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A topological group G is called 2-swelling if for any compact subsets A, B C G and
elements a,b,c € G the inclusions aA UbB C AU B and aA N bB C c(A N B) are
equivalent to the equalities a4 UbB = AU B and aA N bB = c¢(A N B). We prove that an
(abelian) topological group G is 2-swelling if each 3-generated (resp. 2-generated) subgroup
of G is discrete. This implies that the additive group Q of rationals is 2-swelling and each
locally finite topological group is 2-swelling.

T. Banax. IIpo 2-nabpsikai monoaoziuni epynu / Mar. BicH. Hayk. ToB. im. IlleBuenka. —
2015. — T.12. — C. 16-23.

TomonoriyHa rpyna G HasMBAOTBCS 2-HAOPsIKAOH, KO IJI NOBIJIBHUX KOMIAKTHHX
migvuoxkuH A, B C G i enemenTiB a,b,c € G BkmouenHss aA UbB C AU B taaAd N
bB C c¢(A N B) eksiBanenTHi piBHOCTSIM A U bB = AU B taaANbB = c(AN B).
Hoeeneno, mo (abenepa) Tonosoriuda rpyna G € 2-HaOpsIKJIO, SIKIIO KOXHA 3-MOPOKeHa
(Bijm. 2-nopojpkeHa) miarpyna rpynd G guckpetHa. 3BiJCH BUIUIMBAE, IO aJUTHBHA Ipymna
Q pauioHaNbHUX uMceN € 2-HaOpSIKJIOK 1 KOXKHA JIOKAJILHO CKiHUEHHa TOMOJIOTiuHa rpyna 2-
HaOPSIKJIOK.

In this paper we give a partial solution the following question [2] of Alexey Mu-
ranov posted at MathOverFlow on July 24, 2013.
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Problem 1 (Muranov). Let A, B be compact subsets of a Hausdorff topological group
G suchthata AUbB C AUB andaANbB C c(ANB) for some elementsa,b,c € G.
IsaAUbB = AU B andaANbB =c(ANB)?

For example, for any real numbers ¥ < v < w < t the closed intervals A =
[u,w] and B = [v,] satisfy the equalities (¢ + A) U (b + B) = A U B and
(a+ANbB+B)=c+(ANB)fora=t—w,b=u—vandc =v+w—u—t.

First we observe that Muranov’s Problem 1 has an affirmative answer for finite
sets A, B C G.

Proposition 2. Let A, B be finite subsets of a group G andaA U bB C AU B and
aANbB C c(AN B) for some elementsa,b,c € G. ThenaAUbB = AU B and
aANbB =c(AN B).

Proof. Evaluating the cardinality of the corresponding sets, we conclude that

|AU B| > |[aA UbB| = |aA| + |bB| — |aANbB| >
> |Al+ |B| —|c(ANB)| = [A| +|B|—-[AN B| = |AU B|,

|[AUB| = |aAUbB| and |[aANbB| = |c(AN B)|, which imply the desired equalities
aAUbB =AU BandaANbB =c(ANB). O

The Muranov’s problem can be reformulated as a problem of 2-parametric gener-
alization of the classical Swelling Lemma, see [1, 1.9].

Theorem 3 (Swelling Lemma). For any compact subset A of a Hausdorff topological
semigroup S and any element a € S the inclusion aA O A is equivalent to the
equalityaA = A.

In this paper we shall give some partial affirmative answers to Muranov’s Prob-
lem 1. First, we introduce appropriate definitions.

Definition 4. A topological group G is called 2-swelling if for any compact subsets
A, B C G andelements a, b, ¢ € G the inclusionsaAUbB C AUB andaANbB C
c¢(AN B) are equivalent to the equalitiesaAUbB = AUB andaANbB = c(AN B).

Definition 5. A topological group G is called weakly 2-swelling if for any compact
subsets A, B C G and elementsa, b € G withaANbB = & the inclusion a AUbB C
AU B impliesaAUbDB =AUBand AN B =@.

The following trivial proposition implies that the class of (weakly) 2-swelling
topological groups is closed under taking subgroups.
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Proposition 6. Leth : G — H be a continuous injective homomorphism of topolog-
ical groups. If the topological group H is (weakly) 2-swelling, then so is the group
G.

