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+oo
We consider random analytic function f(z,w) = Y ¢na,2", where a,, > 0
n=0

such that ngrfoo,"/an =1, ¢, = ¢n(w) are standard complex gaussian

random variables in probability space of Steinhaus (Q,.A, P). If {a,} is
log-concave and li{n 0(1 —r)Inln M(r) = 400, then (IE(e, f) = E C
r—1—

(0,1))(¥r € (0,1)\E)

lim
r—»1-01—r

meas(EN[r,1)) =0 and In™ P{w: f(z,w) #0}) = S(r)+
+o(S(r)) (r - 1-0),

where S(r) =2 > In(a,r™).

n: a,rn>1

1 Introduction and main definitions

We consider the random analytic function

+oo
f(zw) = Z Pnanz", (1)
n=0

VIK: 517.53+4-519.213.1; MSC 2000: 30B20
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where a, > 0 such that lim {/a, = 1, ¢, = ¢,(w) are standard com-

n—-+oo
plex gaussian random variables in probability space of Steinhaus (2, A, P),

where 2 = [0, 1], A is o-algebra of measurable subsets of Q by Lebesgue
and P is Lebesgue measure on the line. The probability density function
for random variable ¢, ([1]) pg, (2) = e 1** /7, z € C.

We will use the following notations (see [2])

Ne(r)={n€Zy lna,y" > (1 —2)lnu(r)}, Npmsi(r) =

w1 (1) /N (1),

Ny(r) = #No (1), Nopms1(r) = #Nnsa (1),

Ni(r) = #Ni(r) = #{n € Z, : In(a,r™) > 0}, po(r) =
=In" P{w: f(z,w) # 0 for |z| <r}),

S(r)zln( H anr" )—2 Z In(a,r™)

neN (r) n€N1 (r)

where #F means the quantity of elements of the set E.

We called, that sequence {a,} is log-concave, if Ja(t) € C*(0, +o0) such
that a(n) = a, and Ina(t) is concave.

For random entire functions A. Nishry ([2]) has proved, that py(r) =
S(r) + o(S(r)), r = +oo (r ¢ E, [,dr/r < +00), when {a,} is log-
concave. We will prove analogues of this statement for random analytic
functions in the unit disc.

Also we assume, that ag = 1. (If ag # 1, then we will consider the
function f(z,w)/ag. In the case when ay = 0, P({w: f(z,w) # 0 for |z| <
r}) =0).

Denote by L the class of positive increasing to +oo functions on [0, +00).
Let Ly be the class of nonnegative nonincreasing on [0, +00) functions v

such that .
/ h _dv(y) < 400
0 Yy

+o00o
We denote the class functions f(z) = Z a,z" with radii of convergence
R(f) =1, such that (Irg € (0,1)) (Vr > ro) (3b>0): v(r) > ®1(b/(1—7))
for ®; € L by Sik(q)l)
The following statement is a consequence of the theorem proved in [3].



The probability of absence zeros in the disc 337

Theorem 1. ([3]) Ifv € Ly, f € S{(P1) and

D1 (t) +ood ( )
) t v(x
LN / (/ ) du =0,
0 u

then (3E € (0,1)) (Vr € (0,1)\E) (Vn > v(r))
|an|r™ < u(r) exp(— /n n- tdv(t)),

s, t

where E is the set of zero density, that is (here meas is Lebesgue’s measure
on the line)

DE = lim

im o TmeaS(E N[r, 1)) =0.

Lemma 1. (Ve > 0) (3E C (0,1)) (Vr € (0,1)\E)

pw(r) (o p(r) 1 \2te 1 p(r) | qpe p(r)
M(r) < 1—r<1n1—r1n1—r> , v(r) < 1—r1n1—rln2 T—r and

/ dr

< +00.
1—7r
E

Denote by In, z the k-th iteration of the logarithm, and let E; be the
set of finite logarithmic measure; denote by E the set for which DFE = 0.

