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1. The modified Lorentz force, radiation theory and
the Abraham–Lorentz electron inertia problem

1.1. Feynman proper time paradigm geometric analysis
We develop further the vacuum field theory approach within the Feynman proper time
paradigm, devised before in [13, 11], to the electromagnetic Maxwell and Lorentz
electron theories and show that they should be suitably modified: namely, the basic
Lorentz force equations should be generalized following the Landau-Lifschitz least
action recipe [39], taking also into account the pure electromagnetic field impact.
When applied the devised vacuum field theory approach to the classical electron shell
model, the resulting Lorentz force expression appears to satisfactorily explain the
electron inertial mass term exactly coinciding with the electron relativistic mass, thus
confirming the well known assumption [36, 58] by M. Abraham and H. Lorentz.

As was reported by F. Dyson [22, 23], the original Feynman approach derivation
of the electromagnetic Maxwell equations was based on an a priori general form of
the classical Newton type force, acting on a charged point particle moving in three-
dimensional space R3 endowed with the canonical Poisson brackets on the phase
variables, defined on the associated tangent space T .R3/: As a result of this ap-
proach, only the first part of the Maxwell equations was derived, as the second part,
owing to F. Dyson [22], is related with the charged matter nature, which appeared to
be hidden. Trying to complete this Feynman approach to the derivation of Maxwell’s
equations more systematically we have observed [11] that the original Feynman’s cal-
culations, based on Poisson brackets analysis, were performed on the tangent space
T .R3/ which is, subject to the problem posed, not physically proper. The true Pois-
son brackets can be correctly defined only on the coadjoint phase space T �.R3/;
as seen from the classical Lagrangian equations and the related Legendre transfor-
mation [2, 3, 31, 8] from T .R3/ to T �.R3/: Moreover, within this observation, the
corresponding dynamical Lorentz type equation for a charged point particle should be
written for the particle momentum, not for the particle velocity, whose value is well
defined only with respect to the proper relativistic reference frame, associated with
the charged point particle owing to the fact that the Maxwell equations are Lorentz
invariant.

Thus, from the very beginning, we shall reanalyze the structure of the Lorentz
force exerted on a moving charged point particle with a charge � 2 R by another
point charged particle with a charge �f 2 R, making use of the classical Lagrangian
approach, and rederive the corresponding electromagnetic Maxwell equations. The
latter appears to be strongly related to the charged point mass structure of the electro-
magnetic origin as was suggested by R. Feynman and F. Dyson.

Consider a charged point particle moving in an electromagnetic field. For its
description, it is convenient to introduce a trivial fiber bundle structure � WM! R3,
M D R3 �G, with the abelian structure group G WD Rnf0g, equivariantly acting on
the canonically symplectic coadjoint space T �.M/ endowed both with the canonical
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symplectic structure

!.2/.p;yI r;g/Ddpr�˛.1/.r;g/Dhdp;^driChdy;^g�1dgiGChydg
�1;^dgiG (1)

for all .p; yI r; g/ 2 T �.M/, where ˛.1/.r; g/ WD hp; driC hy; g�1dgiG 2 T �.M/

is the corresponding Liouville form on M, and with a connection one-form A W
M ! T �.M/ � G as A.r; g/ WD g�1h�A.r/; drig C g�1dg; with � 2 G�; .r; g/ 2
R3 � G; and h�; �i being the scalar product in E3. The corresponding curvature
2-form †.2/ 2 ƒ2.R3/˝ G is

†.2/.r/ WD dA.r; g/CA.r; g/ ^A.r; g/ D �
3X

i;jD1

Fij .r/dr
i
^ drj ;

where

Fij .r/ WD
@Aj

@r i
�
@Ai

@rj
(2)

for i; j D 1; 3 is the electromagnetic tensor with respect to the reference frame Kt ,
characterized by the phase space coordinates .r; p/ 2 T �.R3/. As an element � 2
G� is still not fixed, it is natural to apply the standard [2, 3, 8] invariant Marsden–
Weinstein–Meyer reduction to the orbit factor space QP� WD P�=G� subject to
the related momentum mapping l W T �.M/ ! G�; constructed with respect to the
canonical symplectic structure (1) on T �.M/; where, by definition, � 2 G� is
constant, P� WD l�1.�/ � T �.M/ and G� D fg 2 G W Ad�G�g is the isotropy group
of the element � 2 G�:

As a result of the Marsden–Weinstein–Meyer reduction, one finds that G� '
G, the factor-space QP� ' T �.R3/ is endowed with a suitably reduced symplectic
structure N!.2/

�
2 T �. QP�/ and the corresponding Poisson brackets on the reduced

manifold QP� are fr i ; rj g� D 0; fpj ; r
ig� D ıij ; fpi ; pj g� D �Fij .r/ for i; j D

1; 3; considered with respect to the reference frame Kt : Introducing a new momentum
variable

Q� WD p C �A.r/ (3)

on QP� ; it is easy to verify that N!.2/
�
! Q!

.2/

�
WD hd Q�;^dri, giving rise to the follow-

ing “minimal interaction” canonical Poisson brackets:

fr i ; rj g
Q!
.2/

�

D 0; f Q�j ; r
i
g
Q!
.2/

�

D ıij ; f Q�i ; Q�j g Q!.2/
�

D 0

for i; j D 1; 3 with respect to some new reference frame QKt 0 , characterized by the
phase space coordinates .r; Q�/ 2 QP� and a new evolution parameter t 0 2 R if and
only if the Maxwell field compatibility equations

@Fij

@rk
C
@Fjk

@ri
C
@Fki

@rj
D 0
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are satisfied on R3 for all i; j; k D 1; 3 with the curvature tensor (2).
Now we proceed to a dynamic description of the interaction between two moving

charged point particles � and �f ;moving respectively, with the velocities u WD dr=dt
and uf WD drf =dt subject to the reference frame Kt . Unfortunately, there is a
fundamental problem in correct formulation of a physically suitable action functional
and the related least action condition. There are clearly possibilities such as

S .t/p WD

Z t2

t1

dtL.t/p Œr I dr=dt� (4)

on a temporal interval Œt1; t2� � R with respect to the laboratory reference frame Kt ;

S .t
0/

p WD

Z t 02

t 01

dt 0L.t 0/p Œr I dr=dt 0� (5)

on a temporal interval Œt 01; t
0
2� � R with respect to the moving reference frame Kt 0

and

S .�/p WD

Z �2

�1

d�L.�/p Œr I dr=d�� (6)

on a temporal interval Œ�1; �2� � R with respect to the proper time reference frame
K� ; naturally related to the moving charged point particle �:

It was first observed by Poincaré and Minkowski [49] that the temporal differential
d� is not a closed differential one-form, which physically means that a particle can
traverse many different paths in space R3 with respect to the reference frame Kt dur-
ing any given proper time interval d�; naturally related to its motion. This fact was
stressed [24, 44, 49, 50] by Einstein,Minkowski and Poincaré, and later exhaustively
analyzed by R. Feynman, who argued [26] that the dynamical equation of a moving
point charged particle is physically sensible only with respect to its proper time refer-
ence frame. This is Feynman’s proper time reference frame paradigm, which was re-
cently further elaborated and applied both to the electromagnetic Maxwell equations
in [29, 28, 30] and to the Lorentz type equation for a moving charged point particle
under external electromagnetic field in [11, 13, 9, 8]. As it was there argued from a
physical point of view, the least action principle should be applied only to the expres-
sion (6) written with respect to the proper time reference frame K� ; whose temporal
parameter � 2 R is independent of an observer and is a closed differential one-form.
Consequently, this action functional is also mathematically sensible, which in part
reflects the Poincaré’s and Minkowski’s observation that the infinitesimal quadratic
interval d�2 D .dt 0/2 � jdr � drf j2; relating the reference frames Kt 0 and K� ; can
be invariantly used for the four-dimensional relativistic geometry. The most natural
way to contend with this problem is to first consider the quasi-relativistic dynamics
of the charged point particle � with respect to the moving reference frame Kt 0 subject
to which the charged point particle �f is at rest. Therefore, it possible to write down
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a suitable action functional (5), up to O.1=c4/; as the light velocity c ! 1, where
the quasi-classical Lagrangian function L.t

