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An optimal boundary control problem in a finite time-interval is considered for a non-homogeneous
string, that is fixed at the left end-point. The string vibrates under external impulsive impacts con-
centrated at isolated points t and acting in discrete moments of the considered time-interval. The
control process is carried out by the Dirichlet boundary controls containing a constant delay, at that
a functional describing the linear momentum of controls in considered time-interval is taken as the
control process optimality criterion. By means of the Fourier real generalized integral transform,
solving of the problem is reduced to an interpolation problem with respect to an unknown Fourier
transform of function, which in its turn is reduced to corresponding system of trigonometric moments
problem with respect to an unknown function. The optimal resolving controls are obtained explicitly
by means of generalized functions and it is shown that the influence of external impulsive impacts
can be best removed by boundary impulsive controls. Conditions of the string controllability in the
space of Lebesgue measurable functions are obtained.

À. Õóðøóäÿí. Ïðî îïòèìàëüíå ãðàíè÷íå êåðóâàííÿ íåîäíîðiäíîþ ñòðóíîþ ïiä äi¹þ iìïóëü-

ñíèõ çáóðåíü iç çàïiçíåííÿì ó êåðóâàííi // Ìàò. âiñíèê ÍÒØ. � 2013. � Ò.10. � C. 203�209.

Íà ñêií÷åííîìó iíòåðâàëi ÷àñó ðîçãëÿäà¹ìî çàäà÷ó îïòèìàëüíîãî êåðóâàííÿ äëÿ íåîäíîði-
äíî¨ ñòðóíè, ùî çàêðiïëåíà â îäíîìó ç êiíöiâ. Ñòðóíà çäiéñíþ¹ êîëèâàííÿ ïiä äi¹þ çîâíiøíiõ
iìïóëüñíèõ óäàðiâ â äåÿêèõ òî÷êàõ ñòðóíè ó ôiêñîâàíi ìîìåíòè ÷àñó íà âêàçàíîìó iíòåðâà-
ëi. Êîëèâàííÿ êîíòðîëþþòüñÿ ôóíêöi¹þ â êðàéîâèõ óìîâàõ Äiðiõëå, ÿêà ìiñòèòü çàïiçíåííÿ.
Êðiì òîãî, êðèòåði¹ì îïòèìàëüíîñòi ¹ ôóíêöiîíàë, ÿêèé âiäïîâiäà¹ ëiíiéíîìó ìîìåíòó ìîäóëÿ
ôóíêöi¨ êåðóâàííÿ çà ÷àñîì. Çà äîïîìîãîþ äiéñíîãî ïåðåòâîðåííÿ Ôóð'¹ çàäà÷ó ðåäóêóþòü äî
iíòåðïîëÿöiéíî¨ çàäà÷i äëÿ îáðàçó Ôóð'¹ íåâiäîìî¨ ôóíêöi¨, ÿêó â ñâîþ ÷åðãó çâîäÿòü äî ïðî-
áëåìè òðèãîíîìåòðè÷íèõ ìîìåíòiâ. Îïòèìàëüíå êåðóâàííÿ çíàéäåíî ó ÿâíié ôîðìi â òåðìiíàõ
óçàãàëüíåíèõ ôóíêöié.
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Introduction

Control problems for vibrating systems with variable distributed parameters are espe-
cially important in view of almost-periodicity of that vibrations. Although control problems
for non-homogeneous strings were investigated very rarely (see e.g. [1]�[5] and the references
cited therein). In [1] explicit form of Dirichlet boundary control functions are found, as well
as necessary and su�cient conditions on initial and terminal data for boundary controlla-
bility of free vibrations of non-homogeneous string controlled on both ends are obtained.
In [2, 3] boundary null� and approximate null-controllability problems in modi�ed Sobolev
spaces are considered for non�homogeneous string, when control processes are carried out by
Neumann and Dirichlet boundary conditions respectively, at that in [2] the de�ection of the
string is �xed at the left end�point and in [3] the velocity of the string is �xed at the right
end�point. In [4, 5] optimal control problems are considered for non-homogeneous string
which is �xed at the left end�point and vibrating under impulsive concentrated perturba-
tions, and non-homogeneous rod which is �xed at the left end�point and is free at the right
end�point, respectively, while control process is carried out by mixed boundary conditions
in [4] and by external control impacts, distributed on the rod arbitrarily, in [5]. The problem
is reduced to a truncated system of moments problem and solved explicitly by means of
generalized functions. Controllability conditions of the string and rod in the sense of the
Lebesgue space L1 are obtained for the initial and terminal data.

