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The solvability of a nonlinear boundary value problem for the 2m-
order elliptic equation Au = plu|? (¢ > 0, p € Ly) in a bounded
domain with given generalized functions with strong power singulari-
ties on the frontier and the character of bihaviour of a solution in a
vinicity of points of singularity of boundary data is established.

The nature of traces g of solutions to the problem
Au=u|Ttu, e, Ulgn =g

has been investigated in [14] for q € (1, gc), where g, = 244, in [13] for ¢ = 2,
in [12] for ¢ € |gc, 2], in {4] for ¢ > ¢. (including ¢ > 2)

The uniqueness solvability of this problem for every g from the space
of bounded Borel measures on 8§ has been established if ¢ € (1,¢.). It
also follows from these results that for ¢ > 1 + n—E—T the trace-measures
of a solutions of this equation may not exist. It proved in [15] that the
solvability of semi-linear second order elliptic equation Lu = f(u) (under
some hypotheses) in class of positive functions satisfying the boundaxy con-

dition u = oo on 9. The asymptotics of solution u(z) = O(dzst*ﬁ (z,00))
in a vinicity of the boundary for f(u) = |u|?, ¢ > 1 is founded.

It is known (see [5] and references here) that any solution of linear
homogeneous equation in ) has traces from the space (C°(9%))" if and
only if it belongs to some weighted L;(§2)-space.
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In [5-8] the method of research of the boundary value problems for semi-
linear elliptic equations in the case of generalized functions giving on the
boundary has been proposed. In particular, the solvability of the problem

Au=ul?, ze€, Ulgg =g

in some weight L;-space for arbitrary generalized function g € (C*®°(882))’
and ¢ € (0, go), where gg € (0,1) and belongs on the order of the singularity
of generalized function g, follows from the results of [7].

In [9] the character of power singularities of solutions of a normal boun-
dary value problem for 2m-order semi-linear elliptic equation in bounded
domain 2 C R™, n > 3 under given generalized functions from (C*(99))’
on the boundary has been founded.

In this paper we study the solvability of such problem (in some subspaces
of weight Li-space) under nonlinear boundary conditions and given generali-
zed functions on the boundary. We establish in what sense the solution may
be treat. In order to prove the solvability of the problem we use the method
of reduction of such generalized boundary value problem to some integro-
differential equation in weight L;-space.

FUNCTIONAL SPACES AND STATEMENT OF PROBLEM

Let €2 be a bounded domain in R® with C*-boundary,

.. |
y = (C!l, “ ey an) be a multl—lndex, |a| =a;+---+ Oy, DY = = ?aalxan ’
1 --0%n

Az, D)= Y aa(z)D* a,€C™(),
|af<2m
be an elliptic differential expression, A*(z, D) be a formally adjoint one with
respect to A(x, D). The boundary differential expressions

Bi(z,D)= Y_ bja(z)D* bjo€C®(S), j=Tm,
la|<my

are given on S, the system {B;(z, D)}]., is normal and satisfying the Lopa-
tynskyy condition with respect to A(z, D), the system {Tj(z, D)}, of the
boundary differential expressions of the orders 7; complement the system
{Bj(z, D)}jL; with respect to Dirichlet system of 2m order. B;,T; are such
boundary differential expressions of the orders 2m — m; — 1,2m — m; — 1,
j = 1, m respectively that the Green formula

/('UAU uA*v)dr = Zf T vBju — B wTu)dS, u,v e C™(Q)
Q 7=l3g
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hold (see, for example, [4]).

Let gg € (0,1) and for all € € (0,&¢) surfaces S; = {z. = z + ev(z) :
x € S} parallel with respect to S be also of class C™. Here v(z) is the unit
vector of inner normal to the surface S at a point z € S.

For every fixed point £ € § we denote by p(z, %) (z € Q) the infinitely
differentiable, positive in Q \ {#}, function, having the order of |z — Z| for
|z — 2| < %, o(2,2) = 0. We also suppose g(z,&) =1 for |z — &| > o.

