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Äëÿ ïîñëiäîâíîñòåé ôiãóðíèõ íàáëèæåíü äâîâèìiðíèõ íåïå-
ðåðâíèõ äðîáiâ ñïåöiàëüíîãî âèãëÿäó ç äiéñíèìè åëåìåíòàìè âñòà-
íîâëåíî äîñòàòíi óìîâè ¨õ ìîíîòîííîñòi, îáìåæåíîñòi òà çáiæíîñòi.
Íàâåäåíî ïðèêëàä ðîçáiæíîãî äâîâèìiðíîãî íåïåðåðâíîãî äðîáó.

Âèâ÷åííþ âëàñòèâîñòåé íàáëèæåíü ÿê íåïåðåðâíèõ äðîáiâ, òàê i ¨õíiõ
áàãàòîâèìiðíèõ óçàãàëüíåíü � ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ, äâîâèìið-
íèõ íåïåðåðâíèõ äðîáiâ ïðèñâÿ÷åíî ÷èìàëî ðîáiò [7,8]. Çîêðåìà, âñòàíîâ-
ëåíî, ùî çâè÷àéíi íàáëèæåííÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ òà äâîâè-
ìiðíèõ íåïåðåðâíèõ äðîáiâ ç äîäàòíèìè åëåìåíòàìè ìàþòü âëàñòèâiñòü
½âèëêè� [4, 6]. Äëÿ ôiãóðíèõ íàáëèæåíü öÿ âëàñòèâiñòü íå âèêîíó¹òüñÿ.

Ó ðîáîòi [3] âèâ÷àëèñü âëàñòèâîñòi ÿê çâè÷àéíèõ, òàê i ôiãóðíèõ íà-
áëèæåíü äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ ç íåäîäàòíèìè ÷àñòèííèìè ÷è-
ñåëüíèêàìè òà ÷àñòèííèìè çíàìåííèêàìè, ùî äîðiâíþþòü 1. Âñòàíîâëå-
íî äîñòàòíi óìîâè, çà ÿêèõ äëÿ çâè÷àéíèõ fm, m = 1, 2, . . . , òà ôiãóðíèõ
f̃m, m = 1, 2, . . . , íàáëèæåíü âèêîíóþòüñÿ íåðiâíîñòi

f2m ≤ f̃4m ≤ f4m+2, m = 1, 2, . . . .

ÓÄÊ 517.526; MSC 2000: 11A95, 11J70, 30B70, 65G30
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Ó öié ðîáîòi íà îñíîâi çàïðîïîíîâàíî¨ ó [2] ìåòîäèêè âèâ÷àþòüñÿ âëà-
ñòèâîñòi äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ (ÄÍÄ) ñïåöiàëüíîãî âèãëÿäó

Φ0 +
∞

D
i=1

aii

1 + Φi
, Φi =

∞

D
j=1

(−1)j−1ai+j,i

1
+

∞

D
j=1

(−1)j−1ai,i+j

1
, (1)

i = 0, 1, 2, . . . , ÷àñòèííi ÷èñåëüíèêè ÿêîãî çàäîâîëüíÿþòü óìîâè

ai+j,i ≥ 0, ai,i+j ≥ 0, aj,j ≥ 0, i = 0, 1, . . . , j = 1, 2, . . . , (2)

òà n-i íàáëèæåííÿ âèáèðàþòüñÿ ÿê ïiäõiäíi äðîáè âèãëÿäó

fn = Φ(n)
0 +

[n/2]

D
i=1

aii

1 + Φ(n−2i)
i

, n = 1, 2, . . . , (3)

Φ(0)
i = 0, Φ(k)

i =
k

D
j=1

(−1)j−1ai+j,i

1
+

k

D
j=1

(−1)j−1ai,i+j

1
, (4)

äå i = 0, [n/2], k = 1, 2, . . . , [s] � öiëà ÷àñòèíà ÷èñëà s, s = 1, 2, . . . .
Íàáëèæåííÿ ÄÍÄ (1), ÿêi çàäàþòüñÿ âèðàçàìè (3), (4), ó [7] íàçâàíi

