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We study the pseudo-differential equation (Au)(z) = f(z), « € D, in the Sobolev-Slobodetskii
spaces H*(D), where A is a elliptic pseudo-differential operator, D is an m-dimensional piecewise
smooth manifold with boundary having singularity points. The singularity points of D are called the
points breaking smoothness property for the boundary 0D. Using the wave factorization concept for
elliptic symbols, it is possible to describe solvability conditions for the equation with singularities
of the “cone” as well as “wedge” types. Most of author’s results on solvability were related to the
planar case. Here we consider an essentially multi-dimensional situation.

B. B. Baciibes. Jesaxi 3adaui meopis ncesdodudepenyiarvrur onepamopie // Mar. sicaux HTIII.
— 2013. — T.10. — C. 219-226.

Mu BuBuaemo ncesgoaudepentianbie pisuguns (Au)(z) = f(x), € D, B npocropax CoboseBa-
Canobomeupkoro H*(D), ne A — eninruunuii ncesnopudepeniianbuuii oneparop, D — m-BumipHuii
KYCKOBO-IJIAJIKUI MHOIOBUJ 3 MEXK€I0, [0 MICTUTb CUHIY/IApHI Touku. CHHIYJISAPHUMHA MU Ha3H-
BAEMO TOYKM MHOrOBuAy D, B SKMX HEMAaE LJIaAKOCTI Mexki. 3a JOIOMOIOK [OHSTTS XBUJILOBOI
dakTopu3aIli A1 eTNTUIHIX CAMBOJIIB BIAJIOCS OMMCATH YMOBHU iCHYBAHHS PO3B’SI3KY JJIsI PIBHSIHB
3 CHHTYISpPHOCTsIME TUMy “KoHyca’ Ta “pedpa’. BimbmricTs pe3ysbraTiB aBTOpa IOA0 PO3B’sI3HOCTI
CTOCYBAJIUCS ABOBAMIPHOTO BHUMAJAKY. TyT MU PO3IVISIAEMO CyTTEBO OAraTOBUMIPHUHA BUIAIOK.

Introduction

Our main goal is to describe possible solvability conditions for the pseudo-differential
equation

(Au)(x) = f(z), xeD,
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where D is a manifold with boundary, A is a pseudo-differential operator with symbol A(z, §).
Such operators are defined locally by the formula

u(z) — //zﬁl(x,g)u(y)e_i?"'6 dédy (1)
R™ R™
in the case of a smooth compact manifold D, since “the freezing coefficients principle” (or
“the local principle”) can be applied. For a manifold with smooth boundary we need a new
local formula for definition of A. In the inner points of D we use the formula (1), whereas
we need to introduce another formula in the boundary points:

uw) — [ [ Al ute sy,

R R™

For invertibility of such an operator with symbol A(-,&) that does not depend on the
spatial variable z one can apply theory of the classical Riemann boundary problem for
upper and lower complex half-planes with a parameter £’. This approach was systematically
studied in [4]. But if the boundary 0D has at least one conical point, this approach is not
effective.

The conical point at boundary is a point having a neighborhood, diffeomorphic to the
cone

Ct=A{(z1,...,2m) €ER™: z,, >ald!|, 2" = (21,..., 1)}, a>0,
hence the local definition for a pseudo-differential operator near the conical point can be
given by

u(x) »—>//A(w,§)u(y)eiyfd£dy. (2)

Ccq R™

1. Spaces, operators, factorization

We consider the operator (1) in the Sobolev-Slobodetskii space H*(R™) with norm

Jul? = / () P(1+ (€ d.

Rm

and introduce the following class of symbols non-depending on spatial variable x:
a <|AQ)A+[E) <2, £€RT, (3)

where ¢y, ¢y are some positive constants. The number o € R is called the order of the pseudo-
differential operator A. It is well-known that a pseudo-differential operator with symbol A(&)
satisfying (2) is a linear bounded operator acting from H*(R™) into H*~*(R™) [4].

We are interested in studying the invertibility of operator (2) in the corresponding
Sobolev-Slobodetskii spaces. By definition, the space H*(C¢) consists of distributions from
H*(R™) with support in C'¢. The norm in H*(CY) is induced by the H*(R™)-norm. Such
an operator is associated with the corresponding equation

(Auy)(z) = f(z), v € CF, (4)
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where the right-hand side f belongs to H; *(C?). Next, Hj(C?) is the space of distributions
S'(C%), which admit a continuation on H*(R™). The norm in H(C?) is defined by

LA = inf [12f ],

the infimum taken over all possible continuations [ of f.
From now on, we assume that symbols A(§) satisfy the condition (3).