Let ' = min ;. For £ > —m — 1, as in [6, sec. 2|, we define the
1<j<m

functional spaces:

Z(Q,2) = {p € C®{U\ 2) : g°I*(-,2)D*p € C(Q) for all a if k is
nonintegral, for all &, || # k and mh? € C(Q) if |a| = k € NU{0}},

Z1(8,2) = {p € C(S\ &) : g%, &) D € C(S) for all o if k is
nonintegral, for all a, |o| # k and ;37— € C(S) if |o] = k € NU{0}},

| X@3) = {0 € Ziam(@, 8) : (4°9)(3) = O(H(z, 3) for |z — 2| — 0,
T.'f(p € Zk+mj+1(s)1 Bj(,o =0, J= l’m}
(according to [5, 8] this space is nonempty),

Mi(, &) = {v € L1 15c() : ||v]lx =§jz'gk(a:,:%lv(a:)|da: < 400}

We shall write D(S) instead of C*°(S). ®/(S) is the space of linear conti-
nuous functionals (generalized functions) on the space of basic functions
®(S), < ¢, F > is a value of generalized function F € &'(S) on a basic functi-
on ¢ € ®(S5); s(F) < s means that the order of the singularity of generalized
function F' € ®'(S) does not exceed s, thatis < ¢, F >= [ Y. D%f.dS

S jal<p’
for every ¢ € ®(S), where f, € L1(S) if p € Z, and D*F € Lq(S5)
for all a,|a] < ~p,if p' € Z_, |of < s ([11]); Q) = Q, Q) = S for
j=T,m, (0)=0, () =1for j =T, m. We note that Z;(Q,%) c Ck(Q)),
Zy(8, &) c Cl¥(S), hence

Di(S)={FeD(S):8(F)<s}C Z,(S,2) fors<Ik]
M (2, %) is the space of the regular generalized functions on Zi(2, ).

For p1j € Leo(f()), g € (0,400), j =0,m and F; € Z,, (S, 2), s(Fj) <
s; < pj, j = 1, m we consider the boundary value problem

A(z, D)u(z) = po(z)lu(z)|, = €, (1)

Bj(z, Dyu(z) = Fj(z) + pj(@)lu(z)|%, z € 8, j=1,m. (2)
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Assumptions: (A1) The corresponding linear boundary value problem
has only a trivial solution;

(A2) k > ko = max{pp — 1, =1 — 1}, where pp = max (p; — m;).
1£j<m

Definition. A function u € My(Q, %) is called the solution of problem
(1), (2) in space Mi(S2, ) if for every ¥ € Xi(Q, £) we have

| [ Buolul®dz| < +oo, | f TbusluldS] < 400, 1< j<m,  (3)
Q S

[ avuds = [puoluindo+ 3 [Twusluivds + 3 < B B> @)
Q 0 i=13 =t

We note that 759 € Zitm,+1(Q2) C Zp, (0, 2) for ¢ € Xi(Q, %) (and
i m -~
k > pg — 1), so that for all ¥ € Xi(€Q, %) the expression Z < Ty, Fj > is

Jj=1
defined.
Remark 1. Since "
| [ wilul%dpzl <ol [ o % (z, &)yt % |l , j =0,m, for

) )
u € Mi(Q, &), it follows from [13] that for F; € D'(S), s(F};) < s;, suppFj =
{2} (thatis F; = 3 c¢jaD*6(x—2), cja = const), in the case ¢; € (0, 1),

|QISSJ'—1
J O: m, 30 1%?77‘(8] mJ) <1+ Og;lsnm( g + (J) n):

max{sg—1,—-m—1} < k< min (2= 1 (j)~n) asolution u € My(, £)
0<j<m: U
of the problem (1), (2) exists.
In this paper we prove the solvability of problem (1), (2) in
CM@,2) = {ve CQ\3): o7!(2)v € C(Q)

O ollgm gz = vl = sup o (z,2)|u(z)| < +oo )}, 1<0.
z€
CM (2, 2) is the subspace of space My(Q, 2) if k+1 > —n.

