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Â îáëàñòi ç âiëüíèìè ìåæàìè äîñëiäæåíî îáåðíåíó çàäà÷ó âè-
çíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹íòà â ïîâíîìó ïà-
ðàáîëi÷íîìó ðiâíÿííi çi ñëàáêèì ñòåïåíåâèì âèðîäæåííÿì. Çà äî-
ïîìîãîþ òåîðåìè Øàóäåðà ïðî íåðóõîìó òî÷êó âñòàíîâëåíî óìîâè
iñíóâàííÿ ëîêàëüíîãî çà ÷àñîì êëàñè÷íîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i.
Îòðèìàíî òàêîæ óìîâè ¹äèíîñòi ðîçâ'ÿçêó äëÿ âñiõ t ∈ [0, T ].

Îáåðíåíà çàäà÷à âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹í-
òà â ïîâíîìó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç âiëüíèìè ìåæàìè äî-
ñëiäæåíà â [1]. Ïîäiáíi çàäà÷i â îáëàñòi ç âiäîìèìè ìåæàìè âèâ÷àëèñü
ó [3, 5] ó âèïàäêàõ ñèëüíîãî òà ñëàáêîãî ñòåïåíåâîãî âèðîäæåííÿ. Ïî¹ä-
íàííþ öèõ çàäà÷, à ñàìå âèçíà÷åííþ ñòàðøîãî êîåôiöi¹íòà â ñëàáêîâè-
ðîäæåíîìó ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç âiëüíîþ ìåæåþ, ïðèñâÿ-
÷åíà ðîáîòà [2]. Äàíà ïðàöÿ ¹ ïðîäîâæåííÿì äîñëiäæåíü ó âêàçàíîìó
íàïðÿìêó. �¨ ìåòà � çíàõîäæåííÿ íåâiäîìîãî êîåôiöi¹íòà òà ðîçâ'ÿçêó
ïàðàáîëi÷íîãî ðiâíÿííÿ çi ñëàáêèì ñòåïåíåâèì âèðîäæåííÿì â îáëàñòi ç
äâîìà íåâiäîìèìè ìåæàìè.

1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi ΩT ={(x, t) : h1(t) < x < h2(t),
0 < t < T} ç íåâiäîìèìè ìåæàìè x = h1(t) òà x = h2(t) ðîçãëÿäà¹òüñÿ
îáåðíåíà çàäà÷à âèçíà÷åííÿ êîåôiöi¹íòà a(t) > 0, t ∈ [0, T ], â ðiâíÿííi

ut = a(t)tβuxx + b(x, t)ux + c(x, t)u + f(x, t), (x, t) ∈ ΩT , (1)
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ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = ϕ(x), h1(0) ≤ x ≤ h2(0), (2)

êðàéîâèìè óìîâàìè

u(h1(t), t) = µ1(t), u(h2(t), t) = µ2(t), 0 ≤ t ≤ T, (3)

òà óìîâàìè ïåðåâèçíà÷åííÿ âèãëÿäó

a(t)tβux(h1(t), t) = µ3(t), 0 ≤ t ≤ T, (4)

h2(t)∫

h1(t)

u(x, t)dx = µ4(t), 0 ≤ t ≤ T, (5)

h2(t)∫

h1(t)

xu(x, t)dx = µ5(t), 0 ≤ t ≤ T, (6)

äå h1(0) = h10 òà 0 < β < 1 � çàäàíi ÷èñëà.
Çàìiíîþ çìiííèõ y =

x− h1(t)
h2(t)− h1(t)

, t = t, çàäà÷ó (1)�(6) çâåäåìî äî
îáåðíåíî¨ âiäíîñíî íåâiäîìèõ (a(t), h1(t), h3(t) = h2(t) − h1(t), v(y, t) =
u(yh3(t) + h1(t), t)) â îáëàñòi QT = {(y, t) : 0 < y < 1, 0 < t < T}:

vt =
a(t)tβ

h2
3(t)

vyy +
b(yh3(t) + h1(t), t) + h′1(t) + yh′3(t)

h3(t)
vy+

+c(yh3(t) + h1(t), t)v + f(yh3(t) + h1(t), t), (y, t) ∈ QT ,

(7)

v(y, 0) = ϕ(yh3(0) + h1(0)), 0 ≤ y ≤ 1, (8)
v(0, t) = µ1(t), v(1, t) = µ2(t), 0 ≤ t ≤ T, (9)

a(t)tβ

h3(t)
vy(0, t) = µ3(t), 0 ≤ t ≤ T, (10)

h3(t)

1∫

0

v(y, t)dy = µ4(t), 0 ≤ t ≤ T, (11)

h1(t)µ4(t) + h2
3(t)

1∫

0

yv(y, t)dy = µ5(t), 0 ≤ t ≤ T. (12)



Ïðî êîðåêòíiñòü îäíi¹¨ îáåðíåíî¨ çàäà÷i... 51

Îçíà÷åííÿ. Ïiä ðîçâ'ÿçêîì çàäà÷i (7)�(12) áóäåìî ðîçóìiòè íàáið
ôóíêöié (a, h1, h3, v) ∈ C[0, T ]×(C1[0, T ])2×C2,1(QT )∩C1,0(QT ), a(t) > 0,
h3(t) > 0, t ∈ [0, T ], ùî çàäîâîëüíÿ¹ óìîâè (7)�(12).

2. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (7)�(12).
Òåîðåìà 1. Ïðè âèêîíàííi óìîâ:
A1) ϕ ∈ C1[h10, +∞), ϕ(x) ≥ ϕ0 > 0, ϕ′(x) > 0, x ∈ [h10, +∞),

µi ∈ C1[0, T ], i = 1, 2, 4, 5, µi(t) > 0, t ∈ [0, T ], i = 1, 2, 4, b, c, f ∈
C1,0([h10, +∞)× [0, T ]), f(x, t) ≥ 0, c(x, t) ≤ 0, (x, t) ∈ [h10, +∞)× [0, T ];

A2) µ3 ∈ C[0, T ], µ3(t) > 0, t ∈ (0, T ], ∃ lim
t→+0

µ3(t)t−β = M0 > 0;

A3) ϕ(h10) = µ1(0), ϕ(h2(0)) = µ2(0);
ìîæíà âêàçàòè òàêå ÷èñëî T0 ∈ (0, T ], ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè
äàíèìè, ùî ðîçâ'ÿçîê çàäà÷i (7)�(12) iñíó¹ ïðè 0 ≤ y ≤ 1, 0 ≤ t ≤ T0.

Äîâåäåííÿ. Âèçíà÷èìî ïî÷àòêîâå çíà÷åííÿ ôóíêöi¨ x = h2(t), ÿêà
çàäà¹ íåâiäîìó ÷àñòèíó ìåæi. Çãiäíî ç óìîâàìè (2), (5) òà ïðèïóùåííÿìè
òåîðåìè iñíó¹ ¹äèíå çíà÷åííÿ h2(0) > h10, ÿêå ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

h2(0)∫

h10

ϕ(x)dx = µ4(0).

Ïîçíà÷èìî ÷åðåç h30 ðiçíèöþ h2(0)−h10. Çàñòîñîâóþ÷è ïðèíöèï ìàêñè-
ìóìó [4, ñ. 25] äëÿ ðîçâ'ÿçêó çàäà÷i (7)�(9), îòðèìó¹ìî îöiíêó ôóíêöi¨
v(y, t) çíèçó ñòàëîþ, ÿêà çàëåæèòü âiä âèõiäíèõ äàíèõ:

v(y, t) ≥ M1 > 0, (y, t) ∈ QT . (13)

Òîäi, çãiäíî ç óìîâàìè (11), (12), ìàòèìåìî

h3(t) ≤ 1
M1

max
[0,T ]

µ4(t) ≡ H1 < ∞, t ∈ [0, T ], (14)

|h1(t)| ≤ µ5(t)
µ4(t)

+
µ4(t)

1∫
0

v(y, t)dy

≡ H2, t ∈ [0, T ]. (15)

Âèêîðèñòîâóþ÷è çíîâó ïðèíöèï ìàêñèìóìó äëÿ ðîçâ'ÿçêó çàäà÷i (7)�(9),
îäåðæó¹ìî

v(y, t) ≤ M2 < +∞, (y, t) ∈ QT , (16)
à çãiäíî ç (11),

h3(t) ≥ 1
M2

min
[0,T ]

µ4(t) ≡ H0 > 0, t ∈ [0, T ]. (17)



52 Í. Ãðèíöiâ

Ïîçíà÷èìî: q(t) =
a(t)
h2

3(t)
, p(t) = h′1(t), r(t) = h′3(t), ω(y, t) = vy(y, t).

Çàäà÷ó (7)�(12) çâåäåìî äî ñèñòåìè ðiâíÿíü. Ïðèïóñòèâøè òèì÷àñîâî,
ùî ôóíêöi¨ a(t), h1(t), h3(t) ¹ âiäîìèìè, ïðÿìó çàäà÷ó (7)�(9) çàìiíèìî
åêâiâàëåíòíîþ ñèñòåìîþ iíòåãðàëüíèõ ðiâíÿíü:

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)
(

c(ηh3(τ) + h1(τ), τ)v(η, τ) +

+
b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)

h3(τ)
ω(η, τ)

)
dηdτ, (y, t) ∈ QT , (18)

ω(y, t) = v0y(y, t) +

t∫

0

1∫

0

G1y(y, t, η, τ)
(

c(ηh3(τ) + h1(τ), τ)v(η, τ) +

+
b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)

h3(τ)
ω(η, τ)

)
dηdτ, (y, t) ∈ QT , (19)

äå Gk(y, t, η, τ), k = 1, 2, � ôóíêöi¨ Ãðiíà âiäïîâiäíî ïåðøî¨ òà äðóãî¨
êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ

vt = q(t)tβvyy + f(yh3(t) + h1(t), t). (20)

Öi ôóíêöi¨ âèçíà÷àþòüñÿ ôîðìóëîþ

Gk(y, t, η, τ) =
1

2
√

π(θ(t)− θ(τ))

+∞∑
n=−∞

(
exp

(
− (y − η + 2n)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp
(
− (y + η + 2n)2

4(θ(t)− θ(τ))

))
, k = 1, 2, äå θ(t) =

t∫

0

q(τ)τβdτ. (21)

Ðîçâ'ÿçîê ðiâíÿííÿ (20) ç óìîâàìè (8), (9) ïîçíà÷èìî ÷åðåç v0(y, t). Öåé
ðîçâ'ÿçîê ìà¹ âèãëÿä

v0(y, t) =

1∫

0

G1(y, t, η, 0)ϕ(ηh30 + h10)dη +

t∫

0

G1η(y, t, 0, τ) τβq(τ)×

×µ1(τ) dτ −
t∫

0

G1η(y, t, 1, τ) τβq(τ)µ2(τ)dτ +

t∫

0

1∫

0

G1(y, t, η, τ)×

×f(ηh3(τ) + h1(τ), τ)dηdτ. (22)
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Äèôåðåíöiþþ÷è v0(y, t) çà çìiííîþ y îòðèìó¹ìî ω0(y, t):

