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s HeckinmgenHo Manux KoHGOpMHEUX AedopMariiii 3Ha#eHO HOBY (OPMY OCHOBHHUX PiBHSIHbD,
Ky IIPEJICTABICHO Yepe3 TeH30PHI MOJIA MTOXiTHOI BeKTOopa 3MimeHHs. BuaisieHo o3Haky TpUBialIbHAX
nedopmauniii. Jociigkeno HeckindeHHO MaJi KoHMOpMHI gedpopMalii HOBEpXOHbL 00ePTAHHSI.

Julia Fedchenko, On the existence of infinitesimal conformal deformations of surfaces, Math. Bull.
Shevchenko Sci. Soc. 10 (2013), 115-121.

A new form of basic equations for infinitesimal conformal deformations is found. This new form
involves tensor fields of derivative of the displacement vector. Conditions for trivial deformations as
well as infinitesimal conformal deformations of revolving surfaces are studied.

1. Bcryn

Posraaremo nosepxio S kaacy C? B eBKJILI0BOMY mTpocTopi B3 3 BEKTOPHO-TIApaMeTPITHAM
piasHEAM T = T(21, 2%) Ta i1 gecdopmaniio S.:

FE = F(gjla :E2) + EU(‘T1> $2)7

ae
Uz, 2?) = '+ un (1)

[e)

— BEKTOp 3MIIeHHd, € — MaJUil mapamMeTp, a U;, U — BITOBIIHO TAaHTEHITIATbHI Ta HOPMAaJIbHA
KOMIIOHEHTH BEKTOpPa 3MiIlleHHSI.

Bei ingeken TyT 1 Hajasi HesasekKHO HaOYBalOTh 3HAYEHb 1,2, AKINO HEe BKA3aHO IIOCH
ixime.
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Ozuauennda 1. Heckinuenno maJy jgegopmaiiiro moBepxai S Ha3WBATHMEMO HECKIHIEHHO
MaJI0i0 KOH(hOPMHOIO jJegopMaliie€ro, Ko KoepiieHTH mepIiol KBajapaTHiHoi ¢popMH 1Io-
BepxHi S mponopiiiiiai KoedinierTaM mepinoi KkBajgpaTudnoi hopmu gechopMoBaHOl HOBEpXHi
S. 3 TOYHICTIO /[0 HECKIHY€HHO MaJInX BEJIMIUH BUIIE IEPIHOr0 MOPSAKY BIAHOCHO MapaMeTpy
Jrechopmarliii €.

CucreMa OCHOBHUX PIBHSIHb HECKIHUEHHO MajuX KOHMOpMHEHX jgedopMaliii Mae HaCTy-
unuii Burist [1):
[¢]
Vjui + Viu]' —2u bij = 29091‘3‘, (2)

1e b;; — koedinienTu apyroi kaaparuanol dopmu, o(z!, 2?) — neska byHKIIs, IKY HA3HBA-

THMEMO (DYHKITIE€I0 KOH(MOPMHOCTI.
PiBustang (2), 3 ypaxyBaHHsIM BUPa3y JJis Bapianil KoedilieHTiB nepinol KBapaTuaHOl
dbopmu 2] 6g;; = Vu; + Viu; — 2 u b;;, HAOYBAIOTH BUIJISTY

0gi; = 204 (3)

€. /1. Pecenko B [1| mpoBOANTH JOCTIIZKEHHS OCHOBHHUX DIBHSAHB (2) Ta MOKa3ye, IO 3a-
MKHEH] OBEPXHi J0JaTHROT TaycoBOi KPUBUHU (3a IeAKUX 0OMeKeHb) JIOMYCKAIOTh HeTPUBI-
aJIbHI HeCKIHYeHHO MaJii KoHdopMHI jgedopmalil; 1is chepr 3HaMIeHO BEKTOP 3MIIIEHHS B
SIBHOMY BUTJISIII.

