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A scattering operator for the Dirac’s system is constructed usi-
ng binary Darboux transformation. It is shown that this operator, in
special case, coincides with the scattering operator obtained by L.Nizh-
nik [6,7].

The direct and inverse scattering problems for the Dirac system with
operator L; given by

0 0

0,
Ll - ( z W ) y UL, U2 € L2(R2)a 6.’1: = 5‘51 ay = 553 (1)

U9 8y

were studied by L. Nizhnik in [6] and [7], where he described the properties
of the scattering operator S which is defined by the equation b = Sa, where

b= ( Z;Efg ) a= ( a1(y) ) a;, b € Lo(R), i = 1,2,

az(x)

are the asymptotic values of the solutions ( 51 ) of the Dirac system LY =0:
2

a1{y) = Y1(—o00,y), bi(y) = Y1(+o00,y),

(2)
az(z) = Ya(x, —00), bo(z) = Ya(z, +00).
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In [7,8] the inverse scattering method (ISM) for the Dirac operator was
used to solve the Schridinger system in two spatial dimensions. As well as
the ISM, which in its classical form is based on the solving of the Gelfand-
Levitan-Marchenko integral equations [1, 2, 13, 14], one can also use more
,1algebrized“ methods, for example, method of binary Darboux transformati-
ons ( {3-5,11,12]), to obtain large classes of solutions to integrable systems.
Indeed, in [9], [10] it was shown that exact solutions of the Schriodinger
system in two-dimensional space obtained by the ISM were a subclass of
solutions obtained using binary Darboux transformations.

Further, in [10] it was shown that binary Darboux transformation (BDT)
[3-5, 11, 12] generate those transformations which Nizhnik obtained in his
study of the direct and inverse scattering problem for the corresponding
Dirac system [6,7).

Let us expose some of the results of [9,10] which we shall use in this
article. In {10] it was shown that the two-dimensional Schrédinger system [§]
admits the restriction ug = pity, vy = u. Then the system becomes

U = Ugg + Uyy — 2(V1 — V2)u,

3
e = (D, vay = ~(lul)e, @
and it admits the Lax pair [L, A] = 0, where (cf. (1))
O: u
b= ( pi Oy ) ’ @
A~ 0, + (8z — Oy)? — 2u1 —20yu + 2u0;
B 2ud:1 — 2pud, ~i0y — (B — 8y)2 —2vp )

It was also shown that the operators L, A admit the reductions
L*=—gLo~}!, A* =gAc™},

where . 0
o=y o), neR\O)

and, consequently, the fixed solutions

‘Pz(fm)___(v’n <P1k) ¢=(¢1)___(¢11 ¢1k)
P2 Y o Y )’ P2 Y21 o Yok
of the systems

Lo=0, L'y =0, Ap=0, A7 =0 (5)
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admit the relation

Y =0p. (6)
In [5,11,12] it was shown that (5) implies the existence (up to a constant)
of the matrix potential

M

Qfy, ¢] = / (g p2) dz + ] @1 dy,
My

where M = (z,y,t), My = (20, yo,t) (in the following we omit the parameter
t). Therefrom and relation (6) we obtain

M

Q, 0] = Qo (W), 0] = ] Pl dy + u~ hen da. ()
Moy

Let Yy = ( Hi() ) be an arbitrary solution and ¢ = ( 21(¥) ) be a fixed

Y, (x) pa(z)
(2 x K)-matrix solution of the system
LOYO = Ov
{ AGYO = Oa (8)
g, 0 : : :
where Lg = 0 8 is the unperturbed Dirac operator, Ag = [i0; +
Y

(0 — 0y)%]os, 03 := diag(l,—1). The integral operator W defined on the
space of solutions of (8) by the formula

Y = WYy = Yo — ¢(C + Qlop, 9]) ' Qo, Yo, 9

(C is an arbitrary constant Hermitian matrix) maps the operator Lg into
the operator L given by (4)

O u
— -1 _ z
pmwrgwio (% 3)
where
u=u"p1(C + Qo ) o5 (10)
Note that formula {10) yields the solution of equation (3).

The main result of the present work is the explicit construction of the
scattering operator S for the system

LY =0 (11)
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using the binary Darboux transformations W given by (9).
From formula (7) we have the matrix potentials 4 [o@, ¢] (putting zp =
—00, yo = —oo) and Qofo(p)@, ¢] (putting zo = +00, yo = +00):

T

ool = | wi(&)er(s)ds+u~t | i(r)pa(r)dr,

Y "o (12)
Qalop, ¢] = +f ¢1(8)p1(s) ds + If1+f @5 (T)pa(T) dr.

