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Ó äåêàðòîâîìó äîáóòêó ÷àñîâîãî âiäðiçêà [0, T ] i ïðîñòîðîâîãî
p-âèìiðíîãî òîðà äîñëiäæåíî çàäà÷ó ç íåëîêàëüíèìè áàãàòîòî÷êî-
âèìè óìîâàìè äëÿ ëiíiéíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü n-ãî
ïîðÿäêó iç ÷àñòèííèìè ïîõiäíèìè çi çìiííèìè çà ÷àñîì íåïåðåðâ-
íèìè êîåôiöi¹íòàìè. Öÿ çàäà÷à íåêîðåêòíà çà Àäàìàðîì; ïèòàííÿ
iñíóâàííÿ ¨¨ ðîçâ'ÿçêó ïîâ'ÿçàíå ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Ó
ðîáîòi âñòàíîâëåíi íåîáõiäíi i äîñòàòíi óìîâè ¹äèíîñòi òà äîñòàòíi
óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i. Ïðè äîâåäåííi òåîðåìè iñíóâàí-
íÿ ðîçâ'ÿçêó âèêîðèñòîâó¹òüñÿ ìåòðè÷íèé ïiäõiä.

Çàäà÷ó ðîçãëÿäà¹ìî â îáëàñòi Dp, ùî ¹ äåêàðòîâèì äîáóòêîì âiäðiçêà
[0, T ] i p-âèìiðíîãî òîðà Ωp = (R/2πZ)p, ïðè÷îìó p ≥ 2. Ââàæà¹ìî, ùî
çìiííà t íàëåæèòü äî (0, T ), à çìiííà x = (x1, . . . , xp) � äî Ωp. Íåëîêàëüíi
óìîâè çà çìiííîþ t çàäàþòüñÿ ó òî÷êàõ t1, . . . , tM (M ≥ 2) âiäðiçêà [0, T ],
òàêèõ ùî 0 ≤ t1 < . . . < tM ≤ T .

Ðîçãëÿíåìî çàäà÷ó ïðî çíàõîäæåííÿ ðîçâ'ÿçêó

u = u(t, x) ≡ col
(
u1(t, x), . . . , um(t, x)

)

íåîäíîðiäíî¨ ñèñòåìè ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè
ïîõiäíèìè iç çàëåæíèìè âiä çìiííî¨ t êîåôiöi¹íòàìè âèãëÿäó

∂nu

∂tn
=

n∑

j=1

Aj(t,D)
∂n−ju

∂tn−j
+ f, (1)

ÓÄÊ 517.946+511.37
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ÿêèé çàäîâîëüíÿ¹ áàãàòîòî÷êîâó óìîâó
M∑

α=1

n∑

j=1

Bjα(D)
∂n−ju

∂tn−j

∣∣∣
t=tα

= ϕ, (2)

ùî ïîâ'ÿçó¹ çíà÷åííÿ øóêàíîãî ðîçâ'ÿçêó òà éîãî ïîõiäíèõ çà çìiííîþ t
ó òî÷êàõ t1, . . . , tM .

Âåêòîð-ôóíêöiÿ f = f(t, x) ≡ col
(
f1(t, x), . . . , fm(t, x)

)
òà âåêòîð-

ôóíêöiÿ ϕ = ϕ(x) ≡ col
(
ϕ1(x), . . . , ϕnm(x)

)
¹ çàäàíèìè i ôóíêöiÿ f(t, x)

¹ íåïåðåðâíîþ çà çìiííîþ t íà ïðîìiæêó [0, T ].
Êîåôiöi¹íòè Aj(t,D), j = 1, . . . , n, ñèñòåìè (1) ¹ ìàòðè÷íèìè äèôå-

ðåíöiàëüíèìè îïåðàòîðàìè, ÿêi íåïåðåðâíî çàëåæàòü âiä çìiííî¨ t. Ìà-
òðè÷íi äèôåðåíöiàëüíi îïåðàòîðè Bjα(D), j = 1, . . . , n, α = 1, . . . , M, ìà-
þòü ðîçìið nm×m, à îïåðàòîðè Aj(t,D), j = 1, . . . , n, � ðîçìið m×m.
Ñèìâîë D = (D1, . . . , Dp) ≡ (−i∂/∂x1, . . . ,−i∂/∂xp) ïîçíà÷à¹ îïåðàöiþ
äèôåðåíöiþâàííÿ çà çìiííîþ x.