Y jmaniii podoTi OCHOBHI PIBHAHHA HECKIHYEHHO MaJinX KOH(OpMHEX jedopmaliiil mpe/-
CTaBJIEHO Yepe3 TEeH30PHI MoJIs TOXiIHOT BeKTopa 3MileHHs (TeopeMa 1). 3HaiieHO TeH30pHI
MOJIsI B SIBHOMY BHLJIAIL (TeopeMa 2), BULIEHO TpuBiaabHuUii BUMaJoK (Teopema 3). IToka-
3aHO, IO MTOBEPXHI 00epTaHHs JOIMYCKAIOTh HEeTPUBIAJIbHI HECKIHYeHHO MaJji KOHMOpPMHI Jie-
dbopmariii (Teopema 4).

2. HoBa ¢popma ocHOBHUX PiBHSIHBb HECKIHYEHHO MaJI01 KOH(OpM-
HOl medopmaliili moBEepPXOHb

[Tpomudepentioemo (1) kopapianTho mo . ToAi Ha OCHOBI JepUBAIINHAX PIBHAHD MO-

BepXHI
VjFi — bijﬁ, ﬁl - —b?Fa
MaTHUMEMO, 10
Ui = T{'Ta + Tim, (4)
Je
TF = Vb — b, (5)
T; = 8#3 -+ blkuk (6)

Tyt b = bing™, u* = u,g®*, V — koBapianTHA MOXiMHA Ha 6A31 METPHYHOTO TEH30DA gi;.
PiBrocti (4) MOKHA PO3IJISIATH SIK CHCTEMY JBOX JTi(epeHIiaTbHIX PIBHIHb BiIHOCHO
onniei dbyukiii U . YMoBH iHTerpoBHOCTL j1jis (4) MAOTh HACTYIHUN BUIJISIL:

VT = ViT} = T = 0T, (7)
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Tlbe — Tjbw = ViTy — VT, (8)

Yepes rensopri noas TF Bapiamnii koedinienTis nepmmoi kBaaparnaroi hbopMu HabyBaOTH
TAKOTO BUTJISALY:

69i; = T} 9aj + 17 Gai- (9)

Teopema 1. /s Toro, mob mosepxus S kracy C° qomyckasia HeCKiHIeHHO MaJTy KOH(POPM-

HY jAephopMalliio, HeOOXIJIHO 1 JOCTATHBO, 1100 TeH30PHI OIS 7010‘5 , T ta pyHKIIsST KOHpOPM-

J— o
HOCTI (p, HIO HPEACTABJISIOTH MOXLIHY BeKTOpa 3Minienust U; = ¢;q, (T“B — P ) Tg+cio TN,
38J0BOJIBHSIIH CACTEMY HACTYITHHX DIBHSIHD:

va %aﬁ - Tabg — Spacaﬁ;
bag T + VaT® = 0
Taﬁ<ciozgj6 + Cjagiﬁ) = O;
0, = Oip.

(10)

Jlosedenna. HeobxinnicTs. Hexait moBepxHst S A0IycKae HECKIHIEHHO MaJIy KOH(MOPMHY J1e-
dopmariito. Toal TeH30pHI OIS Ti”“7 T}, O TpeICTaBIAIOTh MOXITHY BeKTOpa 3MimteHHsd U
(4), Ta dyHKIist KOHGOPMHOCTI ¢ 33 OBOJBHSIIOTH CHCTEMY HACTYTHUX DiBHSIHD:

V,IF = ViIF = BT =T

Tikbkj - beki = ViI; = V,T}; (11)
1890 + T 90 = 2¢9i5;
w; = Oip.