It follows from condition (A2) that [ < 1 — n + min{sh, —pp} for
k= —l—-n+e¢ ¢ > 0. From here | < 2m ~ n, so that for all ¥ €
X _1—nte(Q, &) we have ¢(z) = O(1 + 7' ~"+*+2M(z, £)) in a vicinity of the
point Z, that is 9 is bounded in (1. Further, for every ¥ € X_;_n1.(Q, &),
u € CM(Q, %), lgo > —n and | < 1—n+7h the integral | [ ¢|u|Pdz| =

Q
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| g{ P(2)e" (z, 2) [0~ (z, &) u(z)|%dz| < [Ilulli,@]""‘{ luo(2)¥(z) ' (z, )dx

is finite. For ¢ € X_;_n+e(_§_il:%) and [ <1 —n — py functions Tﬂb belong to
Z_—ntetm;+1(8, ) C Zp, (2, £) and are bounded on S, hence for lg; > 1—n
integrals

| Tualul®sdS| < el 19 [ (50 @y @l 2)dS, § = T,

are finite.

Furthermore, for lg; > (j)—nwehave m+1-—n < 2m—-n+(n+lg) =
2m+lq0,rh+1-—n<ﬁ1+1—~n+(nu~1+lq_.,) = m; + lg;, hence for
| < M+1-—n weobtain l[(g; —1)+m; > p; > 0,5 =1,m, (g - 1)+2m>0

For pp <1~ 2m we have p; — m; < 1 — 2m, hence, p; <0, j=1,m.

Assumption (A3). We suppose

g; >0, j=0m if 2m>nandm= min m; >n—1,
1<j<m

0<g < #%,J-—Om f 2m<nor2m>nand m<n-—1,
1—2m<p0<1—n+1mn{”q ,“}
~-—mm{"‘_l ”}<l<1—n+mm{m —Do}, whereq—linaéx g;.
<j<
Thus, under assumption (A3) for all ¥ € X_;_ n+E(Q ), u € CM(Q, 2)

the conditions (3) are fulfilled and the expression Z < T, Fj > is well
J=1

defined. So, under assumption (A3) function u € CM(Q, 2), satisfying the

condition (4) for every 9 € X_;_n4(Q, £), is a solution to problem (1), (2).

EXISTANCE THEOREM

Let G(z,y) = (Go(z,y),Gi(z,y),-..,Gn(z,y)) be the Green vector-func-
tion of problem (1), (2). Its existence and properties have been established
in {1, 3]. Under supposition (Al) the function Go(z,y) is uniquely defined,
G;(z,y) = T;(y,D) G(z,y), j = 1,m, for every multi-indexes o, and
T # y, the estimates

|DD)Gj(z,y)| < Cjan(lz —y™ 1M 4 gy ol Inlz — il +1) (5)

hold. Here Cj o = const > 0, ks # 0 only for s = 0, kKo = 1, mp = 2m. We
suppose further that Cj oy = Cjq for [y =0, Cj oy = C; for [a| = |7 =

Let number k satisfies assumption (A2). As in [5, p. 86}, using formulas
(2.1) from [5, p. 70] , we prove the following theorem.
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Theorem 1. Function u € My({, £) is a solution to problem (1), (2) in
space My (2, Z) if and only if it is a solution in space Mi(Q), %) of the integral
equation

u(z) = / Golz, y)o(y) lu(y)|®dy+
Q

m

+ [<Gj(z,v), Fi(y) > + / Gz, y)u; () u(y)|¥dS], z€ Q. (6)
j=1

Obviously, under assumption (A1), (A3) solution u € CM (€, £) of equa-
tion (6) is also a solution to problem (1), (2) in space M_;_,..(£2, %) for
every € > (.

Lemma 1. If F; € Z,, (8,%), s(F;) < 85 <pj, j = 1,m, 1 < —(pp+n-1),
then g = Z < Gj(-y), Fi(y) > CM(Q, ).