ôiãóðíèìè íàáëèæåííÿìè àáî ôiãóðíèìè ïiäõiäíèìè äðîáàìè ÄÍÄ (1).
Âèðàçè

Q
(p+1)
i+j,i = 1 +

(−1)jai+j+1,i

Q
(p)
i+j+1,i

, Q
(p+1)
i,i+j = 1 +

(−1)jai,i+j+1

Q
(p)
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, (5)

Q
(0)
i+j,i = 1, Q

(0)
i,i+j = 1,

Q
(0)
j = 1, Q

(1)
j = 1 + Φ(1)

j , Q
(p+2)
j = 1 + Φ(p+2)

j +
aj+1,j+1

Q
(p)
j+1

, (6)

i = 0, 1, . . . , j = 1, 2, . . . , p = 0, 1, . . . ,

íàçèâàþòüñÿ çàëèøêàìè ñêií÷åííîãî äâîâèìiðíîãî íåïåðåðâíîãî äðîáó
âèãëÿäó (1). Äëÿ âèâ÷åííÿ âëàñòèâîñòåé ÄÍÄ (1) âèêîðèñòîâó¹òüñÿ ôîð-
ìóëà ðiçíèöi ìiæ äâîìà ïiäõiäíèìè äðîáàìè ÄÍÄ (1) ïîðÿäêiâ n òà m,
ÿêà ïðè n > m, n,m = 1, 2, . . . , ìà¹ âèãëÿä [4]

fn − fm = Φ(n)
0 − Φ(m)

0 +
[m/2]∑
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(−1)i
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+(−1)[m/2]

[m/2]+1∏
j=1

ajj

[m/2]+1∏
j=1

Q
(n−2j)
j

[m/2]∏
j=1

Q
(m−2j)
j

· γn,m, (7)

äå γn,m = 0, ÿêùî n = 2r + 1, m = 2r, r = 0, 1, . . . , i γn,m = 1 ó iíøèõ
âèïàäêàõ.

Òåîðåìà 1. ßêùî åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü óìîâè (2) i
ai+2k,i

1 + ai+2k+1,i
< 1,

ai,i+2k

1 + ai,i+2k+1
< 1, k = 1, 2, . . . , i = 0, 1, . . . , (8)

òî äëÿ ïiäõiäíèõ äðîáiâ ÄÍÄ (1) íåïàðíîãî ïîðÿäêó ñïðàâäæóþòüñÿ
íåðiâíîñòi

f4p−3 ≤ f4p+1 ≤ f4q+3 ≤ f4q−1, (9)
äå p, q = 1, 2, . . . , à ïîñëiäîâíîñòi {f4p+1}, {f4q+3} ¹ çáiæíèìè.

Äîâåäåííÿ. Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ (2) òà (8) äëÿ çàëèø-
êiâ (5), (6) ÄÍÄ (1) íåïàðíîãî ïîðÿäêó ïðàâèëüíèìè ¹ íåðiâíîñòi

1− ai+2k,i

1 + ai+2k+1,i
≤ Q

(2s)
i+2k−1,i ≤ 1, Q

(2s+1)
i+2k,i ≥ 1 + ai+2k+1,i,

(10)
1− ai,i+2k

1 + ai,i+2k+1
≤ Q

(2s)
i,i+2k−1 ≤ 1, Q

(2s+1)
i,i+2k ≥ 1 + ai,i+2k+1,

Q
(s)
k ≥ 1, i = 0, 1, 2 . . . , k = 1, 2, . . . , s = 0, 1, . . . . (11)

Äiéñíî, ç ôîðìóë (5) ìà¹ìî

Q
(0)
i+2k−1,i = 1, Q

(0)
i,i+2k−1 = 1, i = 0, 1, . . . , k = 1, 2, . . . ,

Q
(1)
i+2k−2,i = 1 + ai+2k−1,i, Q

(1)
i,i+2k−2 = 1 + ai,i+2k−1,

i = 0, 1, . . . , k = 2, 3, . . . ,

òîáòî íåðiâíîñòi (10) âèêîíóþòüñÿ äëÿ s = 0, i = 0, 1, . . . , k = 1, 2, . . . .
Ïðèïóñòèìî, ùî öi íåðiâíîñòi âèêîíóþòüñÿ äëÿ äåÿêîãî çíà÷åííÿ s =

p, p ≥ 0, i äîâiëüíèõ çíà÷åíü i = 0, 1, . . . , k = 1, 2, . . . . Ç óìîâ (2), (8) i
çðîáëåíèõ ïðèïóùåíü âèïëèâà¹, ùî