BpejieMo 710 po3Iisjy JBidi KoHTpabapianTHuil Tensop 7% i KoHTpaBapiaHTHHUII BEKTOD
T? 3a dbopmyaamu

TV = T T" = ¢™T,. (12)
Tomi

T = caT*, T, = cio T, (13)
Cij — JMCKPHMIHAHTHHI TeH30p, = gw‘gﬂcaﬁ, g*® — ememenTn MaTpumi, obepHeHOI 10
19as]l-

3 ypaxysauuam (13), cucrema (11) HabyBae HACTYMHOTO BHIJISIILY

VT — T8 = 0;
bas TP + VT 0;

o (14)
TP (Ciagsp + CjaGis) = 209i;
vi = Oip.
[Togamo TP y BUrAAAI CyMH CHMETPHYHOI Ta KOCOCHMETPHIHOT YaACTHH:
T =T + pe”, (15)

ne T8 =75 1, — neska dyHKIis.



118 KOs ®ETYEHKO

3 pisusirns (14)s, na ocuosi (15), Marumemo:

T (CinGjs + CijaGis) — 2119i; = 2Gi;- (16)

3ropHeMO OCTAHHE PIBHIHHSA 3 ¢ i oTpUMaEMo, O (L = —.
b

Taxum amnom, (14);3 MaTuMe BUTIST
T (Ciatss + jagis) = 0, (17)
a IPEJICTABICHHS TEH30PHOTO IO
TP =78 _ b, (18)
Toni (14)1, (14)s 3 ypaxysauusam (18) HabyBarOTh HACTYITHOTO BUIJISIIY:
Vo T = T = 0,c™%; bos TP + VT = 0.

[Toxinna BeKTOpa 3MilIeHHS MaTHMe BUIJISII:

Ui = Cja fzgaﬁ — Caﬁ Tg + CiaTaﬁ. 19
¥ B

o
JocrarnicTs. Hexait Ha mosepxmi S icHytors Tensopni moag 7%, T Ta medka QyHKILL
(¢, TIO 33JI0BOJILHSIOTE piBHsHHA cuctemu (10).

[}
Hoxnagemo T = T+ pc®?. Toni 3 (10), Ha ocHOBI ocTaHHBOT piBHOCTI, MaTUMeMOo (14).
3 ypaxysanusam (12), micast npoctux mepersoperb MaruMemo (11). Takum auHOM, HOBEPXHS
JIONYCKAa€ HECKIHYEeHHO MaJj1y KOH(MOPMHY jieOopMaIriio.
O

[¢]
3. IIpexcrasiienHs TeH30pHUX noJis T, T B aBHOMY BUTJISI.

Teopema 2. /st toro, mob neckinuenno maja jgegopmaris nosepxui S (K # 0) kiaacy
C? 6yma KorgpopMHOIO, HEOOXIAHO I JOCTATHBO, M[00 Ha ITOBepXHI icHYBaI GYHKIII t, ©, AKi

3a/TOBOJIBHSTIOTH DIBHSIHHS
Vi(tad™) = Vi(pac™ds) + 2Ht = 0. (20)
Toxi TeH30pHI MOJIs MOXIIHOI BeKTOpa 3MimeHHs (19)MaroTh BULIST
ToF = tg°f, (21)

T* = tod™ — pac™ds,. (22)

Tyr dj = d**gop, d** = 7o¢¥cby;.
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osedernna. Heooxinnicrs. Hexait nedpopmartist moBepxHi S € KondopMmHOIO AedopMaliiero 3
BekTopoM 3Mimmenns U. Tori Tenzopri mos %aﬁ , T, mo € KoMmnonenTaMu U, Ta GyHKIisA
KOH(MOPMHOCTI ¢ 3a10BOMBbHAIOTE piBHsAHHs cucremu (10). TTokarkemo, 1o jowﬁ , T MaThb
npeacrasienns (21), (22).

IIposenemo gocmimxenns cucremu (10). 3 piBusnus (10); maemo 2], 1m0 T8 = tg*?,
ne t — neska dyskiig. [licas migctanoBku 72 of y (10); Ta MHOXKEHHS Ha dg OTPUMAEMO
TS =t d*® — gpacaﬂdg.

OckisbKkr TeH30pHI Mo/ MaloTh 3a70BoabHATH (10)2, Tomi marumemo ymoBy (20) Ha
dyukIii t, .

