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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà
âóë. Óíiâåðñèòåòñüêà 1, Ëüâiâ 79602

Ðåäàêöiÿ îòðèìàëà ñòàòòþ 20 ëþòîãî 2004 ð.

Îòðèìàíî óìîâè ñòiéêîñòi ìàêñèìàëüíîãî ÷ëåíà öiëîãî ðÿäó
Äiðiõëå.

1. Âñòóï. ×åðåç D(λ) ïîçíà÷èìî êëàñ àáñîëþòíî çáiæíèõ â C ðÿäiâ
Äiðiõëå

F (z) =
+∞∑

n=0

anezλn , (1)

λ = (λn) � ôiêñîâàíà ïîñëiäîâíiñòü, òàêà ùî 0 = λ0 < λn ↑ +∞ (n →
+∞). Äëÿ x ∈ R i F ∈ D(λ) âèçíà÷èìî µ(x, F ) = max{|an|exλn : n ≥ 0} �
ìàêñèìàëüíèé ÷ëåí ðÿäó (1). Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi êîìïëåêñíèõ
÷èñåë (bn), bn 6= 0 (n ≥ 0), ðîçãëÿíåìî ðÿäè

B(z) =
+∞∑

n=0

anbnezλn , B−(z) =
+∞∑

n=0

anb−1
n ezλn .

ßêùî ñïðàâäæó¹òüñÿ óìîâà

lim sup
n→+∞

ln(|bn|+ |b−1
n |)

λn
< +∞, (2)

òî, î÷åâèäíî, ùî îäíî÷àñíî F ∈ D(λ), B ∈ D(λ), B− ∈ D(λ).
Íåõàé L− êëàñ òàêèõ äîäàòíèõ íåïåðåðâíèõ íà [0;+∞) ôóíêöié l, ùî

l(x) ↑ +∞ (x → +∞). ×åðåç W ïîçíà÷èìî êëàñ òàêèõ ôóíêöié w ∈ L,
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ùî
+∞∫
1

x−2w(x)dx < +∞. Äëÿ ôiêñîâàíî¨ ôóíêöi¨ Φ ∈ L ÷åðåç L(Φ)

ïîçíà÷èìî êëàñ òàêèõ äîäàòíèõ íåñïàäíèõ íà [0;+∞) ôóíêöié ψ, ùî

(∀b > 0) : lim
t→+∞

1
t

bΦ(t)∫

0

dψ(u)
u

= 0.

Äëÿ ôóíêöi¨ F ∈ D(λ) ¨¨ ìàêñèìàëüíèé ÷ëåí µ(x, F ) íàçèâà¹òüñÿ ñòié-
êèì (äèâ. [1]), ÿêùî çà óìîâè (2) ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè
ñêií÷åííî¨ ìiðè Ëåáåãà îäíî÷àñíî âèêîíóþòüñÿ ñïiââiäíîøåííÿ

lnµ(x, F ) = (1 + o(1)) lnµ(x,B) = (1 + o(1)) lnµ(x, B−). (3)

Ó ñòàòòi [1] äîâåäåíî, ùî çà óìîâè

ln n = O(lnλn) (n → +∞), (4)

äëÿ òîãî, ùîá äëÿ êîæíîãî ðÿäó Äiðiõëå F ∈ D(λ) éîãî ìàêñèìàëüíèé
÷ëåí µ(x, F ) áóâ ñòiéêèì, íåîáõiäíî i äîñèòü, ùîá iñíóâàëà ôóíêöiÿ w ∈
W , äëÿ ÿêî¨

(∃n0) (∀n ≥ n0) : ln(|bn|+ |bn|−1) ≤ w(λn). (5)

Ó ñòàòòi [1] âêàçàíî òàêîæ çàñòîñóâàííÿ öüîãî òâåðäæåííÿ äî äîñëi-
äæåííÿ çðîñòàííÿ öiëèõ ðÿäiâ Äiðiõëå íà êðèâèõ.

Ó ñòàòòi [4] çíàéäåíî íåîáõiäíi i äîñòàòíi óìîâè ñòiéêîñòi µ(x, F ) áåç
àïðiîðíîãî îáìåæåííÿ (4) íà ïîêàçíèêè. Äëÿ w ∈ L îçíà÷èìî

Bw(z) =
+∞∑

n=0

anew(λn)+zλn , B−
w (z) =

+∞∑

n=0

ane−w(λn)+zλn .

