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The Hardy space of complex functions defined on the Schrödinger orbit

of reduced (2d + 1)-Heisenberg group, generated by the Gauss density

function, is investigated. The Cauchy type integral formula is established

and radial boundary values for analytic extensions are decribed.

1 Main results

The Hardy type spaces for irreducible regular representations of locally
compact groups were introduced in [1]. In this work we concentrate on an
important similar case of such spaces, defined by the Schrödinger represen-
tation of reduced (2d + 1)-Heisenberg group H2d+1. To be more precise,
the Hardy type space H2

µ consists of complex functions which are defined
on the unitary orbit G (under the Schrödinger representation H2d+1 3
(x, y, τ) 7−→ Ux,y,τ over L2(Rd)) of the Gauss density function h ∈ L2(Rd).
At that H2

µ is defined to be the closure in L2
µ(G) of all Hilbert-Schmidt

polynomials over L2(Rd), where µ means an invariant measure on G which
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is uniquely determined by the Haar measure dx dy dτ on H2d+1. We estab-
lish the Cauchy type formula

C[f ](ξ) =

∫
H2d+1

C(ξ, Ux,y,τh)(f ◦ Ux,y,τ )(h) dx dy dτ, ξ ∈ BL2(Rd), (1)

which for each function f ∈ H2
µ produces its unique analytic extension

C[f ] on the open unit ball BL2(Rd) in L2(Rd). It is proved that for every
function f ∈ H2

µ the radial boundary values of analytic extension C[f ] on
the orbit G are equal to f in some sense.

2 Reduced (2d+1)-Heisenberg group and its Schrödin-
ger representation

Let us consider the reduced Heisenberg group H2d+1 = Rd × Rd × T with
the multiplication

(
x, y, eiϑ

) (
u, v, eiη

)
=
(
x+ u, y + v, ei(ϑ+η)e

i
2
(x·v−y·u)

)
, x · y =

d∑
j=1

xjyj,

for all x, y, v, u ∈ Rd and ϑ, η ∈ T :=
{
eiϑ : ϑ ∈ [0, 2π)

}
, where x =

(x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd and i =
√
−1. The Haar measure on

H2d+1 coincides with the Lebesque measure and has the form dx dy dτ ,
where dx := dx1 . . . dxd, dy := dy1 . . . dyd, dτ = dϑ/2π with τ = eiϑ ∈ T.
We refer to [2] about Heisenberg groups.

In order to define the Schrodinger representation of H2d+1 we need the
space L2(Rd) of complex functions ξ : Rd 3 (t1, . . . , td) = t 7−→ ξ(t) with
the scalar product 〈ξ | ζ〉L2(Rd) =

∫
Rd ξ(t)ζ̄(t) dt and the norm ‖ξ‖L2(Rd) =

〈ξ | ξ〉1/2
L2(Rd)

, where dt := dt1 . . . dtd.
The Schrödinger representation U from H2d+1 into L

[
L2(Rd)

]
has the

form

Ux,y,τ : ψ(t1, . . . , td) 7−→ τe
i
2
x·yψ1(t1 + x1)e

iy1t1 . . . ψd(td + xd)e
iydtd

for all function ψ = ψ1 ⊗ . . . ⊗ ψd ∈ L2(Rd) with ψ1, . . . , ψd ∈ L2(R) and
(t1, . . . , td), x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Rd.
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In order to continue we need the symmetric Fock space over the space
L2(Rd). Consider its hilbertian n-th tensor power ⊗n

hL
2(Rd) with the norm

‖ω‖⊗n
hL

2(Rd) = 〈ω | ω〉1/2⊗n
hL

2(Rd)
, where〈

ξ1 ⊗ . . .⊗ ξn | ζ1 ⊗ . . .⊗ ζn
〉
⊗n

hL
2(Rd)

= 〈ξ1 | ζ1〉L2(Rd) . . . 〈ξd | ζd〉L2(Rd)

denotes the scalar product on ⊗n
hL

2(Rd) defined on the total subset of
functions ω = ξ1 ⊗ . . . ⊗ ξn ∈ ⊗n

hL
2(Rd) with ξ1, . . . , ξn ∈ L2(Rd). We

denote by Fn

[
L2(Rd)

]
the codomain of the orthogonal projector

Pn : ⊗n
hL

2(Rd) 3 ξ1 ⊗ . . .⊗ ξn 7−→ 1

n!