One may represent an arbitrary solution of (11) in many ways by choosing
a concrete realization of (9). For example, taking into account (12) we have

Y=Wp= W2Qa (13)
where ) )
_{ b1y _{ 9\y
p= (p;(.’b‘) ): q= ( q;(a:) ): P1,P2,41,92 € L2(R)

are solutions of the unperturbed equation (8),

Yy z
e1(WAT! [ 0i(s)- ds; ploiw)AT! [ ei(r) - dr

Wi=1- ” > :
pa(r)AT [ #1(s) - ds; pTlpa(@)ATY [ @3(r) - dr
—00 —00
(14)
v z
Ay =Ci+ / 3 (8)p1(s)ds +p~! / p5(1)pa(T)dr,Cy = const, C] = C1.
—00 —0o
v 1 T
or1(AZY [ ¢i(s) - ds; pl()A [ 3(r) - dr
Wy=1- +%o +°mo y
p2(2)A3" [ i) ds; wlpa(2)Ag [ p3(r) - dr
+00 +00
(15)
Ay =Co+ / o (8)p1(s) ds + =t f o (r)pa(r) dr, Cp = const.

+oo +00
From equation (13) we find the relation

+00 +0
=i+ [vi@neds+u [ e (6)

—00
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Direct calculation shows that W, ! is given by

Wyl =1+

sol(y)j Ay (z, 8)p3(s) - ds; u“lsol(y)j Az (1, +o0)py(T) - dr
+ o0 %
902($)j Azl (z,8)p}(s) - ds; u"ltpz(-’c)+f AZ(r, +00)p3(r) - dr

(17)
In order to define the scattering operator, equation (2) must be satisfied. To
this end we put:
p:‘SI—la’s q=82_1ba

where Y
. ( 1 - AT (~00,9) [ wi(s)- ds
1= —00
0

0
1= wpa(@) ATz, —00) [ ¢3(r) - dr ) 0

Y
51 o ( L+ o1(0) | A7 (=00,8)¢1(s) - ds
| —00
0

0
1+ pboa() [2, AT (7, —00)p3(7) - dr ) ’

v
Sy = ( 1 - o1(¥)A5 (+0,y) [ wi(s) - ds
2= 400
0

0
1- #_1902($)A2’1(m,+oo)j o3(T) - dr ) ;- (19)

Y
So1 = ( L+¢1(y) [ A7 (+oo,8)pi(s) - ds
2 +o0 0

0
T
L+u7ps() [ A7’ (r+00)p(r) - dr ) ’
+o0
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where operators (18)-(19) are a special auto-Darboux-type transformation
operators for unperturbed Dirac system (8).

The operator S given by b = Sa is then a composition of the binary
Darboux-type transformation operators of the form

S = SoW; W, 87t (20)

Direct calculation, taking into account formulas (14)—(19), gives the operator
S (20) as follows:

S=I+(§,; 22) (21)
where
+00
Fuu = p o1(y) A5 (400, 9) f Pap2 dz - f Ay (—o00,8)¢i(s) - ds;
-0
+0o0

Fiz = —p~p1(y)A; " (+00, ) Az(+00, —00) f A3 (7, —00)p5(T) - dr;

Fy1 = —pa(z)A; " (z, +00) Ag(—00, +00) f Ay (~00,8)pi(s) - ds;

+00
F = i oa(@) A5 (@, +0) [ i dy- / A7 (r,~oo0)s(r) - dr.
From formula (20) we obtain
Sl = SiWiweS; . (22)

By direct calculation, taking into account (14) — (19) and
Wt =
7 -1 T A-1
o1(y) [ AT (=, 8)@i(s) - ds; proi(y) [ Ay (T, —00)@h(7) - dT

+ Y Y ,
Wz(x)_fy ATz, 8)pl(s) - ds; ppa(z) _f A7, —c0)pi(T) - dr



284 - Yu.Sydorenko, M.Pochynayko

we present operator $~! (22) in the form

_ G G12)
Sl=1 , 23
T ( Ga1 Go (23)
where
+o0
Gu = =11 U)AT (~o0,3) [ pipads: [ AT Y(+00, )¢ (s) - ds;
—00

Gro = i 1WA -00,) [ Ai(=00, +00) A7 1, +o0)(r) - o

Ga1 = p2(2) A7 (2, —00) f Ay (400, —00) AT (+00, 5)¢i (s) - ds;

400

Gas = —p ™ pa(z) AT (2, —00) f Pip1dy - ] AT (7, +00)p3(T) - dr.