Here we concern with boundary optimal control problem for non-homogeneous wave
equation with variable coe�cients, describing forced vibrations of non�homogeneous string,
that is �xed at the left end�point, under impulsive concentrated perturbations, at that
control process is carried out by Dirichlet boundary controls containing constant delay at
the right end�point of the string. A functional describing the summary "linear momentum"
of controls in the considered time interval is taken as a control process optimality criterion.

Throughout this paper we shall call a real function admissible control if it satis�es nec-
essary and su�cient conditions of controlled system needed solution existence. We shall say,
that a controlled system is fully controllable in a given space of functions, if there exists an
admissible control, which resolves posed optimal control problem for the system in terms of
that space.

1. Statement of the problem

We deal with one-dimensional wave equation with x−dependent coe�cients

∂

∂x

[
T0(x)

∂w(x, t)

∂x

]
− ρ(x)

∂2w(x, t)

∂t2
= P (x, t), (x, t) ∈ (0, l)× (t0, T ), (1)

subjected to the following Dirichlet boundary conditions:

w(0, t) ≡ 0, w(l, t) = u(t− τ); t ∈ [t0, T ], (2)

at that ρ(x) and T0(x) are reasonable functions, such that the usual existence theorems for
physically acceptable solution (generalized solutions may also be acceptable) w = w(x, t)
hold, τ > 0 is constant delay, at that obviously 2τ < T − t0. It is also supposed, that by
boundary function u(t) control process of the string under study is carried out.
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In addition let us suppose, that external impacts P (x, t) reads as follows:

P (x, t) =

m,n∑
j,s=1

Pjsδ (x− xj) δ(t− ts), (x, t) ∈ (0, l)× (t0, T ),

where δ(x) is Dirac`s delta�function, Pjs = const, j = 1;m, s = 1;n, {xj}mj=1 ⊂ (0, l),
{ts}ns=1 ⊂ [t0, T ].

Note, that equation (1) particularly describes forced vibrations of a non-homogeneous
string of density ρ(x) and length l, caused by impulsive perturbations Pjs, j = 1;m, s = 1;n,
applied on isolated points xj ∈ (0, l) in discrete moments ts ∈ [t0, T ) , at that T0(x) is the
tensile force, and w = w(x, t) is the de�ection of the string from equilibrium state.

The following initial data are considered:

w(x, t0) = wt0(x),
∂w(x, t)

∂t

∣∣∣∣
t=t0

= ẇt0(x); x ∈ [0, l]. (3)

Our aim is to de�ne optimal law of realization and �nd necessary and su�cient condi-
tions for existence of boundary optimal control function uo(t) providing for solution of (1),
satisfying boundary and initial conditions (2) and (3), the following end�point conditions:

w(x, T ) = wT (x),
∂w(x, t)

∂t

∣∣∣∣
t=T

= ẇT (x); x ∈ [0, l] (4)

and minimizing control process optimality criterion

κ[u] =

∫ T−τ

t0

|u(t)|dt. (5)

Note, that this functional evaluates summary "linear momentum" of boundary controls u(t)
in time�interval [t0, T − τ ] [6].

Without getting into details, note that all transmission conditions concerning boundary
conditions (2) and initial and terminal data (3), (4), are supposed to be satis�ed:

wt0(l) = 0, ẇt0(l) = 0, wT (l) = u(T − τ), ẇT (l) =
du(t)

dt

∣∣∣∣
t=T−τ

.

2. Solution of the problem

In order to solve the problem under investigation, let us apply Fourier real generalized
integral transform with respect to t variable to (1) and (2). Then, taking into account (3),
(4) and properties of generalized Fourier integrals [7], after some algebraic transformations
and simpli�cations, we shall respectively derive:

d

dx

[
T0(x)

dw(x, σ)

dx

]
+ σ2ρ(x)w(x, σ) = G(x, σ); (x, σ) ∈ (0, l)× (−∞,∞), (6)

w(0, σ) ≡ 0, w(l, σ) = u(σ)eiστ , (7)

where

Ft[w] ≡ w(x, σ) =

∫ ∞
−∞

w0(x, t)eiσtdt; w0(x, t) = [H(t− t0)−H(t− T )]w(x, t),
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Ft[u] ≡ u(σ) =

∫ ∞
−∞

u0(t)eiσtdt; u0(t) = [H(t− t0)−H(t+ τ − T )]u(t),

Ft[·] is the Fourier operator, σ is the spectral parameter of Fourier transform, H(t) is the
Heaviside unit step function,

G(x, σ) = G1(x, σ) + i ·G2(x, σ), Gp(x, σ) =

m,n∑
j,s=1

Pjsδ(x− xj){cos; sin}(σts) + gp(x, σ),

gp(x, σ) = ρ(x)
[
ẇT (x){cos; sin}(σT )− ẇt0(x){cos; sin}(σt0)+

+ σ
(
wT (x){sin;− cos}(σT ) + wt0(x){− sin; cos}(σt0)

)]
; p ∈ {1, 2}.

