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An optimal boundary control problem in a finite time-interval is considered for a non-homogeneous
string, that is fixed at the left end-point. The string vibrates under external impulsive impacts con-
centrated at isolated points ¢ and acting in discrete moments of the considered time-interval. The
control process is carried out by the Dirichlet boundary controls containing a constant delay, at that
a functional describing the linear momentum of controls in considered time-interval is taken as the
control process optimality criterion. By means of the Fourier real generalized integral transform,
solving of the problem is reduced to an interpolation problem with respect to an unknown Fourier
transform of function, which in its turn is reduced to corresponding system of trigonometric moments
problem with respect to an unknown function. The optimal resolving controls are obtained explicitly
by means of generalized functions and it is shown that the influence of external impulsive impacts
can be best removed by boundary impulsive controls. Conditions of the string controllability in the
space of Lebesgue measurable functions are obtained.

A. Xypmynsu. IIpo onmumansvhe zpanuvhe KepyeanHs HEOOHOPIOHO10 cmpyHoto nid Ji€10 IMNYAb-
cHUT 36ypens i3 3anisnennam y Kepysanni // Mar. Bicank HTHI. — 2013. — T.10. — C. 203-209.

Ha ckindenroMmy iHTepBasi 9acy po3IVIsIaeMO 337a9y ONTHMAJILHOTO KePyBaHHsS JJsT HEOJHOPI-
JHOT CTPYHH, IO 3aKpiiieHa B ogHOMY 3 KiHiB. CrpyHa 3aifiCHIOE KOJIMBAHHS HiJ] [1i€10 30BHIIIHIX
iMITyZIbCHUX yIapiB B JESKMX TOYKAX CTPYHW y hiKCOBaHI MOMEHTH Yacy Ha BKA3aHOMY iHTepBa-
ai. KonuBauusg KOHTPOIIOIOThHCS (DYHKINEIO B KpaiioBux ymoBax /Jlipixie, sika MiCTUTH 3ami3HEHHS.
Kpim Toro, kpurepiem onTuMaabHOCTI € DyHKITIOHA, AKAN BiIMOBIIAE JTIHITHOMY MOMEHTY MO/IYJIst
dyHKIIT KepyBaHHS 38 9aCOM. 3a JOMOMOroIo JiificHoro nepersoperts Pyp’e 3a1ady peayKyOTh 10
inTepronsmiinol 3amadi misa 0bpady Pyp’e HeBimoMol PYHKIIT, AKY B CBOIO U€pry 3BOAATH IO IIPO-
6J1eMU TPUTOHOMETPUIHUX MOMEHTIB. OnTuMmasibHe KepyBaHHs 3HANIeHO ¥ ABHI dhopMi B TepMinax
y3arajbHeHUX (QPyHKITIIA.
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Introduction

Control problems for vibrating systems with variable distributed parameters are espe-
cially important in view of almost-periodicity of that vibrations. Although control problems
for non-homogeneous strings were investigated very rarely (see e.g. [1]-[5] and the references
cited therein). In [1] explicit form of Dirichlet boundary control functions are found, as well
as necessary and sufficient conditions on initial and terminal data for boundary controlla-
bility of free vibrations of non-homogeneous string controlled on both ends are obtained.
In [2, 3] boundary null- and approximate null-controllability problems in modified Sobolev
spaces are considered for non-homogeneous string, when control processes are carried out by
Neumann and Dirichlet boundary conditions respectively, at that in 2| the deflection of the
string is fixed at the left end—point and in [3] the velocity of the string is fixed at the right
end—-point. In [4, 5] optimal control problems are considered for non-homogeneous string
which is fixed at the left end—point and vibrating under impulsive concentrated perturba-
tions, and non-homogeneous rod which is fixed at the left end—point and is free at the right
end—point, respectively, while control process is carried out by mixed boundary conditions
in [4] and by external control impacts, distributed on the rod arbitrarily, in [5]. The problem
is reduced to a truncated system of moments problem and solved explicitly by means of
generalized functions. Controllability conditions of the string and rod in the sense of the
Lebesgue space L! are obtained for the initial and terminal data.

Here we concern with boundary optimal control problem for non-homogeneous wave
equation with variable coefficients, describing forced vibrations of non-homogeneous string,
that is fixed at the left end—point, under impulsive concentrated perturbations, at that
control process is carried out by Dirichlet boundary controls containing constant delay at
the right end—point of the string. A functional describing the summary "linear momentum"
of controls in the considered time interval is taken as a control process optimality criterion.

Throughout this paper we shall call a real function admissible control if it satisfies nec-
essary and sufficient conditions of controlled system needed solution existence. We shall say,
that a controlled system is fully controllable in a given space of functions, if there exists an
admissible control, which resolves posed optimal control problem for the system in terms of
that space.

1. Statement of the problem

We deal with one-dimensional wave equation with x—dependent coefficients

% {To(x)%] - p(x)% — P(a,t), () € (0,0)  (to, T), (1)

subjected to the following Dirichlet boundary conditions:
w(0,t) =0, w(l,t) =u(t—7); t € [to, T}, (2)

at that p(x) and Ty(z) are reasonable functions, such that the usual existence theorems for
physically acceptable solution (generalized solutions may also be acceptable) w = w(z,t)
hold, 7 > 0 is constant delay, at that obviously 27 < T — ty. It is also supposed, that by
boundary function u(t) control process of the string under study is carried out.