Lemma 2. Let f(z), g(x) be positive increasing functions, f € C*(0,1),
g € C(0,+00), +Oo C(lt) +o0 and 3ty € (0,1): f(ty) > 1. Then outside
the set of finite ]ogarwhmw measure E C (to, 1): (1—=1)f'(t) < (f(t))

Proof of the lemma 1. Let f(r) = In4. Since r(lnp(r) + In L),
v(r) + =, we will get by lemma 2 that 1—7’ df(r) < g(f(r)), 1—( ( )+

—) < g(ln ) that is v(r) < (g (ln ) 1) < =g(In¥ ) It

remains to choose g(z) = zIn'*e 1. O

Function h(t) = Ina(t) + tInr is concave, because the function a(t) is
log-concave. Let N'(r) be a larger root of the equation h(t) = 0.
If the line satisfies the following equation

In pu(r) )
N{(T) . I/(’I“) (Nl( ) t)v

then y(v(r)) = Inu(r), y(N;(r)) = 0. Since h(t) is concave, we have (V¢ >
Ni(r)) h(t) <y(t). Also (N1(r) —2)Inpu(r) < S(r) < 2Ny(r)In pu(r).

y(t) =
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Lemma 3. If x > 1, then N,(r) < xNy(r) + 1.

Proof. Since h(t) < y(t) for t > Nj(r) we get

X(Ni(r)—n) > (1—x) lnu(r)} = #{n: m
> (1-2)},
therefore Ni(r) —n > (1 —x)(N{(r) —v(r)); n < Ni(r) — (1 —z)(N{(r) —
v(r)),

N(r) < N{(r)+ (x — D)(N{(r) —v(r) + 1=aN{(r) — (z — Dv(r) + 1<

(Ni(r) =n) =

< &Nj(r)+1<aN;(r) + 1.
[l

Remark 1. Ny mi1(r) < Nypyi (1) = N (1) < (mA+1)Ni(r) +1—Ny(r) =
mNy(r) + 1.

Lemma 4. If
lim (1 —7r)Inln M(r) = 400, (%)

r—1-0

then (Ve > 0) (3E(e, f) = E C (0,1)) (Vr € (0,1)\F)
Ni(r) < Inp(r) Iy u(r) and DE = 0.

Proof. Notice that using lemma 2 1/(1 —r) = o(Inlnu(r)) asr — 1 -0
we obtain v(r) < Inpu(r) In3 ™ u(r). Since p(r) — +oo i v(r) = r& Inpu(r),

we have (Vr > r; > rg) (3C > 0)

V(L;)dt <

() =l lro) = [

o ) —nplrg)  Clnp(r)
— Inr—Inrg — —=Inry
Therefore, (3r; € (0,1))(3C; > 0)(Vr > rq)

<v(r)(Inr —lnry), v(r)

Cilnp(r) < v(r) < Inp(r) Iny™ u(r). (2)
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We choose ®1(t) = Cilnu(l —1/t) € L [@1(1/(1 —r)) = Cylnp(r)]

when t > to, f € S§(P1), because lim Cllflgiz(T) > 1. Taking into account
r—1-0

lim (1 —7)Ing M(r) = 400 or lim (1 —r)lny pu(r) = o0,

r—1-0 r—1-0

i - 1y — im 2% _
Wegetrggrio(l 7)(In @1 (=) —InCh) = +o0, tginoo - +00.

We may put

X
fh‘f—jt, if x > e?;
v(x) = Qe

0, if 0 <2 <eée’

It’s obvious, that v € Ly and providing theorem 1 ®(t) = t®y(t), we
have

, t Y +Oodv(:zc) _ t 7 +Oodv(x)
tggéo (1) 0/ (/ x )du - tkgéo Dy (1) [0/</ T )du—l—
s +Oodv(x) T _ t T dx
+ / (/T)du :tBeroo Dy (1) /</ xanx)ahH_
e? u 0 e2
e dx T t 7 1 \|*ee
* / (/ xln%)du_ =S m /(‘E) o 2t
e <I>1(t;tdu t o re? <I>1(zt)(lnu —1)du
+2/R}§2t£+ooq> )[ +2/T]:
2
_Qtil?éocpf()[zl 1n<1>(() %} =3 hm oem =

