó äîâåäåíî.
Äîâåäåííÿ íàñëiäêó. Íåõàé λ(r) = rl(r), äå l(r) � êîëèâíèé óòî÷-

íåíèé ïîðÿäîê ó ðîçóìiííi Áóòðó (àáî l(r) � óòî÷íåíèé ïîðÿäîê ó ðîçó-
ìiííi Ëiíäåëüîôà), 0 ≤ α ≤ β < +∞. Ç îãëÿäó íà òîé ôàêò (äèâ.,
íàïðèêëàä, [3]), ùî µ∗ = α, ρ∗ = β, âñi òâåðäæåííÿ öüîãî íàñëiäêó
¹ ÷àñòêîâèì âèïàäêîì òâåðäæåíü äîâåäåíî¨ íàìè òåîðåìè. Ïðè öüîìó,
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ÿêùî [µ∗, ρ∗]
⋂
N = ∅, òî çà äîâåäåíèì âèùå (äèâ. ñïiââiäíîøåííÿ (9),

(14)) äëÿ âñiõ k ∈ Z\{0} ñïðàâäæóþòüñÿ íåðiâíîñòi

|ck(r, f)|+ |ck(1/r, f)| ≤ C∗λ(r),

äå C∗ � äåÿêà äîäàòíà ñòàëà. Îòæå, ó öüîìó âèïàäêó òiëüêè îäíà óìîâà
(3) ¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ íàëåæíîñòi àíàëiòè÷íî¨ â A ôóíê-
öi¨ f äî êëàñó ΛH(A).

Çàóâàæèìî, ùî óìîâà äðóãî¨ ÷àñòèíè òåîðåìè ïðî òå, ùî ïîðÿäîê
ìåðîìîðôíî¨ â A ôóíêöi¨ íå ïåðåâèùó¹ ρ∗[λ] ¹ iñòîòíîþ. Äiéñíî, íåõàé
ρ∗ ≥ 1. Âèáåðåìî íàòóðàëüíå n ∈ N òàêèì, ùî n > ρ∗. Ðîçãëÿíåìî
ôóíêöiþ f(z) = ezn . Îñêiëüêè f(z) íå ìà¹ íóëiâ, òî óìîâà (3) äëÿ íå¨ âè-
êîíó¹òüñÿ. Îêðiì òîãî, log f(z) = zn. Îòæå, αk = α−k = 0, k ∈ [1, ρ∗]

⋂
N,

ôóíêöiÿ ñïðàâäæó¹ òàêîæ óìîâó (4). �¨ õàðàêòåðèñòèêà äîðiâíþ¹

T0(r, f) =
1
2π

∫ 2π

0
log+ |f(reiθ)|dθ+

+
1
2π

∫ 2π

0
log+ |f(r−1eiθ)|dθ − 1

π

∫ 2π

0
log+ |f(eiθ)|dθ =

=
1
2π

(
rn +

1
rn
− 2

) ∫ 2π

0
cos+(nθ)dθ =

1
π

(
rn +

1
rn
− 2

)
.

Ïîðÿäîê ôóíêöi¨ λ(r) íå ïåðåâèùó¹ ρ∗. Îñêiëüêè ρ∗ < n, òî λ(r) =
o(T (r)), r → +∞. Îòæå, f 6∈ ΛH(A).

Íàñëiäîê äîâåäåíî.

[1] Áðèäóí À.Ì., Ëèçóí Î.ß., Ìèöèê Ð.Ç. Óçàãàëüíåííÿ òåîðåìè Ëiíäåëüîôà
äëÿ öiëèõ ôóíêöié // Âiñí. Ëüâiâ. óí-òó. � 2000. � Âèï. 56. � Ñ. 20�27.

[2] Âàñèëüêiâ ß.Â., Êîíäðàòþê À.À. Óçàãàëüíåíi óìîâè Ëiíäåëüîôà ñêií÷åí-
íîñòi λ−òèïó ñóáãàðìîíiéíî¨ ôóíêöi¨ // Óêð. ìàò. æóðí. � 2002. � Ò. 54. �
Ñ. 276�279.

[3] Âàñèëüêiâ ß.Â., Êîíäðàòþê À.À. Ïîðiâíÿííÿ õàðàêòåðèñòèê çðîñòàííÿ
äîäàòíèõ ôóíêöié // Ìàòåìàòè÷íi Ñòóäi¨. � 1998. � 10, � 1. � Ñ. 23�32.

[4] Ãîëüäáåðã À.À., Ëåâèí Á.ß., Îñòðîâñêèé È.Â. Öåëûå è ìåðîìîðôíûå
ôóíêöèè. � Èòîãè íàóêè è òåõíèêè. ÂÈÍÈÒÈ, 1970. � Ò. 85. � Ñ. 5�185.

[5] Ãîëüäáåðã À.À., Îñòðîâñêèé È.Â. Ðàñïðåäåëåíèå çíà÷åíèé ìåðîìîðôíûõ
ôóíêöèé. � M: Íàóêà, 1970. � 591 ñ.



162 I.Êøàíîâñüêèé

[6] Êøàíîâñüêèé I. Îäíà åêñòðåìàëüíà çàäà÷à äëÿ ìåðîìîðôíèõ â ïðîêîëåíié
ïëîùèíi ôóíêöié // Âiñí. Ëüâiâ. óí-òó. � 2006. � Âèï. 66. � Ñ. 88�98.

[7] Drasin D., Shea D. Polya peaks and oscillation of positive functions // Proc.
Amer. Math. Soc. � 1972. � Vol. 34, No 2. � P. 403�411.

[8] Khrystiyanyn A., Kondratyuk A. On the Nevanlinna theory for meromorphic
functions on annuli. I // Matematychni Studii. � 2005. � 23. � P. 19�30.

[9] Khrystiyanyn A., Kondratyuk A. On the Nevanlinna theory for meromorphic
functions on annuli. II // Matematychni Studii. � 2005. � 24. � P. 57�68.

[10] Kondratyuk A., Laine I. Meromorphic functions in multiply connected do-
mains. � Joensuu-L'viv, 2006. � 116 p.

[11] Kshanovskyy I. An analog of Poisson�Jensen formula for annuli // Matema-
tychni Studii. � 2005. � 24. � P. 147�158.

GROWTH OF ANALYTIC FUNCTIONS OF FINITE λ-TYPE
IN A PUNCTURED PLANE

Ivan KSHANOVSKYY

Ivan Franko Lviv National University,
1 Universytetska Str., Lviv 79000, Ukraine
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