∑
σ

ξσ(1) ⊗ . . .⊗ ξσ(n),

where σ runs through all n-elements permutations. We denote ξ⊗n :=

Pn(ξ1 ⊗ . . . ⊗ ξn) if ξ1 = . . . = ξn. Clearly, functions from Fn

[
L2(Rd)

]
are symmetric under the permutation of d-dimensional variables. The
symmetric Fock space is defined to be the orthogonal sum

F :=
⊕
n∈Z+

Fn

[
L2(Rd)

]
= C⊕ L2(Rd)⊕F2

[
L2(Rd)

]
⊕ . . .

with the scalar product 〈ψ | ω〉F =
∑∞

n=0 〈ψn | ωn〉⊗n
hL

2(Rd) and the norm

‖ψ‖F = 〈ψ | ψ〉1/2F for all ψ =
∑∞

n=0 ψn, ω =
∑∞

n=0 ωn ∈ F and ψn, ωn ∈
Fn

[
L2(Rd)

]
.

To construct the orthogonal basis in F we first consider the Hilbert
space L2(R) of quadratically integrable complex functions of one variable
s ∈ R. In L2(R) we fix the orthonormal basis

ϕj(s) =
e−s

2/2

4
√
π

Hj(s)√
2jj!

, Hj(s) = (−1)jes
2 dj

dsj
e−s

2

, s ∈ R, j ∈ Z+,

where Hj means the Hermitean polynomials. Then the orthonormal basis
of L2(Rd) forms the system

{
ϕj1 ⊗ . . . ⊗ ϕjd : j1, . . . , jd ∈ Z+

}
(see [3]).

Now we consider the d-block indexes subset in Zdn+ of the form

Zdn
+ :=

{
[α] := [(α1), . . . , (αn)] : (αj) ∈ Zd+, j 6= i =⇒ (αj) 6= (αi), ∀j, i

}
with (αj) := (α1

j , . . . , α
d
j ) ∈ Zd+ and j, i = 1, . . . , n. In the subspace

Fn

[
L2(Rd)

]
the following system forms an orthogonal basis,

Φn :=
{
Pn
(
ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)
: (k) := (k1, . . . , kn) ∈ Zn+, |(k)| = n

}
,
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where ϕ(αj) := ϕα1
j
⊗. . .⊗ϕαd

j
∈ L2(Rd), [α] ∈ Zdn

+ and |(k)| := k1+. . .+kn.
Clearly, the system

Φ =
{(

0, . . . , 0, Pn
(
ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)
, 0, 0 . . .

)
: [α] ∈ Zdn

+ , n ∈ Z+

}
forms an orthogonal basis in the symmetric Fock space F (see [3]). Remind
that ∥∥∥Pn(ϕ⊗k1

(α1)
⊗ . . .⊗ ϕ⊗kn

(αn)

)∥∥∥2
F
=
k1! . . . kn!

n!
, |(k)| = n.

Now we consider the Gauss density function h = h1⊗. . .⊗hd ∈ L2(Rd),
where every function hj(tj) = π−1/4e−t

2
j/2, j = 1, . . . , d, of the variable

tj ∈ R belongs to L2(R), hence,

h : Rd 3 t = (t1, . . . , td) 7−→ h(t1, . . . , td) = π−d/4e−(t21+...+t
2
d)/2.

It is easy to see that ‖h‖L2(Rd) = 1, so h belongs to the unit sphere SL2(Rd)

in L2(Rd). Consider its orbit under the Schrödinger representation

G :=
{
Ux,y,τh : (x, y, τ) ∈ H2d+1

}
=

=

{
gx,y,τ (t) := π− d

2 τe
i
2
x·ye−

(t1+x1)
2+...+(td+xd)

2

2 ei(y1t1+...+ydtd)
}
,

which consists of complex functions gx,y,τ : Rd 3 t 7−→ gx,y,τ (t) belonging
to the unit sphere in L2(Rd) and subsequently means the Gauss orbit.