Definition 1.1. We say that a symbol A({) admits the wave factorization provided

A(§) = Ax(§) A=($),
where the factors A.(§), A=(&) satisfy the following conditions:

o A4(&),A_(§) are defined everywhere, except for points of the set
{£e R [E']? = a®EL

*

o A4(&),A-(§) admit analytical continuations into the radial tube domains T'(C?),

T(C*) respectively, and these continuations satisfy the estimates
A2+ )| < (1 + [El + 7)™, A€~ i)| < ea(1 + [e] + [r)=0—, 7 eCy

The number s is called the index of wave factorization.

*

Here C¢ is the conjugate cone to C¢, and C?¢= — C¥.
Example 1.2. Let

2 2
0 O Lk keR\ {0},

e s
Oy 0x2,

A:

Then the symbol of this operator has form A(§) = & + & + -+ + &2, + k?, by properties
of the Fourier transform. The following equality is the wave factorization of the Helmholtz
operator:

& +1¢1+k = (Va1 + Va2 — |67 — 1) (VaZ + 16 — V@&, — [EF — 12,

where the value y/a2£2, — |¢']2 — k2 is treated as the boundary value /a2 (&,,+i0)2—|¢'|2—k2.

Remark 1.3. Two interesting applied problems from the diffraction and elasticity theory
can be solved by the wave factorization mentioned above |3, 5|. For these problems we have
the two-dimensional equation (4) with symbol

A&, &) = (G + 6 — K)*2

The existence of the wave factorization permits to obtain a solution of certain analogue
of the multidimensional Riemann problem as follows

: w(y', ym)dy'dym
(Gpu)(z) = lim ——T3 (5)
T_>O+Rm (Jo" = y'|* = a*(zm — Ym +i7)?)
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The integral is a multidimensional analogue of the Cauchy type integral, i.e. its limit case
corresponds to the boundary values. It looks as a convolution with the kernel which is the
Fourier image of C'¢-indicator. But this multiplier is a non-integrable function. Therefore
we need to go into the complex plane to destroy the divergence. The definition (5) is one
of possible definitions for the singular integral. Of course, it is very desirable to give this
definition for real variables (as the principal value type of the Cauchy integral like in the one-
dimensional case), but it is worth noting however that such definition was used in classical
papers.

2. Solvability theorems

The concept of wave factorization permits to describe the full solvability cases for the
equation (4). For simplicity we assume m = 2. From now on we also suppose that the
symbol admits the wave factorization.

Theorem 2.1. Let »—s = 0, |§| < 1/2. For any right-hand side f € H; “(C$) the equation
(4) admits a unique solution u, € H,(C%) with the Fourier transform of the form

iy = AJ'GLAZM Y,

where (f is an arbitrary continuation of f € Hi *(C%) on H* %(R?). In addition, the
following estimate holds

luills < el Il

Theorem 2.2. Let »x — s =n+ 0, n > 0 be an integer, |0| < 1/2. Then for any right-hand
side f € Hj “(C%) there exists a solution uy € Hy(C$) of the equation (4) with the Fourier
transform

i (§) = AZ'QGLQ ' AZMf

n—1
+ A7 (Z ((61 — a&) (€ + a&)" + dy(& + a&) (& — a&a)")

k=0
+ D ak(& —ab) (G + a§2)k2> :
k1+ko=0

where ¢y, dj, are arbitrary functions from Hy, (R_), H, (R.) respectively, Q(§) is an arbitrary
elliptic polynomial of order n satisfying the estimate (3) with « =n, s, =s—»x+k+1/2,
k=0,1,...,n—1, Ay ky € C,

n—1, iféd>0
ns —
n—2, ifé<0.

The latter formula describes all possible solutions of equation (4). Moreover, these solution
satisfy the a priori estimate

n—1 ns

il < (I + D2 (el + () + D ol ).

k1+ko=0
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Theorem 2.3. Let x —s=n+0d,n € Z, n <0, |d] < 1/2. The equation (4) admits a
solution uy from Hy(C¢) if and only if the following conditions hold

1o a\” (1 g 0 )52
- = -—+— Al =0,
(a oy 8y2> aldy,  Oys W) y=0
19 a\"/1a 09\”
—— = -——+—] Al =0
(a@yl 8y2> (a@yl * 8y2) W) ayr —y2 <0 ’
ayr +y2 =0
19 aN\"/1a 9\”
- — -4+ —) Al =0
(a, Oy 8y2> (a o + 8y2) — 1) ay1 —y2 =0 ’
ay1 +y2 =20
where |3| € {0,1, ..., |n|]—2}. Moreover, there exists a constant ¢ such that ||u||s < c|| f]li_..

In particular, Theorem 2.2 helps us to state correct boundary value problems for identi-
fying the unknown functions cg, di. For simplicity we assume that n =1, a =1, f =0. In
the case of the Dirichlet or Neumann boundary conditions we have two unknown functions
co(&1 — &), Jo(fl + &), and an application of the Mellin transform leads to the system of
linear algebraic equations with the matrix

= (5" )

where K(\), M()), I are square matrices of the order 2.

