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We consider the problem of determining whether two polynomial matrices are semis-
calarly equivalent. Large difficulties in this problem arise already for matrices of second
order. In this connection under certain restrictions the necessary and sufficient conditions of
semiscalar equivalence of 2-by-2 polynomial matrices are found.

Б.З. Шаваровський. Умови напiвскалярної еквiвалентностi полiномiальних 2 � 2 -
матриць // Мат. вiсник НТШ, 14 (2017) 7–28.

Дослiджується проблема визначення, коли двi полiномiальнi матрицi є напiвскаляр-
но еквiвалентнi. Значнi труднощi у цiй проблемi виникають вже для матриць другого
порядку. У зв’язку з цим, при певних обмеженнях вказанi необхiднi та достатнi умови
напiвскалярної еквiвалентностi 2 � 2 полiномiальних матриць.

Introduction

The notion of semiscalar equivalence of matrices was introduced to algebra by
P.S. Kazimirskii and V.M. Petrychkovych in 1977. By definition [1], two polynomial
matrices are called semiscalarly equivalent if they can be transformed one to the other
by multiplying from the left by a nonsingular numerical matrice and from the right by
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an invertible polynomial matrice. The notion of PS-equivalence of matrices was in-
troduced by J.A. Dias da Silva and T.J. Laffey in 1999. By definition [2], polynomial
matrices A.x/ and B.x/ are called PS-equivalent provided B.x/ D P.x/A.x/Q for
some invertible matricesQ – independent of x and P.x/ – dependent on x. We con-
sider the problem of determining whether two matrices are semiscalarly equivalent.
It contains the classical linear algebra problem of reducing a pair of numerical ma-
trices to a canonical form by simultaneous similarity transformations. This problem
has not been extensively studied in the literature. Large difficulties in this problem
arise already for matrices of second order.

In this paper the semiscalar equivalence for one class of polynomial matrices
of second order is investigated. In particular, necessary and sufficient conditions are
found under which two 2-by-2 matrices over the ring CŒx� are semiscalarly equivalent.

We consider the ring M.2; CŒx�/ of order two polynomial matrices over the
field of complex numbers C. Let A.x/ 2 M.2; CŒx�/. Suppose that the rank of
matrix A.x/ is full. According to [1] (see also [3], Section IV, § 1 or [4]) the matrix
A.x/ is semiscalarly equivalent to a matrix of lower triangular form with invariant
multipliers on the main diagonal. Without loss of generality, we can assume that the
first invariant multiplier of the considered matrix is identity. Therefore, this matrix
can be considered in the form

A.x/ D

 1 0

a.x/ ı.x/

; 0 < deg a.x/ < deg ı.x/ (1)

since the case with a.x/ � 0 is trivial.

In this paper we use the standard notations. In particular, a.t/.˛/ is the value at
x D ˛ of the t -th derivative of the polynomial a.x/ 2 CŒx� for t 2 N. Further, by
the symbol N0 we denote the zero column of arbitrary height. The transpose operation
is denoted by the symbol T . Let M.2; C/, M.2; CŒx�/ denote the rings of 2 � 2
matrices over C, CŒx�, respectively, and let GL.2; C/, GL.2; CŒx�/ be their groups
of units, respectively.

The determinant jA.x/j is called the characteristic polynomial of A.x/ and its
roots are called the characteristic roots of matrix A.x/. In this article the charac-
teristic roots of a matrix can be of arbitrary multiplicity. The question of finding
a complete set of invariants for PS-equivalence in the case 2-by-2 matrices without
multiple characteristic roots is discussed in [2]. A different case of semiscalar equiv-
alence of polynomial matrices of second order is considered in [5].
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1. Main results

Let us denote byM the set of characteristic roots of a matrixA.x/ of the form (1).
It is clear that the set M is an invariant of the matrix A.x/ with respect to semiscalar
equivalence.

On the set M consider the equivalence relation

E D f.˛; ˇ/ 2M �M W a.˛/ D a.ˇ/g;

which determined a partition

M D fE.˛/ W ˛ 2M g (2)

of M into the equivalence classes E.˛/ WD fˇ 2M W .˛; ˇ/ 2 Eg.
The following two assertions yield some invariants of the matrix A.x/ with re-

spect to semiscalar equivalence.

Proposition 1.1. The partition (2) of the setM of characteristic roots of matrixA.x/
of the form (1) is invariant for the class fCA.x/Q.x/g of semiscalarly equivalent
matrices.

Proof. Let the matrices A.x/ (1) and

B.x/ D

 1 0

b.x/ �.x/

; deg b.x/ < deg�.x/; (3)

be semiscalarly equivalent, i.e.

SA.x/R.x/ D B.x/; (4)

where S 2 GL.2; C/ and R.x/ 2 GL.2; CŒx�/. Introducing the notations S Dsij2

1
, R�1.x/ D

rij .x/2

1
, we deduce from (4) the relations

s11 C s12a.x/ D r11.x/; (5)

s12ı.x/ D r12.x/; (6)

s21 C s22a.x/ D b.x/r11.x/C ı.x/r21.x/: (7)

Setting x D ˛ and x D ˇ, ˛ ¤ ˇ, ˛; ˇ 2M , we obtain the equalities

s21 C s22a.˛/ D b.˛/r11.˛/ and s21 C s22a.ˇ/ D b.ˇ/r11.ˇ/:

If a.˛/ D a.ˇ/, then left sides of the resulting relations are equal. Therefore, from
the equality of right sides, taking into account r11.˛/ D r11.ˇ/ ¤ 0 (see (5), (6)),
we have b.˛/ D b.ˇ/. The notion of semiscalar equivalence is a symmetric relation.
Then from b.˛/ D b.ˇ/ a similar argument yields a.˛/ D a.ˇ/. This completes the
proof.
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Proposition 1.2. Let ˛ be a characteristic root of multiplicity n of a matrix A.x/
of form (1). Let also m be the lowest (non-zero) order of the non-zero derivative
a.m/.˛/ ¤ 0 of the entry a.x/ of this matrix at x D ˛. Then the numberm (and n) is
invariant for the class fCA.x/Q.x/g of semiscalarly equivalent matrices, if m < n.