0/
p Œr I dr=dt 0� can be naturally chosen as

L.t 0/p Œr I dr=dt 0� WD 1
2
m0.r/jdr=dt 0 � drf =dt

0
j
2
� �'0.r/: (7)

where m0.r/ 2 RC is the charged particle � inertial mass parameter and '0.r/ is
the potential function generated by the charged particle �f at a point r 2 R3 with
respect to the reference frame Kt 0 : Since the standard temporal relationships between
reference frames Kt and Kt 0 W

dt 0 D dt

q
1 � jdrf =dt

0j2; (8)

as well as between the reference frames Kt 0 and K� W

d� D dt 0
q
1 � jdr=dt 0 � drf =dt

0j2; (9)

give rise, up to O.1=c2/; as c ! 1; to dt 0 ' dt and d� ' dt 0; respectively, it is
easy to verify that the least action condition ıS .t

0/
p D 0 is equivalent to the dynamical

equation

d�=dt D rL.t 0/p Œr I dr=dt� D .1
2

ˇ̌
dr=dt � drf =dt

ˇ̌2
/rm � �r'.r/;

where we have defined the generalized canonical momentum as

� WD @L.t 0/p Œr I dr=dt�=@.dr=dt/ D m.dr=dt � drf =dt/; (10)

with the dash signs dropped and denoted by “r” the usual gradient operator in E3:
Equating the canonical momentum expression 10) with respect to the reference frame
Kt 0 to that of (3) with respect to the canonical reference frame QKt 0 , and identifying
the reference frame QKt 0 with Kt 0 ; one obtains that

m.dr=dt � drf =dt/ D mdr=dt � �A.r/;

giving rise to the important inertial particle mass determining expression

m D ��'.r/; (11)

which right away follows from the relationship

'.r/drf =dt D A.r/: (12)

The latter is well known in the classical electromagnetic theory [36, 39] for potentials
.'; A/ 2 T �.M 4/ satisfying the Lorentz condition

@'.r/=@t C hr; A.r/i D 0; (13)
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yet the expression (11) looks very nontrivial in relating the “inertial” mass of the
charged point particle � to the electric potential, being both generated by the am-
bient charged point particles �f . As was argued in articles [9, 11, 55], the above
mass phenomenon is closely related and from a physical perspective shows its deep
relationship to the classical electromagnetic mass problem.

Before further analysis of the completely relativistic the charge � motion under
consideration, we substitute the mass expression (11) into the quasi-relativistic action
functional (5) with the Lagrangian (7). As a result, we obtain two possible action
functional expressions, taking into account two main temporal parameters choices:

S .t
0/

p D �

Z t 02

t 01

�'0.r/.1C 1
2
jdr=dt 0 � drf =dt

0
j
2/dt 0

on an interval Œt 01; t
0
2� � R; or

S .�/p D �

Z �2

�1

�'0.r/.1C 1
2
jdr=d� � drf =d� j

2/d� (14)

on an Œ�1; �2� � R. The direct relativistic transformations of (14) entail that

S .�/p D �

Z �2

�1

�'0.r/.1C 1
2

ˇ̌
dr=d� � drf =d�

ˇ̌2
/d� '

' �

Z �2

�1

�'0.r/.1C
ˇ̌
dr=d� � drf =d�

ˇ̌2
/1=2d� D

D �

Z �2

�1

�'0.r/.1 � jdr=dt 0 � drf =dt
0
j/�1=2d� D �

Z t 02

t 01

�'0.r/dt 0;

giving rise to the correct, from the physical point of view, relativistic action functional
form (5), suitably transformed to the proper time reference frame representation (6)
via the Feynman proper time paradigm. Thus, we have shown that the true action
functional procedure consists in a physically motivated choice of either the action
functional expression form (4) or (5). Then, it is transformed to the proper time
action functional representation form (6) within the Feynman paradigm, and the least
action principle is applied.

1.2. The least action functionals analysis
Concerning the above discussed problem of describing the motion of a charged point
particle � in the electromagnetic field generated by another moving charged point
particle �f ; it must be mentioned that we have chosen the quasi-relativistic functional
expression (7) in the form (5) with respect to the moving reference frame Kt 0 ; because
its form is physically reasonable and acceptable, since the charged point particle �f
is then at rest, generating no magnetic field.
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Based on the above relativistic action functional expression

S .�/p WD �

Z �2

�1

�'0.r/

q
1C jdr=d� � drf =d� j

2d�

written with respect to the proper reference from K� ; one finds the following evolu-
tion equation:

d�p=d� D ��r'
0.r/

q
1C jdr=d� � drf =d� j

2; (15)

where the generalized momentum is given exactly by the relationship (10): �p D
m.dr=dt � drf =dt/: Making use of the relativistic transformation (8) and the next
one (9), the equation (15) is easily transformed to

d

dt
.p C �A/ D �r'.r/.1 �

ˇ̌
uf
ˇ̌2
/; (16)

where we took into account the related definitions: (11) for the charged particle �

mass, (12) for the magnetic vector potential and '.r/ D '0.r/=
q
1 � juf j

2 for the
scalar electric potential with respect to the laboratory reference frame Kt : Equation
(16) can be further transformed, using elementary vector algebra, to the classical
Lorentz type form:

dp

dt
D �E C �u � B � �rhu � uf ; Ai; (17)

where
E WD �@A=@t � r' (18)

is the related electric field and
B WD r � A (19)

is the related magnetic field, exerted by the moving charged point particle �f on
the charged point particle � with respect to the laboratory reference frame Kt : The
Lorentz type force equation (17) was obtained in [11] in terms of the moving reference
frame Kt 0 ; and recently reanalyzed in [9, 51]. The obtained results follow in part
[59] from Ampère’s classical works on constructing the magnetic force between two
neutral conductors with stationary currents.