To define on G a (H2d+1)-invariant measure let the closed unit ball
BL2(Rd) ∪ SL2(Rd) be endowed with the weak topology of L2(Rd), in which
it is a compact. Since H2d+1 is a second countable locally compact group,
its Gauss orbit G is a Borel subset in this compact. Recall that a Borel
measure µ on the orbit G means (H2d+1)-invariant if∫

G

(f ◦ Ux,y,τ ) (g) dµ(g) =
∫
G

f(g) dµ(g), f ∈ L1
µ(G), (x, y, τ) ∈ H2d+1.

Theorem 2.1. On the Gauss orbit G the following equality∫
G

f(g) dµ(g) =

∫
H2d+1

(f ◦ Ux,y,τ )(h) dx dy dτ, f ∈ L1
µ(G), (2)

uniquely defines a (H2d+1)-invariant measure µ which has the following
decomposition ∫

G

f(g) dµ(g) =
1

2π

∫
G

dµ(g)

∫ 2π

0

f(eiϑg) dϑ. (3)
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Proof. First recall (see e.g., [4]) that for any locally compact second count-
able group G with a Haar measure χ and its compact subgroup G0 with
the Haar measure ς the equality∫

G/G0

dµ(v)

∫
G0

f(vu) dς(u) =

∫
G

f(g) dχ(g), f ∈ L1
χ(G)

holds. Put G = H2d+1. Now let us equip the Gauss orbit G with the weak
topology of L2(Rd). Then we can identify the Gauss orbit G with the topo-
logical factor-space H2d+1

/
G0, G0 :=

{
(x, y, τ) ∈ H2d+1 : Ux,y,τh = h

}
is a

stationary subgroup in H2d+1 under the Schrödinger representation. The
stationary subgroup G0 exactly coincides with the group unit (0, . . . , 0, 1)
in H2d+1. Hence, the above equality takes the form (2). The formula (3)
is a consequence of (2) and Fubini’s theorem (see [5]).

3 Polynomial orthogonal systems on orbit

For any element ψn ∈ Fn

[
L2(Rd)

]
uniquely assists the Hermitean form

ψ∗
n := 〈· | ψn〉⊗n

hL
2(Rd) which belongs to the Hermitean dual F∗

n

[
L2(Rd)

]
.

We can identify this form with the n-homogeneous Hilbert-Schmidt polyno-
mial ψ∗

n : L
2(Rd) 3 ξ → ψ∗

n(ξ) := 〈ξ⊗n | ψn〉⊗n
hL

2(Rd). Now for each ψ∗
n with

ψn ∈ Fn

[
L2(Rd)

]
we assign the complex function

hn(ψn) : G 3 g 7−→
〈
g⊗n | ψn

〉
⊗n

hL
2(Rd)

of the variable g = Ux,y,τh with (x, y, τ) ∈ H2d+1 belonging to the Gauss
orbit G and the mapping hn : Fn

[
L2(Rd)

]
3 ψn 7−→ hn(ψn) ∈ L2

µ(G). The
following axillary statements show that the mapping hn is well defined.

Lemma 3.1. For any n ∈ N and (k) ∈ Zn+ such that |(k)| = n, and any
[(α1), . . . , (αn)] ∈ Zdn

+ the inequality∫
H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣∣2dx dy dτ ≤
(2π
n

)d
holds, which transforms into the equality for (α1) = (0, . . . , 0) ∈ Zd+ and
(k) = (n, 0, . . . , 0).
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Proof. Let us use the following equality
n∏
j=1

〈
Ux,y,τh

∣∣ ϕ(αj)

〉kj
L2(Rd)

=〈
(Ux,y,τh)

⊗n
∣∣ Pn(ϕ⊗k1

(α1)
⊗ . . .⊗ ϕ⊗kn

(αn)

)〉
F
. Since

〈
Ux,y,τh

∣∣ ϕ(j)

〉
L2
Rd

= τe
i
2
x·yπ

d
2

d∏
l=1

∫
R
eiyltle−

(tl+xl)
2

2 ϕjl(tl)dtl =

= τe
i
2
x·y

d∏
l=1

(−1)jl(xl − iyl)
jl√

2jl jl!
e−(x2l +2ixlyl+y

2
l )/4,

we have the sequence of equalities∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣∣2 =
=

(
d∏
l=1

e−
x2l +y2l

2 (x2l + y2l )
αl
1

2α
l
1αl1!

)k1

. . .

(
d∏
l=1

e−
x2l +y2l

2 (x2l + y2l )
αl
n

2αl
nαln!