1 ≥ Q
(2p+2)
i+2k−1,i = 1− ai+2k,i

Q
(2p+1)
i+2k,i

≥ 1− ai+2k,i

1 + ai+2k+1,i
> 0,
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1 ≥ Q
(2p+2)
i,i+2k−1 = 1− ai,i+2k,i

Q
(2p+1)
i,i+2k

≥ 1− ai,i+2k

1 + ai,i+2k+1
> 0,

i = 0, 1, . . . , k = 1, 2, . . . ,

Q
(2p+3)
i+2k−2,i = 1 +

ai+2k−1,i

Q
(2p+2)
i+2k−1,i

≥ 1 + ai+2k−1,i,

Q
(2p+3)
i,i+2k−2 = 1 +

ai,i+2k−1

Q
(2p+2)
i,i+2k−1

≥ 1 + ai,i+2k−1, i = 0, 1, . . . , k = 2, 3, . . . ,

òàêèì ÷èíîì, íåðiâíîñòi (10) ñïðàâäæóþòüñÿ i äëÿ s = p + 1, à, îòæå, i
äëÿ äîâiëüíèõ s = 0, 1, . . . , i = 0, 1, . . . , k = 1, 2, . . . . Iç ôîðìóë (4), (5),
íåðiâíîñòåé (10) òà óìîâè (2) äëÿ k = 0, 1, . . . , s = 1, 2, . . . , îäåðæèìî

Φ(s)
k =

ak+1,k

Q
(s−1)
k+1,k

+
ak,k+1

Q
(s−1)
k,k+1

≥ ak+1,k + ak,k+1 ≥ 0. (12)

Ïåðåâiðèìî ïðàâèëüíiñòü íåðiâíîñòåé (11) äëÿ çàëèøêiâ Q
(s)
k , ùî âè-

çíà÷àþòüñÿ iç ñïiââiäíîøåíü (6). Çàñòîñó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäó-
êöi¨ ùîäî s � êiëüêîñòi ïîâåðõiâ ÄÍÄ (1).

Äëÿ s = 0 òà s = 1 âèêîíàííÿ íåðiâíîñòåé (11) áåçïîñåðåäíüî âèïëè-
âà¹ ç ôîðìóë (6) òà (12). Íåõàé íåðiâíîñòi (11) âèêîíóþòüñÿ äëÿ äåÿêîãî
s = p. Âèêîðèñòîâóþ÷è ôîðìóëè (6), óìîâè (2), îöiíêó (12), îòðèìà¹ìî

Q
(p+2)
k ≥ 1 + ak+1,k + ak,k+1 +

ak+1,k+1

Q
(p−1)
k+1

≥ 1 + ak+1,k + ak,k+1 ≥ 1.

Îòæå, íåðiâíiñòü (11) ñïðàâäæó¹òüñÿ äëÿ âñiõ p = 0, 1, . . . , k = 1, 2, . . . .

Ïîêàæåìî, ùî çà óìîâ òåîðåìè âèêîíóþòüñÿ íåðiâíîñòi (9). Äëÿ öüîãî
ðîçãëÿíåìî ôîðìóëó ðiçíèöi (7) äëÿ n = 4p + 1 + 2k i m = 4p + 1,
p = 0, 1, 2, . . . , k = 1, 2, . . . , òà ïîäàìî ¨¨ ó âèãëÿäi

f4p+1+2k − f4p+1 = Φ(4p+1+2k)
0 − Φ(4p+1)

0 +

+
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j
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j=1

Q
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j

.

Îñêiëüêè äëÿ p > m, p, m = 1, 2, . . . , i = 0, 1, . . . ,
Φ(p)

i − Φ(m)
i =

= (−1)m+[m+1
2

]





m+1∏
l=1

ai+l,i

m+1∏
l=1

Q
(p−l)
i+l,i

m∏
l=1

Q
(m−l)
i+l,i

+

m+1∏
l=1

ai,i+l

m+1∏
l=1

Q
(p−l)
i,i+l

m∏
l=1

Q
(m−l)
i,i+l





, (13)

