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A NOTE ON ULTRAFILTERS ON BOOLEAN ALGEBRAS
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Under some conditions on the action of a semigroup S on a Boolean algebraB , we consider the
natural action of S on the Stone space Ult.B/ of B and characterize minimal closed S -invariant
subsets of Ult.B/. As a corollary, we get: if 1B D a1_� � �_an then some element ai is relatively
large with respect to the action of S .

I. Протасов, С.Слободянюк. Зауваження про ультрафiльтри на булевих алгебрах // Мат.
вiсн. Наук. тов. iм. Шевченка. — 2016. — Т.13. — C. 35–39.

При деяких обмеженнях на дiю напiвгрупи S на булевiй алгебрi B , розглянуто приро-
дну дiю S на просторi Стоуна Ult.B/ алгебри B i охарактеризовано мiнiмальнi замкненi
S -iнварiантнi пiдмножини в Ult.B/. Як наслiдок, отримано, що для довiльного покриття
1B D a1_ � � � _an один з елементiв ai є у певному сенсi великим вiдносно дiї напiвгрупи S .

1. Introduction

Let X be a set endowed with the action .S;X/ ! X , .s; x/ 7! sx, of a semigroup
S (i.e. .st/x D s.tx/ for all s; t 2 S , x 2 X ). We denote by P.X/ the Boolean
algebra of all subsets of X and extend the action of S to P.X/ by the rule A 7! sA,
sA D fsa W a 2 Ag.

We endow X with the discrete topology, consider the Stone-Čech compactification
ˇX of X , identify ˇX with the set of all ultrafilters on X and define the action of S on
ˇX by the rule p 7! sp, sp D fY � X W s�1Y 2 pg, s�1Y D fx 2 X W sx 2 Y g.
Then, for each s 2 S , the mapping ˇX ! ˇX , p 7! sp, is continuous.

A subset L of ˇX is called S -invariant if sp 2 S for all s 2 S and p 2 L. By
Zorn’s lemma and compactness of ˇX , each closed S -invariant subset of ˇX contains
some minimal under inclusion closed S -invariant subset. In the case of the left regular
S -space (X D S and sx is the product of s and x in S ), minimal closed S -invariant

2010 Mathematics Subject Classification: 06E15, 06E25 УДК: 515.12+512.53
Key words and phrases: ultrafilter, action, semigroup, large set, prethick set
E-mail: i.v.protasov@gmail.com, slobodianiuk@yandex.ru



36 IGOR PROTASOV AND SERHII SLOBODIANIUK

subsets are characterized in [6, Section 4.4]. It should be mentioned that ultrafilters on
S which belong to some minimal closed S -invariant subset of ˇS have vast applications
in Ramsey Theory [6, Chapter 14].

In this note, our goal is to describe minimal closed S -invariant subsets in the Stone
space of a Boolean algebra endowed with an action of a semigroup S .

Let B be a Boolean algebra with the minimal element 0 and the maximal element 1.
We recall that a subset ˆ of B is a filter if 1 2 ˆ, 0 … ˆ and

x; y 2 ˆ; x � z) x ^ y 2 ˆ; z 2 ˆ:

The set of all filters on B is partially ordered by inclusion. A maximal filterˆ in this
ordering is called an ultrafilter. We use the characteristic property of ultrafilters: a filter
ˆ is an ultrafilter if and only if, for every x 2 B , either x 2 B or its complement x 2 B .

We identify the subsets of B with the elements of f0; 1gB , endow f0; 1g with the
discrete topology and f0; 1gB with the product topology. Then the set Ult.B/ of all
ultrafilters on B is closed in f0; 1gB . The space Ult.B/ is called the Stone space of B
(see [10, Chapter 1]). We note that the subsets fp 2 Ult.B/ W a 2 pg, a 2 B , form a
base for open sets in Ult.B/.

We suppose that a Boolean algebra B is endowed with an action S � B ! B ,
.s; b/ ! sb, of a semigroup S such that for every s 2 S , following conditions are
satisfied

(1) 8x 2 B .sx D 0, x D 0/;
(2) 8x; y 2 B .x � y ) sx � sy/;
(3) 8x 2 B 9y 2 B .sy � x&sy � x/.