)kn

=

= e−
n(x21+y21)

2

n∏
m=1

(
(x21 + y21)

α1
m

2α1
mα1

m!

)km

. . . e−
n(x2d+y2d)

2

n∏
m=1

(
(x2d + y2d)

αd
m

2αd
mαdm!

)km

.

Now using the facts that∫ +∞

0

e−nq
n∏
l=1

(qjl
jl!

)kl
dq =

n∏
l=1

m!

(jl!)
kl

∫ +∞

0

e−nq
qm

m!
dq =

=
n∏
l=1

m!

(jl!)
kl

1

nm

∫ +∞

0

e−nq
(qn)m

m!
dq ≤ 1

n

with m =
n∑
l=1

jlkl and that

∫ +∞

−∞

∫ +∞

−∞
f
(p2 + s2

2

)
dp ds = 4

∫ +∞

0

∫ π/2

0

f(q)dqdϑ = 2π

∫ +∞

0

f(q) dq

with p2 = 2q · cos2 ϑ and s2 = 2q · sin2 ϑ, we finally obtain∫
H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣∣2dx dy dτ =
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=

∫
H2d+1

d∏
j=1

e−
n(x2j+y2j )

2

n∏
m=1

(
(x2j + y2j )

αj
m

2α
j
mαjm!

)km
dx dy dτ ≤

(2π
n

)d
.

If (α1) = (0, . . . , 0) ∈ Zd+ and (k) = (n, 0, . . . , 0) then the above inequality
transforms to the equality.

The next statement gives an estimation for any ψ∗
n ∈ F∗

n

[
L2(Rd)

]
.

Lemma 3.2. For any ψn ∈ Fn

[
L2(Rd)

]
the following inequality holds∫

H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ ψn〉F
∣∣∣∣2dx dy dτ ≤ n!

(2π
n

)d
‖ψn‖2⊗n

hL
2(Rd).

Proof. Since
{
Pn
(
ϕ⊗k1
(α1)

⊗ . . . ⊗ ϕ⊗kn
(αn)

)
: (k1, . . . , kn) ∈ Zn+, |(k)| = n,

[(α1), . . . , (αn)] ∈ Zdn
+

}
forms the orthogonal basis in Fn

[
L2(Rd)

]
, we can

consider the Fourier decomposition of ψn:

ψn =
∑

α∈Zdn
+ , |(k)|=n

βα,kPn

(
ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)√ n!

k1! . . . kn!

with ‖ψn‖2⊗n
hL

2(Rd)
=
∑

|βα,k|2, where α = [(α1), . . . , (αn)] and (k) =

(k1, . . . , kn). It follows that∫
H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ ψn〉F
∣∣∣∣2dx dy dτ ≤

≤ n!

∫
H2d+1

(∑
|βα,k|

∣∣∣〈(Ux,y,τh)⊗n∣∣Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣)2

dx dy dτ =

= n!
∑
α,k,i,m

|βα,k||βi,m|
∫
H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n∣∣Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣∣×
×
∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗m1

(i1)
⊗ . . .⊗ ϕ⊗mn

(in)

)〉
F

∣∣∣∣dx dy dτ.
Using the Cauchy-Schwartz inequality for the integral we get that∫

H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣∣×
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×
∣∣∣∣〈〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗m1

(i1)
⊗ . . .⊗ ϕ⊗mn

(in)

)〉
F

∣∣∣∣dx dy dτ ≤

≤
(∫

H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗k1
(α1)

⊗ . . .⊗ ϕ⊗kn
(αn)

)〉
F

∣∣∣∣2dx dy dτ)1/2

×

×
(∫

H2d+1

∣∣∣∣〈(Ux,y,τh)⊗n ∣∣ Pn(ϕ⊗m1

(i1)
⊗ . . .⊗ ϕ⊗mn

(in)

)〉
F

∣∣∣∣2dx dy dτ)1/2

≤

≤
(2π
n

)d
.

Finally, using the Cauchy-Schwartz inequality one more time, i.e.∑
α,k,i,m

|βα,k||βi,m| ≤
(∑

α,k

|βα,k|2
)1/2(∑

i,m

|βi,m|2
)1/2

= ‖ψn‖2⊗n
hL

2(Rd),

we achieve the required inequality.