Çðîçóìiëî, ùî iç Bw ∈ D(λ) âèïëèâà¹ {F,B−
w} ⊂ D(λ), à çà óìîâè (5) i

{B, B−} ⊂ D(λ), òà äëÿ äîñèòü âåëèêèõ x
µ(x,B−

w ) ≤ µ(x,B) ≤ µ(x,Bw), µ(x,B−
w ) ≤ µ(x,B−) ≤ µ(x, Bw),

µ(x,B−
w ) ≤ µ(x, F ) ≤ µ(x,Bw).

Òîìó äëÿ w ∈ L, ó âèïàäêó ñïðàâåäëèâîñòi óìîâ (5), ñïiââiäíîøåííÿ
(3) âèïëèâàþòü iç ñïiââiäíîøåíü

lnµ(x, F ) = (1 + o(1)) lnµ(x,Bw) = (1 + o(1)) lnµ(x, B−
w ). (6)

Ó [4] äîâåäåíî íàñòóïíó òåîðåìó.
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Òåîðåìà À [4]. Íåõàé w ∈ L, B2w ∈ D(λ). ßêùî âèêîíó¹òüñÿ óìîâà
(5) i, êðiì òîãî,

+∞∫

0

d ln ν(t)
t

< +∞, ν(t) =

t∫

0

ew(x)dn(x), (7)

äå n(x) =
∑

λn≤x

1− ëi÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi λ = (λn), òî ìàêñè-

ìàëüíèé ÷ëåí µ(x, F ) ¹ ñòiéêèì.
Ó [4] òàêîæ äîâåäåíî, ùî óìîâà (7) ¹ é íåîáõiäíîþ äëÿ ñòiéêîñòi

ìàêñèìàëüíîãî ÷ëåíà µ(x, F ), à òàêîæ, ùî ç óìîâè

+∞∑

n=1

1
nλn

< +∞ (8)

i òîãî, ùî w ∈ W , âèïëèâà¹ ñòiéêiñòü µ(x, F ). Âiäçíà÷èìî, ùî óìîâà (8)
çíà÷íî ñëàáøà, íiæ óìîâà (4).

Ó öié ñòàòòi ââåäåìî i äîñëiäèìî ïîíÿòòÿ ïîñèëåíî¨ i îñëàáëåíî¨ ñòié-
êîñòi µ(x, F ).

Äëÿ ôóíêöi¨ F ∈ D(λ) ìàêñèìàëüíèé ÷ëåí µ(x, F ) íàçèâàòèìåìî ïî-
ñèëåíî ñòiéêèì i âiäïîâiäíî îñëàáëåíî ñòiéêèì, ÿêùî ñïiââiäíîøåííÿ
(6) âèêîíóþòüñÿ ïðè x → +∞ i âiäïîâiäíî ïðè x → +∞ çîâíi äåÿêî¨
ìíîæèíè E ⊂ [0;+∞) íóëüîâî¨ ëiíiéíî¨ ùiëüíîñòi

DE = lim sup
x→+∞

meas(E ∩ [0, x])
x

= 0,

äå measE− ìiðà Ëåáåãà âèìiðíî¨ ìíîæèíè E íà ïðÿìié.
Äëÿ ôóíêöi¨ ψ ∈ L ÷åðåç Dψ(λ) ïîçíà÷èìî êëàñ òàêèõ ôóíêöié F ∈

D(λ), ùî
|an| ≤ exp{−λnψ(λn)} (n ≥ n0),

à äëÿ ôóíêöi¨ Φ ∈ L ÷åðåç D(λ,Φ) ïîçíà÷èìî êëàñ òàêèõ ôóíêöié, äëÿ
ÿêèõ

lnM0(x, F ) ≤ xΦ(x) = Φ0(x) (x ≥ x0),

äå M0(x, F ) =
+∞∑
n=0

|an|exλn . Ó âèïàäêó, êîëè Φ0 ìà¹ íåïåðåðâíó ïîõiäíó,
ÿêà çðîñòà¹ äî +∞ íà [x0; +∞), âiäîìî (äèâ. [6, ñ. 18]), ùî íåðiâíiñòü
ln µ(x, F ) ≤ Φ0(x) âèêîíó¹òüñÿ äëÿ âñiõ x ≥ x0 òîäi i ëèøå òîäi, êîëè
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ln |an| ≤ −λnψ(λn) (n ≥ n0), äå ψ(t) = ΨΦ(ϕ1(t)), ΨΦ(t) = t − Φ0(t)

Φ
′
0(t)

, à
ôóíêöiÿ ϕ1 ¹ îáåðíåíîþ äî ôóíêöi¨ Φ

′
0.