òî, âðàõîâóþ÷è äîäàòíiñòü óñiõ çàëèøêiâ Q
(p)
i+l,i, Q

(p)
i,i+l, i = 0, 1, . . . , l =

1, 2, . . . , p = 0, 1, . . . , ùî âèïëèâà¹ ç îöiíîê (10), äiñòà¹ìî

Φ(4(p−i)+1+2k)
i − Φ(4(p−i)+1)

i ≥ 0, Φ(4(p−i)+3+2k)
i − Φ(4(p−i)+3)

i ≤ 0,

äå p = 0, 1, 2, . . . , k = 1, 2, . . . , i = 0, 1, . . . . Îòæå, f4p+1+2k − f4p+1 ≥ 0 i

f1 ≤ f5 ≤ . . . ≤ f4p−3 ≤ f4p+1.

Òàêèì ÷èíîì, ïîñëiäîâíiñòü {f4p+1} ¹ íåñïàäíîþ.
Àíàëîãi÷íî âñòàíîâèìî, ùî ïîñëiäîâíiñòü {f4p+3} ¹ íåçðîñòàþ÷îþ.

Ðîçãëÿíåìî ôîðìóëó ðiçíèöi (7) äëÿ n = 4p + 3 + 2k, m = 4p + 3, p =
0, 1, 2, . . . , k = 1, 2, . . . , òà ïîäàìî ¨¨ ó âèãëÿäi

f4p+3+2k − f4p+3 = Φ(4p+3+2k)
0 − Φ(4p+3)

0 +

+
p+1∑

i=1

(−1)2i−1
i∏

j=1

ajj(Φ
(4(p−i)+5+2k)
2i−1 − Φ(4(p−i)+5)

2i−1 )

Q
(4p+3+2k−2j)
j Q

(4p+3−2j)
j

+

+
p∑

i=1

(−1)2i
i∏

j=1

ajj(Φ
(4(p−i)+3+2k)
2i − Φ(4(p−i)+3)

2i )

Q
(4p+3+2k−2j)
j Q

(4p+3−2j)
j

+

+(−1)2p+1

2p+2∏
j=1

ajj

2p+1∏
j=1

Q
(4p+3+2k−2j)
j

2p∏
j=1

Q
(4p+3−2j)
j

.

Ç ôîðìóëè (13) îäåðæó¹ìî, ùî f4p+3+2k ≤ f4p+3, à, îòæå,

f3 ≥ f7 ≥ . . . ≥ f4p−1 ≥ f4p+3 ≥ . . . ,
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ùî äîâîäèòü ìîíîòîííiñòü ïîñëiäîâíîñòi {f4p+3}. Êðiì òîãî,

f4p+1 ≥ f1 = a1,0 + a0,1, f4p+3 ≤ f3 ≤ Φ(3)
0 + a1,1,

òîìó ïîñëiäîâíîñòi {f4p+1} , {f4p+3} ¹ îáìåæåíèìè, ùî çàáåçïå÷ó¹ ¨õíþ
çáiæíiñòü. Iç òîãî, ùî f4q+3 − f4p+1 ≥ 0, p, q = 0, 1, 2, . . . , âèïëèâà¹ âëà-
ñòèâiñòü ½âèëêè� âèãëÿäó (9) äëÿ ïîñëiäîâíîñòi ïiäõiäíèõ äðîáiâ íåïàð-
íîãî ïîðÿäêó ÄÍÄ (1). Òåîðåìó äîâåäåíî.

Òåîðåìà 2. ßêùî äëÿ åëåìåíòiâ ÄÍÄ (1) âèêîíóþòüñÿ óìîâè (2)
i îöiíêè

ak+2i,k < 1, ak,k+2i < 1, k = 0, 1, . . . , i = 0, 1, . . . , (14)

òî äëÿ ôiãóðíèõ ïiäõiäíèõ äðîáiâ âèãëÿäó (3) ÄÍÄ (1) ñïðàâäæóþòüñÿ
íåðiâíîñòi

f4p ≤ f4p+1 ≤ f4p+4 ≤ f4p+5 ≤ f4q+7 ≤ f4q+6 ≤ f4q+3 ≤ f4q+2, (15)

p, q = 0, 1, . . . , à ïîñëiäîâíîñòi {fp}, p = 0, 1, 4, 5, . . . , 4l, 4l + 1, . . . , l =
0, 1, . . . òà {fq}, q = 2, 3, 6, 7, . . . , 4l+2, 4l+3, . . . , l = 0, 1, . . . ¹ çáiæíèìè.