ON OrpTIMAL BOUNDARY CONTROL OF NON-HOMOGENEOUS STRING VIBRATIONS 205

In addition let us suppose, that external impacts P(z,t) reads as follows:

t) = i P (x — ;) 8(t — t,), (2,) € (0,1) x (to, T),

7,5=1

where §(z) is Diracs delta-function, Pj, = const,j = Iym, s = Iyn, {z;}7-, C (0,1),
{ts}iz) C [to, T1.

Note, that equation (1) particularly describes forced vibrations of a non-homogeneous
string of density p(z) and length [, caused by impulsive perturbations Pjs, j = 1;m, s = 1;n,
applied on isolated points z; € (0,) in discrete moments ¢, € [to,T"), at that To(z) is the
tensile force, and w = w(x,t) is the deflection of the string from equilibrium state.

The following initial data are considered:

ow(x,t)

5 =y, (x); © €[0,1]. (3)

t=to

w(ac, tO) = wto(x>>

Our aim is to define optimal law of realization and find necessary and sufficient condi-
tions for existence of boundary optimal control function u°(t) providing for solution of (1),
satisfying boundary and initial conditions (2) and (3), the following end—point conditions:

ow(x,t)

w(z,T) = wr(x), T

» = wr(x); z €[0,(] (4)

and minimizing control process optimality criterion

= [ lutoar )

Note, that this functional evaluates summary "linear momentum" of boundary controls u(t)
in time—interval [ty, T — 7] [6].

Without getting into details, note that all transmission conditions concerning boundary
conditions (2) and initial and terminal data (3), (4), are supposed to be satisfied:

du(t)

wy, (1) =0, Wy (1) =0, wr(l) =uw(T —7), wr(l) = |

2. Solution of the problem

In order to solve the problem under investigation, let us apply Fourier real generalized
integral transform with respect to ¢ variable to (1) and (2). Then, taking into account (3),
(4) and properties of generalized Fourier integrals [7], after some algebraic transformations
and simplifications, we shall respectively derive:

d[%@)%]wm (2,0) = G(.0): (2,0) € (0,1) x (—00,00),  (6)

dz
w(0,0) =0, w(l,0) = u(c)e", (7)

where

Filw] =w(z,0) = /OO wo(z, t)e " dt; wolx,t) = [H(t —to) — H(t — T)|w(x,t),

—00
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Filu] =u(o) = /00 uo(t)etdt; ug(t) = [H(t —to) — H(t + 7 — T)]u(t),

—00
F;[-] is the Fourier operator, o is the spectral parameter of Fourier transform, H(¢) is the
Heaviside unit step function,

G(z,0) = Gi(z,0) +i-Ga(x,0), Gp(z,0) = Z Pis6(x — xj){cos;sin}(ats) + g,(z, 0),

7,5=1

8(2,7) = p(2) [t () {cos; sin} (o) — i, (2){cos; sin}(oto)+
+ o (wr(x){sin; — cos}(oT) + wy, (z){— sin; cos}(ato))] ; pe{l1,2}.

We additionally suppose, that functions Ty(z) and p(z) satisfy conditions of existence for
non-trivial oscillating fundamental solution of (6) [8]-{9]. Then, solution of control problem
under study gives the following

Theorem 2.1. Denote by U the set of admissible controls, for which w(x,t) function is
compactly supported in [ty,T]. If u € U, then it is defined as Fourier inverse transform of a
function u(z), determined from system

u(z) = QL z)e 7, k=1,2,3, ... (8)
where points z; are determined from characteristic equations
A, zi) — A0, z) — (p(l, 2) — (0, 2x)) = 27k, k=1,2,3,.... (9)
Here
(M@ AE0) _ i(n@o)-uEo)
:u,<§’ J) - /\,<§7 U) ’
and A\ = A\(z,0) and p = p(z,0) are non—trivial real functions determining from Riccati

equation [4],[5],|9] 12+ Ty (z)v' + o p(x)To(x) = 0, by v(z,0) = i-Ty()-L{X; i}, and defining
oscillating solution of (6), s.t. N(x,0) # p/(z,0) for all z € [0,1] and o € (—o0, c0).

Qx,0) =—i /Ox K(x,&,0)G(,0)dE, K(z, &, 0) =

Proof. One can easily see, that the set U should consist of u(t) functions, which acts until
some t, € (to,T — 7], i.e. are compactly supported, at least, in [ty,T — 7]. From the other
hand, as the space of Lebesgue measurable functions L![tg, T — 7] is a Banach space with
respect to norm (5), it is advisable to take as set of admissible controls the set of compactly
supported in [tg, T — 7] functions U C Ll[ty, T — 7.