Äîâåäåìî íàñòóïíi òåîðåìè.

Òåîðåìà 1. Íåõàé ψ ∈ L, w ∈ L, Bw ∈ Dψ(λ), ν(t) =
t∫
0

ew(x)dn(x).
ßêùî âèêîíó¹òüñÿ óìîâà

ln ν(t) = O(ψ(t)) (t → +∞), (9)

òî µ(x, F )− ïîñèëåíî ñòiéêèé.

Òåîðåìà 2. Íåõàé Φ ∈ L, w ∈ L, Bw ∈ D(λ,Φ), ν(t) =
t∫
0

ew(x)dn(x).

ßêùî ln ν ∈ L(Φ), òî µ(x, F )− îñëàáëåíî ñòiéêèé.

Äëÿ äîâåäåííÿ òåîðåì ðîçãëÿíåìî, ÿê i â [4], äîäàòíi çáiæíi äëÿ âñiõ
x ≥ 0 iíòåãðàëè

I(x) =

+∞∫

0

f(t)etxv(dt), (10)

äå v− çëi÷åííî-àäèòèâíà ìiðà íà [0;+∞) ç íåîáìåæåíèì íîñi¹ì, f(t) > 0
(t ∈ supp v). Äëÿ x ≥ 0 âèçíà÷èìî µ∗(x) = sup{f(t)etx : t ∈ supp v}.

Òåîðåìè 1 i 2 îòðèìà¹ìî ç íàñòóïíèõ òåîðåì.

Òåîðåìà 3∗. Íåõàé ψ ∈ L i ôóíêöiÿ I ìà¹ âèãëÿä (10). ßêùî âèêî-
íóþòüñÿ óìîâè

f(t) ≤ exp{−tψ(t)} (t ≥ t0), (11)

ln v([0; t]) = O(ψ(t)) (t → +∞), (12)

òî ïðè x → +∞
ln I(x) ≤ (1 + o(1)) lnµ∗(x). (13)

Òåîðåìà 4. Íåõàé ôóíêöiÿ I ìà¹ âèãëÿä (10) i íåõàé Φ ∈ L. ßêùî
âèêîíóþòüñÿ óìîâè v0 ∈ L(Φ) ç v0(t) = v([0; t]) i ln I(x) ≤ xΦ(x) (x ≥
x0), òî ñïiââiäíîøåííÿ (13) ñïðàâäæó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨
ìíîæèíè E, DE = 0.

Òåîðåìó 4 îòðèìàíî ïî ñóòi â [2, c. 223�233] (äèâ. òàêîæ [3, c. 135],
çâiäêè òàêîæ ìîæíà îòðèìàòè ïîäiáíå òâåðäæåííÿ).
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2. Äîâåäåííÿ òåîðåìè 3∗. Íåõàé v0(t) = v([0; t]), t ≥ 0. Âiäçíà÷èìî
ñïî÷àòêó, ùî ç óìîâè (12) âèïëèâà¹, ùî

+∞∫

0

e−2/3tψ(t)v(dt) < +∞.

Òîìó, ïîçíà÷èâøè ÷åðåç t1 = t1(x) ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ ψ(t) = 3x,
ç íåðiâíîñòi (11) äëÿ t ≥ t1 îòðèìà¹ìî

f(t)etx ≤ exp{−tψ(t) + tx} ≤ exp{−2/3tψ(t)}
i, îòæå, ïðè x → +∞

I(x) ≤
t1∫

0

f(t)etxv(dt) +

+∞∫

t1

e−2/3tψ(t)v(dt) ≤ µ∗(x)v0(t1) + o(1). (14)

ßêùî v(R+) < +∞, òî çâiäñè âèïëèâà¹, ùî I(x) = O(µ∗(x)) (x → +∞).
Çàëèøà¹òüñÿ çàóâàæèòè, ùî µ∗(x) → +∞ (x → +∞). ßêùî æ v(R+) =
+∞, òî, î÷åâèäíî, ùî x = o(lnµ∗(x)) (x → +∞), i òîäi, íà ïiäñòàâi óìîâè
(12) ç íåðiâíîñòi (14), îòðèìó¹ìî, ùî ïðè x → +∞

ln I(x) ≤ ln v0(t1) + lnµ∗(x) = O(x) + lnµ∗(x) = (1 + o(1)) lnµ∗(x).