Proof. Let a matrix A.x/ (1) be semiscalarly equivalent to a matrix B.x/ (3) and m0

be the lowest (non-zero) order of the non-zero derivative b.m/.˛/ ¤ 0 of the entry
b.x/ of the matrix B.x/ at x D ˛. Suppose that m < m0. From relations (5) and (7)
we obtain

s21 C s22a.x/ � s11b.x/ � s12a.x/b.x/ D ı.x/r21.x/: (8)

Substituting x D ˛ into (8), we find

s21 C s22a.˛/ � s11b.˛/ � s12a.˛/b.˛/ D 0: (9)

Differentiating both sides of equality (8) m times at x D ˛, we obtain

s22a
.m/.˛/ � s12a

.m/.˛/b.˛/ D 0:

The division of both sides of obtained equality by a.m/.˛/ ¤ 0 and the substitution
in (9) yields �

s22 � s12b.˛/ D 0;

s21 � s11b.˛/ D 0:

It is impossible, since the matrix
sij2

1
is nonsingular. Therefore, m � m0. Taking

into account that the semiscalar equivalence is a symmetric relation, we conclude that
m D m0.

In this paper, we shall restrict our attention to considering the case in which the
partition (2) of the set M has only two equivalence classes:

M DM1 [ M2: (10)

Recall that the invariance of the partition (2) was established in Proposition 1.
Since the matrixA.x/ has full rank, the entry a.x/ of the matrixA.x/ (1) satisfies

the inequality a.˛/ ¤ 0 for some root ˛ 2M .

Theorem 1.3. Let the partition (2) of the set M of characteristic roots of matrices
A.x/ (1) and B.x/ (3) be of the form (10). Let also nj be the multiplicity of an
arbitrary root ˛j 2M ;mj be the lowest (non-zero) order of the non-zero derivatives
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a.mj /.˛j / ¤ 0, b.mj /.˛j / ¤ 0 of the entries a.x/, b.x/ of the matrices A.x/, B.x/
at x D ˛j ;

a.x/ D aj C

s�mj�1X
tD0

ajt .x � ˛j /
mjCt ; aj D a.˛j /; aj 0 ¤ 0; (11)

b.x/ D bj C

s�mj�1X
tD0

bjt .x � ˛j /
mjCt ; bj D b.˛j /; bj 0 ¤ 0; (12)

are binomial decomposition of the entries a.x/, b.x/ into degrees of x � ˛j if mj <

nj ; s D deg ı.x/; ai D bi D 0 for some ˛i 2 M . Matrices A.x/, B.x/ are
semiscalarly equivalent if and only if there exists a number c ¤ 0 satisfying the
following conditions:

1) ai0 D cbi0 and

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ

ai1 ai2 : : : ai;si�1 aisi

ai0 ai1 : : : ai;si�2 ai;si�1

: : :
: : :

:::
:::

: : : ai1 ai2

0 ai0 ai1

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ
D csi

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ

bi1 bi2 : : : bi;si�1 bisi

bi0 bi1 : : : bi;si�2 bi;si�1

: : :
: : :

:::
:::

: : : bi1 bi2

0 bi0 bi1

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ
; (13)

si D 1; : : : ; mi � 1; mi C 1; : : : ; ni � mi � 1, for every root ˛i 2 M such that
ai D bi D 0, mi < ni ;

2)

c

 
ai; mi

a2
i0

�
al; ml

a2
l0

!
D
bi; mi

b2
i0

�
bl; ml

b2
l0

(14)

for every pair of roots ˛i ; ˛l 2 M such that ai D bi D al D bl D 0, 2mi < ni ,
2ml < nl ;

3)

ai; mi
C
a2

i0

ap
D c

 
bi; mi

C
b2

i0

bp

!
(15)

for every root ˛i 2 M such that ai D bi D 0, 2mi < ni and for some root ˛p 2 M

such that ap; bp ¤ 0;
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4)

c

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

0 : : : 0 ap0 ap1 : : : apsp

ap

: : :
: : :

: : :
: : :

: : :
:::

: : :
: : :

: : :
: : :

: : : ap1

: : :
: : :

: : :
: : : ap0

: : :
: : :

: : : 0

: : :
: : :

:::

0 ap 0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

„ ƒ‚ …
mpCsp

D
a

mpCspC1
p

b
mpCspC1
p

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

0 : : : 0 bp0 bp1 : : : bpsp

bp

: : :
: : :

: : :
: : :

: : :
:::

: : :
: : :

: : :
: : :

: : : bp1

: : :
: : :

: : :
: : : bp0

: : :
: : :

: : : 0

: : :
: : :

:::

0 bp 0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

„ ƒ‚ …
mpCsp

;

(16)
sp D 0; 1; : : : ; np � mp � 1, for every root ˛p 2 M such that ap; bp ¤ 0,
mp < np.

2. Auxiliary statements

We first obtain two lemmas, which will be used in the proof of Theorem 1.3.

Lemma 2.1. For the existence of the non-zero solution of the equation

a0 b0 0

a1 b1 0
:::

:::
:::

am�1 bm�1 0

am bm a0b0

amC1 bmC1 a0b1 C a1b0

:::
:::

:::

ak bk

Pk�m
tD0 atbk�m�t



�


x1

x2

x3

 D N0; (17)

over C, where a0; b0 ¤ 0, it is necessary and sufficient that the following conditions
hold:ˇ̌̌̌

ˇ̌̌̌
ˇ̌̌̌
ˇ

a1 a2 : : : av�1 av

a0 a1 : : : av�2 av�1

: : :
: : :

:::
:::

: : : a1 a2

0 a0 a1

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ
D cv

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ

b1 b2 : : : bv�1 bv

b0 b1 : : : bv�2 bv�1

: : :
: : :

:::
:::

: : : b1 b2

0 b0 b1

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ
; (18)

v D 1; : : : ; m � 1; mC 1; : : : ; k, c D a0=b0.
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Under the conditions of Lemma every non-zero solution kx10 x20 x30k
T of the

equation (17) it is has x10; x20 ¤ 0.

Proof. Necessity. Let the equation (17) have a non-zero solution kx10 x20 x30k
T .

Then 8̂̂̂<̂
ˆ̂:
a0x10 C b0x20 D 0;

a1x10 C b1x20 D 0;

: : : : : : : : : :

am�1x10 C bm�1x20 D 0;

(19)

and 8̂̂̂<̂
ˆ̂:
amx10 C bmx20 C a0b0x30 D 0;

amC1x10 C bmC11x20 C .a0b1 C a1b1/x30 D 0;

: : : : : : : : : : : : : : : : : : : : :

akx10 C bkx20 C x30

Pk�m
tD0 atbk�m�t D 0:

(20)

We assume that x10 D 0 or x20 D 0. Then, from first equalities (19) and (20) we
obtain x10 D x20 D x30 D 0. This contradicts the assumption that the solution
kx10 x20 x30k

T is non-zero. So, we have x10; x20 ¤ 0. From equalities (19) we
obtain the conditions (18), where c D �x20=x10 Da0=b0, for v D 1; : : : ; m � 1.