Given any s 2 S and p 2 Ult.B/, we set

sp D fa 2 B W 9x 2 p .sx � a/g

By .1/ and .2/, sp is a filter. By .3/, sp is an ultrafilter. Moreover, S � Ult.B/ !
Ult.B/, .s; p/ 7! sp, is an action and, for each s 2 S the mapping Ult.B/! Ult.B/,
p 7! sp, is continuous. Hence, each closed S -invariant subset of Ult.B/ contains some
minimal closed S -invariant subset.

F. Wehrung pointed out that the condition (1)–(3) are equivalent to the weak dis-
tributivity of s: for every c 2 B , if sc � a _ b then there is a decomposition c D x _ y
such that sx � a and sy � b.

For weakly distributive mappings, see [5]. Each weakly distributive s respects join:
s.x _ y/ D sx _ sy.

2. Results

We suppose that a Boolean algebra B is endowed with an action of a semigroup S
such that each s 2 S is weakly distributive.

For every a 2 B and p 2 Ult.B/ we denote

�p.a/ D fs 2 S W a 2 spg:
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If a semigroup S acts on a compact space T so that, for each s 2 S , the mapping
T ! T , x 7! sx, is continuous then, by the Birkhoff theorem (see [3], [4]), a point
p 2 T belongs to some minimal closed S -invariant subset of T if and only if p is
uniformly recurrent, i.e. for every neighborhood U of p, there exists a finite subset F of
S such that, for every s 2 S , there exists f 2 F such that f s 2 ft 2 S W tp 2 U g.

Applying this theorem to the pair .S; U lt.B//, we get

Theorem 2.1. An element p 2 Ult.B/ belongs to some minimal closed S -invariant
subset M of Ult.B/ if and only if for every a 2 p there exists a finite subset F of S
such that S D F�1�p.a/.

Given a 2 B , how can one detect whether a is an element of some uniformly recur-
rent point p 2 Ult.B/? To answer this question, we suppose that, for any s 2 S

(4) 8x 2 B 9y 2 B .sy � x & .8z 2 B .sz � x) z � y///.

G. Bergman noticed that .4/ follows from the weak distributivity of s: since 1 D x _ x,
there is y such that sy � x, sy � x. If z ^ y ¤ ∅ then sz ^ x ¤ ∅ so y satisfies .4/.

We note that, for every x 2 B , there is unique y 2 B satisfying .4/ and put y D
s�1x. We use the following simple observation: �p.a/ D fs 2 S W s

�1a 2 pg.
We say that an element a 2 B is

� large if there exist s1; : : : ; sn 2 S such that s�1
1 a _ � � � _ s�1

n a D 1;
� thick if a is not large;
� prethick if there exist s1; : : : ; sn 2 S such that s�1

1 a _ � � � _ s�1
n a is thick.

Theorem 2.2. For a 2 B , the following statements hold

.i/ a is large if and only if �p.a/ ¤ ∅ for every p 2 Ult.B/;

.i i/ a is thick if and only if there exists p 2 Ult.B/ such that �p.a/ D S .

Proof. .i/ If A is large then we choose s1; : : : ; sn 2 S such that 1 D s�1
1 a_ � � � _ s�1

n a.
Since p is an ultrafilter, s�1a 2 p for some i 2 f1; : : : ; ng so a 2 sp, sp 2 �.a/ and
�.a/ ¤ ∅.

We assume that a is not large. Then the family

fs�1
1 a ^ � � � ^ s�1

n a W s1; : : : ; sn 2 S; n 2 Ng

is the base for some filter ˆ on B . We take an arbitrary ultrafilter p 2 Ult.B/ such that
ˆ � p. Then s�1

1 a 2 p for each s 2 S so s�1a … p and �p.a/ D ∅.
.i i/ follows from .i/ and the definition of thick subsets.

Theorem 2.3. An element a 2 B is prethick if and only if there exists a uniformly
recurrent point p 2 Ult.B/ such that a 2 p.