Òåîðåìó 3∗ äîâåäåíî.
Àíàëiç íàâåäåíîãî äîâåäåííÿ ïîêàçó¹, ùî íàñïðàâäi âñòàíîâëåíî íà-

ñòóïíå òâåðäæåííÿ, íàñëiäêîì ç ÿêîãî ¹ òåîðåìà 3∗.
Òåîðåìà 3. Íåõàé ψ ∈ L, ôóíêöiÿ I ìà¹ âèãëÿä (10), âèêîíóþòüñÿ

óìîâè (12) i

(∃b > 0) :

+∞∫

0

f(t)ebtψ(t)v(dt) < +∞. (15)

Òîäi ñïiââiäíîøåííÿ (13) ñïðàâäæó¹òüñÿ ïðè x → +∞.
Äîâåäåííÿ òåîðåìè 3. Ñïðàâäi, íåõàé t1− ¹äèíèé ðîçâ'ÿçîê ðiâíÿ-

ííÿ ψ(t) = x/b. Òîäi çà óìîâîþ (15)
+∞∫

t1

f(t)etxv(dt) ≤
+∞∫

t1

f(t)ebtψ(t)v(dt) = o(1) (x → +∞),

òîìó çíîâó ìà¹ìî I(x) ≤ µ∗(x)v0(t1) + o(1). Çàâåðøó¹ìî äîâåäåííÿ òåî-
ðåìè 3 äîñëiâíèì ïîâòîðåííÿì ìiðêóâàíü ç ïîïåðåäíüîãî äîâåäåííÿ.
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3. Äîâåäåííÿ òåîðåìè 1. Íå çìåíøóþ÷è çàãàëüíîñòi, ìîæíà ââà-
æàòè, ùî an > 0 (n ≥ 0). Ìiðêó¹ìî ïîäiáíî, ÿê i â [4]. Íåõàé a(t)− òàêà
íåïåðåðâíà íåâiä'¹ìíà íà [0;+∞) ôóíêöiÿ, ùî a(λn) = an i

µ(x, F ) = sup{a(t)etx : t ≥ 0}, a(t) ≤ exp{−tψ(t)} (t ≥ 0).

Òîäi

µ(x, F ) ≤ F (x) ≤
+∞∑

n=0

anew(λn)+xλn =

+∞∫

0

a(t)etxdν(t) = Bw(x), (16)

äå ν(t) =
+∞∫
0

ew(x)dn(x), n(x) =
∑

λn≤x

1. Çà òåîðåìîþ 3∗ ïðè x → +∞
âèêîíó¹òüñÿ íåðiâíiñòü

lnBw(x) ≤ (1 + o(1)) sup{ln a(t) + tx : t ∈ supp ν} = (1 + o(1)) lnµ(x, F ).

Òîìó ln Bw(x) = (1 + o(1)) lnµ(x, F ) ïðè x → +∞.
Ç iíøîãî áîêó, µ(x, F ) ≤ µ(x,Bw) ≤ Bw(x) äëÿ âñiõ x ∈ R, òîìó

ln µ(x,Bw) = (1 + o(1)) lnµ(x, F ) ïðè x → +∞.
ßêùî òåïåð çàñòîñóâàòè ïîïåðåäíi ìiðêóâàííÿ iç çàìiíîþ F íà B−

w , à
Bw íà F , òî îòðèìà¹ìî äðóãå iç ñïiââiäíîøåíü (6). Ñïðàâäi, íåõàé b(t)−
òàêà íåïåðåðâíà íåâiä'¹ìíà ôóíêöiÿ, ùî b(λn) = ane−w(λn) i

µ(x,B−
w ) = sup{b(t)etx : t ≥ 0}, b(t) ≤ exp{−tψ(t)} (t ≥ 0).