=
Proof. We shall use lemma 2 from [§]: there exist functions f; € La(S),
natural numbers N;, s; + 352 < N; < pj + 221, such that

gi(z) =< Gj(z,y), F;(y) >= Sf(l - AS)"ilGj(m, ¥) fin(y)dS, j =1,m

where Ag is the Laplace-Beltrami operator with respect to variables y € S.
Let S'=SYz,2) ={ye S:|y— & < iz &},
=8z, 8)={yeS:ly—z[<glz—al}, S5 =5\ (S'US?,

Ii(z,2) = 07z, 3) [ |(1 - As) Gj(z, y)||fi®)ldS, z e Dz € ,

i=1,2,3, j=Tm.
If y € S, then |z — y} > 1|z ~ 2|, hence

I}(z,8) < gnfo ™t T Nz, 8) + 1] J |£i(y)|2dS)2

and for l<mj—pj+1—-n<mj+ 152 —N;, z€Q it is finite.
For y € S? we have |y — 2| > |z — &| — |y — | > 3|z — &| > |z — y], then
13(a,2) < dnl [ [y~=-HmH=n-2) 4 1)aS]h < eplla—alm 7Nty

1],z Q.

For y € % we have 3|z — £| < ly | < 3|z — §:| and |z —y| > 3|z — 3.
Then I3(m %) < &3 max{|z—&|" 7 a |z — :clm1+ 7 ~Ni=l 1}, z € Q, where
€41, Cj1, €41 are positive constants.

Thus, for every 2 € S, <m; + 1 —n — p; we obtain
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lgill.e = max(Z}(@,8) + I}(z, 2) + [} (2,8)] < +o0, j=T,m.

It follows from lemma 1 that for I satisfying the assumption (A3) we have
geCcM(Q,2).

Let
Gij(z,y, %) = 07 (z, 2)Gj(z,9)2'% (3, &),
Rj = mex [ Gz, w)ldgyy, =0,m.

FEE 0
q N O%agcmqjj q - 02}1<n g3 Cll = “g”;:ﬁ: I»{', = |lujlle(Q(J)), ' = O,m,

a(q)*-lnpnq>2 a,(q)—22 2if g € (1, 2) (a(q) > 1for all g > 1),
a; = 2a(q") %uj% = min{ £-07" 7}
J:

CQ -1 :)q’
Lemma 2. Let g; € (0,1), j =0,m, —min{2, %3 11} < 1< 0. For given
e > 0 we can find § = 6(e) > 0 such that for all domams w C Q(J), whose
measures m;y(w) in R"~ U) satisfy condition m;{w) < 8, we have

I; = mazf 1Gij(z,y, &)ldjyy < &, §=0,m.

For the case j = 0 the statement of lemma 2 follows from lemma 2 [9],
in the case j # 0 the proof is similar.

Theorem 2. Under assumption (Al), (A3) and one of the conditions
a) ¢ € (0,1}, b) q" > 1, without any restriction in the case a and under

additional assumption a; < a; in the case b), there erists the solution u €
CM(Q, 2) to problem (1), (2).

Proof. Let for v e CM(Q, )

Po)e) =Y / G;(z, 9 (W) v@)| Ddgyy + 9(z), z € Q.
=09

Then we can write equation (6) in the form v = Pu. In order to prove
its solvability we shall use the Schauder principle in the case a) and the
contraction mapping principle in the case b). For v € C' (2, £) we have

I1Poll} 2 < max g “H(z, 2)| Z I Gi(z, v)pi(@)v(y)|4dS| + gl 5 <
J_OQ(J)

Hp Max @ ‘(m,m)f |Go(z, y)| 0" (y, &) (max o~ (y, 2)|v(y)|)®dy+
ze? Q yefd
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m

Y. wiymax o7H(z, 2) [ |Gj(z, y)le'% (y, £)(max o~ (y, &) Jv(y))¥dS + Cu <
j=1 " zef S yeSs
uo(|lvll )% max o Yz, £) s{ |Go(z, y)|6'%® (y, £)dy+
.
> w5(l[v]|})% max o~H(z, 2) [ |Gj(z,y)|e" (y, &)dy + Cu.
j=1 2€q} s

As in lemma 3 from [8], we prove that for s > —n, |a] < m; + (j),
J=0m

/ ID3Gj(2,y)|°(z, #)da < Cjou (o™t 10 (y, 8) +1),y e Q2 € S (7)
Q

3

hold, and for s > 1 —n, |a| <m; + (§),j =

]

/ |DZGj(z, y)le* (v, £)dS < Clo (™1 (y,8) + 1),y € 5,2 €S (8)
S

hold. The constants C7,,, C” jso depend on the constants Cjay in estimates
(5) for |y| = 0. Further C7,, = Cj,, Cj, = Cj, for |a] = 0.