A subgroup H of a group G is called n-generated for some n € N if H is
generated by set of cardinality < n. It can be shown that a topological group G is
Hausdorff if each 1-generated subgroup of G is discrete. The main result of this paper
is the following theorem.

Theorem 7. An (abelian) topological group G is

o 2-swelling if each 3-generated (resp. 2-generated) subgroup of G is discrete;
o weakly 2-swelling if each 2-generated (resp. 1-generated) subgroup of G is
discrete.

Corollary 8. Foreveryn € N the group Q" is 2-swelling and the group R" is weakly
2-swelling.

Corollary 9. Each locally finite topological group is 2-swelling.

We recall that a group G is locally finite if each finite subset F* C G generates a
finite subgroup. In the proof of Theorem 7 we shall use the following lemma.

Lemma 10. Let K C G be a compact subset of a topological group and H be a
discrete subgroup of G. Then the set K N H is finite and sup,cg |K N Hx| <
|[KK~'' N H| < oo. If the discrete subgroup H is closed in G, then for everyn € N
theset{x € G:|KN Hx| > n}isclosedinG.

Proof. First we show that the intersection K N H is finite. Assuming that K N H is
infinite, we can choose a sequence (X )neq of pairwise distinct points of K N H. By
the compactness of K the sequence (x,)nee has an accumulation point xo, € K.

Since the subgroup H C G is discrete, the unit 1 of A has a neighborhood
Up C G such that Uy N H = {1}. Choose a neighborhood V; C G of 1 such
that V3 Vl_1 C Uj. Since xo is an accumulation point of the sequence (x,)new, the
neighborhood V7 xs 0of X contains two distinct points x;, X, of the sequence. Then
xnx,;1 el Vl_1 N H C Uy N H = {1} and hence x,, = x,,;, which contradicts the
choice of the sequence (xz). So, K N H is finite. The set KK ! being a continuous
image of the compact space K x K is compact too, which implies that KK—! N H
is finite.

Next, we prove that sup,cg |[K N Hx| < |[KK~! N H| < oo. Given any point
x € G with KN Hx # &, choose apoint y € KN Hx and observe that |K N Hx| =
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|[KNHy| = |Ky 'NH| < |[KK"'NH|. Thensup,eq |[KNHx| < |[KK™'NH| <
00.

Now assume that the discrete subgroup H is closed in G. To see that for every
n € Ntheset G, = {x € G : |K N Hx| > n}is closed in G, choose any element
x € G with |[K N Hx| < n. Then the set F = Kx~! N H has cardinality |F| =
|K N Hx| < n. It follows that H \ F is a closed subset of G, disjoint with the
compact set Kx~!. Forevery y € K we can find a neighborhood Oy, CGofyanda
neighborhood Oy, C G of x such that O,, O;; N(H \ F) = @. By the compactness
of K, the open cover {0, : y € K} of K has finite subcover {0, : y € E} (here
E C K is a suitable finite subset of K). Then the neighborhood Ox = (,cg Ox,y
of x has the property: KOX_1 N (H \ F) = @, which equivalent to KO;1 NHCF
and implies O, N G, = &, witnessing that the set G, is closed in G. O

Remark 11. It is well-known that any discrete subgroup H of a Hausdorft topologi-
cal group G is closed in G. In general case this is not true: for any discrete topolog-
ical group H and an infinite group G endowed with the anti-discrete topology, the
subgroup H x {lg} of H x G is discrete but not closed in G.

The following theorem implies Theorem 7, and is the main technical result of the
paper.

Theorem 12. Let A, B C G be two compact subsets of a topological group G such
thataAUbB C AU B andaANbB C ¢c(AN B) for some pointsa,b,c € G. The
equalitiesaA UbB = AU B andaA N bB = c(A N B) hold if either the subgroup
H3 generated by the set {a, b, c} is discrete or for some subset T C {a,b,c} with
{a,b} C T,{a,c} C T or{b,c} C T the subgroup H, generated by T is discrete
and closed in G, and H, is normal in the subgroup H3.

Proof. The proof splits into 2 parts.