By (20), if am D cbm, then x30 D 0 and ah D cbh for h 2 fmC 1; : : : ; kg. For
this reason in what follows am ¤ cbm, where c D �x20=x10 Da0=b0. From the first
and second equalities (20) by excluding x30 we obtain

a0amC1 � am.cb1 C a1/ D c
2b0bmC1 � cbm.cb1 C a1/: (21)

If m D 1, then a0a2 � a
2
1 D c

2.b0b2 � b
2
1/. This means that conditions (20) are

fulfilled for v D mC1 D 2. Ifm > 1, then a1 D cb1 and from (21) by multiplication
of the both sides by am�1

0 D cm�1bm�1
0 we find

am
0 amC1 � 2a

m�1
0 a1am D c.b

m
0 bmC1 � 2b

m�1
0 b1bm/: (22)

Denote by Auw , Buw the submatrices obtained, respectively, from matrices

a1 a2 : : : am amC1

a0 a1 : : : am�1 am

: : :
: : :

:::
:::

: : : a1 a2

0 a0 a1


and



b1 b2 : : : bm bmC1

b0 b1 : : : bm�1 bm

: : :
: : :

:::
:::

: : : b1 b2

0 b0 b1


(23)

by obliterating of two last columns and u-th andw-th rows. Denote also by�mC1.A/,
�mC1.B/ the determinants of matrices (23), respectively. Decompose them for mi-
nors of order two that are contained in the last two columns. Because jAuw j D
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jBuw j D 0 for u ¤ mC 1, we have

�mC1.A/ D .�1/
mC1

�ˇ̌̌ am amC1

a0 a1

ˇ̌̌
� jA1; mC1j�

�

ˇ̌̌
am�1 am

a0 a1

ˇ̌̌
� jA2; mC1j C : : :C

ˇ̌̌
a1 a2

a0 a1

ˇ̌̌
� jAm; mC1j

�
;

and

�mC1.B/ D .�1/
mC1

�ˇ̌̌̌
bm bmC1

b0 b1

ˇ̌̌̌
�
ˇ̌
B1; mC1

ˇ̌
�

�

ˇ̌̌̌
bm�1 bm

b0 b1

ˇ̌̌̌
�
ˇ̌
B2; mC1

ˇ̌
C : : :C

ˇ̌̌̌
b1 b2

b0 b1

ˇ̌̌̌
�
ˇ̌
Bm; mC1

ˇ̌�
:

Since ka0 a1: : :am�1k D ckb0 b1: : :bm�1k, each summand of expression in paren-
thesis for �mC1.A/, possibly except the first two, differs from the corresponding
summand for�mC1.B/ by the multiplier cmC1. From this fact and from the equality
(22) the equality (18) follows for v D mC 1.

Denote by�v.A/ and�v.B/ the determinants in the left and right sides of equal-
ity (18), respectively. Suppose by induction �r.A/ D cr�r.B/ for all r such that
m < r < k. Accept for the sake of determinacy r > 2m. In the case where r � 2m
the proof is analogous. From the first r equalities (20) by excluding x30 and by suffi-
ciently evident transformations we arrive at the system8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

.amC1 � .a0b0/
�1am

P1
uD0 aub1�u/.�a0/

m�r�m.A/ D

D crC1.bmC1 � .a0b0/
�1bm

P1
uD0 aub1�u/.�b0/

m�r�m.B/;

.amC2 � .a0b0/
�1am

P2
uD0 aub2�u/.�a0/

mC1�r�m�1.A/ D

D crC1.bmC2�.a0b0/
�1bm

P2
uD0 aub2�u/.�b0/

mC1�r�m�1.B/;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

.ar�mC1 � .a0b0/
�1am

Pr�2mC1
uD0 aubr�2m�uC1 � ar�mC1C

C.a0b0/
�1am

Pr�2mC1
uD0 aubr�2m�uC1/.�a0/

r�m�m.A/ D

D crC1
�
br�mC1�.a0b0/

�1bm

Pr�2mC1
uD0 aubr�2m�uC1�br�mC1C

C.a0b0/
�1bm

Pr�2mC1
uD0 aubr�2m�uC1

�
.�b0/

r�m�m.B/;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

.ar � .a0b0/
�1am

Pr�m
uD0 aubr�m�u/.�a0/

r�1�1.A/ D

D crC1.br � .a0b0/
�1bm

Pr�m
uD0 aubr�m�u/.�b0/

r�1�1.B/;

.arC1 � .a0b0/
�1am

Pr�mC1
uD0 aubr�m�uC1/.�a0/

r D

D crC1.brC1 � .a0b0/
�1bm

Pr�mC1
uD0 aubr�m�uC1/.�b0/

r ;

(24)
where c D a0=b0.
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Adding the left sides of equality (24) and separately the right sides, we obtain the
equality:

.�a0/
rarC1 C .�a0/

r�1ar�1.A/C : : : C .�a0/
r�mar�mC1�m.A/C : : :

C .�a0/
mamC1�r�m.A/C .�a0/

m�1am�r�mC1.A/�

� .a0b0/
�1am.b1�r�m.A/.�a0/

mC1
C b2�r�m�1.A/.�a0/

mC2
C : : :

C bj; r�mj
ıj1.A/.�aj 0/

r /C .a0b0/
�1am.b1�r�m.A/.�a0/

mC1
C

C b2�r�m�1.A/.�a0/
mC2
C : : :Cbr�m�1.A/.�a0/

r
Cbr�mC1.�a0/

rC1/�

� .ar�mC1 � .a0b0/
�1am

r�2mC1X
uD0

aubr�2m�uC1/.�a0/
r�m�m.A/ D

D crC1..�b0/
rbrC1 C .�b0/

r�1br�1.B/C : : :C .�b0/
r�mbr�mC1�m.B/C : : :

C .�b0/
mbmC1�r�m.B/C .�b0/

m�1bm�r�mC1.B/�

� .a0b0/
�1bm.a1�r�m.B/.�b0/

mC1
C a2�r�m�1.B/.�b0/

mC2
C : : :