jsox

By using estimates (7), (8) for lg; > (j) — n, j = 0,m, we obtain
m

[Pl 5 < %u}(llvlli,ﬁ)"f la; max 074z, £) (&9 ™i(z,2) + 1) + Cu.
J= T

Under assumption (A3) and notation A;, = 2u}C‘,’qj, j = 1, m we have

m
1Pullis <Y Agy (o]l 5)% + Cu < +o00, v € CM (@, 2). (9)
=0
Let Mic(Q,2) = {v e CM(Q), %) : |[v]l} 5 < C}. It is a ball in CM(Q, 2).

_ Lei us prove the existence of such constants C' > 0 that P : J\Zfl,c(ﬁ, z) —
M; (2, £). It follows from (9) that

m
IPolli; <) A, C%+Cy  Wve Mc(@Q,d). (10)
j=0

If g; € (0,1) for all j = 0, m, then for every positive A;y,, Cy; there exists
a constant Cy > 0, such that for every C > Cy we have

m
) Ay, C% +Cy < C. (11)
3=0
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It follows from (10) that for every C > Cj P: Mic(f), &) — M oS, 2).
In the case ¢” > 1, ¢ > 1 (11) follows from inequality

a,C? +Cy < rC, C>1 re(0,1). (12)

The existence of 0l rtn<1_r¢ ft) < —Cy, where f(t) = a;t¥ — rt, is enough
oo

for (12) (see {10, p. 320]) Let us prove the performance of this condition.
Number € = (———~) -1 is a point of minimum of the function f(t). We
find

FC)=Calf 1 —r)=Clazs - ) =-Cr(1 - L);
—Cr(l—-—)< ~CueC> =L en Fa< —(?':i%%q_—l-
The condition € > 1 is fulfilled for a; < & 7 <7 q . By using the arbitrari-
ness of number r € (0,1), under the hypotheses of theorem, we obtain the

existence C' > 1, such that (11) is fulfilled and P : M; c(Q, &) — M (R, ).
For arbitrary ’U1,’02 € CM(Q,2) we consider  [|Pv; — Pugll;; =

max g !z, %) Zolnf Gz, y)ui () [lv1 (@)Y — lva(9)1¥]dyyl-
(#)

For all ¢; € (0,1], v1,u2 € CM(Q,2) we obtain ||Pv; — Pupllj; <

m —
Z%A‘qi [llu1 — wal|; 3]%. Hence, the operator P is continuous on cM(Q, ), it

— m
is contracted on CM(Q2,2) for all g; = 1 and ) i < ev, Where C’ is some
§=0
constant.

For all ¢; > 1, v1,v2 € M[’C(ﬁ, £) we have  ||Pv; — Puglfj 3 <

EO H; Qf |G (z,y, £)|le! (1, )1 (W)@ ~ [o™' (v, D)1 (W) 19 |d5)y-
=0 0

By using above estimates of the integrals, it is possible to obtain that

|Pv1 = Pualli s < armax{(|lerlli2)% ", (llvallz0) 7'} - llor — vallie < (13)

i

aC% |y - vz“f,a*: Vur, v € Mw( &).

According to choice of number C' we have qC7 1 = a’} < 1. Hence, under
hypotheses of the theorem operator P is contracted on M, C(Q_ z).

In the case ¢’ < 1 we prove the compactness of operator P on M, c(ﬂ z).
It follows from (10) that set || Pv||; ; is uniformly bounded on M;c(Q,2). In
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order to prove the equicontinuous of set {Pv:v € M; (%, %)} on My(Q, 1),
it is sufficient to prove that for given £ > 0 we can find § = §(¢) > 0 such
that forallz € Q, z € R, |2| < 8,z + 2 € 0, v € CM(Q, 2) the inequality
I(Po)(- +2)— (Po)()lljs < & holds.

