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Under some conditions on the action of a semigroup S on a Boolean algebra B, we consider the
natural action of S on the Stone space U/t (B) of B and characterize minimal closed S-invariant
subsets of Ul¢(B). As a corollary, we get: if 1 3 = a; V---Vay, then some element a; is relatively
large with respect to the action of S.

1. ITporacoB, C.CinobogsHiok. 3aysasicenns npo yavmpadpiaempu Ha 6yaesux aszebpax /| Mar.
BicH. Hayk. ToB. im. IlleBuenka. — 2016. — T.13. — C. 35-39.

Ipu meskux oOMeXeHHSIX Ha Jil0 HamiBrpymu S Ha OyJeBiit anreOpi B, posrisiHyTO IpHPO-
IHy gito S Ha npoctopi Ctoyna Ult(B) anrebpu B i oxapakTepusoBaHO MiHiMasbHi 3aMKHEHi
S-inBapianthi migmuoxuan B Ulf(B). SIk HACIIJIOK, OTPUMAHO, WO JJIS JOBLJIBHOIO MOKPUTTSI
lp =ajiV---Va, ONVH 3 JICMEHTIB d; € y IEBHOMY CEHCi BEJIMKMAM BiJHOCHO [il HAMBrpymu S .

1. Introduction

Let X be a set endowed with the action (S, X) — X, (s, x) — sx, of a semigroup
S (.e. (st)x = s(tx) for all s, € S, x € X). We denote by P(X) the Boolean
algebra of all subsets of X and extend the action of S to P(X) by the rule A — sA4,
sA ={sa:a € A}.

We endow X with the discrete topology, consider the Stone-Cech compactification
BX of X, identify BX with the set of all ultrafilters on X and define the action of S on
BX bytherule p — sp,sp ={Y C X :s7 1Y e pl,s7Y ={x e X :sx e Y}
Then, for each s € §, the mapping X — BX, p — sp, is continuous.

A subset L of X is called S-invariant if sp € S foralls € S and p € L. By
Zorn’s lemma and compactness of SX, each closed S-invariant subset of X contains
some minimal under inclusion closed S-invariant subset. In the case of the left regular
S-space (X = S and sx is the product of s and x in S'), minimal closed S-invariant
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subsets are characterized in [6, Section 4.4]. It should be mentioned that ultrafilters on
S which belong to some minimal closed S-invariant subset of 8.S have vast applications
in Ramsey Theory [6, Chapter 14].

In this note, our goal is to describe minimal closed S-invariant subsets in the Stone
space of a Boolean algebra endowed with an action of a semigroup S.

Let B be a Boolean algebra with the minimal element 0 and the maximal element 1.
We recall that a subset ® of B is a filterif 1 € ,0 ¢ ® and

X, yed, x<z=>xAyed zed

The set of all filters on B is partially ordered by inclusion. A maximal filter ® in this
ordering is called an ultrafilter. We use the characteristic property of ultrafilters: a filter
@ is an ultrafilter if and only if, for every x € B, either x € B or its complement X € B.

We identify the subsets of B with the elements of {0, 1}, endow {0, 1} with the
discrete topology and {0, 1} with the product topology. Then the set Ulz(B) of all
ultrafilters on B is closed in {0, 1}8. The space Ult(B) is called the Stone space of B
(see [10, Chapter 1]). We note that the subsets {p € Ult(B) : a € p},a € B, form a
base for open sets in Ul¢(B).

We suppose that a Boolean algebra B is endowed with an action S x B — B,
(s,h) — sb, of a semigroup S such that for every s € S, following conditions are
satisfied

(1) VxeB(sx=0< x =0);
2) Vx,ye B(x <y = sx <sy);
(3) Vx € B3y € B (sy < x&sy <X).

Givenany s € S and p € Ult(B), we set
sp={ae€B:3Ax € p(sx <a)}

By (1) and (2), sp is a filter. By (3), sp is an ultrafilter. Moreover, S x Ult(B) —
Ult(B), (s, p) — sp, is an action and, for each s € S the mapping Ult(B) — Ult(B),
p — sp,is continuous. Hence, each closed S-invariant subset of Ul¢(B) contains some
minimal closed S-invariant subset.

F. Wehrung pointed out that the condition (1)—(3) are equivalent to the weak dis-
tributivity of s: for every ¢ € B, if sc < a Vv b then there is a decompositionc = x V y
such that sx < a and sy < b.

For weakly distributive mappings, see [5]. Each weakly distributive s respects join:
s(x Vy)=sxVsy.

2. Results

We suppose that a Boolean algebra B is endowed with an action of a semigroup S
such that each s € S is weakly distributive.
Forevery a € B and p € Ult(B) we denote

Ap(a) ={s €S :acsp}.
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If a semigroup S acts on a compact space 7 so that, for each s € S, the mapping

T — T, x — sx, is continuous then, by the Birkhoff theorem (see [3], [4]), a point

p € T belongs to some minimal closed S-invariant subset of 7T if and only if p is

uniformly recurrent, i.e. for every neighborhood U of p, there exists a finite subset F' of

S such that, for every s € S, there exists f € F suchthat fs e {t € S :tp € U}.
Applying this theorem to the pair (S, Ult(B)), we get

Theorem 2.1. An element p € Ult(B) belongs to some minimal closed S -invariant
subset M of Ult(B) if and only if for every a € p there exists a finite subset F of S
such that S = F~1 Ap(a).

Given a € B, how can one detect whether a is an element of some uniformly recur-
rent point p € Ult(B)? To answer this question, we suppose that, for any s € S

4) VxeBIdyeB(sy<x&(VzeB(sz<x=2z<Y))).