Òîäi

µ(x,B−
w ) ≤ B−

w (x) ≤
+∞∑

n=0

anexλn =

+∞∫

0

b(t)etxdν(t) = F (x). (17)

Çà òåîðåìîþ 3∗ çíîâó îòðèìó¹ìî, ùî ïðè x → +∞
lnµ(x, B−

w ) ≤ ln F (x) ≤ (1 + o(1)) lnµ(x, B−
w ).

Çàëèøà¹òüñÿ âèêîðèñòàòè íåðiâíîñòi µ(x,B−
w ) ≤ µ(x, F ) ≤ F (x) (x ∈ R).

Òåîðåìó 1 äîâåäåíî.
4. Äîâåäåííÿ òåîðåìè 2. ßê i âèùå, ìîæíà ââàæàòè, ùî an > 0

(n ≥ 0). Âèçíà÷èìî íåâiä'¹ìíi ôóíêöi¨ a(t), b(t) òàê, ùî a(λn) = an,
b(λn) = ane−w(λn) i

µ(x, F ) = sup{a(t)etx : t ≥ 0}, µ(x, B−
w ) = sup{b(t)etx : t ≥ 0}.
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ßê i âèùå, îòðèìó¹ìî íåðiâíîñòi (16), (17). Çà óìîâîþ Bw ∈ D(λ,Φ),
òîìó äî iíòåãðàëiâ

Bw(x) =

+∞∫

0

a(t)etxdν(t), F (x) =

+∞∫

0

b(t)etxdν(t)

ìîæíà çàñòîñóâàòè òåîðåìó 4, áî çà óìîâîþ ln ν ∈ L(Φ), äå ν(t) =
t∫
0

ew(x)dn(x).

Çà òåîðåìîþ 4 iç (16) i (17) îòðèìó¹ìî, ùî ïðè x → +∞ çîâíi äåÿêî¨
ìíîæèíè íóëüîâî¨ ëiíiéíî¨ ùiëüíîñòi

ln µ(x, F ) ≤ ln Bw(x) ≤ (1 + o(1)) lnµ(x, F ),

ln µ(x,B−
w ) ≤ ln F (x) ≤ (1 + o(1)) lnµ(x,B−

w ).

Çàâåðøó¹ äîâåäåííÿ çàñòîñóâàííÿ íåðiâíîñòåé µ(x, F ) ≤ µ(x,Bw) ≤ Bw(x)
i µ(x,B−

w ) ≤ µ(x, F ) ≤ F (x).
5. Íàñëiäêè. Çàóâàæèìî, ùî

ν(t) =

t∫

0

ew(x)dn(x) ≤ ew(t)n(t) (t ≥ 0),

òîìó, ln ν(t) ≤ w(t) + lnn(t). Ç ìîíîòîííîñòi ôóíêöi¨ 1/t âèïëèâà¹, ùî
t∫

0

d ln ν(x)
x

≤
t∫

0

dw(t)
t

+

t∫

0

d lnn(t)
t

+ O(1) (t → +∞).

Îòæå, ÿêùî w ∈ L(Φ) i lnn(t) ∈ L(Φ), òî ln ν ∈ L(Φ). Î÷åâèäíî òàêîæ,
ùî ÿêùî w(t) = O(ψ(t)) i ln n(t) = O(ψ(t)) (t → +∞), òî ln ν(t) =
O(ψ(t)).

Òåïåð ìè ìîæåìî îòðèìàòè ç òåîðåì 1 i 2 íàñòóïíi íàñëiäêè.
Íàñëiäîê 1. Íåõàé ψ ∈ L, w ∈ L, F ∈ Dψ(λ) i âèêîíóþòüñÿ óìîâè

w(t) = O(ψ(t)), ln n(t) = O(ψ(t)) (t → +∞). (18)

Òîäi µ(x, F )− ïîñèëåíî ñòiéêèé.
Íàñëiäîê 2. Íåõàé Φ ∈ L, w ∈ L, F ∈ D(λ,Φ). ßêùî w ∈ L(Φ) i

ln n(t) ∈ L(Φ), òî µ(x, F )− îñëàáëåíî ñòiéêèé.
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Äîâåäåííÿ íàñëiäêà 1. Ç îãëÿäó íà ñêàçàíå âèùå, ïåðåâiðèìî, ÷è
ìîæíà âèêîðèñòàòè òåîðåìó 1.