2. Analysis of the Maxwell and Lorentz force equations

2.1. The damping Abraham-Lorentz reaction force:
the least action functional approach

As a moving charged particle �f generates the suitable electric field (18) and mag-
netic field (19) via their electromagnetic potential .'; A/ 2 T �.M 4/ with respect to
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a laboratory reference frame Kt ; we will supplement them naturally by means of the
external material equations describing the relativistic charge conservation law:

@�=@t C hr; J i D 0; (20)

where .�; J / 2 T �.M 4/ is a related four-vector for the charge and current distribu-
tion in the space R3: Moreover, one can augment the equation (20) with the experi-
mentally well established Gauss law

hr; Ei D � (21)

to calculate the quantity �' WD hr;r'i from the expression (18):

�' D �
@

@t
hr; Ai � hr; Ei:

Having taken into account the relativistic Lorentz condition (13) and the expression
(21) one easily finds that the wave equation

@2'

@t2
��' D � (22)

holds with respect to the laboratory reference frame Kt : Applying the rot-operation
“r�” to the expression (18) we obtain, owing to the expression (19), the equation

r �E C
@B

@t
D 0; (23)

giving rise, together with (21), to the first pair of the classical Maxwell equations.
To obtain the second pair of the Maxwell equations, it is first necessary to apply the
rot-operation “r�”to the expression (19):

r � B D
@E

@t
C

�@2A
@t2
��A

�
(24)

and then apply � @
@t

to the wave equation (22) to obtain

�
@2

@t2
.@'
@t
/C hr;r @'

@t
i D

@2

@t2
hr; Ai �

˝
r;rhr; Ai

˛
D

D hr; @
2A
@t2
� r � .r � A/ ��Ai D hr; @

2A
@t2
��Ai D hr; J i: (25)

The result (25) leads to the relationship

@2A

@t2
��A D J; (26)
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if we take into account that both the vector potential A 2 E3 and the vector of current
J 2 E3 are determined up to a rot-vector expression r � S for some smooth vector-
function S W M 4 ! E3: Inserting the relationship (26) into (24), we obtain 23) and
the second pair of the Maxwell equations:

r � B D
@E

@t
C J; r �E D

@B

@t
: (27)

It is important that the system of equations (27) can be represented by means of the
least action principle ıS .t/

f �p
D 0; where the action functional

S
.t/

f �p
WD

Z t2

t1

dtL.t/
f �p

is defined on an interval Œt1; t2� � R by the Landau-Lifschitz type [39] Lagrangian
function

L.t/
f �p

D

Z
R3
d3r

�
.jEj2 � jBj2/=2C hJ;Ai � �'

�
(28)

with respect to the laboratory reference frame Kt ; which is subject to the electro-
magnetic field a unique and physically reasonable. From (28) we deduce that the
generalized field momentum

�f WD @L
.t/

f �p
=@.@A=@t/ D �E

and its evolution is given as

@�f =@t WD ıL
.t/

f �p
=ıA D J � r � B;

which is equivalent to the first Maxwell equation of (27). As the Maxwell equations
allow the least action representation, it is easy to derive [2, 3, 8, 9, 55] their dual
Hamiltonian formulation with the Hamiltonian function

Hf �p WD

Z
R3
d3rh�f ; @A=@ti � L.t/

f �p
D

Z
R3
d3r

�
.jEj2 C jBj2/=2 � hJ;Ai

�
;

satisfying the invariant condition dHf �p=dt D 0 for all t 2 R:
It is worth noting here that the Maxwell equations were derived under the impor-

tant condition that the charged system .�; J / 2 T .M 4/ exerts no influence on the
ambient electromagnetic field potentials .'; A/ 2 T �.M 4/: As this is not actually
the case owing to the damping radiation reaction on accelerated charged particles,
one can try to describe this self-interacting influence by means of the modified least
action principle, making use of the Lagrangian expression (28) recalculated with re-
spect to the separately chosen charged particle � endowed with the uniform shell
model geometric structure and generating this electromagnetic field.

Following the slightly modified well-known approach from [39] and reasonings
from [7, 45] this Landau-Lifschitz type Lagrangian (28) can be recast (further in the
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Gauss units) as

L.t/
f �p

D

Z
R3
d3r. jE j

2�jBj2

2
C

Z
R3
d3r

�
hJ;Ai
c
� �'

�
� hk.t/; dr

dt
i D

D

Z
R3
d3r

�
1
2
h�r' � 1

c
@A
@t
;�r' � 1

c
@A
@t
i �

1
2
hr � .r � A/;Ai

�
C

C

Z
R3
d3r

�
hJ;Ai
c
� �'

�
� hk.t/; dr=dti D

D

Z
R3
d3r

�
h�r';Ei

2
�

1
2c
h
@A
@t
; Ei � hA;r�Bi

2

�
C

Z
R3
d3r

�
hJ;Ai
c
� �'

�
� hk.t/; dr

dt
i D

D

Z
R3
d3r

�
1
2
'hr; Ei C 1

2c
hA; @E

@t
i �

1
2c
hA; J C @E

@t
i
�
C

Z
R3
d3r

�
hJ;Ai
c
� �'

�
�

�
1
2c

d

dt

Z
R3
d3rhA;Ei � 1

2
lim
r!1

Z
S2r
h'E C A � B; dS2r i � hk.t/; dr=dti D

D �
1
2

Z
�C.�/

d3r
�
hJ;Ai
c
� �'

�
C

Z
�C.�/[��.�/

d3r
�
hJ;Ai
c
� �'

�
� hk.t/; dr

dt
i�

�
1
2c

d
dt

Z
R3
d3rhA;Ei � 1

2
lim
r!1

Z
S2r
h'E C A � B; dS2r i D

D �
1
2

Z
�C.�/

d3r
�
hJ;Ai
c
��'

�
�
1
2

Z
��.�/

d3r
�
hJ;Ai
c
��'

�
C

1
2

Z
��.�/

d3r
�
hJ;Ai
c
��'

�
C

C

Z
�C.�/[��.�/

d3r. hJ;Ai
c
� �'/ � hk.t/; dr

dt
i �

d
dt

Z
R3
d3r hA;Ei

2c
�

� lim
r!1

Z
S2r

h'ECA�B;dS2r i

2
D

1
2

Z
��.�/

d3r
�
hJ;Ai
c
� �'

�
�

�
1
2

Z
�C.�/[��.�/

d3r
�
hJ;Ai
c
��'

�
C

Z
�C.�/[��.�/

d3r
�
hJ;Ai
c
��'

�
� hk.t/; dr

dt
i �

�
1
2c

d

dt

Z
R3
d3rhA;Ei � 1

2
lim
r!1

Z
S2r
h'E C A � B; dS2r i D

D
1
2

Z
��.�/

d3r
�
hJ;Ai
c
� �'

�
C

1
2

Z
�C.�/[��.�/

d3r
�
hJ;Ai
c
� �'

�
�

�
1
2c

d
dt

Z
R3
d3rhA;Ei � 1

2
lim
r!1

Z
S2r
h'E C A � B; dS2r i;

where we have introduced a (still not determined) radiation damping force k.t/ 2 E3,
have denoted by �C.�/ WD supp �C � R3 and ��.�/ WD supp �� � R3 the
corresponding charge � supports, located on the electromagnetic field shadowed rear
and electromagnetic field exerted front semispheres (see Fig.1) of the electron shell,
respectively to its motion with the fixed velocity u.t/ 2 E3; as well as we denoted by
S2r a two-dimensional sphere of radius r !1.
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Fig.1 (The courtesy picture from [45])

Having naturally assumed that the radiated charged particle energy at infinity is
negligible, the Lagrangian function L.t/

f �p
becomes equivalent to

L.t/
f �p

D
1
2

Z
��.�/

d3r
�
hJ;Ai
c
� �'

�
C

1
2c

Z
�C.�/[��.�/

d3r.hJ;Ai � �'/� hk.t/; dr
dt
i;

(29)
which we now need to additionally recalculate taking into account that the electro-
magnetic potentials .'; A/ 2 T �.M 4/ are retarded, generated by only the front part
of the electron shell and given as 1=c2 ! 0 in the following expanded into Lienard-
Wiechert series form:

' D

Z
R3
d3r 0 �.t

0;r 0/
jr�r 0j

ˇ̌̌
t 0Dt�jr�r 0j=c

D lim
"#0

Z
R3
d3r 0 �.t�";r

0/
jr�r 0j

C

C lim
"#0

1
2c2

Z
R3
d3r 0jr � r 0j � @

2�.t�";r 0/

@t2
C

C lim
"#0

1
6c3

Z
R3
d3r 0jr � r 0j2 � @�.t�";r

0/
@t

CO. 1
c4
/ D

D

Z
�C.�/

d3r 0 �.t;r
0/

jr�r 0j
C

1
2c2

Z
�C.�/

d3r 0jr � r 0j@
2�.t;r 0/

@t2
C

C
1
6c3

Z
�C.�/

d3r 0jr � r 0j2 @�.t;r
0/

@t
CO. 1

c4
/;

(30)
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A D
1

c

Z
R3
d3r 0 J.t

0;r 0/
jr�r 0j

ˇ̌̌
t 0Dt�jr�r 0j=c

D lim
"#0

1
c

Z
R3
d3r 0 J.t�";r

0/
jr�r 0j

�

� lim
"#0

1
c2

Z
R3
d3r 0 @J.t�";r

0/
@t

C lim
"#0

1
2c3

Z
R3
d3r 0jr � r 0j@

2J.t�";r 0/

@t2
CO. 1

c4
/ D

D
1
c

Z
�C.�/

d3r 0 J.t;r
0/

jr�r 0j
�

1
c2

Z
�C.�/

d3r 0 @J.t;r
0/

@t
C

C
1
2c3

Z
�C.�/

d3r 0jr � r 0j@
2J.t;r 0/

@t2
CO. 1

c4
/;

where the current density J.t; r/ D �.t; r/dr=dt for all t 2 R and r 2 �.�/ WD
�C.�/[�C.�/ ' S2 WD supp �.t I r/ � R3, being the spherical compact support of
the charged particle density distribution, and the limit lim"#0 was treated physically,
that is taking into account the assumed shell modell of the charged particle � and
its corresponding charge density self interaction. Moreover, the potentials (30) are
both considered to be retarded and non singular, moving in space with the velocity
u 2 T .R3/ subject to the laboratory reference frame Kt :As a result of simple enough
calculations like in [36], making use of the expressions (30) one obtains that the
Lagrangian function (29) brings about

L.t/
f �p

D
Ees
2c2
juj2 � hk.t/; dr

dt
i; (31)

where we took into account that owing to the reasonings from [7, 45] the only front
half the electric charge interacts with the whole virtually identical charge �, as well
as made use of the following up to O.1=c4/ limiting integral expressions:Z

�C.�/[��.�/

d3r

Z
�C.�/[��.�/

d3r 0�.t; r 0/�.t; r 0/ WD �2;

1

2

Z
�C.�/[��.�/

d3r

Z
�C.�/[��.�/

d3r 0 �.t;r
0/�.t;r 0/
jr�r 0j

WD Ees;Z
�C.�/

d3r�.t; r/

Z
�C.�/

d3r 0 �.t Ir
0/

jr 0�rj
D

1
2
Ees;Z

��.�/

d3r�.t; r/

Z
��.�/

d3r 0 �.t Ir
0/

jr 0�rj
D

1
2
Ees;Z

��.�/

d3r�.t; r/

Z
�C.�/

d3r 0 �.t Ir
0/

jr�r 0j

ˇ̌̌
hr 0�r;ui
jr 0�rj

ˇ̌̌2
D

1
6
Eesjuj2;Z

�C.�/

d3r�.t; r/

Z
�C.�/

d3r 0
�.t I r 0/

jr � r 0j

ˇ̌̌
hr 0�r;ui
jr 0�rj

ˇ̌̌2
D

1
6
Eesjuj2:

(32)

To obtain the corresponding evolution equation for our charged particle � we
need, within the Feynman proper time paradigm, to transform the Lagrangian func-
tion (31) to the one with respect to the proper time reference frame K� W

L.�/
f �p

D
1
2
mesj Pr j

2=

q
1C jPr j2=c2 � hk.t/; Pri;
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where, for brevity, we have denoted by Pr WD dr=d� the charged particle velocity with
respect to the proper reference frame K� and by, definition, mes WD Ees=c2 its so
called electrostatic mass with respect to the laboratory reference frame Kt :

Thus, the generalized charged particle � momentum (up to O.1=c4// equals

�p WD @L.�/f �p=@ Pr D
mes Pr

.1C jPr j2=c2/1=2
�

mesj Pr j
2 Pr

2c2.1C jPr j2=c2/3=2
� k.t/ D

D mesu.1 �
juj2

2c2
/ � k.t/ ' mesu

q
1 � juj

2

c2
� k.t/ D Nmesu � k.t/;

(33)

where we denoted, as before, by u WD dr=dt the charged particle � velocity with
respect to the laboratory reference frame Kt and put, by definition,

Nmes WD mes

q
1 � juj2 (34)

its mass parameter Nmes 2 RC with respect to the proper reference frame K� :
The generalized momentum (34) satisfies with respect to the proper reference

frame K� the evolution equation d�p=d� WD @L.�/
f �p

=@r D 0; being equivalent,
with respect to the laboratory reference frame Kt , to the Lorentz type equation

d

dt
. Nmesu/ D

dk.t/

dt
: (35)

The evolution equation (35) allows the corresponding canonical Hamiltonian formu-
lation on the phase space T �.R3/ with the Hamiltonian function

Hf �p W D h�p; ri � L.�/
f �p

D
˝

mes Pr

.1CjPrj2=c2/1=2
�

mes j Prj
2 Pr

2c2.1CjPrj2=c2/3=2
�k.t/; Pr

˛
�

�
1
2
mesj Pr j

2=

q
1C jPr j2=c2 C hk.t/; Pri D 1

2
Nmesjuj

2;

(36)

naturally looking and satisfying up to O.1=c4/ for all � and t 2 R the conservation
conditions d

d�
Hf �p D 0 D d

dt
Hf �p: Looking at the equation (35) and (36), one

can state that the physically observable inertial charged particle � mass parameter
mphys WD Nmes; being exactly equal to the relativistic charged particle � electromag-
netic mass, as it was assumed by H. Lorentz and Abraham.

To determine the damping radiation force k.t/ 2 E3; we can make use of the
Lorentz type force expression (29) and obtain, similarly to [36], up to O.1=c4/ ac-
curacy, the resulting self-interacting Abraham-Lorentz type force expression. Thus,
owing to the zero net force condition, we have that

d�p

dt
C Fs D 0; (37)
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where the Lorentz force

Fs D �
1
2c

Z
��.�/

d3r�.t; r/ d
dt
A.t; r/ � 1

2c

Z
�C.�/[��.�/

d3r�.t; r/ d
dt
A.t; r/�

�
1
2

Z
��.�/

d3r�.t; r/r'.t; r/
�
1 �

ˇ̌
u
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ˇ̌2�
�

�
1
2

Z
�C.�/[��.�/

d3r�.t; r/r'.t; r/
�
1 �

ˇ̌
u
c

ˇ̌2�
:

(38)

This expression easily follows from the least action condition ıS .t/ D 0, where
S .t/ WD

R t2
t1

L.t/
f �p

dt with the Lagrangian function given by the derived above Landau-
Lifschitz type expression (32), and the potentials .'; A/ 2 T �.M 4/ given by the
Lienard-Wiechert expressions (30). Followed by calculations similar to those of
[36, 6], from (38) and (30) one can obtain, within the assumed before uniform shell
electron model, for small ju=cj � 1 and slow enough acceleration that
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The relationship above can be rewritten, owing to the charge continuity equation (20),
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giving rise to the radiation force expression
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Now, having applied to this equation the rotational symmetry property for calculation
of the internal integrals, one easily obtains in the case of a charged particle � uniform
shell model that