Äîâåäåííÿ. Äëÿ çàëèøêiâ Q
(p)
i+k,i, Q

(p)
i,i+k, i, p = 0, 1, . . . , k = 1, 2, . . . ,

ïiäõiäíèõ äðîáiâ íåïàðíîãî ïîðÿäêó ÄÍÄ (1) âèêîíóþòüñÿ îöiíêè (10),
áî ç óìîâ (14) âèïëèâàþòü óìîâè (8).

Äëÿ çàëèøêiâ Q
(p)
i+k,i, Q

(p)
i,i+k, i, p = 0, 1, . . . , k = 1, 2, . . . , ïiäõiäíèõ

äðîáiâ ïàðíîãî ïîðÿäêó ÄÍÄ (1) ñïðàâäæóþòüñÿ íåðiâíîñòi

1− ak+2i,k ≤ Q
(2s+1)
k+2i−1,k ≤ 1, 1− ak,k+2i ≤ Q

(2s+1)
k,k+2i−1 ≤ 1,

1 + ak+2i+1,k ≤ Q
(2s)
k+2i,k ≤ 1 +

ak+2i+1,k

1− ak+2i+2,k
,

1 + ak,k+2i+1 ≤ Q
(2s)
k,k+2i ≤ 1 +

ak,k+2i+1

1− ak,k+2i+2
,

(16)

òà íåðiâíîñòi

Q
(2s)
i ≥ 1, i = 1, 2, . . . , s, s = 1, 2, . . . , (17)

ÿêi âñòàíîâëþþòüñÿ çà äîïîìîãîþ ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨ àíàëî-
ãi÷íî, ÿê ó òåîðåìi 1 äëÿ çàëèøêiâ ïiäõiäíèõ äðîáiâ íåïàðíîãî ïîðÿäêó
ÄÍÄ (1).
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Ïîêàæåìî, ùî çà óìîâ òåîðåìè âèêîíóþòüñÿ íåðiâíîñòi (15). Äëÿ
öüîãî îöiíèìî òàêi ðiçíèöi ìiæ ïiäõiäíèìè äðîáàìè ÄÍÄ (1):

f4p+k − f4p, f4p+1+k − f4p+1, f4p+2+k − f4p+2, f4p+3+k − f4p+3,

äå k = 0, 1, . . . , p = 1, 2, . . . . Ôîðìóëó ðiçíèöi (7) ïîäàìî ó âèãëÿäi
f4p+k − f4p = Φ(4p+k)

0 − Φ(4p)
0 +

+
p∑

i=1

(−1)2i−1
2i−1∏

j=1

ajj(Φ
(4(p−i)+2+k)
2i−1 − Φ(4(p−i)+2)

2i−1 )

Q
(4p+k−2j)
j Q

(4p−2j)
j

+

+
p∑

i=1

(−1)2i
2i∏

j=1

ajj(Φ
(4(p−i)+k)
2i − Φ(4(p−i))

2i )

Q
(4p+k−2j)
j Q

(4p−2j)
j

+

+(−1)2p

2p+1∏
j=1

ajj

2p+1∏
j=1

Q
(4p+k−2j)
j

2p∏
j=1

Q
(4p−2j)
j

· γk,

äå γk = 0, ÿêùî k = 1, γk = 1, ÿêùî k > 1.
Àíàëiçóþ÷è ôîðìóëó (13) òà âèêîðèñòîâóþ÷è îöiíêè äëÿ çàëèøêiâ

(10), (11), (16), (17), îäåðæèìî, ùî

Φ(4(p−i)+2+k)
2i−1 − Φ(4(p−i)+2)

2i−1 ≤ 0, i = 1, 2, . . . ,

Φ(4(p−i)+k)
2i − Φ(4(p−i))

2i ≥ 0, i = 0, 1, . . . ,

k = 1, 2, 3, p = 0, 1, 2, . . . . Îòæå, f4p+k − f4p ≥ 0 äëÿ k = 1, 2, 3.
Àíàëîãi÷íî âñòàíîâëþ¹ìî òàêi íåðiâíîñòi

f4p+1+k − f4p+1 ≥ 0, f4p+2+k − f4p+2 ≤ 0, f4p+3+k − f4p+3 ≤ 0,

äå p = 0, 1, . . . , k = 1, 2, 3. Ç ïðîâåäåíèõ äîñëiäæåíü âèïëèâàþòü íåðiâíî-
ñòi (15).