Proof. We suppose that there is a uniformly recurrent point p 2 Ult.B/ such that
a 2 p. By Theorem 2.1, there exists a finite subset F of S such that S D F�1�p.a/.
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We observe that F�1�p.a/ D �p.
W

f 2F f
�1a/. By Theorem 2.2.i i/,

W
f 2F f

�1a

is thick so a is prethick.
To prove the converse statement, we assume that a is prethick and find s1; : : : ; sn 2 S

such that s�1
1 a _ � � � _ s�1

n a is thick. By Theorem 2.2.i i/, there is q 2 Ult.B/ such
that s�1

1 a _ � � � _ s�1
n a D sq for each s 2 S . The S -invariant subset cl.Sq/ contains

some minimal closed S -invariant subset M . We take an arbitrary r 2 M and pick
i 2 f1; : : : ; ng such that s�1

i a 2 r . Then a 2 sr and we put p D sr:

Corollary 2.4. If a1; : : : ; an 2 B and a1 _ � � � _ an D 1 then there is i 2 f1; : : : ; ng
such that ai is prethick.

For a 2 B , we denote �.a/ D fs 2 S W s�1a ^ a ¤ 0g and observe that �.a/ DS
f�p.a/ W p 2 Ult.B/; a 2 pg.

Corollary 2.5. If a1; : : : ; an 2 B and a1_ � � � _an D 1 then there is i 2 f1; : : : ; ng and
a finite subset F of S such that S D F�1�.ai /.

Corollary 2.5 could be strengthened (see comments 3, 4): there is F such that jF j �
22n�1�1.

3. Comments

1: Let X be a set endowed with the action of a semigroup S . We put B D P.X/,
and note that the natural action of S on B satisfies .1/, .2/, .3/. By [9], A 2 P.X/
is thick if and only if, for every finite subset K of X , there exists s 2 S such that
sK � A. In the case of the left regular S -space, prethick elements of P.X/ are called
piecewise syndetic [6, p.101] so Theorems 4:39 and 4:40 from [6] are partial cases of
Theorems 2.1 and 2.3. Another partial case: each element of S acts on a Boolean algebra
B as an automorphism.

2: In 1995, the fist author asked the following question [7, Problem 13.44]: given a
group G and an n-partition P of G, n 2 N, do there exit A 2 P and a subset F of G
such that G D FAA�1 and jF j � n. Clearly, AA�1 D �.A/.

For current state of this open problem see [1], [2]. We mention only that an answer
is positive if either G is amenable, or n � 3, or x�1Ax D A for any A 2 P and x 2 G.
If G is an arbitrary group then there are A;B 2 P and subsets F;H of G such that
G D FAA�1, jF j � nŠ and G D HBB�1B , jH j � n.

3: We generalize above question to semigroup and ask

(5) given an n-partition P of a semigroup S , do there exist A 2 P and a subset F of
S such that S D F�1�.A/, jF j � n?

By [8, Theorem 1], there is F with jF j � 22n�1�1 so .5/ has positive answer if
n D 2. G. Bergman proved .5/ for n D 3. By [8, Theorem 2], an answer to .5/ is
affirmative for each finite semigroup S .
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4:We suppose that a semigroup S acts on a Boolean algebraB weakly distributively.
If 1B D a1 _ � � � _ an, do there exist ai and a finite subset F of S such that S D
F�1�.ai /.

We show that this question can be reduced to .5/. We identify B with the family
of all clopen subsets of some compact extremely disconnected Hausdorff space X , take
s 2 S and construct f W X ! X such that sU D f .U / for each U 2 B . We
take x 2 X , note that, by compactness of X ,

T
fsU W x 2 U;U 2 Bg ¤ ∅, take

y 2
T
fsU W x 2 U;U 2 Bg and show that

T
fsU W x 2 U;U 2 Bg D fyg. Let z 2 X ,

z ¤ y. We choose clopen subset V;W of X such that y 2 V , z 2 W and V \W ¤ ∅.
Since s is weakly distributive, there are U;U 0 2 B such that x 2 U , sU � V , sU 0 � W
so z … sU . We put f .x/ D y.

Now let U1; : : : ; Un 2 B and X D U1 [ � � � [ Un. We fix some t 2 X , and denote
Vi D fs 2 S W f .t/ 2 Uig. In such a way, the �-question for U1; : : : ; Un is reduced to
the �-question for V1; : : : ; Vn because “partition” in .5/ is equivalent to “covering”.
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