C ar�m�1.B/.�b0/
r /C .a0b0/

�1bm.a1� r�m.B/.�b0/
mC1
C

C a2�r�m�1.B/.�b0/
mC2
C : : :Car�m�1.B/.�b0/

r
Car�mC1.�b0/

rC1/�

� .br�mC1 � .a0b0/
�1bm

r�2mC1X
uD0

aubr�2m�uC1/.�bj 0/
r�mj�m.B//:

(25)

Grouping similar terms in both sides of obtained equality we arrive to

.�a0/
rarC1 C .�a0/

r�1ar�1.A/C : : :C .�a0/
r�mar�mC1�m.A/C : : :C

C .�a0/
mamC1�r�m.A/C .�a0/

m�1am�r�mC1.A/C .a0b0/
�1ambr�mC1.�a0/

rC1
�

�
�
ar�mC1 � .a0b0/

�1am

r�2mC1X
uD1

aubr�2m�uC1

�
.�a0/

r�m�m.A/ D

D crC1..�b0/
rbrC1 C .�b0/

r�1br�1.B/C : : :C .�b0/
r�mbr�mC1�m.B/C : : :

C .�b0/
mbmC1�r�m.B/C .�b0/

m�1bm�r�mC1.B/C .a0b0/
�1bmar�mC1.�b0/

rC1
�

�
�
br�mC1 � .a0b0/

�1bm

r�2mC1X
uD1

aubr�2m�uC1

�
.�b0/

r�m�m.B//: (26)

It follows from (20), that

ar�mC1 C .a0b0/
�1am

r�2mC1X
uD0

aubr�2m�uC1 D

D c.br�mC1 C .a0b0/
�1bm

r�2mC1X
uD0

aubr�2m�uC1/:
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From this relation it is easy to be sure that the following equality is true

.a0b0/
�1ambr�mC1.�a0/

rC1
�

�
�
ar�mC1 � .a0b0/

�1am

r�2mC1X
uD0

aubr�2m�uC1

�
.�a0/

r�m�m.A/ D

D crC1
�
.a0b0/

�1bmar�mC1.�b0/
rC1
�

�
�
br�mC1.a0b0/

�1bm

r�2mC1X
uD0

aubr�2m�uC1

�
.�b0/

r�m�m.B/
�
:

(27)

From (19) and the induction hypothesis we can write

.�a0/
m�2am�1�r�mC2.A/C : : : C .�a0/a2�r�1.A/C a1�r.A/ D

crC1..�b0/
m�2bm�1�r�mC2.B/C : : :C .�bj 0/bj 2ıj;r�1.B/C b1�r.B//:

(28)
Comparing (26), (27) and (28), we obtain equality

.�a0/
rarC1 C .�a0/

r�1ar�1.A/C : : :C .�a0/a2�r�1.A/C a1�r.A/ D

crC1
�
.�b0/

rbrC1C.�b0/
r�1br�1.B/C : : :C.�b0/b2�r�1.B/Cb1�r.B/

�
;

(29)
i.e. �rC1.A/ D crC1�rC1.B/, where c D a0=b0. The necessity of conditions of
the Lemma is proved.

Sufficiency. Consider equalities (19) and (20) as one system of equations in three
unknowns x10; x20; x30. In conditions (18) c D a0=b0. This means that x10 D 1,
x20 D �c satisfies the first equation of the system (19). From condition with v D 1

it follows that x10 D 1, x20 D �c satisfies the second equation of (19). Next, third
and all following equalities in system (19) for x10 D 1, x20 D �c can be recurrently
obtained from conditions (18) with v D 2; : : : ; m � 1. Evidently, the values

x10 D 1; x20 D �c; x30 D .cbm � am/.a0b0/
�1; (30)

satisfy the first equation (20). We compute both determinants in equality (20) with
v D m C 1. After annihilation of equal summands on both sides of the obtained
equality and after division by am

0 D cmbm
0 with the help of simple transformations

we can obtain the following relation

amC1 � cbmC1 C .cbm � am/.a0b0/
�1.a0b1 C a1b1/ D 0:

This means that (30) satisfies the second equation of system (20).
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Assume by induction that (30) satisfies the first r � m C 1 equations of system
(20), i.e. 8̂̂̂<̂

ˆ̂:
am � cbm C .cbm � am/.a0b0/

�1a0b0 D 0;

amC1 � cbmC1 C .cbm � am/.a0b0/
�1
P1

uD0 aub1�u D 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : :

ar � cbr C .cbm � am/.a0b0/
�1
Pr�m

uD0 aubr�m�u D 0:

(31)

In so doing, we may think for the sake of determinacy r > 2m. In opposite
case the proof is analogous. Taking into account the conditions (18) and inductive
assumption, we can write equalities (27), (28) and (29). From these equalities we
obtain relation (26). This relation implies the equality (25). It is evident that from
the second and all following equalities of (31) we find that first r � m equalities of
(24) are valid. The first r � m equalities of (24) along with relation (25) yield the
last equality of (24). This equality after shortening in .�a0/

r D cr.�b0/
r and after

some simplifications can be written in the form

arC1 � cbrC1 C .cbm � am/.a0b0/
�1

r�mC1X
uD0

aubr�m�uC1 D 0:

This means that (30) is the solution of .r �mC 2/-th equation of system (20).

We inductively proved the existence of the non-zero solution (30) of systems (19)
and (20). Thus, matrix equation (17) has non-zero solution.

Lemma 2.2. For the existence of the non-zero solution of the equation

a b ab

a0 b0 ab0 C a0b

a1 b�1 ab1 C a1b
:::

:::
:::

am�1 bm�1 abm�1 C am�1b

am bm abm C a0b0 C amb

amC1 bmC1 abmC1 C a0b1 C a1b0 C amC1b
:::

:::
:::

ak bk abk C
Pk�m

tC0 a_tbk�m�t C akb



�


x1

x2

x3

 D N0; (32)

over C, where a; b; a0; b0 ¤ 0, k � m, m � 1, it is necessary and sufficient that
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the following conditions hold:ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

0 : : : 0 a0 a1 : : : av

a
: : :

: : :
: : :

: : :
: : :

:::

: : :
: : :

: : :
: : :

: : : a1

: : :
: : :

: : :
: : : a0

: : :
: : :

: : : 0

: : :
: : :

:::

0 a 0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

„ ƒ‚ …
mCv

D
amCv�1a0

bmCv�1b0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

0 : : : 0 b0 b1 : : : bv

b
: : :

: : :
: : :

: : :
: : :

:::

: : :
: : :

: : :
: : :

: : : b1

: : :
: : :

: : :
: : : b0

: : :
: : :

: : : 0

: : :
: : :

:::

0 b 0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

„ ƒ‚ …
mCv

(33)

for v 2 f0; 1; : : : ; kg.
Under the conditions of Lemma in every non-zero solution kx10 x20 x30k

T of
the equation (17) it is necessary that x10; x20 ¤ 0.