Hocrarnicts. Hexait nHa moBepxui S iCHYIOTH Jeski (PYHKINL ¢, ¢, FKi 32 10BOJIbHSIIOTH
piBustaus (20). Toxi BisbMeMO TeH30DHI 110JIst ]O’aﬁ, T y puras (21), (22) i nokazkemo, 110
3a JaHoro mpeacrasienns cucreMa (10) 3a10BOIBHIETHCS.

Miiicno, mincranoskoio (21), (22) B (10) mepekonyemocs, 1o cucrema (10) BUKOHYeTHCH
B pesyabrari Bukopuctands (20). Tobro, Ha moBepxXHi iCHYIOTH TEH30DHI MOJIS 70” aB e
mo 3a,10B0abHAI0TE (10). Tomi, Ha ocHOBI Teopemu 1, icHye BEKTOP 3MileHHST KOH(MDOPMHOT

JiecbopMaliii MOBepXHi. O
4. TpusBiajibHi HeckiHYeHHO MaJii KOH(GOpPMHI gedopmaririi 1o-
BEPXOHBb

Posriignemo, Koyin HeckiHdeHHO MaJjia KoHdopMHa jgedopmaliis Oyie TpuBiaaIbHOIO.

Heckindyenno maJi KougopMHi gedopMmalil, Jid 9KuX @ = ¢ = const HA3UBAIOTh TPUBI-
AJTHPHAMEI HECKIHUYEHHO MAJIUMHU KOH(MOPMHUMHE JedOpMAaIigaMu.

3 ornsay Ha (3) Gadumo, mo s Tpusiaabanx KoHdopMuux gedopManiit dg;; = 2c¢g;;.
Taxum ynHOM, TPUBiaIbHI HECKIHYEHHO MaJIl KOHGMOPMHI JgedopMariii € HeCKIHYeHHO MAJTUMU
roMmoreTiamm. Y Bumagxky ¢ = (0 Bapiamid MeTpudHOro Temsopa 0¢g;; = 0 i medopmaria e
3rUHAHHSIM.

Teopema 3. /Lus Toro, mo6 necpopmaris nosepxui S (K # 0) kaacy C® 6yna Tpusiajib-
HOIO HECKIHIEHHO MaJIOI0 KOH(OPMHOIO JehopMaliieto, HeOOXITHO 1 JOCTATHBO, IIT0O ICHYBaJIH
craJjia KOoH(pOpMHA (PYHKI[IST ¢ Ta Xapakrepuctuina Qynkiis Befnraprena t:

Y, (tad*) + 2Ht = 0. (23)
Tosi Ten30pHI 10JIST MAIOTH HPEJCTABICHHS
TP = tg°8 T° = t,d*. (24)

Josedenna. Heobxinnicts. Hexall moBepxHS J0MyCcKae TPUBiaIbHY HECKIHIEHHO MaJIy KOH-
dopmuy gedpopmairiio. Toai HA TAKHX MOBEPXHSIX, B CHIY KOH(MOPMHOCTI, TEH30PHI HOJIs JOWB ,
T mators nupeacrasiens (21), (22). s rpusianbaux kondopmuux jgedopmariii dyHkiis
koudopmuocti ¢ = const 1 npegcrasnenns (21), (22) marumyrs Burran (24). [incrasumo
sHaveHHst ¢ B (20) i orpumaemo piBHstHHS Ha YHKINO t (23), sKe € XapaKTepUCTHIHUM
piBHIHHAM Beitaraprena.
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JocraruicTs. Hexait #a moBepxHi S iCHYIOTH cTasa PyHKITS 0 Ta XapaKTePUCTUIHA (DYH-
Kiisg Beiinraprena t. Jlani dyHKIGl 3a10B0sbHA0TE piBHsHHs (20). OTXKe, 3a TEOpeMOIO 2,
icaye BekTOp KOHGopMHOI nedopmarii. OcKinbKH ¢ = const, TO HeCKIHYEHHO MaJja KOH-
dopmua jedopmaliist € TPpUBIAILHOIO. 0