ω0(y, t) = h30

1∫

0

G2(y, t, η, 0) ϕ′(ηh30 + h10)dη −
t∫

0

G2(y, t, 0, τ)×

×µ′1(τ) dτ +

t∫

0

G2(y, t, 1, τ) µ′2(τ) dτ +

t∫

0

1∫

0

G1y(y, t, η, τ)×

×f(ηh3(τ) + h1(τ), τ) dη dτ. (23)
Ç óìîâ (10)�(12) çíàõîäèìî, ùî

q(t)tβω(0, t) =
µ3(t)
h3(t)

, t ∈ [0, T ], (24)

h3(t) =
µ4(t)

1∫
0

v(y, t)dy

, t ∈ [0, T ], (25)

h1(t)µ4(t) = µ5(t)− h2
3(t)

1∫

0

yv(y, t)dy, t ∈ [0, T ]. (26)

Ïðîäèôåðåíöiþ¹ìî ðiâíîñòi (11), (12). Âðàõîâóþ÷è ðiâíÿííÿ (7), óìî-
âè (8), (9) òà âèêîðèñòîâóþ÷è iíòåãðóâàííÿ ÷àñòèíàìè, ïðèõîäèìî äî
ñèñòåìè:

p(t)µ1(t)=
µ′5(t)
h3(t)

− µ′4(t)
(

h1(t)
h3(t)

+ 1
)
− b(h1(t), t)µ1(t)− h3(t)q(t)tβ ×

×(ω(0, t) + µ1(t)− µ2(t)) +

1∫

0

b(yh3(t) + h1(t), t)v(y, t)dy − h3(t)×

×
1∫

0

(1− y)
(
(bx(yh3(t) + h1(t), t)− c(yh3(t) + h1(t), t))v(y, t)−

−f(yh3(t) + h1(t), t)
)
dy, t ∈ [0, T ], (27)

p(t)(µ2(t)− µ1(t)) + r(t)µ2(t)=µ′4(t)− h3(t)q(t)tβ(ω(1, t)− ω(0, t)) +
+b(h1(t), t)µ1(t)− b(h3(t) + h1(t), t)µ2(t) + h3(t)×

×
1∫

0

(
(bx(yh3(t) + h1(t), t)− c(yh3(t) + h1(t), t))v(y, t)−

−f(yh3(t) + h1(t), t)
)
dy, t ∈ [0, T ]. (28)
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Òàêèì ÷èíîì, çàäà÷ó (7)�(12) çâåäåíî äî ñèñòåìè ðiâíÿíü (18), (19),
(24)�(28) ç íåâiäîìèìè (q(t), h1(t), h3(t), p(t), r(t), v(y, t), ω(y, t)). Çàäà÷à
(7)�(12) òà çãàäàíà ñèñòåìà åêâiâàëåíòíi â òàêîìó ñåíñi: ÿêùî (a(t), h1(t),

h3(t), v(y, t)) � ðîçâ'ÿçîê çàäà÷i (7)�(12), òî q(t) =
a(t)
h2

3(t)
, h1(t), h3(t),

p(t) = h′1(t), r(t) = h′3(t), v(y, t), ω(y, t) = vy(y, t)) ∈ (C[0, T ])5 × (C(QT ))2

� ðîçâ'ÿçîê ñèñòåìè (18), (19), (24)�(28). Ïîêàæåìî, ùî ïðàâèëüíèì ¹
i îáåðíåíå òâåðäæåííÿ: ÿêùî (q(t), h1(t), h3(t), p(t), r(t), v(y, t), ω(y, t)) �
íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè (18), (19), (24)�(28), òî a ∈ C[0, T ], h1,
h3 ∈ C1[0, T ], v ∈ C2,1(QT ) ∩ C1,0(QT ) ¹ ðîçâ'ÿçêîì çàäà÷i (7)�(12).

Ðîçãëÿíåìî ðiâíÿííÿ (18). Ïðèïóùåííÿ òåîðåìè äîçâîëÿþòü ïðîäè-
ôåðåíöiþâàòè öå ðiâíÿííÿ çà çìiííîþ y. Ïîðiâíþþ÷è ïðàâi ÷àñòèíè
îòðèìàíî¨ ðiâíîñòi òà ðiâíîñòi (19), îòðèìó¹ìî, ùî ω(y, t) = vy(y, t). Ïiä-
ñòàâëÿþ÷è çàìiñòü ω(y, t) ôóíêöiþ v(y, t) â (18), ìàòèìåìî, ùî v(y, t) ∈
C2,1(QT ) ∩ C1,0(QT ) i öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ðiâíÿííÿ

vt = q(t)tβvyy +
b(yh3(t) + h1(t), t) + p(t) + yr(t)

h3(t)
vy+

+c(yh3(t) + h1(t), t)v + f(yh3(t) + h1(t), t)
(29)

òà óìîâè (8), (9).
Âðàõîâóþ÷è ãëàäêiñòü ôóíêöié µ4(t), µ5(t), v(y, t), ç ðiâíîñòåé (25),

(26) îäåðæó¹ìî, ùî h1, h3 ∈ C1[0, T ]. Ïðîäèôåðåíöiþ¹ìî öi ðiâíîñòi, âè-
êîðèñòîâóþ÷è ðiâíÿííÿ (29) òà óìîâè (8), (9):

h′1(t)µ4(t)
h3(t)

− h′3(t)
(

µ4(t)
h3(t)

− 2

1∫

0

yv(y, t)dy

)
+ p(t)