Çi çáiæíîñòi ïîñëiäîâíîñòåé {f4p+1}, {f4q+3}, p, q = 0, 1, . . . , òà âëà-
ñòèâîñòi ½âèëêè� (9), âèïëèâà¹ çáiæíiñòü ïîñëiäîâíîñòåé ïiäõiäíèõ äðîáiâ
{fk}, äå k = 0, 1, 4, 5, . . . , 4p, 4p + 1, . . . , òà {fm}, m = 2, 3, 6, 7, . . . , 4q +
2, 4q + 3, . . . . Òåîðåìó äîâåäåíî.

Òåîðåìà 3. ßêùî åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü óìîâè (2) òà
îöiíêè

ai+2k,i > 1 + ai+2k−1,i, ai,i+2k > 1 + ai,i+2k−1, i = 0, 1, . . . , k = 1, 2, . . . ,
(18)



12 Ò.Àíòîíîâà, Î.Ñóñü

1 + Φ(2)
i = 1− ai+1,i

ai+2,i − 1
− ai,i+1

ai,i+2 − 1
> 0, i = 1, 2, . . . , (19)

Φ(2)
i−1 + ai,i ≤ 0, Φ(4)

i−1

(
1 + Φ(2)

i + ai+1,i+1

)
+ ai,i ≤ 0, i = 2, 3, . . . , (20)

òî äëÿ ïiäõiäíèõ äðîáiâ ïàðíîãî ïîðÿäêó ÄÍÄ (1) ñïðàâäæóþòüñÿ íå-
ðiâíîñòi

f4p−2 ≤ f4p+2 ≤ f4q+4 ≤ f4q, (21)
äå p, q = 1, 2, . . . , à ïîñëiäîâíîñòi {f4p−2}, {f4p} ¹ çáiæíèìè.

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî

Q
(2s+1)
i+2k−1,i ≤ 1− ai+2k,i, Q

(2s+1)
i,i+2k−1 ≤ 1− ai,i+2k,

0 < Q
(2s)
i+2k,i ≤ 1, 0 < Q

(2s)
i,i+2k ≤ 1,

(22)

äå i = 0, 1, . . ., k = 1, 2, . . ., s = 0, 1, . . . . Îñêiëüêè Q
(0)
i+2k,i = Q

(0)
i,i+2k = 1,

Q
(1)
i+2k−1,i = 1− ai+2k,i < 0, Q

(1)
i,i+2k−1 = 1− ai,i+2k < 0,

òî îöiíêè (22) ïðàâèëüíi äëÿ s = 0, k = 1, 2, . . . . Ïðèïóñòèìî, ùî íåðiâ-
íîñòi (22) âèêîíóþòüñÿ äëÿ äåÿêîãî s = p ≥ 0. Òîäi âðàõîâóþ÷è óìîâè
(18), îòðèìà¹ìî

Q
(2p+1)
i+2k−1,i = 1− ai+2k,i

Q
(2p)
i+2k,i

≤ 1− ai+2k,i < 0,

1 ≥ Q
(2p)
i+2k−2,i = 1 +

ai+2k−1,i

Q
(2p+1)
i+2k−1,i

= 1− ai+2k−1,i

|Q(2p+1)
i+2k−1,i|

≥ 1− ai+2k−1,i

ai+2k,i − 1
> 0.

Àíàëîãi÷íî,

Q
(2p+1)
i,i+2k−1 ≤ 1− ai,i+2k < 0, 1 ≥ Q

(2p)
i,i+2k−2 ≥ 1− ai,i+2k−1

ai,i+2k − 1
> 0.