Consider the following closed subspaces and their hilbertian orthogonal
sum Fn := Fn

[
L2(Rd)

]
	kerhn, F := C⊕F1⊕F2⊕. . ., where kerhn means

the kernel of hn. Now let us introduce the denotations h̃n := hn/‖hn‖ and
ψ̃n := h̃n(ψn) and consider the corresponding linear mapping

h̃ : F 3 ψ =
∑
n∈Z+

ψn −→ ψ̃ :=
∑
n∈Z+

ψ̃n.

Let H2
n := h̃n(Fn) and H2

µ := h̃(F ) mean codomains in L2
µ(G) of the

mapping h̃n and h̃, respectively.

Theorem 3.1. The mappings h̃ and h̃n have the following properties:
(i) h̃n is an isometry between Fn and its codomain H2

n.
(ii) h̃ is an isometry between F and H2

µ.

(iii) the orthogonal decomposition H2
µ = C⊕H2

1 ⊕H2
2 ⊕H2

3 ⊕ . . . holds.

Proof. Lemma 3.2 implies that the operator hn is bounded. It follows
that∫

G

hn(ψn)hn(ωn) dµ =

∫
G

(ψ∗
n ◦ Ux,y,τ )(h)(ω∗

n ◦ Ux,y,τ )(h) dµ(Ux,y,τh)

is an Hermitean continuous form on Fn, which is linear by ωn and an-
tilinear by ψn. So, there exists a bounded operator An ∈ L (Fn) for
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which 〈ωn | Anψn〉F =
∫
G
hn(ψn)hn(ωn) dµ. Using the same technique as

in [1] we show that An commutates with the diagonal nth tensor power
of Schrödinger’s representation

{
U⊗n
x̃,ỹ,τ̃ = Ux̃,ỹ,τ̃ ⊗ . . . ⊗ Ux̃,ỹ,τ̃ : (x̃, ỹ, τ̃) ∈

H2d+1

}
. Applying the (H2d+1)-invariancy of the measure µ on the Gauss

orbit G we obtain

〈ωn |
(
An ◦ Ux̃,ỹ,τ̃

)
ψn〉F =

=

∫
G

〈(Ux,y,τh)⊗n | U⊗n
x̃,ỹ,τ̃ψn〉F〈(Ux,y,τh)

⊗n | ωn〉F dµ(Ux,y,τh) =

=

∫
G

〈
(Ux,y,τh)

⊗n | ψn
〉
F

〈
(Ux,y,τh)

⊗n | U⊗n
(−x̃,−ỹ,τ̃−1)ωn

〉
F
dµ(Ux,y,τh) =

=
〈
ωn | (U⊗n

x̃,ỹ,τ̃ ◦ An)ψn
〉
F
.

Since for any n ∈ N the set
{
(Ux,y,τh)

⊗n : (x, y, τ) ∈ H2d+1

}
is total in

Fn due to its definition, the representations U⊗n
x̃,ỹ,τ̃ are irreducible over Fn.

Via to the well-known property [6, Theorem 21.30] the operator An is
proportional to the identity operator 1Fn on Fn i.e., An |Fn= ℵ−21Fn for
some ℵ2 ∈ C. Hence, we have

〈ωn | ψn〉F = ℵ2

∫
G

hn(ψn)hn(ωn)dµ, ‖hn‖ = sup
‖ψn‖F=1

‖hn(ψn)‖L2
µ
=

1

ℵn
. (4)

Finally, applying Theorem 2.1 for all ψn ∈ Fn and ωm ∈ Fm we get∫
G
hn(ψn)hm(ωm) dµ =

1

2π

∫
G

hn(ψn)hm(ωm) dµ

∫ 2π

0

ei(n−m)ϑ dϑ =

=

{
0 : n 6= m

〈ωn | ψn〉F : n = m.

Hence h̃n(ψn) ⊥ h̃m(ωm) if n 6= m and the orthogonal decomposition (iii)
holds.

4 Cauchy type formula for Gauss orbit

Note that the lemmas directly imply the estimation ‖hn‖ ≤
√
n!
(
2π
n

)d and
the equality∥∥hn(h⊗n)∥∥2L2

µ(G)
=

∫
H2d+1

∣∣〈(Ux,y,τh)⊗n | h⊗n
〉
F

∣∣2dx dy dτ =
(2π
n

)d
.