I. The subgroup H3 generated by the set {a, b, c} is discrete. By the compactness
of the sets A, B,aA, bB, forevery x € G the sets (a AUbB)NH3x and (AUB)NH3x
are finite (see Lemma 10), so we can evaluate their cardinality: |[(aAUbB) N Hax| <
[(AUB)N H3x|and [aANbBN Hsx| < |c(ANB)NHsx| = |[ANBNc ' Hsx| =
|A N B N Hizx|. Next, observe that

[(AU B) N H3x| > [(aAUbB) N H3x| =
= laAN Hszx|+ |bB N H3x| — |(aANbB)N Hzx| >
>|AN Hsx|+ |BNHsx|—|AN BN Hsx|=|(AU B) N Hsx|,
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which implies that |[(4 U B) N Hax| = |(aA U bB) N Hizx| and |[(aA N bB) N
Hsx| = |[AN BN Hsx| and hence (A U B) N H3x = (aA U bB) N H3x and
(aANbB)N Hz3x = AN B N Hix. Finally,

aAUbB = | J(@AUbB)N H3x = | J(AUB) N Hzx = AU B and

xeG xeG

aAnbB = |_J(@ANbB)N Hsx = | J(ANB)N Hsx = AN B.

xeG xeG

I1. The subgroup H3 is not discrete but for some set T C {a, b, c} with {a, b} C
T,{a,c} C Tor{b,c} CT the subgroup H, generated by T is closed and discrete
in G and H; is normal in H3. In this case the quotient group H3/H> is not discrete.
Let ¢ be the unique element of the set {a, b, c}\ T'. It follows that H3 = | J,,c,, Hat".
The normality H; in H3 implies that H>t = tH,. Depending on the value of ¢ three
cases are possible.

(a) First consider the case of t = a and {b,c} C T. In this case for every
x € G the inclusions aA NbB N Hyx C c(AN B)N Hyx and (aAUbB) N Hyx C
(AUB)N Hyx imply |[aANbBN Hax| < |c(ANB)NHyx| = |(ANB)Ne™ Hyx| =
[(AN B) N Hyx| and

(AU B) N Hax| > [(aAUbBB) N Hyx| =
= |laAN Hyx|+ |bB N Hyx| —|(@aANbB) N Hyx| >

>|ANa 'Hyx| +|BNb 1 Hox| —|(AN B) N Hyx| = (1)
= |ANa~'Hox| — |ANH,x| + |ANH>x| + |BNHax| — [(ANB) N Hax| =

= |ANa 'Hyx| —|AN Hyx| + |(AU B) N Hyx]|.

Consequently,
|AN Hya™'x| < |AN Hyx| and |AN Hyx| < |AN Haax| ()

for every x € G.

By Lemma 10, for every x € G the number «,, = maxueyz |A N Hya™ x| is finite,
so we can find a number n, € Z such that |A N Hya™* x| = a,. By Lemma 10, the
set G, ={g € G :|AN Hag| > ay}isclosedin G.

The inequalities (2) guarantee that oy, = |A N Haa™ x| < |A N Ha™x| = ay
for all m > n, and hence Um>nx Hya™x C Gg. Taking into account that the
quotient group H3z/H> is not discrete and is generated by the coset Hya, we conclude

that the set | J H>a™x is dense in H3, and hence H3 C G, which means

m=ny
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that |4 N Hya™x| = ay for all m € Z and hence all inequalities in (2) and (1)
turn into equalities. In particular, [(¢4 U bB) N Hyx| = |(A U B) N Hyx| and
[(@ANbB)N Hyx| = [(AN B) N Hyx| = |c(AN B) N Hpx| forall x € G.
Combining these equalities with the inclusions (¢aA UbB) N Hyx C (AU B) N Hax
and (aA NbB) N Hax C c(AN B) N Hyx, we conclude that (a4 U bB) N Hyx =
(AUB)N Hyx and (aANbB)YN Hyx = c (AN B)N Hyx forall x € G and hence

aAUbB = | J(@aAUbB)N Hax = | J(AUB)N Hyx = AU B and

xeG xeG

aAnbB = |_J(@ANbB)N Hyx = | | ¢c(AN B) N Hax = (AN B).

xeG xeG

(b) The case of t = b and {a,c} C T can be considered by analogy with the case
(a).