Îòæå, îöiíêè (22) ïðàâèëüíi i äëÿ s = p + 1. Âèêîðèñòîâóþ÷è ôîð-
ìóëó (13) òà íåðiâíîñòi (22), äiñòà¹ìî, ùî

Φ(4p+2n)
i − Φ(4p)

i ≤ 0, Φ(4p+2+2n)
i − Φ(4p+2)

i ≥ 0, (23)

äå i = 0, 1, . . ., p = 0, 1, . . ., n = 1, 2, . . . . Îöiíèìî òåïåð çàëèøêè Q
(2p)
i ,

i = 1, 2, . . . , p = 0, 1, . . . . Âðàõîâóþ÷è óìîâè (19) òà íåðiâíîñòi (23),
äiñòà¹ìî

1 ≥ Q
(2)
i = 1 + Φ(2)

i + ai+1,i+1 > 0, i = 1, 2, . . . . (24)
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Ïåðåêîíà¹ìîñü ó ïðàâèëüíîñòi íåðiâíîñòåé

Q
(2p)
i > 0, i = 1, 2, . . . , p = 0, 1, . . . . (25)

ßê áóëî âñòàíîâëåíî âèùå, îöiíêà (25) ñïðàâäæó¹òüñÿ äëÿ p = 0, 1.
Ïðèïóñòèìî, ùî âîíà âèêîíó¹òüñÿ äëÿ äåÿêîãî çíà÷åííÿ p. Òîäi

Q
(2p+2)
i = 1 + Φ(2p+2)

i +
ai+1,i+1

Q
(2p)
i

≥ 1 + Φ(2p+2)
i > 1 + Φ(2)

i > 0,

îòæå, îöiíêà (25) ñïðàâäæó¹òüñÿ i äëÿ p + 1. Ðîçãëÿíåìî ðiçíèöþ

f4p+4 − f4p = Φ(4p+4)
0 − Φ(4p)

0 +

+
p∑

i=1

(−1)2i−1
2i−1∏

j=1

aj,j

Q
(4p+4−2j)
j Q

(4p−2j)
j

(
Φ(4(p−i)+6)

2i−1 − Φ(4(p−i)+2)
2i−1

)
+

+
p−1∑

i=1

(−1)2i
2i∏

j=1

aj,j

Q
(4p+4−2j)
j Q

(4p−2j)
j

(
Φ(4(p−i)+4)

2i − Φ4(p−i)
2i

)
+

+(−1)2p
2p∏

j=1

aj,j

Q
(4p+4−2j)
j Q

(4p−2j)
j

(
Φ(4)

2p +
a2p+1,2p+1

Q
(2)
2p+1

)
, p = 1, 2, . . . .

Âðàõîâóþ÷è óìîâó (20) òà îöiíêè (24), (25), îäåðæèìî

Φ(4)
2p +

a2p+1,2p+1

Q
(2)
2p+1

= Φ(4)
2p +

a2p+1,2p+1

1 + Φ(2)
2p+1 + a2p+2,2p+2

≤ 0.

Êðiì òîãî,
Φ(4p+4)

0 − Φ(4p)
0 ≤ 0, p = 1, 2, . . . ,

Φ(4(p−i)+6)
2i−1 − Φ(4(p−i)+2)

2i−1 ≥ 0, Φ(4(p−i)+4)
2i − Φ4(p−i)

2i ≤ 0,

äå i = 1, 2, . . ., p = 1, 2, . . . . Òîìó

f4p+4 − f4p ≤ 0, p = 1, 2, . . . . (26)

Çàóâàæèìî, ùî ó âèïàäêó âèêîíàííÿ óìîâè (20) äëÿ i = 1, ìàòèìåìî

f4 = Φ(4)
0 +

a1,1

1 + Φ(2)
1 + a2,2

≤ 0. (27)

Ìiðêóþ÷è àíàëîãi÷íî, äiñòà¹ìî, ùî

f4p+2 − f4p ≤ 0, f4p+4 − f4p+2 ≥ 0, f4p+6 − f4p+2 ≥ 0, p = 1, 2, . . . . (28)
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Ç íåðiâíîñòåé (28) âèïëèâà¹, ùî

f2 ≤ f6 ≤ . . . ≤ f4p+2 ≤ . . . ≤ f4q ≤ f8 ≤ f4, p = 0, 1, . . . , q = 1, 2, . . . ,

à, îòæå, ïîñëiäîâíîñòi {f4q−2}, {f4q} , q = 1, 2, . . . , ¹ çáiæíèìè.
Òåîðåìó äîâåäåíî.
Òåîðåìà 4. ßêùî åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü óìîâè (2), (8),

(18), (19), (20), ïðè÷îìó óìîâè (20) âèêîíóþòüñÿ i äëÿ i = 1, a1,0+a0,1 6=
0, òî ÄÍÄ (1) ðîçáiãà¹òüñÿ.