324 M. Oleksienko

Though finding the exact value of ‖hn‖ is not an easy task we can give
another estimation for ‖hn‖ which will be useful for ℵn. It easy to see that
h⊗n ∈ Fn and ‖h⊗n‖F = 1. It follows that the following estimation holds

‖hn‖ = sup
‖ψn‖F=1

∥∥hn(ψn)∥∥L2
µ(G)

≥
∥∥hn(h⊗n)∥∥L2

µ(G)
=
(2π
n

)d/2
.

From
(
2π
n

)d/2 ≤ ‖hn‖ ≤ (n!)1/2
(
2π
n

)d/2 it follows that
√

1
n!

(
n
2π

)d ≤ ℵn ≤√(
n
2π

)d. The fact that lim
n→∞

n
√
ℵ2
n ≤ lim

n→∞
n

√(
n
2π

)d
= 1 justifies that we can

mean

C
(
ξ, Ux,y,τh

)
=
∑
n∈Z+

ℵ2
n

〈
ξ | Ux,y,τh

〉n
L2(Rd)

=
∑
n∈Z+

ℵ2
n

〈
ξ⊗n | (Ux,y,τh)⊗n

〉
F =

= 1 +
∑
n∈N

ℵ2
n

(
τe

i
2
x·y

πd/4

d∏
l=1

∫
R
ξl(tl)e

iyltl−(tl−xl)2/2 dtl

)n

(5)

with ξ ∈ BL2(Rd) and (x, y, τ) ∈ H2d+1, as a generalization of the Cauchy
kernel. Since Ux,y,τh ∈ SL2(Rd) for all (x, y, τ) ∈ H2d+1 and above power
series is convergent for all ‖ξ‖L2(Rd) < 1, the kernel C(ξ, ·) is an analytic
L∞(H2d+1)-valued function by the variable ξ ∈ BL2(Rd) (see [5]).

Theorem 4.1. The integral operator

C[f ](ξ) =

∫
H2d+1

C(ξ, Ux,y,τh)(f ◦Ux,y,τ )(h) dx dy dτ, f ∈ H2
µ, ξ ∈ BL2(Rd),

belongs to L (H2
µ). The function Cr[f ] : G 3 ξ 7−→ C[f ](rξ) belongs to H2

µ

and

‖f‖L2
µ(G) = sup

r∈[0;1)

(∫
G

|C[f ](rξ)|2dµ(ξ)
)1/2

.

For any f =
∑

n∈Z+
fn ∈ H2

µ with fn ∈ H2
µ the integral transform C[f ] is a

unique analytic extension of f on the open ball BL2(Rd) for which its radial
boundary values on G are equal to f in the following sense

lim
r→1

∫
G

∣∣Cr[f ]− f
∣∣2dµ = 0, r ∈ [0, 1).
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Proof. Use the short notation ϕ⊗(k)
[α] := Pn

(
ϕ⊗k1
(α1)

⊗ . . .⊗ϕ⊗kn
(αn)

)
with |(k)| =

n. All such elements ϕ⊗(k)
[α] have been previously identified with Φn. For

ϕ
⊗(k)
[α] ∈ Φn we denote ϕ̃(k)

[α] := h̃n
(
ϕ
⊗(k)
[α]

)
. Substituting elements ωn = ϕ

⊗(k)
[α]

and ψn = ϕ
⊗(k′)
[α′] from Φn with different indexes in the equality (4) we get∫

G

ϕ̃
(k)
[α] ϕ̃

(k′)
[α′] dµ =

〈
ϕ
⊗(k)
[α] | ϕ⊗(k′)

[α′]

〉
F
= 0.

So, the system ϕ̃
(k)
[α] with all ϕ⊗(k)

[α] ∈ Φn forms an orthonormal basis in H2
n.

