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We consider the problem of normality of functional spaces endowed
with the strong-weak topology and also of spaces of equivariant maps.
Some open problems are also formulated.

1. INTRODUCTION

The strong Whitney topology on the functional spaces has numerous applica-
tions in differential topology. Its counterpart for C®-maps (i.e. continuous
maps; see [2] for various properties of this topology) is also widely used in
the topology of infinite-dimensional manifolds [18].

In his textbook [7], M. Hirsch formulated the following problem. Is the
space of continuous functions defined on locally compact non-compact met-
rizable space normal in the strong Whitney topology? Note that the related
problem of paracompactness of the Whitney C*°-topology or his extension
of the Schwartz D-topology on C*°(M, N) when M is an open manifold was
formulated by Michor [13].

The Hirsch problem was first solved in the negative by the authors {5] (see
also [6]), Neves [14,15], and Wegenkittl [19]. These results were considerably
improved by Serrano [17] and van Douwen [4].

The proofs of nonnormality theorems are based on embedding of the van
Douwen nonnormal space [3], which itself is the box product of metrizable
spaces, into the functional spaces. The proof in [14] is based on nonstandard
analysis. Recall that the boz product of an indexed family (X4 )aer is their
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cartesian product [],.r Xo endowed with the topology whose base consists
of the sets of the form [, Us (boxes), where every U, is open in X,, for
every a € I.

Lately, the technique applied in [5] was also used in another situations.
In this way it was shown that the spaces of foliations on manifolds {20} and
the spaces of preference relations [8] are not normal.

In this note we consider the so-called strong-weak topology on the sets of
differentiable maps of differentiable manifolds introduced in [10]. The main
result is another theorem on nonnormality of the obtained function space.

We also formulate some open problems on function spaces endowed with the
Whitney topology.

2. DEFINITIONS AND PRELIMINARIES

For any m-tuple a = (a1,...,am) € ZT welet la| = a1 + - -+ + am.

Let M, N be differentiable manifolds. Let U be an open subset of R™,
K be a compact subset of U, and f = (f1,...,fn): U — R™ be a C"-map,
0 < r < co. We define

ol f(z)

[ 4]
Ozt ... Ozp"

reK

1fll% = sup {

| 1<i<n, 0§|a|§r}.

Given C"-manifolds M, N, we denote by C"(M, N) the set of all C"-
maps from M to N. Let f € C"(M,N), (U, ) and (V,4) be charts in M
and N respectively, K C U be a compact subset such that f(K) C V, and
¢ > 0. Define

O"(f; K, (U, ¢),(V,¥),e) = {g € C"(M,N) | g(K) C V,
lpogop™ —gpofop | k) <e}.
The following notions are introduced in [10].

Definition 2.1. A phase map is a continuous map from a C"-manifold
to a topological space.

Definition 2.2. Let o: M — ) be a phase map. The strong-weak topology
on C"(M, N) with respect to the phase map o s the topology which as a basis
has the famaly of all neighborhoods of the form

() O (f; K, (Ui, 03), (Vi, 93), €6,

icA
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where the family {K; | i € A} is locally finite in Q.

The obtained topological space is denoted by Cswig (M,N).

If a Lie group G acts on C™-manifolds M, N, we denote by C™C(M, N)
the set of all G-equivariant maps. We endow C™¢(M, N) with the strong-

weak topology with respect to the projection map M — M/G onto the orbit
space.

3. RESULT

Theorem 3.1. Suppose that the image of M under the phase map o is not
precompact (i.e., is not contained in a compact subset of ) and dim M > 0,
dim N > 0. Then the space Cgy, (M, N) is not normal.

Proof. One can easily see that there exists a countable discrete family
{K;} of compact subsets of M satisfying the following properties:

1. every K; is diffeomorphic to the m-dimensional disc, where m =dim M;
2. the family {o(K;)} is locally finite.