Outside the set E of finite logarithmic measure using the theorem 1 we
will obtain

n—=t dt "odt

+
tn?t ), Int

<

lnanrnglnu(r)—/y du(t) = ln,u(r)—n/yn

Inn
d 1 1
gln,u(r)—n/ “ 4 Z zlnu(r)—n< - >—|—IZ.
1

hy 22 Infv Inv Inn n v
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Now we put n = [C7'v(r) In® v(r)], where C} is constant from inequality
(2). Then (Ir; € (0,1)) (Vr € (r1, 1)\ E)

n 1 9 2Inyv(r) — InCYy
Inanr™ < Inp(r) = € (V(T) In V(T)ln v(r)(Inv(r) +2Ing v(r) — InCh)

—V(T)) <Inu(r)—Cotwr)Ingv(r) —v(r)) <lnu(r) — C;lv(r) < 0.

1
So,

Ni(r) < Colv(r)Inv(r) < C7 i p(r) Iny ™ pu(r) x

xllng p(r) + (24 &) Ing p(r)” < I p(r) x I (1),

Also we need lower bound for Ny(r).

Lemma 5. If condition (*) holds, then (3ry € (0,1))(Vr > r1) Ni(r) >
v(r) > Cylnp(r).

2 Upper bound for py(r)

If a is standard gaussian random variable, then

1 2 12 e
P(la] > ) = —// e v as = —/ / te™t dtdf =
™ lw|>A ™ Jo t

+oo
= / e~tdt = exp(—\?),
A

2

4
P(]al S)\)zl—e"\Qz)\Q—%qL...E A/2, N as A< 1. (3)

Theorem 2. If condition (*) holds, then (3C > 0)(Vr € (0,1)\E)

po(r) < S(r) + CNy(r)In Ny(r).
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We will use the following events

e P \/N1 (1) +9vMi() }
{ , ne N1 }
o )}

0 = {w: ou(w)| <

(anr )
Nl(T)

| (w |<N12( ), n € Nio(r)
()ml

| (w)] <
QW =

n € Npmi1(r), m

Lemma 6. Q, C {w: (Vz € rD): f(z,w) # 0}.

Proof. To see that f(z,w) has no zeros inside rD, we note that

400
|f(Z7w)| 2 |¢0| - Z |¢n|anrn
n=1

Z |¢n|anr < Z 1/2: Nl(T).

neN (r)\{0} neNi(r)
“+oo
> lonlowr =3[ 37 lonlour] <
n¢Ni(r) m=1 neNpm, m+1(r)

+001

<Z[ Z N1 (7 m_Q]:ZﬁSZ.

m=1 neNm,m+1(r) m=1

From (4) we obtain

|f(z,w)| > \/N1<r) + 9Ny (r) = /Ny (r) —2 >

9

9
> —2>—
19 VR 1 L+ V10

—2>0.

341
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Proof of the theorem 3. P(O\") = exp(—Ny(r) — 9/Ni(r)). Since
a,r™ > 1 when n € Ni(r), we get

DY — axp(— _ @) >
POY) = exp(-Ni(r) ~ 90V M), PO > T s>
neN1(r)\{0}

> < H L )<2Ni(r>>1\h(r) > exp(—S(r) — CNy(r) In Ny(r)).

n)2
neNi(r) (Cl,nT' )

1 Ni,2(r)
P(OQ®) > <—)
( r )— 2N172(7“)2

> exp(—C'Nyo(r) In Ny o(r)) > exp(—CNy(r) In Nq(r)),

POW) =1 - exp<—%>.

m,m+1

Using inequality P({w: Vn: |¢p(w)| < A,}) = 1-P{w: IN: |¢p(w)| >
A D) > 1 =372 P({w: |¢a(w)] > A,}) we obtain for 7 > 7y

i pu(r)?m=1
POW) >1— Z A — exp(——) >
m=2

N (r)m?
oo 2m—2
3 p(r)
Z 1—CN1(T) mexp(—W> Z
m=2 L
+oo 2m—3
p(r)
>1—-CN —_— ) >
CNi(r) Y mep( -5 2

>1—CNi(r)exp(—Inpu(r)) =1 —exp(—=Cu(r) + CyIn Ny(r)) >
> 1 —exp(=Cp(r)).