Îñêiëüêè w(t) = o(tψ(t)) (t → +∞), òî çà óìîâîþ (18)

ln an + w(λn) ≤ −(1 + o(1))λnψ(λn) (n → +∞),

çâiäêè ln an + w(λn) ≤ −1/2λnψ(λn) (n ≥ n0). Êðiì òîãî, çà äðóãîþ
óìîâîþ (18)

ln n = O(ψ(λn)) = o(λnψ(λn)) = o(− ln an − w(λn)) (n → +∞),

òîìó Bw ∈ D1/2ψ(λ) (äèâ. [6, c. 12]). Ïðèãàäóþ÷è ñêàçàíå ïåðåä ôîðìó-
ëþâàííÿì íàñëiäêiâ, îòðèìó¹ìî, ùî äî F ìîæíà çàñòîñóâàòè òåîðåìó 1.
Íàñëiäîê 1 äîâåäåíî.

Äîâåäåííÿ íàñëiäêà 2. Iç çàóâàæåíü ïåðåä ôîðìóëþâàííÿì íà-
ñëiäêiâ âèïëèâà¹, ùî ln ν ∈ L(Φ), ÿê òiëüêè w ∈ L(Φ) i ln n(t) ∈ L(Φ).
ßêùî ψ ∈ L(Φ), òî, iíòåãðóþ÷è ÷àñòèíàìè, ïåðåêîíó¹ìîñü, ùî

(∀b > 0) : ψ0(bΦ(t)) = o(tΦ(t)) (t → +∞).

Çâiäñè, âðàõîâóþ÷è óìîâè w ∈ L(Φ) i ln n(t) ∈ L(Φ), îòðèìà¹ìî, ùî

(∀b > 0) : w(λn) = o(λnϕ(bλn)) (n → +∞), (19)

ln n = o

(
λnϕ

(
λn

2

))
(n → +∞), (20)

äå ϕ− îáåðíåíà ôóíêöiÿ äî Φ.
Êðiì òîãî, çà óìîâîþ F ∈ D(λ,Φ) i íåðiâíiñòþ Êîøi, äëÿ âñiõ n ≥ n1

ïðè x = ϕ(λn) ìà¹ìî

ln an ≤ ln µ(x, F )− xλn ≤ ln M0(x, F )− xλn ≤ xΦ(x)− xλn ≤ λnϕ(λn/2)
2

.

Âèêîðèñòîâóþ÷è (19) ïðè b = 1/2, çâiäñè îòðèìó¹ìî, ùî

ln an + w(λn) ≤ −(1/2 + o(1))λnϕ(λn/2), (21)

çâiäêè, íà îñíîâi (20), äiñòàíåìî lnn = o(− ln an − w(λn)) (n → +∞), i,
îòæå, Bw ∈ D(λ) (äèâ. [6, c. 12]).

Ç (19), êðiì òîãî, äëÿ âñiõ äîñèòü âåëèêèõ n ìà¹ìî ln an + w(λn) ≤
1/2 ln an, òîìó äëÿ âñiõ äîñèòü âåëèêèõ x îòðèìó¹ìî

ln µ(x,Bw) ≤ 1
2

max{ln an + 2xλn : n ≥ 0} ≤ xΦ(2x). (22)
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Çàñòîñó¹ìî òåïåð äî Bw íàñòóïíå òâåðäæåííÿ (òåîðåìà 1 iç [5]), ÿêå
ñôîðìóëþ¹ìî ó âèãëÿäi ëåìè.

Ëåìà. Íåõàé ψ ∈ L, F ∈ D(λ),

(∃K > 0) : |an| ≤ exp{−λnψ(Kλn)} (n ≥ n0). (23)

ßêùî âèêîíó¹òüñÿ óìîâà

(∀η > 0) : lim
R→+∞

1
ψ(ηR)

∑

0<λn≤R

1
nλn

= 0, (24)

òî ðiâíiñòü
lnM0(x, F ) = (1 + o(1)) lnµ(x, F )

âèêîíó¹òüñÿ ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè íóëüîâî¨ ëiíiéíî¨ ùiëü-
íîñòi.