We can write the Fourier expansion ξ⊗n =
∑

ϕ
⊗(k)
[α]

∈Φn

〈
ξ⊗n | ϕ⊗(k)

[α]

〉
Fϕ

⊗(k)
[α]

for any element ξ⊗n ∈ Fn

[
L2(Rd)

]
. Using this we have

Cn
(
ξ, Ux,y,τh

)
:= ℵ2

n

〈
ξ⊗n | (Ux,y,τh)⊗n

〉
F = rn

∑
ϕ
⊗(k)
[α]

∈Φñ

ϕ
(k)
[α] (ξ/r)ϕ̃

(k)
[α]

(
Ux,y,τh

)
,

where r = ‖ξ‖L2(Rd). It follows that

C
(
ξ, Ux,y,τh

)
=
∑
n∈Z+

rn
∑

ϕ
⊗(k)
[α]

∈Φn

ϕ̃
(k)
[α] (ξ/r)ϕ̃

(k)
[α]

(
Ux,y,τh

)
=

=
∑
n∈Z+

rnCn
(
ξ/r, Ux,y,τh

)
.

Now Theorem 3.1 implies that∫
G

ϕ̃
(k)
[α]

(
Ux,y,τh

)
Cn
(
ξ/r, Ux,y,τh

)
dµ
(
Ux,y,τh

)
= ϕ̃

(k)
[α]

(
ξ/r
)
.

Since ϕ̃(k)
[α] with all ϕ⊗(k)

[α] ∈ Φn form an orthonormal basis in H2
n, the integral

operator with kernel Cn produces the identity mapping over H2
n.

Let f =
∑

n∈Z+
fn ∈ H2

µ with fn ∈ H2
n. Using that fn ⊥ Cm if n 6= m

in L2
µ(G) we obtain

f(ξ) =
∑
n∈Z+

∫
G

Cn
(
ξ, Ux,y,τh

)
fn
(
Ux,y,τh

)
dµ
(
Ux,y,τh

)
=

=

∫
G

C
(
ξ, Ux,y,τh

)
f
(
Ux,y,τh

)
dµ
(
Ux,y,τh

)
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for all ξ ∈ G. It follows that the series C[f ](ξ) =
∑

n∈Z+
C[fn](ξ) with

C[fn](ξ) =

∫
G

Cn
(
ξ, Ux,y,τh

)
fn
(
Ux,y,τh

)
dµ
(
Ux,y,τh

)
=

= rn
∫
G

Cn
(
ξ/r, Ux,y,τh

)
fn
(
Ux,y,τh

)
dµ
(
Ux,y,τh

)
= rnfn

(
ξ/r
)
= fn(ξ)

is convergent in H2
µ by the variable ξ/r ∈ G, uniformly by r ∈ [0, ε] with

0 < ε < 1. Since Cm ⊥ fn and fm ⊥ fn if n 6= m in L2
µ(G), we have

∥∥Cr[f ]∥∥2L2
µ(G)

=

∫
G

∣∣∣∣ ∑
n∈Z+

rn
∫
G

Cn
(
ξ, Ux,y,τh

)
fn
(
Ux,y,τh

)
dµ
(
Ux,y,τh

)∣∣∣∣2dµ(ξ) =
=

∫
G

∣∣∣∣ ∑
n∈Z+

rnfn(ξ)

∣∣∣∣2dµ(ξ) = ∥∥∥∥ ∑
n∈Z+

rnfn

∥∥∥∥2
L2
µ(G)

=
∑
n∈Z+

r2n‖fn‖2L2
µ(G)

for all r < 1. It follows that

sup
r∈[0.1)

∫
G

∣∣C[f ](rξ)∣∣2 dµ(ξ) = sup
r∈[0,1)

∑
Z+

r2n‖fn‖2L2
µ(G) = ‖f‖2L2

µ(G).

We can apply the Cauchy-Schwarz inequality which implies∥∥Cr[f ]∥∥2L2
µ(G)

≤ 1√
1− r2

( ∑
n∈Z+

‖fn‖2L2
µ(G)

)1/2

=
‖fn‖L2

µ(G)√
1− r2

for all f ∈ H2
µ. Therefore the operator C[f ] belongs to L (H2

µ).
Now we will use that C(ξ, ·) is an analytic L∞(H2d+1)-valued function

by ξ ∈ BL2(Rd). Then in view of [7, Theorem 3.1.2] the function C[f ] is also
analytic by ξ ∈ BL2(Rd). Applying the orthogonal property once again, we
have ∫

G

∣∣Cr[f ]− f
∣∣2dµ =

∑
n∈Z+

(r2n − 1)‖fn‖2L2
µ(G) → 0

if r → 1. Thus, the theorem is completely proved.
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