Proof. Necessity. The equality (33) for v D 0 holds true trivially. Assume that the
equation (32) has a non-zero solution. Then the matrix of this equation has rank less
than 3. The two first rows of the matrix are linearly independent. Then, each other
row of the matrix linearly depends on these first two rows. Becauseˇ̌̌̌

ˇ̌̌ a b ab

a0 b0 ab0 C a0b

av bv abv C avb

ˇ̌̌̌
ˇ̌̌ D 0; v D 1; : : : ; m � 1;

we have av

a0
D

bv

b0
. This implies the equality (33) for v D 1; : : : ; m � 1. From the

equality ˇ̌̌̌
ˇ̌̌ a b ab

a0 b0 ab0 C a0b

am bm abm C a0b0 C amb

ˇ̌̌̌
ˇ̌̌ D 0

we have
ab2

0a0 � a0bmab C amb0ab � a
2
0b0b D 0;

whence, after division of both sides by aba0b0, we obtain equality (33) for v D m.
Assume by induction that equality (33) holds true for all v with m � v � r < k.
Consider the equalityˇ̌̌̌

ˇ̌̌ a b ab

a0 b0 ab0 C a0b

arC1 brC1 abrC1 C
PrC1�m

tD0 atbrC1�m�t C arC1b

ˇ̌̌̌
ˇ̌̌ D 0:



CONDITIONS OF SEMISCALAR EQUIVALENCE OF POLYNOMIAL 2-BY-2 MATRICES 19

After calculation of the determinant, we obtain the equation

ab0

rC1�mX
tD0

atbrC1�m�t � a0brC1ab C arC1b0ab � a0b

rC1�mX
tD0

atbrC1�m�t D 0:

We can divide by aba0b0 its both sides to obtain the equality

arC1

a0
�
brC1

b0
C

� 1

a0b
�

1

ab0

� rC1�mX
tD0

atbrC1�m�t D 0: (34)

Let us denote by �v.a/ and �v.b/ the determinants in the left and right sides of the
equality (33), respectively. Considering the inductive assumption, we can write the
equalities

8̂̂̂̂
<̂̂
ˆ̂̂̂:

.�1/m�1a0a
�1..ara0/

�1�rC1�m.a/ � .b
rb0/

�1�rC1�m.b// D 0;

.�1/ma1a
�1..ar�1a0/

�1�r�m.a/ � .b
r�1b0/

�1�r�m.b// D 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

.�1/r�1ar�ma
�1..ama0/

�1�1.a/ � .b
mb0/

�1�1.b// D 0;

.�1/rarC1�ma
�1..am�1a0/

�1�0.a/ � .b
m�1b0/

�1�0.b// D 0;

(35)

8̂̂̂̂
<̂̂
ˆ̂̂̂:

.�1/m�1b0b
�1..ara0/

�1�rC1�m.a/ � .b
rb0/

�1�rC1�m.b// D 0;

.�1/mb1b
�1..ar�1a0/

�1�r�m.a/ � .b
r�1b0/

�1�r�m.b// D 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

.�1/r�1br�mb
�1..ama0/

�1�1.a/ � .b
mb0/

�1�1.b// D 0;

.�1/rbrC1�mb
�1..am�1a0/

�1�0.a/ � .b
m�1b0/

�1�0.b// D 0:

(36)

Decompose the determinants�rC1.a/ and�rC1.b/ for entries of their last columns.
Then the left and right sides of equality (33) for v D r C 1 can be written in the form

.amCra0/
�1�rC1.a/ D .a

mCra0/
�1..�1/mCrarC1a

mCr
C.�1/rarC1�ma

r�0.a/C

C .�1/r�1ar�ma
r�1�1.a/C : : : C .�1/mC1a2a

mC1�r�m�1.a/C (37)

C .�1/ma1a
m�r�m.a/C .�1/

m�1a0a
m�1�r�mC1.a//;

.bmCrb0/
�1�rC1.b/ D .b

mCrb0/
�1..�1/mCrbrC1b

mCr
C .�1/rbrC1�mb

r�0.b/C

C .�1/r�1br�ma
r�1�1.b/C : : : C .�1/mC1b2b

mC1�r�m�1.b/C (38)

C .�1/mb1b
m�r�m.b/C .�1/

m�1b0b
m�1�r�mC1.b//:
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It is easy to make sure that the following identity is true

b�1.b0.a
ra0/

�1�r�mC1.a/.�1/
m�1
C b1.a

r�1a0/
�1�r�m.a/.�1/

m
C : : :C

C br�m.a
ma0/

�1�1.a/.�1/
r�1
C br�mC1.a

m�1a0/
�1�0.a/.�1/

r/C

C a�1.�a0.b
rb0/

�1�r�mC1.b/.�1/
m�1
� a1.b

r�1b0/
�1�r�m.b/.�1/

m
� : : :�

� ar�m.b
mb0/

�1�1.b/.�1/
r�1
� ar�mC1.b

m�1b0/
�1�0.b/.�1/

r/C (39)

C .�1/mCr.a0b/
�1

rC1�mX
tD0

atbrC1�m�t�.�1/
mCr.ab0/

�1
rC1�mX

tD0

atbrC1�m�t D 0:

We add left sides of equalities (35), (36) and multiplied by .�1/mCr left side of the
equality (34) and separately we add right sides of the these equalities. Taking into
account the expression (37), (38) for .amCra0/

�1�rC1.a/, .bmCrb0/
�1�rC1.b/

and the identity (39), we obtain .amCra0/
�1�rC1.a/ � .b

mCrb0/
�1�rC1.b/ D 0.

This means that the equality (33) for v D rC1 is true. The necessity of the conditions
of Lemma is proved.