Therefore, P(Qq(fl)) > 1 —exp(—Cu(r)).
Since ¢,, are independent, events {Qg)}f:l are also independent.

P(Q) = PAM)P(QP) P ) P(QY) > exp(=S(r) = CNy(r) In Ny(r)).
O

3 Lower bound for py(r)

+oo
Now we denote M(r) = > a,r", M(r,w) = max|f(z,w)]|.
n=0

|z|<r
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Lemma 7. If 0 <6 <1/2, then (3E; € (0,1)) (Vr € (0,1)\E1) (3C > 0)

lnP<{w: % >1 +(5}> < —Cu(r)®.

Proof. We consider 2 = QY NP, where QP = {w: |pp(w)| < p(r),
n € Nao(r)}. Then P({w: |p(w)| > po(r)}) = exp(—p®(r)). By lemma

6 we obtain P(Q,(fl)) > 1 —exp(=Cpu(r)). So, P(£2¥) < exp(—Cu(r)) +
Ny(r) exp(—u®(r)) < exp(—Cu*(r)). Now we remark that

+oo
@) £ 3 oalaw™ + 3 Ialan™ < 10(0) Y aur” +2 =
n=0

neNa(r) neNs(r)

=’ (r)M(r) +2 < M*™(r).

Lemma 8 ([2]). n P({w: InM(r,w) <0}) < =5(r).

We use the following notations 6(r) = Ny(r)"* € (0,1), a >0, k(r) =
1—0(r).
Denote by P(z, z;) Poisson kernel for the unit disc

|2]* = |z r? — k*(r)r?
|z — 2;|? 12— 2k(r)r2cos(f — ¢) + k2(r)r?’

where z = re, {zj}jy:lér)fl € krT, z; = k(r)r exp(]\zﬂi)) = k(r)re'? {j €
L., Ny(r)}.

Formulation of the following lemma we find in [2]. We produce it with
complete proof, having corrected some inaccuracies in its proof in [2].

Lemma 9. (3E; € (0,1)) (Vr € (0,1)\Ey)

o Ni(r)—-1 2T
P<{w:N1(r) jzo ln|f(zj,w)|:/0 In|f(z,w)|d0+

C(r)

—i—Wlnu(r), where |5(r)\ < 1007r}> > 1 — 2exp(=S(k(r)r)).
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Proof. We suppose that f(z,w) has no zeros in . Then In|f(z,w)| is a

TPz, 2) In | f(z,w)|d6.

harmonic function in rD and In |f(zj, w)| = % 0

Ni(r)—1

P(z,zj)> In|f(z,w)|df =

9 Ni(r)—1

ool
Wi X = (e

:/02W1n|f(z,w)|d9+/02ﬂ<%(r) Z p(zvzj)_1> In|f(z,w)|db.

Last expression can be estimated by

‘/02ﬂ<N11(T) Ni—lm’zﬂ ~ 1) In|f(zw)l0| <

3w

Ny

—~

1
Ni(r)

< max
zerT

21
Pe)=1] [ InlfC)las

J=0

Now we put z = re?®, w = k(r)re®” and fo% P(z,w)dp = 1. Then we
split the circle k7T into a union of Ny(r) disjoint arcs I; of equal angular
measure (/;) = 2w /Ny(r) centred at the z;’s.

o Ni(r)—1 Ni(r)—1
=g O Pzt Y [ (Plaw) - Ps)de.
L =0 j=0 1
e e S e e EA1
P — P(z,2)| = _ _
‘ (Z,’IU) (27’2])’ ’z_w‘Q |Z—Zj’2
1 1
— 52 2 . —
R [P pil
— — Az — 2] — |2 — Ay - |z —
_ppyellmaltle— ol lle— sl = wll gy pdrln—ul
|2 — w]?|z — zj] (2] = |wl)
2rr 1 8
< 4r38%(r) - = .
S AP N T RN
Ni(r)—1
4 1 4
_ < Plzz)—1< —— . 5
Fonm S wme 2 TEY T SmeEg O