We additionally suppose, that functions T0(x) and ρ(x) satisfy conditions of existence for
non-trivial oscillating fundamental solution of (6) [8]�[9]. Then, solution of control problem
under study gives the following

Theorem 2.1. Denote by U the set of admissible controls, for which w(x, t) function is

compactly supported in [t0, T ]. If u ∈ U, then it is de�ned as Fourier inverse transform of a

function u(z), determined from system

u(zk) = Ω(l, zk)e
−izkτ , k = 1, 2, 3, ... (8)

where points zk are determined from characteristic equations

λ(l, zk)− λ(0, zk)− (µ(l, z)− µ(0, zk)) = 2πk, k = 1, 2, 3, .... (9)

Here

Ω(x, σ) = −i
∫ x

0

K(x, ξ, σ)G(ξ, σ)dξ, K(x, ξ, σ) =
ei
(
λ(x,σ)−λ(ξ,σ)

)
− ei

(
µ(x,σ)−µ(ξ,σ)

)
µ′(ξ, σ)− λ′(ξ, σ)

,

and λ = λ(x, σ) and µ = µ(x, σ) are non�trivial real functions determining from Riccati
equation [4],[5],[9] ν2 +T0(x)ν ′+σ2ρ(x)T0(x) = 0, by ν(x, σ) = i ·T0(x) d

dx
{λ;µ}, and de�ning

oscillating solution of (6), s.t. λ′(x, σ) 6= µ′(x, σ) for all x ∈ [0, l] and σ ∈ (−∞,∞).

Proof. One can easily see, that the set U should consist of u(t) functions, which acts until

some t∗ ∈ (t0, T − τ ] , i.e. are compactly supported, at least, in [t0, T − τ ]. From the other

hand, as the space of Lebesgue measurable functions L1[t0, T − τ ] is a Banach space with

respect to norm (5), it is advisable to take as set of admissible controls the set of compactly

supported in [t0, T − τ ] functions U ⊂ L1[t0, T − τ ].

It is well known [7], that if function w(x, t) is compactly supported in [−θ, θ] (every non�

symmetric interval [t0, T ] can be transformed into a symmetric one in the issue of a linear

change of variable), then its Fourier generalized transform is an analytical entire function of

complex variable z = σ + iγ, satisfying inequality

|zρ · w(x, z)| ≤ Aρe
θ|γ| (10)
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for all x ∈ [0, 1] and ρ ≥ 0 with Aρ ≥ 0. On the other hand, as P (x, t) ∈ L1[0, l] × [t0, T ],

the function G(x, z) is also an analytical entire function of z, satisfying inequality (10) [7].

Thus, extending the oscillating solution of system (6)�(7) for all z, one can obtain that for

ful�llment of aforesaid theorem conditions equalities (8)�(9) are necessary and su�cient.

Note, that system of equalities (8) can be treated as interpolation conditions given in
nodes zk for determining the function u(z). Then, solution of interpolation problem (8)
can be achieved by di�erent e�cient methods of interpolation, application of Fourier inverse
transform to which will provide us required solution. However, here we will proceed in a
di�erent way� by separating both sides of relations (3.3) to real and imaginary parts. As a
result of decomposition we will derive the following countable system of real equalities for
determining desired function u(t):∫ T−τ

t0

u(t)e−γkt cos(σkt)dt = M1k,

∫ T−τ

t0

u(t)e−γkt sin(σkt)dt = M2k, k ∈ N, (11)

where

M1k + iM2k ≡Mk = Ω(l, σk + iγk)e
(γk−iσk)τ .

In order to solve control problem under study one may use only truncated version of
system (11) for some natural N . The convergence of truncated system`s solution to solution
of in�nite system (11) is investigated as in [10].