Fs D
X
n2ZC

.�1/n

2nŠcnC2
.1 � ju

c
j
2/
� Z
��.�/

�.t; r/d3r.�/C

Z
�C.�/[��.�/

�.t; r/d3r.�/
�
�

�

Z
�C.�/

d3r 0jr � r 0jn�1 @
nC1

@tnC1

� J.t;r 0/
nC2

C
.n�1/J.t;r 0/
3.nC2/

�
C

C

X
n2ZC

.�1/nC1

2nŠcn

� Z
��.�/

�.t; r/d3r.�/C

Z
�C.�/[��.�/

�.t; r/d3r.�/
�
�

�

Z
�C.�/

d3r 0 jr�r
0jnC1

c2
@nC1

@tnC1
J.t; r 0/



THE CLASSICAL ABRAHAM-LORENTZ ELECTRON MASS THEORY ANALYSIS. PART 2 105
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Now, having took into account the integral expressions (32), one finds from the
above equation that up to theO.1=c4/ accuracy the following radiation reaction force
expression
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holds. We mention here that following the reasonings from [7, 45, 56], in the ex-
pressions above there is taken into account an additional hidden and the velocity
u 2 T .R3/ directed electrostatic Coulomb surface self-force, acting only on the front
half part of the spherical electron shell. As a result, from (37), (38) and the relation-
ship (33) one obtains that the electron momentum

�p WD Nmesu �
2�2

3c3
du

dt
D Nmesu � k.t/; (39)

thereby defining both the radiation reaction momentum k.t/ D 2�2

3c3
du
dt

and the cor-

responding radiation reaction force Fr D
2�2

3c3
d2u
dt2
C O. 1

c4
/; coincides exactly with

the classical Abraham–Lorentz–Dirac expression. Moreover, it also follows that the
observable physical shell model electron inertial mass

mph D mes WD Ees=c2; (40)

being completely of the electromagnetic origin, giving rise to the final force expres-
sion

d

dt
.mphu/ D

2�2

3c3
d2u

dt2
CO. 1

c4
/: (41)

This means, in particular, that the real physically observed “inertial” mass mph of
an electron within the uniform shell model is strongly determined by its electromag-
netic self-interaction energy Ees . A similar statement there was recently demonstrated
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using completely different approaches in [56, 45], based on the vacuum Casimir ef-
fect considerations. Moreover, the assumed above boundedness of the electrostatic
self-energy Ees appears to be completely equivalent to the existence of so-called in-
trinsic Poincaré type “tensions”, analyzed in [7, 45], and to the existence of a special
compensating Coulomb “pressure”, suggested in [56], guaranteeing the observable
electron stability.

Remark 2.1. Some years ago there was suggested in the work [41] a “solution” to
the mentioned before “4=3-electron mass” problem, expressed by the physical mass
relationship (40) and formulated more than one hundred years ago by H. Lorentz and
M. Abraham. To the regret, the above mentioned “solution” appeared to be fake that
one can easily observe from the main not correct assumptions on which the work
[41] has been based: the first one is about the particle-field momentum conservation,
taken in the form

d

dt
.p C �A/ D 0; (42)

and the second one is a speculation about the 1=2-coefficient imbedded into the cal-
culation of the Lorentz type self-interaction force

F WD �
1

2c

Z
R3
d3r�.t I r/@A.t I r/=@t; (43)

being not correctly argued by the reasoning that the expression (43) represents “...
the interaction of a given element of charge with all other parts, otherwise we count
twice that reciprocal action” (cited from [41], page 2710). This claim is fake as there
was not taken into account the important fact that the interaction in the integral (43)
is, in reality, retarded and its impact into it should be considered as that calculated
for two virtually different charged particles, as it has been done in the classical works
of H. Lorentz and M. Abraham. Subject to the first assumption (42) it is enough
to recall that a vector of the field momentum �A 2 E3 is not independent and is,
within the charged particle model considered, strongly related with the local flow of
the electromagnetic potential energy in the Lorentz constraint form:

@'

@t
C hr; Ai D 0;

under which there hold the exploited in the work [41] the Lienard-Wiechert expres-
sions (29) potentials for calculation of the integral (43). Thus, the equation (42),
following the classical Newton second law, should be replaced by

d

dt 0
.p0 C �A0/ D �r.�'0/; (44)

written with respect to the reference frame K.t 0I r/ subject to which the charged
particle � is at rest. Taking into account that with respect to the laboratory refer-
ence frame Kt there hold the relativistic relationships dt D dt 0

p
1 � juj2=c2 and
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'0 D '
p
1 � juj2=c2, from (44) one easily obtains that

d
dt
.pC�A/ D ��r'.1�ju

c
j
2/ D ��r'C �

c
rhu; u'

c
i D ��r'C �

c
rhu;Ai: (45)

Here we made use of the well-known relationship A D u'=c for the vector potential
generated by this charged particle � moving in space with the velocity u 2 T .R3/
with respect to the laboratory reference frame Kt :Based now on the equation (45) one
can derive the final expression for the evolution of the charged particle � momentum:

dp

dt
D ��r' � �

c
dA
dt
C

�
c
rhu;Ai D ��r' � �

c
@A=@t � �

c
hu;riAC �

c
rhu;Ai D

D �E C �
c
u � .r � A/ D �E C �

c
u � B;

that is exactly the well known Lorentz force expression, used in the works of H.
Lorentz and M. Abraham.

2.2. The 4/3-electron mass problem revisiting
Recently enough there appeared other interesting works devoted to this “4=3-electron
mass” problem, amongst which we would like to mention [45, 56, 47, 48], whose ar-
gumentations are close to each other and based on the charged shell electron model,
within which there is assumed a virtual interaction of the electron with the ambient
“dark” radiation energy. The latter was first clearly demonstrated in [56], where a
suitable compensation mechanism of the related singular electrostatic Coulomb elec-
tron energy and the wide band vacuum electromagnetic radiation energy fluctuations
deficit inside the electron shell was shown to be harmonically realized as the electron
shell radius a ! 0: Moreover, this compensation happens exactly when the induced
outward directed electrostatic Coulomb pressure on the whole electron coincides, up
to the sign, with that induced by the mentioned above vacuum electromagnetic en-
ergy fluctuations outside the electron shell, since there was manifested their absence
inside the electron shell.

Really, the outward directed electrostatic spatial Coulomb pressure on the elec-
tron equals

�coul WD lim
a!0

"0jEj
2

2

ˇ̌̌
rDa
D lim
a!0

�2

32"0�2a4
; (46)

where E D �r

4�"0jrj3
2 E3 is the electrostatic field at point r 2 R subject to the

electron center at the point r D 0 2 R: The related inward directed vacuum electro-
magnetic fluctuations spatial pressure equals

�vac WD lim
�!1

1

3

Z �

0

dE.!/; (47)

where dE.!/ is the electromagnetic energy fluctuations density for a frequency ! 2
RC; and� 2 RC is the corresponding electromagnetic frequency cutoff. The integral
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(47) can be calculated if to take into account the quantum statistical recipe [26, 33, 10]
that

dE.!/ WD ~!
d3p.!/

h3
; (48)

where the Plank constant h WD 2�~ and the electromagnetic wave momentum p.!/ 2

E3 satisfies the relativistic relationship

jp.!/j D ~!=c: (49)

Whence by substituting (49) into (48) one obtains dE.!/ D ~!3
2�2c3

d!;which entails,
owing to (47), the following vacuum electromagnetic energy fluctuations spatial pres-
sure

�vac D lim
�!1

~�4

24�2c3
: (50)