Sufficiency. Assume that the conditions (33) is satisfied for v D 1; : : : ; m � 1.
Then, the submatrix formed by first mC 1 rows of the matrix from the equation (32)
has rank less than 3. In fact, this rank is equal to 2, because, as has been stated above,
the first two rows of this matrix are linearly independent. The equality (33) for v D m
implies that .mC2/-th row of the matrix of equation (32) linearly depends on its first
two rows. Our inductive assumption is the following. Let each of the first r C 2,
m � r < k, rows of the matrix of equation (32) linearly depend on its first two rows.
We now reverse the order of arguments, as compared to the proof of the necessity,
passing from relation (33) for v D r C 1 to relation (34). This relation implies that
the minor of order 3 of the matrix of equation (32) that is contained in 1-th, 2-nd
and .r C 3/-th rows is equal to zero. This means that indicated rows are linearly
dependent. The above argument inductively proves that the matrix of equation (32)
has the 2. This implies that the equation (32) has a non-zero solution.

The remaining part of the lemma will be proved by contradiction. Let kx10 x20 x30k
T

be a non-zero solution of the equation (32), where x10 D 0 or x20 D 0. For this rea-
son we have the equality b ab

b0 ab0 C a0b

 �  x20

x30

 D N0 or
 a ab

a0 ab0 C a0b

 �  x10

x30

 D N0:
Since a; b; a0; b0 ¤ 0, the determinants of the 2 � 2 matrices of these equations
are different from 0. Hence, kx20 x30k

T D N0 or kx10 x30k
T D N0, i.e., actually,

kx10 x20 x30k
T D N0, contrary to the our assumption. Therefore, in the non-zero
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solution kx10 x20 x30k
T of the equation (32) necessarily x10; x20 ¤ 0. Lemma is

proved.

3. Proof of the Theorem

Necessity. Assume that matrices A.x/ and B.x/ of the forms (1) and (3) are semis-
calarly equivalent. Then, the entries a.x/ and b.x/ of these matrices satisfy the
congruence

s22a.x/ � s11b.x/ � s12a.x/b.x/ � 0 mod ı.x/; (40)

where s11; s22 ¤ 0. Construct the decompositions of the entries a.x/, b.x/ into
degrees of binomial x � ˛i (see (11), (12)) for ˛i 2 M such that ai D bi D 0,
mi < ni , and compare the coefficients of equal degrees of binomial x � ˛i on both
sides of the congruence (40). Then, we obtain

s22ait � s11bit D 0 for t 2 f0; 1; : : : ; li �mi � 1g where li WD min.2mi ; ni /:

This implies s11=s22 D ai0=bi0 and equality (13), where c D s11=s22 D ai0=bi0,
for all ˛i 2M such that 2mi � ni .

Taking into account the roots ˛i 2 M such that 2mi < ni and comparing the
coefficients of equal degrees of binomial x�˛i on both sides of the congruence (40),
we obtain the system of the equalities, written in matrix form:

ai0 bi0 0

ai1 bi1 0
:::

:::
:::

ai; mi�1 bi; mi�1 0

aimi
bimi

ai0bi0

ai; miC1 bi; miC1 ai0bi1 C ai1bi0

:::
:::

:::

ai; ni�mi�1 bi; ni�mi�1

Pni�2mi�1
tD0 aitbi; ni�2mi�1�t



�


s22

�s11

�s12

 D N0:

Since s11; s22 ¤ 0, this equality implies the first condition of Theorem 1.3 (ac-
cording to Lemma 2.1).

Let ˛i ; ˛l 2 M be the arbitrary pair of the entries such that ai D bi D 0,
2mi < ni , al D bl D 0, 2ml < nl . For the coefficients aimi

; alml
; bimi

; blml
;

ai0 ¤ 0; al0 ¤ 0, bi0 ¤ 0; bl0 ¤ 0 of the decomposition of the forms (11), (12)
into degrees of binomials x � ˛i , x � ˛l , the congruence (40) implies the relations

s22aimi
� s11bimi

� s12ai0bi0 D 0; s22alml
� s11blml

� s12al0bl0 D 0:
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Excluding s12 from these equalities and considering that ai0 D cbi0, al0 D cbl0,
c D s11=s22, we obtain the equality (14) from the second condition of the Theorem.

For the coefficients ai0; aimi
; bi0; bimi

and for the free terms of the decompo-
sitions of the form (11), (12) into degrees of x � ˛i , x � ˛p for roots ˛i ; ˛p 2 M

such that ai D bi D 0, 2mi < ni , ap; bp ¤ 0, the congruence (40) yields the
system 8̂<̂

:
s22ai0 � s11bi0 D 0;

s22aimi
� s11bimi

� s12ai0bi0 D 0;

s22ap � s11bp � s12apbp D 0:

Excluding s12 from two last equalities of these system and putting ai0 D cbi0 for
c D s11=s22, we obtain have equality (15) from the third condition of Theorem 1.3.

For the coefficients of the decompositions (11), (12) into degrees of binomial
x � ˛p for roots ˛p 2 M such that ap; bp ¤ 0, mp < np, the congruence (40)
yields the system�

s22ap � s11bp � s12apbp D 0;

s22apt � s11bpt � s12.aptbp C bptap/ D 0;

for t 2 f0; 1; : : : ; lp�mp�1g where lp D min.2mp; np/. After excluding s12 from
this system, we obtain

c
apt

a2
p

D
bpt

b2
p

(41)

for t 2 f0; 1; : : : ; lp � mp � 1g, where c D s11=s22. This implies the equality (16)
for the roots ˛p 2 M such that ap; bp ¤ 0, mp < np, 2mp � np. If 2mp < np,
then the congruence (40) implies the system of the equalities, written in the matrix
form as

kF G Hk � ks22 �s11 �s12k
T
D N0;

where

F D



ap

ap0

ap1

:::

ap; mp�1

apmp

ap; mpC1

:::

ap; np�mp�1



; G D



bp

bp0

bp1

:::

bp; mp�1

bpmp

bp; mpC1

:::

bp; np�mp�1



; (42)
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H D



apbp

ap0bp C apbp0

ap1bp C apbp1

:::

ap; mp�1bp C apbp; mp�1

apmp
bp C ap0bp0 C apbpmp

ap; mpC1bp C ap0bp1 C ap1bp0 C apbp; mpC1

:::

ap;np�mp�1bpC
Pnp�2mp�1

tD0 aptbp;np�2mp�1�t C apbp;np�mp�1



:

(43)
Since s11; s22 ¤ 0, by the Lemma 2 from the obtained equality we haveˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

0 : : : 0 ap0 ap1 : : : apsp

ap

: : :
: : :

: : :
: : :

: : :
:::

: : :
: : :

: : :
: : :

: : : ap1

: : :
: : :

: : :
: : : ap0

: : :
: : :

: : : 0

: : :
: : :

:::

0 ap 0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

„ ƒ‚ …
mpCsp

D
a

mpCsp�1
p ap0

b
mpCsp�1
p bp0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

0 : : : 0 bp0 bp1 : : : bpsp

bp

: : :
: : :

: : :
: : :

: : :
:::

: : :
: : :

: : :
: : :

: : : bp1

: : :
: : :

: : :
: : : bp0

: : :
: : :

: : : 0

: : :
: : :

:::

0 bp 0

ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌
ˇ̌̌̌

„ ƒ‚ …
mpCsp

;

(44)
for sp 2 f0; 1; : : : ; np �mp � 1g. Here for t 2 f0; 1; : : : ; mp � 1g the equalities (41)
hold. Now multiply the left side of the equality (44) by the left side of the equality
(41) at t D 0 and carry out analogous operation with right sides. As a result, we
obtain the equality (16). This proves the last condition of Theorem 1.3 and necessity
entirely.

Sufficiency. Assume that the conditions 1) – 4) of Theorem 1.3 are fulfilled. Consider
the matrix equations 

ai0 bi0 0

ai1 bi1 0
:::

:::
:::

ai; mi�1 bi; mi�1 0


�


x1

x2

x3

 D N0; (45)


aimi

bimi
ai0bi0

ai; miC1 si; miC1 ai0bi1 C ai1bi0

:::
:::

:::

ai; ni�mi�1 bi; ni�mi�1

Pni�2mi�1
tD0 aitbi; ni�2mi�1�t


�


x1

x2

x3

 D N0; (46)
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in the unknown vector-column kx1 x3 x3k
T , were written by the coefficients of the

decompositions (11), (12) for some root ˛i 2 M . For an arbitrary fixed root ˛i 2 M

such that ai D bi D 0, mi < ni , 2mi � ni by Lemma 2.1 the equation (45) has a
non-zero solution. If 2mi < ni , by Lemma 2.1 both these equations (45), (46) have
common non-zero solution. Evidently, that first two rows of the matrix of each of
these equations are linearly independent and each other row of this matrix is a linear
combination of the first two rows. Taking into account that ai0 bi0 0

aimi
bimi

ai0bi0

 �


1

�c

.cbimi
� aimi

/.ai0bi0/
�1

 D N0;
we conclude that

kx1 x2 x3k
T
D k1 �c .cbimi

�aimi
/.ai0bi0/

�1
k

T (47)

is the common non-zero solution of the equations (45), (46).
From the condition 2) we deduce the relation

.cbimi
� aimi

/.ai0bi0/
�1
D .cblml

� alml
/.al0bl0/

�1:

for other arbitrary root ˛l 2 M such that al D bl D 0, 2ml < nl , different from
˛i 2 M . This means that the solution (47) does not depend on the choice of the root
˛i 2M satisfying the condition 1). So, we can write the congruence

a.x/ � cb.x/ � c1a.x/b.x/ � 0 mod .x � ˛i /
ni ; (48)

where
c1 D .aimi

� cbimi
/.ai0bi0/

�1; (49)

for arbitrary root ˛i 2M such that ai D bi D 0 (including the roots ˛i withmi � ni ,
if such roots exist). Thus, one subset of the partition (10) of the set M of roots ˛i is
exhausted.

The fulfillment of the equality (16) for sp D 0 means that cap0

a2
p

D
bp0

b2
p

. Taking
into account this fact, we see that the relation (44) follows from the the equality (16)
for every sp 2 f1; : : : ; np�mp�1g. Moreover, by Lemma 2.2 the equation

kF G Hk � kx1 x2 x3k
T
D N0; (50)

(with F , G and H defined as in (42), (43)) has a non-zero solution. Since the first
two rows of the matrix of the equation (50) are linearly independent and ap bp apbp

ap0 bp0 ap0bp C apbp0




1

�c

.cbp � ap/.apbp/
�1

 D N0;
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the column kx1 x3 x3k
T D k1 �c .cbp � ap/.apbp/

�1kT is the solution of the
equation (50) for arbitrary root ˛p 2M such that ap; bp ¤ 0. From the condition 3)
we deduce the relation

.cbp � ap/.apbp/
�1
D .cbimi

� aimi
/.ai0bi0/

�1:

Therefore, a solution of the equation (50) can be written in the form (47). This means
that the following congruence is satisfied

a.x/ � cb.x/ � c1a.x/b.x/ � 0 mod .x � ˛p/
np ; (51)

where c1 is defined as in congruence (48) (see (49)). In addition, the congruence (51)
is fulfilled for arbitrary root ˛p 2M such that ap; bp ¤ 0. Now comparing (48) and
(51), we have the congruence

a.x/ � cb.x/ � c1a.x/b.x/ � 0 mod ı.x/:

Let r21.x/ be determined as the result of dividing the left side of the congruence by
ı.x/. Then, we write

a.x/ � cb.x/ � c1a.x/b.x/ D ı.x/r21.x/: (52)

Write (52) in the form a.x/ D b.x/r11.x/Cı.x/r21.x/, where r11.x/ D cCc1a.x/,
and denote r12.x/ D c1ı.x/, r22.x/ D 1 � b.x/r12.x/. Now it can be written c c1

0 1


 1 0

a.x/ ı.x/

 D
 1 0

b.x/ ı.x/


 r11.x/ r12.x/

r21.x/ r22.x/

 :
It is evident that the left factor on the left side of determined equation and the right
factor on the right side are invertible matrices. Thus, the matrices A.x/ and B.x/ are
semiscalarly equivalent. Theorem 1.3 is proved.