Remark 2.2. Using the symmetry property of obtained Riccati equation: ν(x,−z) =

ν(x, z), one may conclude, that together with zk for some k, −zk also satis�es charac-

teristic equation (9). Furthermore, using properties of Fourier transform one may prove,

that u(−zk) = u(zk) and Mk(−zk) = Mk(zk), where the line over expressions means their

complex adjoint, therefore investigation of systems (8) and (11) may be limited only for roots

zk, k ∈ N.

Remark 2.3. In the case when all roots of characteristic equation (9) are real: γk = 0,

k ∈ N, we obtain

Mpk =

m,n∑
j,s=1

Pjs

[
K1(xj, σk){sin;− cos}σk(tj − τ) +K2(xj, σk){cos; sin}σk(tj − τ)

]
+

+ {cos;− sin}(σkτ)

∫ l

0

[
K1(x, σk)g2(x, σk) +K2(x, σk)g1(x, σk)

]
dx−

− {sin; cos}(σkτ)

∫ l

0

[
K1(x, σk)g1(x, σk)−K2(x, σk)g2(x, σk)

]
dx, p ∈ {1, 2},

K1(x, σ) = ReK(l, x, σ) =
cos(λ(l, σ)− λ(x, σ))− cos(µ(l, σ)− µ(x, σ))

λ′(x, σ)− µ′(x, σ)
,

K2(x, σ) = ImK(l, x, σ) =
sin(λ(l, σ)− λ(x, σ))− sin(µ(l, σ)− µ(x, σ))

λ′(x, σ)− µ′(x, σ)
.
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Thus, the problem of optimal control under consideration was reduced to minimization
procedure of functional (5) with respect to u ∈ U under integral constraints (11). Solution
of reduced problem can be constructed by di�erent rigorous techniques or e�ective numerical
methods of non�linear programming. Nevertheless, as kernels of equalities (11) are bounded
in integration interval, it is convenient to consider it as a system of moments problem with
respect to desired function [6]. In order to proceed to its solution, we will deal with truncated
part of countable system (11) for some natural N . The convergence of solutions of �nite
system of moments problem to a solution of in�nite one is investigated as it is done in
[10]. Using well-known technique for solving moments problem under integral constraints,
outlined in [6], solution of the system (11) can be obtained explicitly:

uoN(t) =

Q∑
q=1

uoNqδ(t− toq); t ∈ [t0, T − τ ], (12)

where intensities of control actions uoNq are constrained by conditions

sgnuoNq = sgnhoN(toq), q ∈ {1, . . . , Q},

where

hoN(t) =
N∑
k=1

e−γkt [Λo
1k cos(σkt) + Λo

2k sin(σkt)] ; t ∈ [t0, T − τ ]

and are determined from the following system of equations:

Q∑
q=1

uoNqe
−γktoq cos(σkt

o
q) = M1k,

Q∑
q=1

uoNqe
−γktoq sin(σkt

o
q) = M2k; k ∈ {1, . . . , N},

and the moments of control impacts applications are determined from maximum condition

sup
t∈[t0,T−τ ]

∣∣∣∣ N∑
k=1

e−γkt
[
Λo

1k cos(σkt) + Λo
2k sin(σkt)

]∣∣∣∣ =
[ Q∑
q=1

|uoNq|
]−1

, (13)

Resolving coe�cients Λo
1k and Λo

2k are determined from the following problem of condi-
tional extremum:

N∑
k=1

e−γkt
o
q
[
Λ1k cos(σkt

o
q) + Λ2k sin(σkt

o
q)
]
→

{Λ1k,Λ2k}
min,

N∑
k=1

[Λ1kM1k + Λ2kM2k] = 1.

The number Q is determined from condition that inclusions {toq}
Q
q=1 ⊂ [t0, T − τ ] must

be satis�ed for any �xed N .
Answer to the second part of the problem concerning necessary and su�cient conditions

for existence of admissible control function, which ensure for the string the end state (4),
gives the following

Theorem 2.4. System (1)�(2) is fully controllable in L1[t0, T ] if and only if the quantity

ρoN =

Q∑
q=1

|uoNq| (14)

di�ers from zero for all N .
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Proof. According to [6, 10], for solvability of system of moments problem (11) it is necessary

and su�cient, that the norm of hoN(t) functions in terms of function space, adjoint to admis-

sible control function space, be bounded and non�zero for all natural N . As in this case the

space of Lebesgue measurable functions L1[t0, T − τ ] is taken as admissible control function

space, which is adjoint to the space L∞[t0, T −τ ] with norm ||hoN(t)|| = sup |hoN(t)| ≡ [ρoN ]−1,

then taking into account (12) and related maximum condition (13) we will obtain (14).
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