Using lemma 8, we may suppose that there is a point a € k7T In | f(a, w)|
> 0 (discarding an exceptional event of probability at most exp(—S(kr))).
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Then

0< /0 TFP(Z,CL) In|f(z,w)|dd = /0 WP(z,a)(anr |f(z,w)| = In" [f(z,w)|)db,

/Qﬂ P(za) I |f(2w)]do < /Qﬂ Pz, a) In* |f (2, w)|db.
0 0

For |z| = r i |a| = kr we have

5(r) _ 1= (1= 8(r))
2~ 1+ (1-6(r)

By lemma 7 with probability at least 1—exp(—C'u(r)), we get In M(r) <
1.5In M(r), 0% In" | f(z,w)|dd < 3mIn M(r).

/27f P(z,a)In™ |f(z,w)|dd < /27r P(z,a)In™ |f(z,w)|dd <
0 0

2 [ 6
SW/O ()| df < 75 M (),

o 127 Mo
/0 In”™ [ f(z,w)|df < 52(r) In M (r), max N ]Z:; P(z,2) — 1| <

<4
— () MNa(r)’

2
/ In* | f(z,w)|df < 3mIn M(r),
0

167
6%(r)

/Qﬂ\ln\f(z,w)\\deg (12—7T—|—37r) InM(r) < In M (r).
0

0%(r)

Using theorem 1 with A(r) = (1 — r)~! from [4], classical Wiman’s
inequality holds by condition (*), that is (Vr € (0,1)\Ey): InM(r) <
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I pu(r) + (5 + ) g pu(r) < G Inpu(r).

‘(Nll(r) Z P(z,2) - /|1n!fzw||d0

4 167 1007
< Fmm 570 MO < g )

o 1007
/0 ln\f(z,w)\dQ — WIHM(T) S
o NN 2 1007
S O IS [ e g )

With probability at least 1 — 2exp(—S(k(r)r)) (Vr € (0,1)\E})

Nl(’r‘) 1 6(7”)

Z In|f (2, |_/ (2.8 + G5 s (),

where |C(r)| < 1007 O

(o.9]
Since f(z,w) = ) ¢na,z", then covariance matrix ¥ = (¥, ;) of ran-

dom vector {f(z1), n:,Of(Zn)}

S Covl(f(zw), S50 [(Z%an )Z%an ] =

ij
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We denote for (r ¢ Ej) the following events (§; = f(z;))

Ni(r)

= {5 e CV: ™™ H &5 < exp(2N,(7) Ing p(r) 4+ 10076~ *(r) In ,u(r))},

o Nl(r)fl 2
B = {w: N (r) 2 In|f(z;,w)] —/ In|f(z,w)|dO+
C(r) 5
+Wln,u(r), where |C(r)| < 1007r}.

Lemma 10. (35, € (0,1))(r ¢ E)) ({w / In| f(z,w)|df <2Ing u(r )})
< P(A") + P(B).

Proof. We may consider A’ = {¢ € CV: 2" H;V:lir) &;] > exp(2N;(r)x
Ing () + 100m3 () xhnp(r))}. B = {€ € C: e [ 6] =

exp (N (r f1n|f z,w)|d8 + C(r)6~*(r) In u(r)), where |C(r)] < 1007}
Then

27

ANB= {f e CV: exp(Nl(r) /ln |f(z,w)|dO + C(r)6~(r) ln,u(r)> >

> exp(2N;(r) Ing p(r) + 10076~ *(r) In u(r))}

So, the event {w: fOQﬂ In|f(z,w)|dd > 2Ing u(r)} € A’ N B. Then

P({w: /02W1n]f(z,w)]d9 < 21n2u(r)}> < PA'NB) =
=PA UB) < P(A)+P(B) < P(A) +

Lemma 11 ([2]). Let ¥ be covariance matriz (6), then In(det X) > S(kr).
For (r ¢ E}) we denote by A the following event

A={eeCV: e Ai|g < M*(r),0<j< N -1},
I =7 Nvolgn(A) = 7TN/ av.
A

We will use the following lemma from [6].
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Lemma 12 ([6]). If s > 0, t > 0, N € N": In(t"/s) > N and Cy =
Cn(t,s) ={r=(r1,...rn): 0 <r; <t, H;V:1 r; < s}, then

volgn (Cy) < i ' In™ (" /).