G. Bergman noticed that (4) follows from the weak distributivity of s: since 1 = x V ¥,
there is y such that sy < x, sy <X.Ifz Ay # D then sz A X # & so y satisfies (4).
We note that, for every x € B, there is unique y € B satisfying (4) and put y =
s~1x. We use the following simple observation: A,(a) = {s € S : s~ la € p}.
We say that an elementa € B is

o [arge if there exist 51, ...,5,; € S such that sl_la VoV s;la =1;
e thick if a is not large;
e prethick if there exist sq,...,5, € S such that sl_la VoV s;la is thick.

Theorem 2.2. Fora € B, the following statements hold

(i) a is large if and only if A p(a) # @ forevery p € Ult(B);
(ii) a is thick if and only if there exists p € Ult(B) such that Ap(a) = S.

Proof. (i) If A is large then we choose s1,...,5, € S such that 1 = sl_la Vv ta
Since p is an ultrafilter, s~'a € p forsome i € {1,...,n}soa € sp, sp € A(a) and
Aa) # 2.

We assume that a is not large. Then the family

{sitan-—-Asyla:sy,....sn € S,n € N}

is the base for some filter ® on B. We take an arbitrary ultrafilter p € Ul¢(B) such that

® C p. Then sl_la € pforeachs € Ssosla ¢ pand A,(a) = .
(i1) follows from (i) and the definition of thick subsets. O

Theorem 2.3. An element a € B is prethick if and only if there exists a uniformly
recurrent point p € Ult(B) such thata € p.

Proof. We suppose that there is a uniformly recurrent point p € Ult(B) such that
a € p. By Theorem 2.1, there exists a finite subset F of S such that S = F~1A ,(a).
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We observe that F~1A ,(a) = Ap(V fer f~Ya). By Theorem 2.2(i i), V rer fla
is thick so a is prethick.

To prove the converse statement, we assume that « is prethick and find s1,...,s, € S
such that sl_la VeV s;la is thick. By Theorem 2.2(ii), there is ¢ € Ult(B) such
that sl_la V.-V syla = sq for each s € S. The S-invariant subset ¢/(Sq) contains
some minimal closed S-invariant subset M. We take an arbitrary r € M and pick
i e€{l,...,n}such thatsi_la e€r.Thena € sr and we put p = sr. O

Corollary 2.4. Ifay,...,ay, € Banda; v ---V a, = 1 then there isi € {1,...,n}
such that a; is prethick.

Fora € B, we denote A(a) = {s € S : s~ 'a A a # 0} and observe that A(a) =
U{Ap(a): p e Ult(B),a € p}.

Corollary 2.5. Ifay,...,an, € Banda;V---Va, =1 then thereisi € {1,...,n} and
a finite subset F of S such that S = F~ 1 A(a;).

Corollary 2.5 could be strengthened (see comments 3, 4): there is F such that | F| <
22"'-1,

3. Comments

1. Let X be a set endowed with the action of a semigroup S. We put B = P(X),
and note that the natural action of S on B satisfies (1), (2), (3). By [9], 4 € P(X)
is thick if and only if, for every finite subset K of X, there exists s € § such that
sK C A. In the case of the left regular S-space, prethick elements of P(X) are called
piecewise syndetic [6, p.101] so Theorems 4.39 and 4.40 from [6] are partial cases of
Theorems 2.1 and 2.3. Another partial case: each element of S acts on a Boolean algebra
B as an automorphism.

2. In 1995, the fist author asked the following question [7, Problem 13.44]: given a
group G and an n-partition P of G, n € N, do there exit A € P and a subset F of G
such that G = FAA™! and |F| < n. Clearly, AA™! = A(A).

For current state of this open problem see [1], [2]. We mention only that an answer
is positive if either G is amenable, or n < 3, or x1Ax = A for any A e Pand x € G.
If G is an arbitrary group then there are A, B € P and subsets F, H of G such that
G = FAA7' |F| <n!and G = HBB~'B, |H| < n.

3. We generalize above question to semigroup and ask

(5) given an n-partition P of a semigroup S, do there exist A € P and a subset F of
S such that § = F~IA(A), |F| < n?

By [8, Theorem 1], there is F with |F| < 22" g0 (5) has positive answer if
n = 2. G. Bergman proved (5) for n = 3. By [8, Theorem 2], an answer to (5) is
affirmative for each finite semigroup S.
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4. We suppose that a semigroup S acts on a Boolean algebra B weakly distributively.
Ifl1g = ay Vv ---V ay, do there exist a; and a finite subset F of S such that § =
F~1 Ala;).

We show that this question can be reduced to (5). We identify B with the family

of all clopen subsets of some compact extremely disconnected Hausdorff space X, take
s € § and construct f : X — X such that sU = f(U) for each U € B. We
take x € X, note that, by compactness of X, ({sU : x € U,U € B} # &, take
y €(\{sU :x € U,U € B} and show that ({sU : x € U,U € B} = {y}. Letz € X,
z # y. We choose clopen subset V, W of X suchthaty e V,z e Wand V N W # @.
Since s is weakly distributive, there are U, U’ € B suchthatx €e U,sU C V,sU' C W
soz ¢ sU. Weput f(x) =y.

NowletUy,...,U, € Band X = U; U---U U,. We fix some ¢t € X, and denote
Vi ={s €S : f(¢t) € U;}. In such a way, the A-question for Uy, ..., U, is reduced to
the A-question for Vq,..., V}, because “partition” in (5) is equivalent to “covering”.
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