5. Heckinuenno maJi koHdoOpMHI gedopmMariii moBepXoHb 0bep-

TAHHA

[TpoBesemo mocaimkents piBastaag (20). [List 1bOro mogaMo JaHe piBHSIHHS Y PO3TOPHY-
ToMy BULJIsA (y JHIAX KPUBUHHK):

Vltldll + V2t2d22 + tl (Vldll + V2d21) + tz(vldlz + ngQz) — Vzﬁplclzdg—
—V1§02C21d% - @1612(V1d% + VQd%) - (,02021 (Vldi + ng%) + 2Ht = 0.
Hexait t = 0. Toxi ocranne piBHAHHSA MaTHME BULJIS/T
Vapi(dy — d3) — ©1(Vidy + Vad3) + 02(Vidy + Vadi) = 0. (25)

Teopema 4. ITosepxus obeprannsa T = (ucosv, usinv, f(u)) (K # 0, di — d3 # 0) gomyckae
HeTpHUBIAJIbHY HECKIHICHHO MaJjly KoHgpopMmHYy mecpopmariio npu t = 0. Terzopu mecpopmarrii

(0]
T, T° 1a hynknis ¢ BUpaskaloThCS B SBHOMY BHIVISLII 34 (POPMYTaMU

7‘111 :%12 :%22 — 0, (26)
12 12 ¢ 12 el o111 13 111
T = K’(v)—1 +/ B R e Y T (27)
uf//
ren2 o p12 £ 12 112 ol o1 13 gt
T% = —K(v) (3{; ffsf f{) f]j/ o I " (28)
+ /P —u

_ f 3f/2f//2_f/f///_f/3f///
¢ = K(v)e T FS=uf M 7"

U

K (v) — noBinpaa yHKIis.

Jlosederna. Jlocnigumo piBHstHHs (25) 11 noBepxHi obepranus 7 = (ucos v, usinv, f(u)).
JLig Takol moBepxHi
gu =141 g12=0, g =u?

B f// B B uf/
bll - 1 T f/27 b12 - Oa b22 - 1 T f,27
1
012 — —C21 _ Cll — 022 — 07

B uy/1+ f’Q7
(14 f?)2 1 2 2 um
dy = Iz ; dy=dy =0, dy= —f' )

1 f/f// 2 1 2 1 2
= 12:5’ 1122: F11:P12:F22:

11_1+f/27

_ u
1_|_f/2’
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OcxkinbKu

V2§01 = aggol - F%2(p2, Vldé + Vng = 0, Vld% + V2d2 = 81(1} + F%Q(d% — d%),
To (25) MaTuMe BHIJISI
Oapr(dy — d3) + pa0id; = 0.
Hexait d] — d3 # 0. Ilicag iHTErpyBaHHS 3HAXOIUMO (Do

3fI2 12 gl g1 pI3 g1t
0o = K(v)e ! 0 amm

du

Tomi
B 3f'2f//27f/f”'7f'3f"/
90 — K(U)e f (f’+f’3—uf”)f” du7

ae K(v) = [ K(v)dv — nosinbna dbynkiis.

Takum 4uHOM, 38 TEOPEMOIO 2 1IOBepXHi 00epTaHHs JOIYCKAIOTh HECKIHYEHHO MaJii KOH-
dbopmui nedopmarii, siki He € TpuBiasapHuMu (Teopema 3). Tenzopai mossa mMoxigHOT BEKTOpa
3MIIIEHHST 70”11, 70”12, %22, T, T? marors Burss (26), (27), (28). ]

3okpema, y Bunajky karenoijga f(u) = aln(u + vVu? — a?) + alne, pe a,c — cranii:

K o o o 2 _ 42 2 _ 42
o= (U)’ TU =72 =72 =0, T' = —K'(v) ur—a T2 = —K(v)u—za
u au au
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