For the charged electron shell model to be stable at rest it is necessary to equate
the inward (50) and outward (46) spatial pressures:

lim
�!1

~�4

24�2c3
D lim
a!0

�2

32"0�2a4
;

giving rise to the balance electron shell radius ab ! 0 limiting condition:

ab D lim
�!1

h
��1

�3�2c2
2~

�1=4i
:

Simultaneously we can calculate the corresponding Coulomb and electromag-
netic fluctuations energy deficit inside the electron shell:

�Wb WD
1

2

Z 1
ab

"0jEj
2d3r �

Z ab

0

d3r

Z �

0

dE.!/ D
�2

8�"0ab
�
~�4a3

b

6�c3
D 0;

additionally ensuring the electron shell model stability.
Another important consequence from this pressure-energy compensation mech-

anism can be derived concerning the electron inertial mass mph 2 RC; entering
the momentum expression (39) in the case of the electron slow enough movement.
Namely, following the reasonings from [45], one can observe that during the electron
movement there arises an additional hidden not compensated and velocity u 2 T .R3/
directed electrostatic Coulomb surface self-pressure acting only on the front half part
of the electron shell and equal to

�surf WD
jE�j

4�a2
b

1

2
D

�2

32�"0a
4
b

;

coinciding, evidently, with the already compensated outward directed electrostatic
Coulomb spatial pressure (46). As, evidently, during the electron motion in space its
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surface electric current energy flow is not vanishing [45], one ensues that the electron
momentum gains an additional mechanical impact, which can be expressed as

�� WD ��surf
4�a3

b

3c2
u D �

1

3

�2

8�"0abc
2
u D �

1

3
Nmesu; (51)

where we took into account that within this electron shell model the corresponding
electrostatic electron mass equals its electrostatic energy Nmes D

�2

8�"0abc2
:

Thus, one can claim that, owing to the structural stability of the electron shell
model, its generalized self-interaction momentum �p 2 T

�.R3/ gains during the
movement with velocity u D dr=dt 2 T .R3/ the additional backward directed hid-
den impact (51), which can be identified with the back-directed momentum compo-
nent

�� D �
1

3
Nmesu; (52)

complementing the classical [36, 6] momentum expression �p D 4
3
Nmesu; which can

be easily obtained from the Lagrangian expression, if one not to take into account
the shading property of the moving uniform shell electron model. Then, owing to the
additional momentum (52), the full momentum becomes as �p D �� C

4
3
Nmesu D

.�1
3
Nmes C

4
3
Nmes/u D Nmesu; coinciding with that of (33) modulo the radiation re-

action momentum k.t/ D 2�2

3c3
du
dt

, strongly supporting the electromagnetic energy
origin of the electron inertial mass for the first time conceived by H. Lorentz and M.
Abraham.

3. Comments

The electromagnetic mass origin problem was reanalyzed in details within the
Feynman proper time paradigm and related vacuum field theory approach by means
of the fundamental least action principle and the Lagrangian and Hamiltonian for-
malisms. The resulting electron inertia appeared to coincide in part, in the quasi-
relativistic limit, with the momentum expression obtained more than one hundred
years ago by M. Abraham and H. Lorentz [1, 40], yet it proved to contain an additional
hidden impact owing to the imposed electron stability constraint, which was taken
into account in the original action functional as some preliminarily undetermined
constant component. As it was demonstrated in [56, 45], this stability constraint can
be successfully realized within the charged shell model of electron at rest, if to take
into account the existing ambient electromagnetic “dark” energy fluctuations, whose
inward directed spatial pressure on the electron shell is compensated by the related
outward directed electrostatic Coulomb spatial pressure as the electron shell radius
satisfies some limiting compatibility condition. The latter also allows to compensate
simultaneously the corresponding electromagnetic energy fluctuations deficit inside
the electron shell, thereby forbidding the external energy to flow into the electron.
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In contrary to the lack of energy flow inside the electron shell, during the electron
movement the corresponding internal momentum flow is not vanishing owing to the
nonvanishing hidden electron momentum flow caused by the surface pressure flow
and compensated by the suitably generated surface electric current flow. As it was
shown, this backward directed hidden momentum flow makes it possible to justify
the corresponding self-interaction electron mass expression and to state, within the
electron shell model, the fully electromagnetic electron mass origin, as it has been
conceived by H. Lorentz and M. Abraham and strongly supported by R. Feynman in
his Lectures [26]. This consequence is also independently supported by means of
the least action approach, based on the Feynman proper time paradigm and the suit-
ably calculated regularized retarded electric potential impact into the charged particle
Lagrangian function.

The charged particle radiation problem, revisited in this Section, allowed to con-
ceive the explanation of the charged particle mass as that of a compact and stable
object which should be exerted by a vacuum field self-interaction energy. The lat-
ter can be satisfied iff the expressions (32) hold, thereby imposing on the intrinsic
charged particle structure [42] some nontrivial geometrical constraints. Moreover, as
follows from the physically observed particle mass expressions (40), the electrostatic
potential energy being of the self-interaction origin, contributes into the inertial mass
as its main relativistic mass component.

There exist different relativistic generalizations of the force expression (41), which
suffer the common physical inconsistency related to the no radiation effect of a charged
particle in uniform motion.

Another deeply related problem to the radiation reaction force analyzed above is
the search for an explanation to the Wheeler and Feynman reaction radiation mech-
anism, called the absorption radiation theory, strongly based on the Mach type in-
teraction of a charged particle with the ambient vacuum electromagnetic medium.
Concerning this problem, one can also observe some of its relationships with the one
devised here within the vacuum field theory approach, but this question needs a more
detailed and extended analysis.

4. Supplement: The classical relativistic electrodynamics
backgrounds: a charged point particle analysis

It is well known [39, 26, 49, 4] that the classical relativistic least action princi-
ple for a point charged particle � in the Minkowski space-time M 4 ' E3 � R is
formulated on a time interval Œt1; t2� � R (in the light speed units) as ıS .t/ D 0

where

S .t/ WD

�.t2/Z
�.t1/

.�m0d���hA; dxiM4/ D

s.t2/Z
s.t1/

.�m0h Px; Pxi
1=2

M4��hA; PxiM4/ds: (53)
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Here ıx.s.t1// D 0 D ıx.s.t2// are the boundary constraints, m0 2 RC is the so
called particle rest mass, the 4-vector x WD .t; r/ 2 M 4 is the particle location in
M 4; Px WD dx=ds 2 T .M 4/ is the particle Euclidean ”four-vector” velocity with
respect to a laboratory reference frame K; parameterized by means of the Minkowski
space-time parameters .s.t/; r/ 2 M 4 and related to each other by means of the
infinitesimal Lorentz interval relationship

d� WD hdx; dxi
1=2

M4 WD dsh Px; Pxi
1=2

M4 ; (54)

A 2 T �.M 4/ is an external electromagnetic 4-vector potential, satisfying the clas-
sical Maxwell equations [49, 39, 26, 27], the sign h�; �iM4 means the correspond-
ing scalar product in a finite-dimensional vector space T .M 4/ ' T �.M 4/; nota-
tions T .M 4/ and T �.M 4/ are, respectively, the tangent and cotangent spaces [2, 3,
60, 21, 32] to the Minkowski space M 4: In particular, h Px; Pxi >M4 WD .dt=ds/2 �

hdr=ds; dr=dsiE3 for any x WD .t; r/ 2M 4:

The subintegral expression in (53)