(N—=1)
Lemma 13. (Vr € (0,1)\E}) and §*(r) = o(Ny(r)) (r — 1 —0)
In I < 7Ny (r) Ing pu(r) + 10076~ (r) In u(r).

Proof. Suppose now that in lemma 12 N = Ny(r), s = exp(2N Ing pu(r) +
100md~*(r) Inp(r)), t = M?(r). We want to translate the integral I into
an integral in R", using the change of variables § = r; cos 0; + ir; sin 0;.

cosf; —rysinb, 0 0
sinf); rycosb; 0 0 . N
detJ=1| O 0 cosly —rysinfy ...| = HTJ"
0 0 sinfy 19 coS s j=1

N N N
I'= 7TN/ d@/Hrjdr = 7N 2m)N / Hrjdr = / Hrjdr,
D Jei i Ci

where D = [0,27]Y, C={r=(r;,...,7n): 0<1; < t,Hj.Vzl r; < s}

Therefore I’ < 2V - s - volgn (Cy). We check the following condition
In(t" /s) > N, that is 2Ny (r) In M (r) — 2Ny (1) Ing p(r) — 100754 (r) In pu(7)
> Ny(r), which is satisfied when r > ry and §74(r) = o(Ny(r)) (r — 1-0).
Thus, using lemma 12 we get

N tN S2€2N tN
/ N N N o
e L

=exp(2lns+2N — NInN + N(Ingt +In N) — Nlny s) =
=exp(2lns +2N + Nlnyt — Nlny s).
Inl"<2lns+ 2N+ Nlngt — Nlng s < 4N (r) Ing p(r)+
+100m8 4 (r) In pu(r) + 2N, (r) + Ni(r) Ing (1) —
— Ny (r) In[2Ny (r) Ing p(r) + 100w6~*(r) In pu(r)] <
< TNy (r) Ing pu(r) 4 10076 (r) In pu(r).
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Lemma 14. (3E, C (0,1)) (Vr € (0,1)\E;) (3C > 0) (6~*(r) = o(Ny(r))
(r—1-0))

P(ANA) < exp(~Clnp(r), P(A) <
< exp(—S(kr) + TNy (r) Ing u(r) + 100764 (7) In pu(7)).

Proof. From lemma 7 implies the first inequality P(A\A) = P({¢: |¢] <
M2 (r)}) = P({w: [f(z,w)] < M*(r)}) < P({w: M(r,w) < M?(r)}) <
exp(—C'ln u(r)).

Since covariance matrix is positive definite, then inverse matrix X! is
also positive definite, that is V€ € RY: — IS¢ > 0.

. 1 _ VOlcN (A)
P) = [ o e(—eTs g0y < ) <
< exp(=S(kr) + TNy (r) Ing u(r) + 100764 (r) In pu(7)).

]

Theorem 3. If condition (*) holds, then (Vr € (0, 1)\E)(6~*(r)=0(Ny(r))
(r—1-0))

po(r) > S(k(r)r) — TN (r) Ing p(r) — 10076 () In (7).

Proof. We may suppose that f(z,w) has no zeros in . Then function
In|f(z,w)| is harmonic in rD. Thus

/0Wln|f(z,w)|d9zln\f((),w)].
P({w: In|f(0,w)] > 2Iny pu(r)}) = P({w: |¢o(w)] > In® pu(r)}) =
— exp(—In* u(r).