The conditions det R(A\) # 0, Re A = 1/2 are called the conical Shapiro-Lopatinsky con-
dition.

If A is the Laplacian, then R(\) can be calculated explicitly [3, 5].

3. Some distributions

If we will try to consider more complicated singularities like a cusp point at the boundary,
we need some additional investigation. Each singularity corresponds to a certain distribution
and it is useful to know what kind of distributions we will obtain in special limit cases. All
results below in this section are treated in the sense of distributions.

Let us denote by ® the direct product of distributions. Next, the distribution Pi is
introdused in V. S. Vladimirov’s book [2].

Theorem 3.1. The following equality holds

L lplas), (6)

lim —————
amo0 226 — a8 2m &
where ¢ is the Dirac function.

The distribution (6) corresponds to a half-infinite crack with an adjoint mass.
If we find another asymptotic for distribution (6) as a — 0, then we have
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a 1 1 1
lim — _ S p_
al—>r% o2 €2 —a22  2mi (&) ®

&
and it corresponds to half-plane case (see [4]).

Now we will speak on another asymptotics related to multi-wedge angle. The simplest
variant of such angle is {x € R®: x3 > a|z1| + b| x|}, where a,b are two parameters. If
these parameters tend to 0 or oo, then we obtain new types of thin singularities.

The distribution corresponding to such angle is |3, 5]

41ab 53
(2m)* (€ — a%63) (63 — 0°€3)

We consider different relations between a and b.

Kap (61,62,&3) =

Theorem 3.2. lim G _42‘;2;;’ R %5(&) ® Pé ®0(&).
Theorem 3.3. lim @ _4;;;)3 T %Pé ®6 (&) ®E (&),
Theorem 3.4. lim (422:;,3 E a2§§§3(§§ gy =0 (L) O K (6.6).
Theorem 3.5. lim (A;ffg s a2§§§3(£§ ey — 0@ O K (&6).

diab & 1 1

Theorem 3.6.

6 (&) ® P§—7 ¢ =(&4,8).
3

w0550 (27)° (€2 — a?€2) (€ — °€2)  2mi

The last result corresponds to the half-space case z3 > 0 [4].
In the case m = 2, a — 400, the following formal representations are useful

Eo(=1)n 1
Ko(6,6) =) <n, al Pz ® 0" (&) + Ri(61, &),
n=0 ’
+o00 —1)"
Kal&1, &) = <n!a)n Pg—ll @3 (&),

o

4. Quasi-elliptic case

Freezing coefficients yields symbols A(+, &) = A(€), which are homogeneous of order m in
the generalized sense:

A(talglu (R3] tamém) = th<€>7
for all t > 0 and oy + ag + ... + @, = m. The heat operator
. ot ox? T 0x2,

with the symbol A(§) = i€ — a?(£f + - -+ + &2) has the homogeneity order m + 1:

Q1 = Qg =+ = Qup, @y = 2.
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One can adapt definition of the wave factorization for studying such operators (equa-
tions) by the following way. According to above we separate one variable and introduce the
following notation (0 < v < +o00):

Ct={zeR"™: z=(20,21,...,2Tm), To > alr'|, 2’ = (z1,...,2,)},
*

Ct ={z eR™": azxy > ||}

Definition 4.1. By the wave factorization of a symbol A(£) we understand its representation
in the form

A(§) = Az(EA=(8),
where the factors A, (&), A=(§) satisfy the following conditions:

o A4(§),A=(§) are defined everywhere without may be the points of the set
{EeR™ TP =a?G L
o A4(&), A-(§) admit an analytical continuation into radial tube domains T'(C ), T(C*)
respectively, satisfying the estimates |AZ'(¢ + im)| < ei(1 4 €] + [&Y7 + [7])*,
|AEL(E —iT)| < o1+ €] + &)V + |7])E@=) for every T €C4.
The number s is called the index of wave factorization.

Furthermore, if we consider the equation (4) in the Sobolev—Slobodetskii space with the
norm

ul?, = / () L+ (€] + o] e,
Rm+1

we can obtain the following simple result (m = 1).
Theorem 4.2. Let 5 —s =10, |0/v| < 1/2. Then for any right-hand side f € H5 *(C$) the
equation (4) has a unique solution u, € H,(C¢) for which the Fourier transform is given by
Uy = A;ngA;lff, where (f is an arbitrary continuation of f € Hy *(C%) on Hy_(R?).
Moreover, this solution satisfies the a priori estimate |Juy ||s- < ¢||f|i_q-
5. Future extensions
The author is going to study in the nearest future the following cases.
(i) The essentially multi-dimensional case with the distribution
S an(P)OO(P),
on the boundary. Here P is the surface of cone (cf. [1]).
(ii) The asymptotical case (thin singularities) [7].

(iii) The discrete case, for which there are some interesting results related to the Calderon-
Zygmund operators [6].

(iv) The non-elliptic case, e.g. parabolic equations.
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