It is well known [7], that if function w(z,t) is compactly supported in [—6, 0] (every non—
symmetric interval [to, 7] can be transformed into a symmetric one in the issue of a linear
change of variable), then its Fourier generalized transform is an analytical entire function of
complex variable z = o 4 i, satisfying inequality

|2 - W(x, 2)| < Aye’l (10)
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for all z € [0,1] and p > 0 with A, > 0. On the other hand, as P(z,¢) € L'[0,1] x [to, T],
the function G(z, z) is also an analytical entire function of z, satisfying inequality (10) [7].
Thus, extending the oscillating solution of system (6)—(7) for all z, one can obtain that for
fulfillment of aforesaid theorem conditions equalities (8)—(9) are necessary and sufficient. [

Note, that system of equalities (8) can be treated as interpolation conditions given in
nodes z; for determining the function @(z). Then, solution of interpolation problem (8)
can be achieved by different efficient methods of interpolation, application of Fourier inverse
transform to which will provide us required solution. However, here we will proceed in a
different way— by separating both sides of relations (3.3) to real and imaginary parts. As a
result of decomposition we will derive the following countable system of real equalities for
determining desired function u(t):

T—r T—T
/ u(t)e " cos(opt)dt = My, / u(t)e " sin(opt)dt = My, k€N,  (11)

to to

where
My + iMyy = My, = Q(1, oy + iyg,)eF %),

In order to solve control problem under study one may use only truncated version of
system (11) for some natural N. The convergence of truncated system‘s solution to solution
of infinite system (11) is investigated as in [10].

Remark 2.2. Using the symmetry property of obtained Riccati equation: v(x,—z) =
v(z,z), one may conclude, that together with z, for some k, —z; also satisfies charac-
teristic equation (9). Furthermore, using properties of Fourier transform one may prove,

that u(—z,) = w(zx) and My(—z,) = Mg(zx), where the line over expressions means their
complex adjoint, therefore investigation of systems (8) and (11) may be limited only for roots
2k k € N.

Remark 2.3. In the case when all roots of characteristic equation (9) are real: 7, = 0,
k € N, we obtain

My, = Z Pjs {Kl (2, 01){sin; — cos}oy(t; — 1) + Ka(z;, o ){cos;sin}oy(t; — 7)} +

7,5=1

+ {cos; — sin} (o7 /0 l [Kl (2, 00) 052, 73) + K, o)1 (2, ak)} do—

— {sin; cos}(oy7) /Ol {Kl(x,ak)gl(x,ak) - KQ(x,ak)gg(x,ak)} dz, p € {1,2},

Ki(z,0) = ReK(l,z,0) =

Ky(z,0) =ImK(l,z,0) =
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Thus, the problem of optimal control under consideration was reduced to minimization
procedure of functional (5) with respect to w € U under integral constraints (11). Solution
of reduced problem can be constructed by different rigorous techniques or effective numerical
methods of non-linear programming. Nevertheless, as kernels of equalities (11) are bounded
in integration interval, it is convenient to consider it as a system of moments problem with
respect to desired function [6]. In order to proceed to its solution, we will deal with truncated
part of countable system (11) for some natural N. The convergence of solutions of finite
system of moments problem to a solution of infinite one is investigated as it is done in
[10]. Using well-known technique for solving moments problem under integral constraints,
outlined in [6], solution of the system (11) can be obtained explicitly:

Q
ufe(t) =Y ule 0t —2); t € [to, T — 7], (12)
q=1

where intensities of control actions uf, are constrained by conditions

sgnuy, =sgnhiy(ty), ¢ € {1,...,Q},

where
N

h(t) =Y e [AY, cos(oxt) + A9y sin(oxt)]; t € [to, T — 7]
k=1
and are determined from the following system of equations:

Q Q
Z Uy e ™ cos(oxtd) = My, Z U e ™ sin(oytd) = May; k€ {1,..., N},

q:l q:l
and the moments of control impacts applications are determined from maximum condition
N

Q -
sup Z okt [A‘l’k cos(oxt) + A9y sin(akt)] ‘ = [Z |u?qu 17 (13)
q=1

te(to,T—7]

k=1

Resolving coefficients A{, and AJ, are determined from the following problem of condi-

tional extremum:
N N

oMkt [Alk cos(opty) + Aok sin(aktg)] —  min, Z [A1e My, + Ao Moy) = 1.
1 {A1k, A2k} P

The number @ is determined from condition that inclusions {tg}qul C [to, T — 7] must
be satisfied for any fixed V.

Answer to the second part of the problem concerning necessary and sufficient conditions
for existence of admissible control function, which ensure for the string the end state (4),
gives the following

Theorem 2.4. System (1)-(2) is fully controllable in L'[ty, T if and only if the quantity

Q
Pr= Y [uf,l (14)
q=1

differs from zero for all N.
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Proof. According to [6, 10], for solvability of system of moments problem (11) it is necessary

and sufficient, that the norm of A% (¢) functions in terms of function space, adjoint to admis-

sible control function space, be bounded and non-zero for all natural N. As in this case the

space of Lebesgue measurable functions L'[tg, T — 7| is taken as admissible control function
space, which is adjoint to the space L®[ty, T — 7] with norm ||k (t)]] = sup |h% ()] = [p%] ",
then taking into account (12) and related maximum condition (13) we will obtain (14). O

10.
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