Let G = {w: 027r1n|f(z,w)|d9 < 2Ing pu(r)}, Go = A{w: In|f(0,w)| >
21ny pu(r)}, then G1NGy = {w: In | f(0,w)] < 2Ing pu(r) < [ In| (2, w)|d6}.
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So,
pol(r) = P({w: /O% In |f(z,w)|d8 = In |f(0,w)|}> < P(GY) + P(Gy) =
— P({w: In|f(0,w)] > 2Ing u(r)}) + P({w: /0% In|f(z,w)|do <

< 21In, u(?“)}) < exp(—In* u(r)) + P(A') + P(B) =

— exp(—In* (1)) + P(A) + PANA) + P(B) < expl— In* u(r))+
+exp(—S(k(r)r) + TNy (r) Ing p(r) 4+ 10076~ *(r) In pu(r))+
+exp(—Inpu(r)) + 2exp(=S(k(r)r)).

Therefore py(r) > S(k(r)r) — TNy (r) Ing p(r) — 1005 ~4(r) In pu(r)). O

4 Main result
Theorem 4. If {a,} is log-concave and E{I}O(l —r)lnln M(r) = +o0,
then (Ve > 0) (3Eu(, f) = B € (0,1)) (Vr € (0, 1)\ Ey)

DE; =0 and po(r) = S(r) +o(S(r)) (r —1-0),

or

S(r) — S910(r) In'8/5+e S(r) < po(r )+ \/_ln?’Jr6 S(r

Proof. At first we will estimate Ny (r)In Ni(r). S(r) < In? u(r)Ing™e p(r)
< In? u(r)x x In**€ S(r). Then \/S(r) < In p(r) In* /2 S(r).

Ni(r) <2 5(r) VS RV < VS (r) >/ 8§

= lnp(r) lnu

In Ny (r) <InS(r) = Ni(r)In Ny(r) < /S(r)In**/% 8 (8)

Now we will investigate the function S ( ). We remark that S(r) =
2> nemy(Ina, +ninr). Then S(r) is continuous in (0,1). Let {r,} be
points where S’(r) doesn’t exist. (Vk € N) (r # r,)(¥Vr > 19)

2
S'(r) =2 o2 n) = O(N2(r)) if r — 1 — 0,
ne%r) " "o <n€;1(r) ) 1

(7)
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S'ry=-2 Y % <0.

neNi(r)
If we denote Ay, = S (1) — S_(r%) = Ni(rx)/7k, then for r > r;

S(r) = Sk < (Sh+ X A k() <

neN1(r)\W1(k(r)r)

< (S’(k’(r)r) + 1 Z Nl(r)>(r —k(r)r) <

"1 e N ()M (k(r)r)
< C(NP(k(r)r) 4+ NE(r) (r = k(r)r) < CNE(r)é(r)r < Co(r) N7 (r).

Therefore, S(r') > S(r) — C5(r)Ni(r). From theorem 4 we get
po(r) > S(r) — CS(r)NE(r) — TNy (r) Ing pu(r) — 10076 (r) In (7).
If we choose 6(r) = Ny(r)~/°, then

po(r) = 5(r) = CiNYP (1) = CoNi 2 () Ina(r) > S(r) = ONYP (1),
Using inequalities (7) and (8) we obtain

S(r) — 5’9/10(7“) In'8/5+e S(r) < po(r) < S(r) ++/S(r) In*e S(r). .
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+o00o
Mu posristremo BuniaikoBi anamitudni GyHKIG f(2,w) = > dpa,2™,
n=0

e a, > 0 raxi, mo lim /a, = 1, ¢, = ¢,(w) — KoMIIEKCHI TaycoBi
n—-+4o0o

BUIIAJIKOBI BeJIMIMHNU 3aj1aHi Ha fiMoBipHicHOMY mpoctopi [Ilteiinrayca (€2,
A, P). dxmo {a,} — morapudmiuno ssirmyra i lil{nO(l —r)lnln M(r) =
r—1—

+oo, Tomi (FE(e, f) = E C (0,1))(Vr € (0,1)\E)

rg_lrrio - Tmeas(Eﬂ[r, 1)=01iIn" P{{w: f(z,w) #0}) = S(r)+o(S(r))
(r—1-0),1e S(r)=2 > In(a,r™).

n: apr*>1