(
µ1(t)− µ4(t)

h3(t)

)
+

+r(t)
(

µ4(t)
h3(t)

− 2

1∫

0

yv(y, t)dy

)
=

µ′5(t)
h3(t)

− µ′4(t)
(

h1(t)
h3(t)

+ 1
)
−

−b(h1(t), t)µ1(t)− h3(t)q(t)tβ(ω(0, t) + µ1(t)− µ2(t)) +

+

1∫

0

b(yh3(t) + h1(t), t)v(y, t)dy − h3(t)

1∫

0

(
(bx(yh3(t) + h1(t), t)−

−c(yh3(t) + h1(t), t))(1− y)v(y, t)− f(yh3(t) + h1(t), t)
)
, t ∈ [0, T ], (30)

h′3(t)µ4(t)
h3(t)

+ p(t)(µ2(t)− µ1(t)) + r(t)
(

µ2(t)− µ4(t)
h3(t)

)
= µ′4(t)−
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−h3(t)q(t)tβ(ω(1, t)− ω(0, t)) + b(h1(t), t)µ1(t)− b(h3(t) + h1(t), t)×

×µ2(t) + h3(t)

1∫

0

(
(bx(yh3(t) + h1(t), t)− c(yh3(t) + h1(t), t))v(y, t)−

−f(yh3(t) + h1(t), t)
)
dy, t ∈ [0, T ]. (31)

Âiä ðiâíîñòi (31) âiäíiìåìî ðiâíiñòü (28), áåðó÷è äî óâàãè, ùî ω(y, t) =
v(y, t). Îòðèìà¹ìî

µ4(t)
h3(t)

(r(t)− h′3(t)) = 0,

çâiäêè, âðàõîâóþ÷è óìîâè òåîðåìè, ìà¹ìî r(t) = h′3(t). Âiäíiìàþ÷è òå-
ïåð âiä ðiâíîñòi (30) ðiâíiñòü (27), àíàëîãi÷íî çíàõîäèìî, ùî p(t) = h′1(t).
Ïiäñòàâëÿþ÷è ó ôîðìóëó (29) çàìiñòü r(t), p(t) çíàéäåíi çíà÷åííÿ, à çà-
ìiñòü q(t) � äðiá a(t)

h2
3(t)

, ïðèõîäèìî äî ðiâíÿííÿ (7). Ïiñëÿ öüîãî óìîâè
(24), (25), (26) ¹ åêâiâàëåíòíèìè âiäïîâiäíî äî óìîâ (10), (11), (12), ùî
é çàâåðøó¹ äîâåäåííÿ åêâiâàëåíòíîñòi.

Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (18), (19), (24)�
(28) çàñòîñó¹ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâ-
íîãî îïåðàòîðà. Äëÿ öüîãî ñïî÷àòêó âñòàíîâèìî àïðiîðíi îöiíêè ðîçâ'ÿç-
êiâ ñèñòåìè.

Ðîçãëÿíåìî ðiâíÿííÿ (19). Îñêiëüêè
1∫
0

G2(y, t, η, 0)dη = 1, òî, çãiäíî

ç óìîâîþ (A1) òåîðåìè, ìàòèìåìî äîäàòíiñòü ïåðøîãî iíòåãðàëà ç (23),
âñi iíøi äîäàíêè ó (19) òà (23) ïðè t → 0 ïðÿìóþòü äî íóëÿ. Îòæå, iñíó¹
òàêå ÷èñëî t1, 0 < t1 ≤ T , ùî âèêîíó¹òüñÿ íåðiâíiñòü

h30

2

1∫

0

G2(y, t, η, 0) ϕ′(ηh30 + h10)dη ≥
t∫

0

G2(y, t, 0, τ)µ′1(τ) dτ−

−
t∫

0

G2(y, t, 1, τ) µ′2(τ) dτ −
t∫

0

1∫

0

G1y(y, t, η, τ) f(ηh3(τ) + h1(τ), τ) dη dτ−

−
t∫

0

1∫

0

G1y(y, t, η, τ)
(

b(ηh3(τ) + h1(τ), τ) + p(τ) + ηr(τ)
h3(τ)

ω(η, τ)+

+c(ηh3(τ) + h1(τ), τ)v(η, τ)
)

dηdτ, t ∈ [0, t1].
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Ó ðåçóëüòàòi ç (19) îòðèìó¹ìî

ω(y, t) ≥ 1
2

min
[0,1]

ϕ′(yh30 + h10) ≡ M3 > 0, (y, t) ∈ [0, 1]× [0, t1]. (32)

Âðàõîâóþ÷è óìîâè òåîðåìè, ç íåðiâíîñòi (32) òà ðiâíîñòi (24) çíàõîäèìî
îöiíêó äëÿ q(t) çâåðõó:

q(t) ≤ µ3(t)
H0M3tβ

≤ A1 < +∞, t ∈ [0, t1]. (33)

Ââåäåìî ïîçíà÷åííÿ W (t) = max
y∈[0,1]

|ω(y, t)|. Ç ðiâíÿíü (27), (28) îòðèìó¹-
ìî

|p(t)| ≤ C1 + C2q(t)tβW (t), |r(t)| ≤ C3 + C4q(t)tβW (t), t ∈ [0, t1], (34)

Áåðó÷è äî óâàãè âiäîìi îöiíêè ôóíêöi¨ Ãðiíà [6, ñ. 12]

G2(y, t, η, τ) ≤ C5

(
1 +

1√
θ(t)− θ(τ)

)
,

1∫

0

|G1y(y, t, η, τ)|dη ≤ C6√
θ(t)− θ(τ)

, (35)

íåðiâíiñòü (34), ç ôîðìóë (19), (23) çíàõîäèìî, ùî

W (t) ≤ C7 + C8

t∫

0

dτ√
θ(t)− θ(τ)

+ C9

t∫

0

W (τ)√
θ(t)− θ(τ)

dτ+

+C10

t∫

0

q(τ)τβW 2(τ)√
θ(t)− θ(τ)

dτ.