L.t/ WD �m0h Px; Pxi1=2M4 � �hA; PxiM4 (55)

is the related Lagrangian function, whose first part is proportional to the particle
world line length with respect to the proper reference frame Kr and the second part is
proportional to the pure electromagnetic particle-field interaction with respect to the
Minkowski laboratory reference frame K:Moreover, the positive rest mass parameter
m0 2 RC is introduced into (55) as an external physical ingredient, also describ-
ing the point particle with respect to the proper reference frame Kr , yet its physical
essence remains to be hidden. The electromagnetic 4-vector potential A 2 T �.M 4/

is at the same time expressed as a 4-vector, constructed and measured with respect
to the Minkowski laboratory reference frame K that looks from physical point of
view enough controversial, since the action functional (53) is forced to be extremal
with respect to the laboratory reference frame K: This, in particular, means that the
real physical motion of our charged point particle, being realized with respect to
the proper reference frame Kr ; somehow depends on an external observation data
[26, 27, 25, 40, 17] with respect to the occasionally chosen laboratory reference frame
K. This aspect was never discussed in the physical literature except of very interest-
ing reasonings by R. Feynman in [26], who argued that the relativistic expression for
the classical Lorentz force has a physical sense only with respect to the Euclidean
rest reference frame Kr variables .�; r/ 2 E4 related with the Minkowski laboratory
reference frame K parameters .t; r/ 2M 4 by means of the infinitesimal relationship

d� WD hdx; dxi
1=2

M4 D dt

q
1 � juj2; (56)

where u WD dr=dt 2 T .E3/ is the point particle velocity with respect to the reference
frame K:
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It is worth to point out here that to be correct, it would be necessary to include
still into the action functional the additional part describing the electromagnetic field
itself. But, in general, this part is not taken into account, since there is generally
assumed [15, 38, 37, 10, 61, 42, 43, 46] that the charged particle influence on the
electromagnetic field is negligible. This is true, if the particle charge value � is very
small and the support suppA � M 4 of the electromagnetic 4-vector potential is
compact. It is clear that in the case of two interacting to each other charged parti-
cles the above assumption can not be applied, as it is necessary to take into account
the relative motion of two particles and the respectively changing delay interaction
energy. This aspect of the action functional choice problem appears to be very im-
portant when one tries to analyze the related Lorentz type forces exerted by charged
particles on each other. We will return to this problem in a separate section below.

Having calculated the least action condition (53), we easily obtain from (55) the
classical relativistic dynamical equations

dP=ds WD �@L.t/=@x D ��rhA; PxiM4 ;

P WD �@L.t/=@ Px D m0 Px h Px; Pxi�1=2M4 C �A;
(57)

where by P 2 T �.M 4/ we denoted the common particle-field generalized momen-
tum of the interacting system.

Now at s D t 2 R by means of the standard infinitesimal change of variables (56)
we can easily obtain from (57), respectively, the classical Lorentz force expression

dp

dt
D �E C �u � B (58)

with the relativistic particle momentum and mass

p WD mu; m WD m0=

q
1 � juj2; (59)

the electric field E WD �@A=@t �r' and the magnetic field B WD r �A; where we
have expressed the electromagnetic 4-vector potential as A WD .'; A/ 2 T �.M 4/:

The Lorentz force (58), owing to our preceding assumption, means the force
exerted by the external electromagnetic field on our charged point particle, whose
charge � is so negligible that it does not exert the influence on the field. This fact
becomes very important if we try to make use of the Lorentz force expression (58)
for the case of two interacting to each other charged particles, since then one can not
assume that our charge � exerts negligible influence on other charged particle. Thus,
the corresponding Lorentz force between two charged particles should be suitably
altered. Nonetheless, the modern physics [14, 20, 39, 16, 18, 34, 5, 19, 35] did not
make this naturally needed Lorentz force modification and there is everywhere used
the classical expression (58). This situation was observed and analyzed concerning
the related physical aspects in [57], having shown that the electromagnetic Lorentz
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force between two moving charged particles can be modified in such a way that it
ceases to be dependent on their relative motion contrary to the classical relativistic
case.

To the regret, the least action principle approach to analyzing the Lorentz force
structure was in [57] completely ignored that gave rise to some incorrect and physi-
cally not motivated statements concerning mathematical physics backgrounds of the
modern electrodynamics. To make the problem more transparent we will analyze
it in the section below from the vacuum field theory approach recently devised in
[53, 54, 12].

4.1. Supplement: the classical relativistic invariant least action principle
physical backgrounds

Consider the least action principle (53) and observe that the extremality condition
ıS .t/ D 0, ıx.s.t1// D 0 D ıx.s.t2//, is calculated with respect to the laboratory
reference frame K; whose point particle coordinates .r; t/ 2 M 4 are parameterized
by means of an arbitrary parameter s 2 R owing to expression (54). Recalling now
the definition of the invariant proper reference frame Kr time parameter (56), we
obtain that at the critical parameter value s D � 2 R the action functional (53) on the
fixed interval Œ�1; �2� � R turns into

S .t/ D

Z �2

�1

.�m0 � �hA; PxiM4/d� (60)

under the additional constraint

h Px; Pxi
1=2

M4 D 1; (61)

where, by definition, Px WD dx=d�; � 2 R:
The expressions (60) and (61) need some comments since the corresponding to

(60) Lagrangian function

L.t/ WD �m0 � �hA; PxiM4 (62)

depends only virtually on the unobservable rest mass parameter m0 2 RC and, evi-
dently, it has no direct impact into the resulting particle dynamical equations follow-
ing from the condition ıS .t/ D 0: Nonetheless, the rest mass springs up as a suitable
Lagrangian multiplier owing to the imposed constraint (61). To demonstrate this con-
sider the extended Lagrangian function (62) in the form L.t/

�
WD �m0��hA; PxiM4�

�.h Px; Pxi
1=2

M4 � 1/; where � 2 R is a suitable Lagrangian multiplier. The resulting
Euler equations look as

Pr WD @L.t/� =@ Pr D �AC � Pr; Pt WD @L.t/� =@Pt D ��' � �Pt ;

@L.t/
�
=@� D h Px; Pxi

1=2

M4 � 1 D 0; dPr=d� D �rrhA; PriE3 � � Ptrr';

dPt=d� D �h@A=@t; PriE3 � � Pt@'=@t;
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giving rise, owing to relationship (56), to the following dynamical equations:

d
dt
.�uPt / D �E C �u � B; d

dt
.�Pt / D �hE; uiE3 ; (63)

where we denoted by E WD �@A=@t � r'; B D r � A the corresponding electric
and magnetic fields. As a simple consequence of (63) one obtains

d

dt
ln.�Pt /C

d

dt
ln

q
1 � juj2 D 0;

being equivalent for all t 2 R, owing to relationship (56), to the relationship
�Pt
p
1 � juj2 D � WD m0, where m0 2 RC is a constant, which could be inter-

preted as the rest mass of our charged point particle �: Really, the first equation of
(63) can be rewritten as dp=dt D �E C �u � B; where we denoted p WD mu,
m WD �Pt D m0=

p
1 � juj2, coinciding exactly with that of (56).