Ç íåðiâíîñòi (21) âèïëèâà¹, ùî äëÿ ôóíêöi¨ Bw óìîâà (23) âèêîíó¹-
òüñÿ, ÿêùî ψ(t) = 1

3ϕ(1
2 t). Âðàõîâóþ÷è, ùî 1

n ≥ ln(n + 1) − ln n (n ≥ 1),
îòðèìó¹ìî, ùî äëÿ R = 1

ηΦ(r)

1
ψ(ηR)

∑

λn≤R

1
nλn

≤ 1
r

Φ(r)/η∫

0

d ln n(t)
t

.

Çâiäñè, âðàõîâóþ÷è óìîâó lnn(t) ∈ L(Φ), îòðèìó¹ìî, ùî (24) òàêîæ âè-
êîíó¹òüñÿ äëÿ ψ(t) = 1

3ϕ(1
2 t). Òîìó ïðè x → +∞ çîâíi äåÿêî¨ ìíîæèíè

íóëüîâî¨ ëiíiéíî¨ ùiëüíîñòi ln M0(x,Bw) = (1 + o(1)) lnµ(x,Bw). Çâiäñè,
çîêðåìà, âèïëèâà¹, ùî äëÿ âñiõ äîñèòü âåëèêèõ x âèêîíó¹òüñÿ íåðiâíiñòü
ln M0(x,Bw) ≤ 2 lnµ(2x,Bw). Çàñòîñîâóþ÷è äî îñòàííüî¨ íåðiâíîñòi íå-
ðiâíiñòü (22), äëÿ âñiõ äîñèòü âåëèêèõ x îòðèìà¹ìî

lnM0(x, Bw) ≤ 4xΦ(4x).

Äëÿ òîãî, ùîá ïåðåêîíàòèñü ó êîðåêòíîñòi çàñòîñóâàííÿ òåîðåìè 2 ç
ôóíêöi¹þ Φ1(x) = 4Φ(4x) çàìiñòü ôóíêöi¨ Φ, äîñèòü çàóâàæèòè, ùî
ψ0 ∈ L(Φ) òîäi i òiëüêè òîäi, êîëè ψ0 ∈ L(Φ1), äå Φ1(x) = C1Φ(C2x)
ç äåÿêèìè äîäàòíèìè ñòàëèìè C1, C2. Íàñëiäîê 2 äîâåäåíî.

6. Çàêëþ÷íi çàóâàæåííÿ.Ìîæíà äîâåñòè, ùî îòðèìàíi ó öié ñòàò-
òi òâåðäæåííÿ ¹ íåïîêðàùóâàíèìè. Òàê, çîêðåìà, ïðàâèëüíå íàñòóïíå
òâåðäæåííÿ, ÿêå âêàçó¹ íà íåïîêðàùóâàíiñòü (íåîáõiäíiñòü) óìîâè (12)
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äëÿ ñïðàâåäëèâîñòi ïðè x → +∞ ñïiââiäíîøåííÿ (13) â êëàñi ôóíêöié
âèãëÿäó (10).

Òåîðåìà 5. Íåõàé ψ ∈ L. Äëÿ êîæíî¨ ìiðè v, äëÿ ÿêî¨ óìîâà (12)
íå âèêîíó¹òüñÿ, iñíóþòü ôóíêöiÿ âèãëÿäó (10), äëÿ ÿêî¨ âèêîíó¹òüñÿ
óìîâà (11), ñòàëà d > 0 i ïîñëiäîâíiñòü xk → +∞ òàêi, ùî

ln F (xk) ≥ (1 + d) lnµ∗(xk) (k ≥ 1).

Ìiðêóþ÷è ïîäiáíî, ÿê i â [4], çâiäñè íåâàæêî âñòàíîâèòè íåïîêðà-
ùóâàíiñòü óìîâè (9) ó òåîðåìi 1. Ïîäiáíi òâåðäæåííÿ ¹ ïðàâèëüíèìè i
ñòîñîâíî óìîâ ln ν ∈ L(Φ), v0 ∈ L(Φ) âiäïîâiäíî ç òåîðåì 2 i 4. Îïèñàíi
ó öüîìó ïóíêòi òâåðäæåííÿ çàëèøà¹ìî ó öié ñòàòòi ïîçà ðîçãëÿäîì.
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The conditions of the stability of the maximum term of the entire Diri-
chlet series are established.