4. Some corollaries of Theorem 1.3

Corollary 4.1. Let the partition (2) of the set M of characteristic roots of matrices
A.x/ be of the form (10). Let also the entry a.x/ of the matrix A.x/ in the notations
of Theorem 1.3 satisfy the following conditions:

1) mi < ni � 2mi , ai D 0, for the roots ˛i 2M , i 2 f1; : : : ; rg where r � 1;

2) mp < np � 2mp, ap¤0, for roots ˛p 2M , p 2 frC1; : : : ; qg where q > r ;

3) mh � nh for all ˛h 2M which are different from ˛i ; ˛p.
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Such a matrix A.x/ in the class fCA.x/Q.x/g of semiscalarly equivalent matrices is
determined up to constant factors c ¤ 0 and 1=c of the rows

ka10 a11 : : : a1;n1�m1�1 : : : ar0 ar1 : : : ar;nr�mr�1k

and

1

a2
rC1

arC1;0 arC1;1 : : : arC1;nrC1�mrC1�1 : : : aq0 aq1 : : : aq;nq�mq�1

;
respectively.

Proof. Since ni � 2mi and np � 2mp, it follows that ni � mi � 1 � mi � 1 and
np �mp � 1 � mp � 1. By Theorem 1.3, in the case under consideration matrices
A.x/, B.x/ are semiscalarly equivalent if and only if the ratio c D ai0=bi0 does
not depend on the choice of i 2 f1; : : : ; rg and the equalities (13), (16) are valid for
every si 2 f1; : : : ; ni �mi � 1g and sp 2 f0; 1; : : : ; np �mp � 1g, respectively. The
fulfillment of the equality (13), where c D ai0= bi0, for si 2 f1; : : : ; ni �mi � 1g, is
equivalent to the fulfillment of the equality

kai0 ai1 : : : ai;ni�mi�1k D c kbi0 bi1 : : : bi;ni�mi�1k

for arbitrary i 2 f1; : : : ; rg. The equality (16) for sp 2 f0; 1; : : : ; np � mp � 1g is
valid if and only if when

1

a2
p

ap0 ap1 : : : ap;np�mp�1

 D 1

cb2
p

bp0 bp1 : : : bp;np�mp�1


for arbitrary p 2 fr C 1; : : : ; qg.

Corollary 4.2. Let the partition (2) of the set M of characteristic roots of matrices
A.x/ be of the form (10). Let also in the notations of Theorem 1.3 ai D 0 for some
root ˛i 2 M and mj � nj for every root ˛j 2 M . Such matrix A.x/ in the class
fCA.x/Q.x/g of semiscalarly equivalent matrices is determined up to constant factor
of its entry a.x/.

Proof. Let the entry b.x/ of the matrix B.x/ of the form (3) satisfy the condition
b.˛i / D bi D 0 for the same ˛i 2 M for which ai D 0. By Proposition 1.1, if
matrices A.x/ and B.x/ are semiscalarly equivalent, then the equivalence al D 0,

bl D 0 is valid for arbitrary ˛l 2 M . Moreover, by (the same) Proposition 1.1,
all non-zero values of the polynomial b.x/ (as a.x/) at the points of the set M are
equal, i.e. for arbitrary pair ˛p; ˛q 2 M such that ap; aq ¤ 0 we have ap D

aq ¤ 0 and bp D bq ¤ 0. We take into consideration that by Proposition 1.2,



CONDITIONS OF SEMISCALAR EQUIVALENCE OF POLYNOMIAL 2-BY-2 MATRICES 27

a.t/.˛j / D b.t/.˛j / D 0, t 2 f1; : : : ; nj � 1g, for every ˛j 2 M . From what has
been said it follows that there exists a number c 2 C such that every characteristic
root ˛j 2 M of multiplicity nj is the root of the polynomial '.x/ D a.x/ � cb.x/

of the same multiplicity nj . Taking into account that deg a.x/; deg b.x/ < deg ı.x/,
we conclude that '.x/ � 0 and thus a.x/ D c b.x/.

Remark. The conditions of Corollary 4.2 hold for any matrix A.x/ of the form (1)
without multiple characteristic roots, if its entry a.x/ takes on the set of characteristic
roots exactly two different values, one of which is zero.

5. Examples

Example 5.1. Consider the matrices

A.x/ D

 1 0

x2 � x3 C 4x4 � 3x5 x4 � 4x5 C 6x6 � 4x7 C x8

;
B.x/ D

 1 0

x2�x3C
21
4
x4�

45
4
x5C

37
4
x6�

11
4
x7 x4�4x5C6x6�4x7Cx8

:
Each of the characteristic roots ˛1 D 0, ˛2 D 1 of these matrices are of multiplicity
4. The decompositions of entries

a.x/ D x2
� x3

C 4x4
� 3x5; b.x/ D x2

� x3
C

21
4
x4
�

45
4
x5
C

37
4
x6
�

11
4
x7

into degrees of binomial x � 1 are of the form:

a.x/ D 1 � 8.x � 1/2 � 15.x � 1/3 � 11.x � 1/4 � 3.x � 1/5;

b.x/ D
1

2
�2.x�1/2�15

4
.x�1/3�17

2
.x�1/4�27

2
.x�1/5�10.x�1/6�35

2
.x�1/7:

By Corollary 4.1, the matrices A.x/, B.x/ are semiscalarly equivalent. In fact,

A.x/ D

 1 �10 1

 � B.x/ �
�

 1C x2 � x3 C 4x4 � 3x5 x4 � 4x5 C 6x6 � 4x7 C x8

�
9
4
�

5
4
x�x2C

23
4
x3�

33
4
x4 1�x2Cx3�

21
4
x4C

45
4
x5�

37
4
x6C

11
4
x7

 :
Example 5.2. Consider the matrix

A.x/ D

 1 0

2 � 3x C x3 1 � 2x2 C x4
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with characteristic roots ˛1 D 1, ˛2 D �1, each of multiplicity 2. The decomposi-
tions of entry a.x/ D 2 � 3x C x3 into degrees of binomials x � 1, x C 1 are of the
form:

a.x/ D 3.x � 1/2 C .x � 1/3 D 4 � 3.x C 1/2 C .x C 1/3:

Matrix A.x/ satisfies the conditions of Corollary 4.2. Therefore, for matrices A.x/

and B.x/ D

 1 0

b.x/ 1 � 2x2 C x4

, where b(1) D 0, to be semiscalarly equiva-

lent, it is necessary and sufficient that a.x/ D cb.x/, where c 2 C, c ¤ 0.

Remark. Assume that the matrices A.x/ and B.x/ from Theorem 1.3 are semis-
calarly equivalent, i.e. SA.x/R.x/ D B.x/. In this case Theorem 1.3 provides a
method for constructing the transforming matrices S , R.x/. Such method was used
in Example 5.1. However, this is the subject of another study.
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