Thereby, we retrieved here all of the results obtained in the section above, mak-
ing use of the action functional (60), represented with respect to the proper reference
frame Kr under constraint (61). During these derivations, we faced with a very del-
icate inconsistency property of definition of the action functional S .t/; defined with
respect to the proper reference frame Kr ; but depending on the external electromag-
netic potential function A W M 4 ! T �.M 4/; constructed exceptionally with respect
to the laboratory reference frame K: Namely, this potential function, as a physical
observable quantity, is defined and, respectively, measurable only with respect to the
fixed laboratory reference frame K:

Thus, the corresponding Lorentz invariant action functional, in reality, should be
from the very beginning written physically correct as

S .�/ D

Z t.�2/

t.�1/

.��hA; PxiE3/dt; (64)

where Px WD dx=dt; t 2 R; being calculated on some time interval Œt .�1/; t.�2/� � R;
suitably related with the proper motion of the charged point particle � on the phys-
ically true time interval Œ�1; �2� � R with respect to the proper reference frame Kr
sticked at the point charged particle and whose charge value is assumed so negligible
that it exerts no influence on the external electromagnetic field. The problem now
arises: how to compute correctly the variation ıS .�/ D 0 of the action functional
(64)?

To reply to this question we will turn to the Feynman reasonings from [26, 27],
where he argued, when deriving the relativistic Lorentz force expression, that the real
charged particle dynamics can be physically not ambiguously determined only with
respect to the proper reference frame time parameter. Namely, Feynman wrote: “...we
calculate a growth �x for a small time interval �t: But in the other reference frame
the interval �t may correspond to changing both t 0 and x0; thereby at the change of
the only t 0 the suitable change of x will be other... Making use of the quantity d� one
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can determine a good differential operator d=d�; as it is invariant with respect to the
Lorentz reference frames transformations”. This means that if our charged particle �
moves in the Minkowski space M 4 during the time interval Œt1; t2� � R with respect
to the laboratory reference frame K; its proper real and invariant time of motion with
respect to the proper reference frame Kr will be respectively Œ�1; �2� � R:

Observation 4.1. All that above, in particular, means, having taken into account that
the measurable electromagnetic four-potential A W M 4 ! T �.M 4/ has sense only
with respect to the laboratory reference frame K with coordinates .t; r/ 2M 4, that a
physically reasonable and relativistic invariant action functional for a real charged
point particle � motion should be initially constructed by means of an expression
strongly calculated within this laboratory reference frame K and later suitably trans-
formed subject to the proper reference frame Kr with coordinates .�; r/ 2 E4:

As a corollary of the Feynman reasonings, we arrive at the necessity to rewrite
the action functional (64) as

S .�/ D

Z �2

�1

.��hA; PxiM4/d�; ıx.�1/ D 0 D ıx.�2/; (65)

where Px WD dx=d�; � 2 R; under the additional constraint

h Px; Pxi
1=2

M4 D 1; (66)

being equivalent to the infinitesimal transformation (56). Simultaneously the proper
time interval Œ�1; �2� � R is mapped on the time interval Œt1; t2� � R by means of the
infinitesimal transformation

dt D d�

q
1C jPr j2; (67)

where Pr WD dr=d�; � 2R: Thus, we can now pose the true least action problem
equivalent to (65) as ıS .�/ D 0, ır.�1/ D 0 D ır.�2/, where the functional

S .�/ D
�2R
�1

Œ� NW
p
1C jPr j2C�hA; PriE3 �d� is characterized by the Lagrangian function

L.�/ WD � NW .1 C jPr j2/1=2 C �hA; PriE3 . Here we denoted, for further convenience,
NW WD �', being the suitable vacuum field [53, 54, 55, 57] potential function. The

resulting Euler equation gives rise to the following relationships

P WD @L.�/=@ Pr D � NW Pr=
q
1C jPr j2 C �A;

dP=d� WD @L.�/=@r D �r NW
q
1C jPr j2 C �rhA; PriE3 :

(68)

Making now use once more of the infinitesimal transformation (67) and the crucial
dynamical particle mass definition [53, 55, 57] (in the light speed units) m WD � NW ,
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we can easily rewrite equations (68) with respect to the parameter t 2 R as the
classical relativistic Lorentz force:

dp=dt D �E C �u � B; (69)

where we denoted
p WD mu; u WD dr=dt; B WD r � A; E WD ���1r NW � @A=@t:

Thus, we obtained once more the relativistic Lorentz force expression (69), but strongly
different from (58), since the classical relativistic momentum expression of (59) does
not completely coincide with our modified relativistic momentum expression

p D � NW u; (70)

depending strongly on the scalar vacuum field potential function NW WM 4 ! R: Yet,
if to recall here that our action functional (65) was written under the assumption that
the particle charge value � is negligible and exerting no essential influence on the
electromagnetic field source, generated by external charged particles in rest, we can
then put the vector potentialA D 0 and make use of the before obtained in [12, 53, 57]
result, that the vacuum field potential function NW W M 4 ! R; owing to (69)-(70),
approximately satisfies as � ! 0 the dynamical equation d.� NW u/=dt D �r NW ;
whose solution will be exactly the expression

� NW D m0=

q
1 � juj2; m0 D � NW

ˇ̌
uD0

: (71)

Thereby, we have arrived, owing to (71) and (70), at the almost full coincidence of
our result (69) for the relativistic Lorentz force with that of (58) under the condition
� ! 0:

The obtained above results and inferences we will formulate as the following
proposition.

Proposition 4.2. Under the assumption of the negligible influence of a charged point
particle � on an external electromagnetic field source a true physically reasonable
relativistic invariant action functional can be given by expression (64), being equiv-
alently defined with respect to the proper reference frame Kr in the form (65),(66).
The resulting relativistic invariant Lorentz force (69) coincides in its form almost
exactly with that of (58), obtained from the classical Einstein type relativistic invari-
ant action functional (53), yet the momentum expression (70) strongly differs from
the classical expression (59), taking into account the related vacuum field potential
interaction energy impact.

As an important corollary we make the following.

Corollary 4.3. The Lorentz force expression (69) should be in due course corrected
in the case when the weak charge � influence assumption made above does not hold.
Moreover, its physically reasonable derivation should be grounded on the relativistic
invariant least action functional (65).
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Remark 4.4. Concerning the infinitesimal relationship (67) one can observe that it
reflects the Euclidean nature of the transformations R 3 t 
 � 2 R:

In spite of the results obtained above by means of two different least action prin-
ciples (53) and (65), we must claim here that the first one possesses some serious
logical controversies, which may give rise to unpredictable, unexplainable and even
nonphysical effects. Amongst these controversies we mention:

i) the definition of Lagrangian function (55) as an expression, depending on the
external and undefined rest mass parameter with respect to the rest reference
frame Kr time � 2 R; but serving as an variational integrand with respect to
the laboratory reference frame K time t 2 R;

ii) the least action condition (53) is calculated with respect to the fixed boundary
conditions at the ends of a time interval Œt1; t2� � R; thereby the resulting dy-
namics becomes strongly dependent on the chosen laboratory reference frame
K; what is, following the Feynman arguments [26, 27], physically unreason-
able;

iii) the resulting relativistic particle mass and its energy depend only on the particle
velocity in the laboratory reference frame K; not taking into account the present
vacuum field potential energy, exerting not trivial action on the particle motion;

iv) the assumption concerning the negligible influence of a charged point particle
on the external electromagnetic field source is also physically inconsistent.

Thus, we can get strongly convinced that the dual approach to formulating the rel-
ativistic least action principle for a point charged particle dynamics, strongly based
on the deep classical Amper’s and Feynman’s physical reasonings, is suitable for real
modern physics applications absolutely supporting the relativistic invariance doc-
trine. Otherwise, those classical Amper’s and Feynman’s physical reasonings make it
possible to reformulate the least action principle for a point charged particle dynam-
ics, giving rise to the modified Lorentz force expression, approved in many physical
experiments.

5. Acknowledgements

The author acknowledges with pleasure Professors Yu. Yaremko, M. Bałaszak
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