Öÿ òåîðåìà ¹ íàñëiäêîì òåîðåì 1 i 3. Äiéñíî, çà òåîðåìîþ 1,

a1,0 + a0,1 = f1 ≤ f4q+1 ≤ f3, q = 1, 2, . . . ,

lim
q→∞ f4q+1 ≥ f1 = a1,0 + a0,1 > 0,

à çà òåîðåìîþ 3,
f4q ≤ f0 = 0, lim

q→∞ f4q ≤ 0.

Îòæå, lim
q→∞ f4q 6= lim

q→∞ f4q+1, q = 1, 2, . . . .

Ïðèêëàä. Íåõàé åëåìåíòè ÄÍÄ (1) ¹ òàêèìè:

ai+2k+1,i = ai,i+2k+1 = 2k + 1, k = 0, 1, . . . , i = 0, 1, . . . ,

ai+2k,i = 2k + α1,i, ai,i+2k = 2k + α2,i, k = 1, 2, . . . , i = 0, 1, . . . ,

äå âñi ÷èñëà αp,i, p = 1, 2, i = 0, 1, . . . , çàäîâîëüíÿþòü óìîâè

αp,i ∈ [1, 5; 2), p = 1, 2, i = 0, 1, . . . , ai,i = 0, 05, i = 1, 2, . . . .

Ïåðåâiðèìî âèêîíàííÿ óìîâ òåîðåìè 4. Ìà¹ìî

ai+2k,i

1 + ai+2k+1,i
=

2k + α1,i

2k + 2
< 1,

ai,i+2k

1 + ai,i+2k+1
=

2k + α2,i

2k + 2
< 1,

ai+2k,i − 1− ai+2k−1,i = 2k + α1,i − 1− 2k + 1 = α1,i > 0,

ai,i+2k − 1− ai,i+2k−1 = α2,i > 0,

1 + Φ(2)
i = 1− ai+1,i

ai+2,i − 1
− ai,i+1

ai,i+2 − 1
=

= 1− 1
1 + α1,i

− 1
1 + α2,i

≥ 1− 2
2, 5

=
1
5

> 0,
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òîáòî óìîâè (8), (18), (19) âèêîíóþòüñÿ äëÿ âñiõ i = 0, 1, . . . , k = 1, 2, . . . .
Äàëi îá÷èñëèìî

Φ(4)
i =

α1,i

−α2
1,i − 4α1,i − 6

+
α2,i

−α2
2,i − 4α2,i − 6

< 0 .

Îñêiëüêè ôóíêöiÿ F (x) =
x

x2 + 4x + 6
ìîíîòîííî çðîñòà¹ íà ïðîìiæ-

êó [1, 5; 2), áî F ′(x) =
6− x2

(x2 + 4x + 6)2
> 0, x ∈ [1, 5; 2), òî

|Φ(4)
i | ≥ 2 · 1, 5

2, 25 + 12
=

12
57

.

Óìîâè (20) ìîæíà çàïèñàòè ó âèãëÿäi

ai,i ≤ |Φ(2)
i−1|, ai,i ≤ |Φ(4)

i−1| ·
(
1 + Φ(2)

i + ai+1,i+1

)
.

Îñêiëüêè
|Φ(2)

i−1| =
∣∣∣∣

1
1 + α1,i

+
1

1 + α2,i

∣∣∣∣ >
2
3

>
1
20

= ai,i,

òî
|Φ(4)

i−1| ·
(
1 + Φ(2)

i + ai+1,i+1

)
≥ 12

57

(
1
5

+
1
20

)
=

3
57

>
1
20

.

Îòæå, i óìîâè (20) âèêîíóþòüñÿ äëÿ âñiõ i = 1, 2, . . . . Îñêiëüêè åëåìåíòè
ÄÍÄ (1) çàäîâîëüíÿþòü âñi óìîâè òåîðåìè 4, òî äàíèé äðiá ¹ ðîçáiæíèì.
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Su�cient conditions of monotonicity, boundedness and convergence for
sequences of �gure approximants of two-dimensional continued fractions of
special form with real elements are established. The example of the divergent
two-dimensional continued fraction is given.