(c) Finally we consider the case of t = ¢ and {a, b} C H». Observe that for every
x € G the inclusion (aA N bB) N Hyx C c(A N B) N Hyx implies

laANbBB N Hyx| < [c(ANB)N Hax| = |[ANBNc¢ Y Hyx| = |[ANBN Hae x|
On the other hand,

|AN BN Hye x| > |aANbB N Hyx| =
= |laAN Hyx|+ |bB N Hyx|— [(aAUbB) N Hyx| >

>|ANa YHyx| 4+ |BNb ' Hyx| — (AU B) N Hax| = (3)
= |ANHx| + |BNHx| — (|JANHax| + |BNHyx| — |[ANBNHyx|) =
= |AN BN Hyx|.
Therefore,
|AN BN Hyx| < |AN BN Hyc x|. 4)

By Lemma 10, for every x € G the number A, = maxuez|A N B N Hyc" x|
is finite, so we can find a number ny € Z such that |[A N B N Hyc"*x| = Ax. By
Lemma 10,the set GA = {g € G : |[AN BN Hyg| > Ayx}isclosedin G.

The inequality (4) guarantees that

Ax=|ANBNc™ x| <|AN BN Hyx| < Ay

for all m < ny and hence | Hyc™x C Gp. Taking into account that the
m<ny
quotient group H3/H> is not discrete and is generated by the coset H,c, we conclude
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that the set Um<nx H>c™x is dense in H3, and hence H3 C GaA. Then |[AN B N
Hyc"x| = A x_for every m € Z, which implies that all inequalities in (4) and (3)
turn into equalities. In particular, we get the equalities |4 N B N Hyc 7 'x| = |aA N
bB N Hyx|and |(aAUbB) N Hyx| = |(AU B) N Hyx|, which imply the equalities
aANbBN Hyx =c(AN B)N Hyx and (aA U bB) N Hyx = (AU B) N Hyx
holding for all x € G. Then

aAUbB = | J(@AUbB)N Hyx = | J(AUB) N Hyx = AU B and

xeG xeG

aAnbB = |_J(@ANbB)N Hyx = | | ¢c(AN B) N Hax = (AN B).
xeG xeG

O

Corollary 13. Let A, B C G be two compact subsets of a topological group G such
thataA UbB C AU B andaA N bB = @ for some points a,b € G. If the cyclic
subgroup H, generated by a is closed and discrete in G and H, is normal in the
subgroup H, j, generated by the set{a,b}, thenaAUbB = AUB and AN B = .

Proof. Apply Theorem 12 with a point ¢ € {a, b, 1g}. O

The most intriguing problem about (weakly) 2-swelling groups concerns the real
line (and the circle).

Problem 14 (Muranov). Is the additive group R of real numbers 2-swelling? Is the
group R/7. weakly 2-swelling?

Theorem 12 implies that if R is not 2-swelling, then it contains two compact sets
A, B C Rsuchthat (a+A)U(b+B) C AUB and (a+A)N(b+B) C c+(ANB) for
some non-zero real numbers a, b, ¢ such that all fractions %, %, i—’ are irrational. The
following proposition shows that such sets A, B necessarily have positive Lebesgue

measure.

Proposition 15. Assume that A, B C G are two non-empty compact subsets of R
such thataA U bB C A U B for some non-zero real numbers a,b with irrational
fraction ;. Then A + bZ = R = B + aZ and hence the sets A, B have positive
Lebesgue measure.

Proof. Given any point xg € A, for every n € N let

a—+ xp—1 ifxy—_q1 €A, a ifx,_1 €A,
Xp = . and s, = )
b + x,_1 otherwise, b otherwise.
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Using the inclusion (@ + A) U (b + B) C A U B we can prove by induction that
{xn} C AU B. The compactness of AU B implies that the sets {n € N : 5, = a} and
{n € N : s, = b} are infinite. Consider the cyclic subgroup bZ generated by b and
let g5 : R — R/bZ be the quotient homomorphism. Observe that for every n € N
qp(xn) = qp(xp) if s, = b and gp(xn) = qp(a + xp—1) = qp(a) + gp(xp—1) if
xn € A. Since the set {n € N : 5, = a} is infinite and the fraction Z—’ is irrational, the
set ¢p ({xn }nen) is dense in the quotient group R/bZ. The definition of the numbers
sp guarantees that gp({xnnen) C ¢p(A). Now the compactness of A guarantees
that g (A) = R/bZ and hence A + bZ = R.

By analogy, we can prove that B + aZ = R. O
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