(36)

Iç ðiâíîñòi (24) âèïëèâà¹ íåðiâíiñòü 1
q(t)

≤ h3(t)tβW (t)
µ3(t)

. Çàñòîñîâó-
þ÷è öþ íåðiâíiñòü äî ïåðøîãî òà äðóãîãî iíòåãðàëiâ ó ôîðìóëi (36),
îäåðæèìî

t∫

0

dτ√
θ(t)− θ(τ)

≤ H1

t∫

0

q(τ)τβW (τ)dτ

µ3(τ)
√

θ(t)− θ(τ)
,

t∫

0

W (τ)dτ√
θ(t)− θ(τ)

≤ H1

t∫

0

q(τ)τβW 2(τ)dτ

µ3(τ)
√

θ(t)− θ(τ)
.
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Ïiäñòàâëÿþ÷è äâi îñòàííi íåðiâíîñòi ó ôîðìóëó (36) òà âðàõîâóþ÷è ïî-
çíà÷åííÿ W1(t) = W (t) + 1, ïðèõîäèìî äî íåðiâíîñòi

W1(t) ≤ C11 + C12

t∫

0

q(τ)τβW 2
1 (τ)dτ

µ3(τ)
√

θ(t)− θ(τ)
. (37)

Ðîçâ'ÿçîê íåðiâíîñòi (37) iñíó¹ ïðè t ∈ [0, t2], äå ÷èñëî t2, 0 < t2 ≤ T ,
âèçíà÷à¹òüñÿ ñòàëèìè C11, C12 (äèâ. [2]). Îòæå,

|ω(y, t)| ≤ M4, (y, t) ∈ [0, 1]× [0, t2]. (38)

Îñòàííÿ íåðiâíiñòü äà¹ çìîãó îöiíèòè q(t) çíèçó, âèõîäÿ÷è ç (24):

q(t) ≥ µ3(t)
H1M4tβ

≥ A0 > 0, t ∈ [0, t2]. (39)

Âèêîðèñòîâóþ÷è (33), (38), ç (34), çíàõîäèìî îöiíêè ôóíêöié p(t), q(t):

| p(t)| ≤ M5, | r(t)| ≤ M6, t ∈ [0, t2]. (40)

Òàêèì ÷èíîì, îöiíêè ðîçâ'ÿçêiâ ñèñòåìè (18), (19), (24)�(28) âñòàíîâëå-
íî. Ïîäàìî çãàäàíó ñèñòåìó ó âèãëÿäi îïåðàòîðíîãî ðiâíÿííÿ w = Pw,
äå w = (q(t), h1(t), h3(t), p(t), r(t), v(y, t), ω(y, t)), à îïåðàòîð P âèçíà÷à¹-
òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíÿíü (18), (19), (24)�(28). ×åðåç N ïîçíà÷èìî
ìíîæèíó N = {(q, h1, h3, p, r, v, ω) ∈ (C[0, T0])5 × (C(QT0

))2 : A0 ≤ q(t) ≤
A1, |h1(t)| ≤ H2,H0 ≤ h3(t) ≤ H1, |p(t)| ≤ M5, |r(t)| ≤ M6,M1 ≤ v(y, t) ≤
≤ M2,M3 ≤ ω(y, t) ≤ M4}, äå T0 = min{t1, t2}. Âèçíà÷åíi îöiíêè äàþòü
ïðàâî ñòâåðäæóâàòè, ùî ìíîæèíà N çàäîâîëüíÿ¹ óìîâàì òåîðåìè Øà-
óäåðà, à îïåðàòîð P ïåðåâîäèòü ¨¨ â ñåáå. Òå, ùî îïåðàòîð P ¹ öiëêîì
íåïåðåðâíèì, äîâîäèòüñÿ àíàëîãi÷íî, ÿê ó [5] i [6]. Òîäi, çãiäíî ç òåîðå-
ìîþ Øàóäåðà, iñíó¹ ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (18), (19), (24)�(28), à,
îòæå, i ðîçâ'ÿçîê çàäà÷i (7)�(12) â îáëàñòi QT0 .

3. �äèíiñòü ðîçâ'ÿçêó çàäà÷i (7)�(12).
Òåîðåìà 2. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:
B1) b, c, f ∈ C1,0([h10, +∞) × [0, T ]), ϕ ∈ C2[h10, +∞), µi ∈ C1[0, T ],

i = 1, 2, 4, 5;
B2) ϕ(x) ≥ ϕ0 > 0, x ∈ [h10, +∞), µ4(t) > 0, t ∈ [0, T ];

B3) µi(t) 6= 0, t ∈ [0, T ], i = 1, 2, µ3(t)
tβ

6= 0, t ∈ [0, T ].