For z € Q, z € R*, v € CM(Q, £) we have

[(Pv)(z + 2) — (Pv)(z)ll| 5 =
ma.xlg_l(E + z, iE)(P’U)(ﬂ'; + z) — Q—l(x;fz')(P'U)(IE)l S

rf:.xﬂg Hz+2,8)g(z + 2) — 07z, &)g(2) |+

#6({19 (z +2,2)Go(z + 2,) — 07z, £)Go(, y) v (y) [P dy+

m
3 4 [o7(x + % 8)Gs(z + 2,9) - 0”@, )G (=)l [o(w)|dS) <
J:

J1(2) + J2(z) + J3(2),
where J1(2) = max[g Yz + 2,8)9(z + 2) — 07!z, £)g(z)|,

J2(z) qu Omaicf ]GIO 33 + 2,¥, :L') GlO("L‘? Y, i)ld:%

Ja(2) = ZC"w mgf |Gii(z + 2,9, 8) — Gij(z, y, £)|dS.
T

It follows from uniform continuity of function g~(z, #)g(z) (z € Q) that
for given € > 0 we can find & = §'(¢) > 0 such that for all z € Q,z €
R 2| < ¥, 2+ 2€Q, £ €S inequality Ji(2) < ¢ holds.

Let n € (0,¢0), 2, be a subset of ? with boundary Sy. By lemma 2 for
given € > 0 we can find §g = dp(e) > 0, no € (0, €9) such that m(Q2\ 2y, ) < do
and for all z € R

121(2) = ”i)cq maii[ f lél(l(m: Y, i')Idy+
z€N) Q\ 2y,

Q\f Gro(@ + 2,9, 2)ldy] < -
Qg
Further by w? we denote the displacement of set w by vector z. Obviously,

m(w?) = m(w). We choose 11 < mm{2no,( ) }, where oy, is the area of
the unit sphere in R".

For z € Ql we define sets wy, () = {£ € Q@ |€ — x| < m}. We have
mwp, (2)) = 0n7h < 6p. Then by lemma 2
uClmax [ |Guo(z,y,2)ldy < sy
zef) wh, (z)
We choose 4; = min{onn?, do, %7)1} Ifze ﬁl , 2 €R 2] € 41(< %770)
thenzr:+z€91 C Q, wy () C . So, by lemma2
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In(2) = ppC? max [ [ |Golz,y,2)ldy+ [ |Gulz+zy,2)dy] =

menf’f wny () wn; ()
= ppC? max | f |Go(z, y, 7)|dy + f |Gio(z,y, £)|dy] < 12(:,,4_1)'
:BEQT; —z
g Ym () wny ()

B For z € ﬁ_;_m, y € QU \wy, (2), 2 € R™, |2} < 81(< 70) we have T+ 2 €
Q1,, CQly—z| 2 m, ly—(z+2)| 2 ly—=|~|2| > m—b1 > 170 > 3, hence,

y # « and y # T+ 2. By uniform continuity of function ézo(a’,?}, Z) on closed
set V = Q%m X (i, \ Wy (2)) X S we obtain: for given £ > 0 we can find d2 =

d2(e) € (0, 61] such that for all (z,y,2) € V} = ﬁ%no X(Qpy \wn, (2))xSCV,

z € R", |2| < 6, the inequality Iégo(:c+z, Y, ;f;)—éw(a:,y, 2)| < 12p] chmiﬂ)
holds, hence

I23(Z) = ,J’:'_)Cq max f 'GIO(:L' + 2,9, i‘) - élﬂ(xa Y, i)ldy < ﬁ(fi‘_ﬁ)‘
:EEQE? g \wny (z)

Thus, for given € > 0 we can find 4 such that for 2 € R",|2| < 4,

max éa:+z,,§:—é:z,,:i:d§Iz+I 2) < 75—
xeﬁ%agfﬂ io( Y, &) = Gio(z,y, 2)|dy < I2o(2) + I23(2) < g5y

For z € Q\Qgg, y € Qy, 2 € R, |2| < 61,0+ 2 € O we have y # 2,
y # x + z, and also ly — &| > %770 > 1. Then by uniform continuity of
the function é;o(m,y, Z) on closed set V! = (1 Q%m) X €dpy X S we obtain:

for given ¢ > 0 we can find 83 € (0,61] such that for all (z,y4,%) € V{ =
(&2 Q%no) X Qpy x SC V', z€Q,|2| < 83, z+ 2 € Q the inequality