— 00

Operators (21) and (23) can be considered as a generalization of the scatte-
ring operator S and the inverse scattering operator S~! obtained by L. Nizh-
nik [2] in the case of the finite-dimensional scattering data.

Let the solution ¢ be given as the (2 x 2n)-matrix

o ( g;éy% ) ( fil)( Y gz?w) )

where f1(y) = (fu(®), f2(y), -, fin(¥)), 92(x) = (921(2), 922(2), ..., g2n ().
Then the (2 x 2n)-matrix potentials Qi[0@, ¢}, Qlop, @], given in (12),

become

fy f1(8)f1(s) ds 0
91[0'953 ‘P] = e T 3
0 u“l_f 95(T)ga(7) dr
Y
+f fi(s)fi(s)ds 0

92[0‘;5&90]: ) T
0 p~t [ g5(7)ga(r) dr
+00
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We have the (2n x 2n)-matrix C} given as

0 I
Cy = a1 , In, = diag(1,...,1).
A n - T dr gl 1)
—00

Then the potential u is found from (10):

z -1
uw=—u"" fi(y) [In - fgz(’r)gz (r)dr- f fi(s)f1(s) d3:| g3(x).-
+o00
(24)
We note that the solution (24) coincides with the solution obtained by
L.Nizhnik and M.Pochynayko using the ISM [8].
The scattering operator S of (21) then has the form

F T
ST —I+( 11 {?), (25)
21 22

where
-1

+o0 Yy s +oco
FL=u fu(y) / G de / [Inw-l / frfide- / 959261-’1'} f1(s)-ds;
—-00 —00 —0o0

-0
+00
Fo=u 1) [ g3t dr
—00
+00 +oc ~1
Fp = g2(2) [Inﬂfl / fihdy- f 9592d'r} X
—o0 T
+00
X | In+p” ]fl fidy- /92925133 X
—00
+00 ~1
/I:I +ﬂ_1/f1f1d£ fggggdx] fl(S) ds;
—00

+00 -1
Fo=p" 92(93) [I +u fflfldy /9292(17] X

T
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T

x Tfi“fl dy- [ gi(r)- ar.

-0

The inverse scattering operator (S7)~! (23) is given by

T
(S 1=TI+ ( GP GE? ) , (26)
21 22
where
+o00 Y -1
Gl = —u fi(y) {In+u“1fg§gzdw-/f{'f1ds} X
—00 —00
+oo Yy
x f Ghgrdz - ] O
-0 +o0
+00 v -1
Gl =—p iy {Inﬂt”l f 93924z - f fih ds} X
-00 —00

+00 +o0
X [In+#—1 /gigzdw-ffi’fldy] X

— 00 o
+00 +00 +00 —1
X f [Inﬂfl f g292dn - f fi’fxdy] g5(T) - dr;
—00 T —00

+0o0
b =~gala) [ £(5)- ds
—00
+00
Ghy = —p " ga() f fifidyx
-0

T +00 +00 -1
X / [Inﬂfl f g292dn - fi“fldy} g3(r) - dr.

+00 T 00
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Note that from (25) and (26) we have the relation:
G = "l"F{éka 2= °ﬂ—1 71 G11 = lrfa Gae = Fi3,
obtained by Nizhnik [7].

Conclusion. We show in the paper a number of results on the connec-
tions of Darboux transformations and Scattering theory. It appears that
they are related very closely. They have common problems and common
methods to study them. We believe that considerations of these two domains

of mathematical physics from a single point of view may be helpful for both
of them.

The authors thank Prof. L.P. Nizhnik for fruitful discussion.
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IIEPETBOPEHHS JAPBY I ONIEPATOPH PO3CIIOBAHHS
IIJIst CUICTEMH JIPAKA

FOpiti CHJOPEHKO ', Mapma IIOYUHAHKO 2

! JTeBiBCHKuit HamionanbEuit yHiBepcuTer iMeni Ipana ®panka,
ByJI. ¥YHiBepcuTeTchKa, 1, JIbBiB 79602
2 Hanjomaneuuit yHiBepcuter , JIbBiBChKa, mOTiTEXHIKA,
Bysa. C.Bangepu, 12, JIssis 79013

Meronom 6inapanx nepersopess Japby nobyaoBaHo onepaTop po3CisHHSA
mist cucremu Jipaka. ITokazamo, mo meit omepaTop y 9acTKOBOMY BUIIAIKY
CHiBmaa€ 3 ONMEpaToOpPoOM pO3CisiHHA, oTpuMaHuM J1.Huxxaukom.