Òîäi ðîçâ'ÿçîê çàäà÷i (7)�(12) ¹ ¹äèíèì.
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíóþòü äâà ðîçâ'ÿçêè (ai(t), h1i(t),
h3i(t), vi(y, t)), i = 1, 2, çàäà÷i (7)�(12). Ïîçíà÷èìî:

qi(t) =
ai(t)
h2

3i(t)
, pi(t) =

h′1i(t)
h3i(t)

, ri(t) =
h′3i(t)
h3i(t)

, i = 1, 2. (41)

Ðiçíèöi q(t) = q1(t)−q2(t), p(t) = p1(t)−p2(t), r(t) = r1(t)−r2(t), v(y, t) =
= v1(y, t)− v2(y, t) çàäîâîëüíÿþòü ðiâíÿííÿ

vt = q1(t)tβvyy +
(

b(yh31(t) + h11(t), t)
h31(t)

+ p1(t) + yr1(t)
)

vy+

+c(yh31(t) + h11(t), t)v + q(t)tβv2yy +
(

p(t) + yq(t) +
(

1
h31(t)

− 1
h32(t)

)
×

×b(yh31(t) + h11(t), t) +
b(yh31(t) + h11(t), t)− b(yh32(t) + h12(t), t)

h32(t)

)
v2y+

+(c(yh31(t) + h11(t), t)− c(yh32(t) + h12(t), t))v2 + f(yh31(t) + h11(t), t)−

−f(yh32(t) + h12(t), t), (y, t) ∈ QT , (42)

òà óìîâè

v(y, 0) = 0, y ∈ [0, 1], v(0, t) = v(1, t) = 0, t ∈ [0, T ], (43)

q1(t)tβvy(0, t) + q(t)tβv2y(0, t) = µ3(t)
(

1
h31(t)

− 1
h32(t)

)
, t ∈ [0, T ], (44)

1∫

0

v(y, t)dy = µ4(t)
(

1
h31(t)

− 1
h32(t)

)
, t ∈ [0, T ], (45)

1∫

0

yv(y, t)dy = µ5(t)
(

1
h2

31(t)
− 1

h2
32(t)

)
− µ4(t)h11(t)

(
1

h2
31(t)

−

− 1
h2

32(t)

)
− µ4(t)

h2
32(t)

(h11(t)− h12(t)), t ∈ [0, T ].

(46)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗
1(y, t, η, τ) äëÿ ðiâíÿííÿ

vt = q1(t)tβvyy +
(

b(yh31(t) + h11(t), t)
h31(t)

+ p1(t) + yr1(t)
)

vy+

+c(yh31(t) + h11(t), t)v
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ðîçâ'ÿçîê çàäà÷i (42)�(43) ïîäàìî ó âèãëÿäi

v(y, t) =

t∫

0

1∫

0

G∗
1(y, t, η, τ)

(
q(τ)τβv2ηη +

(
b(ηh31(τ) + h11(τ), τ)×

×
(

1
h31(τ)

− 1
h32(τ)

)
+

b(ηh31(τ) + h11(τ), τ)− b(ηh32(τ) + h12(τ), τ)
h32(τ)

+

+p(τ) + ηr(τ)
)

v2η + (c(ηh31(τ) + h11(τ), τ)− c(ηh32(τ) + h12(τ), τ))v2+

+f(ηh31(τ) + h11(τ), τ)− f(ηh32(τ) + h12(τ), τ)
)

dηdτ, (y, t) ∈ QT . (47)

Âèðàçèìî h1i(t), h3i(t), i = 1, 2, ÷åðåç pi(t), ri(t), i = 1, 2. Çãiäíî ç óìîâîþ
(B2) òåîðåìè h31(0) = h32(0) = h30. Òîäi ç (41) îòðèìà¹ìî

h3i(t) = h30 exp




t∫

0

ri(τ)dτ


 , i = 1, 2, (48)

h1i(t) = h10 + h30

t∫

0

pi(τ) exp




τ∫

0

ri(σ)dσ


 dτ, i = 1, 2. (49)

Âèêîðèñòîâóþ÷è ðiâíiñòü ex − ey = (x− y)

1∫

0

ey+τ(x−y)dτ, çíàõîäèìî

1
hk

31(t)
− 1

hk
32(t)

= − k

hk
30

t∫

0

r(τ)dτ ×

×
1∫

0

exp
(
−k

τ∫

0

(σr(η) + r2(η))dη

)
dσ, k = 1, 2, (50)

h31(t)− h32(t) = h30

t∫

0

r(τ)dτ

1∫

0

exp
( τ∫

0

(σr(η) + r2(η))dη

)
dσ, (51)

h11(t)− h12(t) = h30

t∫

0

p(τ) exp
( τ∫

0

r2(η)dη

)
dτ + h30

t∫

0

p1(τ)×
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×
( τ∫

0

r(η)dη

1∫

0

exp
( η∫

0

(σr(ρ) + r2(ρ))dρ

)
dσ

)
dτ. (52)

Ïðèïóùåííÿ (B1) òåîðåìè çàáåçïå÷ó¹ ïðàâèëüíiñòü ðiâíîñòi

b(yh31(t) + h11(t), t)− b(yh32(t) + h12(t), t) = (y(h31(t)− h32(t)) +

+h11(t)− h12(t)))

1∫

0

bx(y(h32(t) + σ(h31(t)− h32(t)) + h12(t) +

+σ(h11(t)− h12(t))), t) dσ, (53)

ÿêà âèêîíó¹òüñÿ òàêîæ äëÿ ôóíêöié c(yh3i(t) + h1i(t), t) òà f(yh3i(t) +
h1i(t), t), i = 1, 2.