I24(z) = %Cq max f Iélo(fﬂ + z, y,i) - élO(:Bay’i‘)'dy < ﬂ}f}_l)
a:EQ\Qy,} g

holds. So, for z € R", |z| < ¢ = min{d2, 83} we have
Jo(2) < max{In(z), Ino + J23(2), Toa(2)} < gromeyy

Let us estimate J3(z), conserving previous construction. Let Sp, (%) =
wny(£) N S. By lemma 2 for given € > 0 we can find n2 = m(e) > 0,
04 = 04(¢) > O such that forall z €, z € R, [2| < 0y, £ €S

m ~ -~
Ja1(z) = max 3 p:C% [ [|Gij(z + 2,9, %) + |Gij(z, 4, 2)]|dS < sy
2€llng j=1 Sno(2)

The function Gy;(x,y, ) is continuous in ﬁ_g; x (S\ Sp,(2)) x S and
for given € > 0 we can find é5 = ds5(¢) > O such that for all z € Qo
zeRM|z| <45, 2+2€Q,2€ 8

m - ~
J3o(2) = max Y piC% [ |Gz + 2,9, 8) - Gii(z,y,£)|dS < spfery-

z€ldy, j=1 Spq (£)
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For z € 2\ Qy, zeR" |z| < 85, T+ z € Q we have
J33(Z) max Z H CqJ f IGlj(w"" Zy ysx) Glj(w Y, :r:)|dS <

meﬂ\ﬂ,,c j=1
m
< max Y uC%{ [ [IGlz+ 2y, 2)| +|Gy(z, y, £)JdS+
€N, j=1 Sng (£)USy, (z)
+ f IGlj(m + 2, Y, ﬁ:) - Glj(xi y,.’f:)ldS}
S\(Sffz (:i:)USM (z))

By continuity of Gij(z,y,2) in Vi = @\ Quyp X (8\ (Sp, (&) U S, (2))) x S
and by lemma 2 we obtain: for given € > 0 we can find dg = dg(g) € (0, d4)
such that for all z € Q\ Q,, 2 € R, |2| < 8, z+2 € £, y € S the inequality

m me
< — =
J3a(2) < (12+12+12)m+1 4m+1)

holds. So, for § < §” = min{dy, 85, 66} we have

me __me _ _me
12(m+1)  4(m+1) 3(m+1)

J3(2) < max{Js1(2) + J32, Ja3(2)} <

Finally, for given € > 0 we can find § = min{é#’,§”} such that for all
zeQ,z| <6

I(Pv)(- + 2) = (Pr)()ll1¢ < J1(2) + Ja(2) + Ja(2) <&.

So, the realization of the Schauder principle’s conditions in the case q € (0, 1)
is proved.

Remark 2. In the case of the linear boundary conditions (u; = 0,7 =
1, m) assumption (A3) goes into such one:

g>0if2m>nand m>n-1,
O<g@< Tmif2m<nor2m>nand m<n-1,
l1-2m<po<l-mn+2, ﬂqﬁo<l§1—n+min{7h,—po}.

The case of the linear boundary conditions and F; € D'(S), s(F}) < s,
j = 1,m has been discussed in [9].
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PO3B’SI3KU 13 CUJIbHUMU CTEIIEHEBNMU
OCOBJINBOCTAMMU HEJIHIMHUX EJINTHYHUX
KPAMOBHUX 3AJAY

Teauna JIOITYITAHCBKA

JILBIBCEKMI HanioHaLHUM yHiBepcuTeT iMeHi Isana ®panka,
BYJI. YHiBepcHTeTChKa, 1, JIbBiB 79000

Bcranosneno po3p’sa3HicTs HesriHINAOI XpaltoBol 38034l 118 eTINTHYHOIO
piBusaas Au = plul? (@ > 0, p € L) nopsaaxy 2m B obMmexenii obmacti
IIpH 3aJIaHAX Ha, i1 MexXi y3arajipHeHHX QPYHKIUAX i3 CUILHUMHU CTeneHeBIMHU
0COOJIMBOCTAMH Ta 3HAMAEHO XapaxTep MOBEAIHKH PO3B’'A3KY NOOIH3Y LHX
ocobyuBocTel.