Without loss of generality, one may assume that there exists a map
f € C‘SW[ J (M, N) with the following property: for every i, the set f(K;)
is contained in a submanifold with boundary L; of N diffeomorphic to the
unit disc in R¥™ Y Consider the set

R = {g € Cgyy (M, N) | gjan\uz2, k) = fianug, K
and g(K,-) C L,- for every i}.

1t easily follows from the definition of the strong Whitney topology that the
set R is closed in f € Cgyu(M, N ). Moreover, we see that the set R is ho-
meomorphic to the box product 02,C"(K;, 0K;; L;), where CT (K, 0K;; Ly)
denotes the set of all C"-maps g: K1 — L; satisfying the property g|0K; =
fl8K;. Note that, if we identify the set L; with the standard unit ball in
RAMN “then the set C™(K;, 8K;; L;) is a convex subset in the Fréchet space
C"(K;, RYE™N) which is known to be homeomorphic to the separable Hilbert
space £2. Moreover, since CT(K;, 8K;; L;) is infinite-dimensional, it itself is
homeomorphic to ¢2 (see, e.g. [1]). Like in [5], we conclude that the van
Douwen nonnormal space (w + 1)0(0“w”) can be closely embedded into
072, C"(Ki, 0Ki; L;) and therefore in Cgyyr (M, N ), whence the conclusion
of the theorem follows.

The proof of the following result is based on similar arguments.
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Theorem 3.2. Suppose that ¢ Lie group G acts on a manifold M such
that the orbit space M/G is not compact and dim M/G > 0. Then the space
Cg’va[QI(M , N} is not normal.

4. REMARKS AND OPEN QUESTIONS

4.1. Coarse counterpart of the Whitney topology. Recently, 1. Be-
lins’ka considered a counterpart of the strong Whitney topology in the asym-
ptotic topology. This topology is defined on the classes of coarse maps
between proper metric spaces.

Let us recall briefly the necessary definitions. A metric space X is said
to be proper if every its closed ball is compact. Given two proper metric
spaces, X and Y, we introduce topology on the space C(X,Y") of continuous
functions from X to Y. Let £ denote the set of continuous functions : X —
(0,00) with the property: for every C > 0 there exists » > 0 such that
d(z,zo) > r implies e(z) > C (here 2 is a base point of X). Given ¢ € £
and f € C(X,Y), let

oie) = {g e otx,y) | HHEIE) g o 5 oo
(here p denotes the metric on Y; also ,(z) — 0 as z — 0 means that for
every § > 0 there exists a compact subspace K C X such that |p(z)] < d
whenever z € X/K).

The family O(f,¢), where f € C(X,Y) and € € £, forms a base of a
topology on C(X,Y).

Recall that a map f: X — Y is coarse if (i) f is coarse uniform, i.e. for
every £ > 0 there exists § > 0 such that d(z,y) < ¢ implies o(f(x), f(y)) <4
for every z,y € X and (ii) f is coarsely proper, i.e. the preimage f~1(A) of
every bounded set A in Y is bounded in X.

Question 4.1. Are spaces of equivalence classes of coarse maps between

proper metric spaces normal? Here, two maps are equivalent if the distance
between them is finite.

4.2. Another function spaces. In [11], the transversal Whitney topo-
logy modulo a foliation F on the target manifold N is defined on the set
C*®(M,N).

It is proved in [11] that the obtained topological space (it is denoted by
C®(M, N; F) is a Baire space.

Question 4.2. Is the space C*°(M, N; F) normal?

One can also ask similar question about the spaces of Holder maps {12].
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PozrnsiryTo npobiieMy HOpMasibHOCTI (hYHKUiOHAJIBHUX IIPOCTOPIB, Hadl-
JIEHMX CHJIBHO-CJIa0KOI0 TOMOJOri€l0 YiTHI i TaKOX IPOCTOPiB €KBIBaplaHT-
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