Çíàéäåìî îöiíêó äëÿ ôóíêöi¨ v2yy(y, t). ×åðåç G
(2)
k (y, t, η, τ), k = 1, 2,

ïîçíà÷èìî ôóíêöi¨ Ãðiíà äëÿ ðiâíÿííÿ

v2t = q2(t)tβv2yy

ç êðàéîâèìè óìîâàìè âiäïîâiäíî ïåðøîãî òà äðóãîãî ðîäó. Äèôåðåíöiþ-
þ÷è ðîçâ'ÿçîê v2(y, t) çàäà÷i (7)�(9), ÿêèé âèçíà÷à¹òüñÿ ôîðìóëîþ (22),
äâi÷i çà çìiííîþ y, îäåðæèìî

v2yy(y, t) = h2
30

1∫

0

G
(2)
1 (y, t, η, 0)ϕ′′(ηh30+h10)dη+

t∫

0

G
(2)
1η (y, t, 0, τ)

(
µ′1(τ)−

−f(h12(τ), τ)−
(

b(h12(τ), τ)
h32(τ)

+ p2(τ)
)

v2η(0, τ)− c(h12(τ), τ)µ1(τ)
)

dτ−

−
t∫

0

G
(2)
1η (y, t, 1, τ)

(
µ′2(τ)−f(h32(τ)+h12(τ), τ)−

(
b(h32(τ) + h12(τ), τ)

h32(τ)
+

+p2(τ) + r2(τ)
)

v2η(1, τ)− c(h32(τ) + h12(τ), τ)µ2(τ)
)

dτ−

−
t∫

0

1∫

0

G
(2)
1η (y, t, η, τ)

(
h32(τ)fx(ηh32(τ) + h12(τ), τ) +

(
r2(τ)+

+bx(ηh32(τ) + h12(τ), τ) + c(ηh32(τ) + h12(τ), τ)
)
v2η(η, τ) + h32(τ)×
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×cx(ηh32(τ)+h12(τ), τ)v2(η, τ)
)

dηdτ−
t∫

0

1∫

0

G
(2)
1η (y, t, η, τ)

(
p2(τ)+ηr2(τ)+

+
b(ηh32(τ) + h12(τ), τ)

h32(τ)

)
v2ηη(η, τ)dηdτ =

4∑

i=1

Ii −
t∫

0

1∫

0

G
(2)
1η (y, t, η, τ)×

×
(
p2(τ) + ηr2(τ) +

b(ηh32(τ) + h12(τ), τ)
h32(τ)

)
v2ηη(η, τ)dηdτ, (y, t)∈ QT . (54)

Îöiíèìî äîäàíêè, ÿêi âõîäÿòü äî iíòåãðàëüíîãî ðiâíÿííÿ (54). Îñ-
êiëüêè G

(2)
1 (y, t, η, 0) < G

(2)
2 (y, t, η, 0), òî äëÿ I1 îòðèìó¹ìî

|I1| ≤ h2
30 max

y∈[0,1]
|ϕ′′(yh30 + h10)|

1∫

0

G
(2)
2 (y, t, η, 0)dη ≤ C13.

Ùîá îöiíèòè I2, âèêîðèñòà¹ìî ÿâíèé âèãëÿä ôóíêöi¨ G1η(y, t, η, τ):

|I2| ≤ C14

t∫

0

|G(2)
1η (y, t, 0, τ)|dτ ≤ C15

t∫

0

1
(θ2(t)− θ2(τ))3/2

+∞∑
n=−∞

|y + 2n|×

× exp
(
− (y + 2n)2

4(θ2(t)− θ2(τ))

)
dτ, äå θ2(t) =

t∫

0

q2(τ)τβdτ.

Ïiñëÿ çàìiíè çìiííèõ z =
τ

t
, âèêîðèñòîâóþ÷è íåðiâíiñòü

1 ≤ 1− zβ+1

1− z
≤ 1 + β, z ∈ (0, 1), β ∈ (0, 1),

îäåðæó¹ìî

|I2| ≤ C16t
− 3β+1

2

1∫

0

(1− z)−
3
2

+∞∑
n=−∞

|y + 2n| exp
(
−C17(y + 2n)2

t1+β(1− z)

)
dz.

Ïîêëàäåìî: σ =

√
C17

t1+βz
(y + 2n). Òîäi

|I2| ≤ C18

tβ

+∞∫

−∞
e−σ2

dσ ≤ C19

tβ
.
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Àíàëîãi÷íî, |I3| ≤ C20

tβ
. Äëÿ I4, áåðó÷è äî óâàãè (35), ìàòèìåìî

|I4| ≤ C21

t∫

0

1∫

0

|G(2)
1η (y, t, η, τ)|dηdτ ≤ C22

t∫

0

dτ√
θ2(t)− θ2(τ)

≤

≤ C23

t∫

0

dτ√
tβ+1 − τβ+1

≤ C24t
1−β

2 .

Îòæå,
4∑

i=1

|Ii| ≤ C25

tβ
.

Ç îöiíêè äëÿ I4 âèïëèâà¹, ùî ÿäðî iíòåãðàëüíîãî ðiâíÿííÿ (54) ìà¹ iíòå-
ãðîâíó îñîáëèâiñòü. Çâiäñè îòðèìó¹ìî òàêó îöiíêó äëÿ ôóíêöi¨ v2yy(y, t):

|v2yy(y, t)| ≤ C26

tβ
. (55)

Ðiâíîñòi

pi(t)µ1(t) =
µ′5(t)
h2

3i(t)
−µ′4(t)

(
h1i(t)
h2

3i(t)
+

1
h3i(t)

)
−qi(t)tβ(viy(0, t)−µ2(t)+µ1(t))+

+
1

h3i(t)

1∫

0

(1−y)b(yh3i(t)+h1i(t), t)viy(y, t)dy+

1∫

0

(1−y)(c(yh3i(t)+h1i(t))×

×vi(y, t) + f(yh3i(t) + h1i(t), t))dy, t ∈ [0, T ], i = 1, 2, (56)

ri(t)µ2(t) + pi(t)(µ2(t)− µ1(t)) =
µ′4(t)
h3i(t)

− qi(t)tβ(viy(1, t)− viy(0, t))−

− 1
h3i(t)

1∫

0

b(yh3i(t) + h1i(t), t)viy(y, t)dy −
1∫

0

(c(yh3i(t) + h1i(t), t)×

×vi(y, t) + f(yh3i(t) + h1i(t), t))dy, t ∈ [0, T ], i = 1, 2. (57)

äiñòà¹ìî ïîäiáíî äî òîãî, ÿê i ðiâíîñòi (27), (28). Âiäíÿâøè ¨õ, îòðèìà¹ìî,
ùî p(t), r(t) çàäîâîëüíÿþòü ñèñòåìó

p(t)µ1(t) = µ′5(t)
(

1
h2

31(t)
− 1

h2
32(t)

)
−

(
1

h31(t)
− 1

h32(t)
+ h11(t)

(
1

h2
31(t)

−
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1
h2

32(t)

)
+

1
h2

32(t)
(h11(t)− h12(t))

)
µ′4(t)− q(t)tβ(v2y(0, t) + µ1(t)− µ2(t))−

−q1(t)tβvy(0, t) +
1

h31(t)

1∫

0

(1− y)
(
(b(yh31(t) + h11(t), t)−

−b(yh32(t)+h12(t), t))v2y(y, t)+ b(yh31(t)+h11(t), t)vy(y, t)
)
dy +

(
1

h31(t)
−

− 1
h32(t)

) 1∫

0

(1− y)b(yh32(t) + h12(t), t)v2y(y, t)dy +

1∫

0

(1− y)×

×(
(c(yh31(t)+h11(t), t)−c(yh32(t)+h12(t), t))v2(y, t)+c(yh31(t)+h11(t), t)×

×v(y, t) + f(yh31(t) + h11(t), t)− f(yh32(t) + h12(t), t)
)
dy, (58)

r(t)µ2(t) + p(t)(µ2(t)− µ1(t)) = µ′4(t)
(

1
h31(t)

− 1
h32(t)

)
− q1(t)tβ(vy(1, t)−

−vy(0, t))− q(t)tβ(v2y(1, t)− v2y(0, t))− 1
h31(t)

1∫

0

(
(b(yh31(t) + h11(t), t)−

−b(yh32(t)+h12(t), t))v2y(y, t)+ b(yh31(t)+h11(t), t)vy(y, t)
)
dy +

(
1

h31(t)
−

− 1
h32(t)

) 1∫

0

b(yh32(t) + h12(t), t)v2y(y, t)dy −
1∫

0

(
(c(yh31(t) + h11(t), t)−

−c(yh32(t) + h12(t), t))v2(y, t) + c(yh31(t) + h11(t), t)v(y, t)+

+f(yh31(t) + h11(t), t)− f(yh32(t) + h12(t), t). (59)

Ùîá îá÷èñëèòè vy(y, t), ïðîäèôåðåíöiþ¹ìî ðiâíiñòü (47) çà y:

vy(y, t) =

t∫

0

1∫

0

G∗
1y(y, t, η, τ)

(
q(τ)τβv2ηη +

(
b(ηh31(τ) + h11(τ), τ)×

×
(

1
h31(τ)

− 1
h32(τ)

)
+

b(ηh31(τ) + h11(τ), τ)− b(ηh32(τ) + h12(τ), τ)
h32(τ)

+
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+p(τ) + ηr(τ)
)

v2η + (c(ηh31(τ) + h11(τ), τ)− c(ηh32(τ) + h12(τ), τ))v2+

+f(ηh31(τ) + h11(τ), τ)− f(ηh32(τ) + h12(τ), τ)
)

dηdτ, (y, t) ∈ QT . (60)

Ïiäñòàâèâøè (47), (50)�(53), (60) â (44), (58), (59), îòðèìà¹ìî ñèñòå-
ìó îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåðè äðóãîãî ðîäó âiäíîñíî
íåâiäîìèõ q(t), p(t), r(t) ç ÿäðàìè, ùî ìàþòü iíòåãðîâíi îñîáëèâîñòi. Ç
¹äèíîñòi ðîçâ'ÿçêó òàêèõ ñèñòåì îäåðæó¹ìî, ùî

q(t) ≡ 0, p(t) ≡ 0, r(t) ≡ 0, t ∈ [0, T ],

àáî, çãiäíî ç (41), (48), (49),

a1(t) ≡ a2(t), h11(t) ≡ h12(t), h31(t) ≡ h32(t), t ∈ [0, T ].

Âèêîðèñòîâóþ÷è öå â çàäà÷i (42)�(43), çíàõîäèìî

v1(y, t) ≡ v2(y, t), (y, t) ∈ QT ,

ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.
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AN INVERSE PROBLEM FOR A WEAKLY DEGENERATE
PARABOLIC EQUATION IN THE DOMAIN WITH FREE

BOUNDARIES

Nadiya HRYNTSIV

Ivan Franko Lviv National University,
1 Universytetska Str., Lviv 79000, Ukraine

In a domain with free boundaries it is investigated the inverse problem
of identi�cation the time-dependent coe�cient at the higher-order derivative
in a general parabolic equation with a weak power degeneration. With the
aid of Schauder's �xed point theorem there are established conditions of
existence of the local with respect to time classical solution to this problem.
Separately there are obtained the conditions of uniqueness of the solution
for all t ∈ [0, T ].