Çàäà÷à (1), (2) äëÿ âèïàäêó äâîòî÷êîâèõ óìîâ (t1 = 0, tM = t2 = T )
ðîçãëÿäàëàñÿ ó ðîáîòi [4]. Ðîçâ'ÿçíiñòü öi¹¨ çàäà÷i âñòàíîâëåíà ó ïðîñòî-
ðàõ Eh,l = Eh,l(Ωp), h, l ∈ R, ïåðiîäè÷íèõ ôóíêöié ϕ(x) =

∑
k∈Zp

ϕ̂(k)eikx,
ÿêi âèçíà÷àþòüñÿ îòðèìóþòüñÿ ó ðåçóëüòàòi ïîïîâíåííÿ ìíîæèíè òðè-
ãîíîìåòðè÷íèõ ìíîãî÷ëåíiâ çà íîðìîþ

‖ϕ‖h,l =
√ ∑

k∈Zp

ϕ̂ ∗(k)ϕ̂(k) exp(2hk̃l), (3)

äå kx = k1x1 + · · · + kpxp, k = (k1, . . . , kp) � öiëî÷èñëîâèé âåêòîð, ÷è-
ñëî k̃ =

√
1 + k2

1 + · · ·+ k2
p, à ñèìâîë ½∗“ ïîçíà÷à¹ îïåðàöiþ åðìiòîâîãî

ñïðÿæåííÿ.
Äëÿ âèïàäêó ñòàëèõ êîåôiöi¹íòiâ (Aj(t,D) ≡ Aj(D), j = 1, . . . , n)

ðîçâ'ÿçíiñòü çàäà÷i (1), (2) âñòàíîâëåíî ó [5, 6] ó øêàëi ïðîñòîðiâ Ñîáîë¹-
âà Hq, q ∈ R, äå ïðîñòið Hq ¹ ïîïîâíåííÿì ìíîæèíè òðèãîíîìåòðè÷íèõ
ìíîãî÷ëåíiâ çà íîðìîþ ‖ϕ‖q =

√ ∑
k∈Zp

ϕ̂ ∗(k)ϕ̂(k)k̃2q.

Ðîçâ'ÿçíiñòü çàäà÷i (1), (2) ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííè-
êiâ [7]. Äëÿ äîñëiäæåííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ âèêîðèñòîâó¹òüñÿ
ìåòðè÷íèé ïiäõiä [7, 8]. Ó ðàìêàõ öüîãî ïiäõîäó ðîçãëÿäà¹òüñÿ íå îêðå-
ìà çàäà÷à (1), (2), à ìíîæèíà òàêèõ çàäà÷. Åëåìåíòàìè öi¹¨ ìíîæèíè
¹ çàäà÷i (1), (2) iç ôiêñîâàíèìè äàíèìè (êîåôiöi¹íòàìè äèôåðåíöiàëü-
íèõ ðiâíÿíü, êîåôiöi¹íòàìè êðàéîâèõ óìîâ ÷è iíøèìè ïàðàìåòðàìè),
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ÿêi óòâîðþþòü ïåâíó îáëàñòü ó ïðîñòîði äàíèõ. Iñíóâàííÿ òà ¹äèíiñòü
ðîçâ'ÿçêó ó âiäïîâiäíié øêàëi ïðîñòîðiâ âñòàíîâëþ¹òüñÿ äëÿ ìàéæå âñiõ
(çà ìiðîþ Ëåáåãà) òî÷îê çãàäóâàíî¨ îáëàñòi àáî äëÿ âñiõ òî÷îê ïiäîáëà-
ñòi, ìiðà ÿêî¨ âiäðiçíÿ¹òüñÿ âiä ìiðè îáëàñòi íà äîâiëüíå íàïåðåä çàäàíå
ìàëå ÷èñëî.

Ìåòðè÷íèé ïiäõiä âèêîðèñòîâó¹ìî i äëÿ âèâ÷åííÿ ðîçâ'ÿçíîñòi áàãà-
òîòî÷êîâî¨ íåëîêàëüíî¨ çàäà÷i (1), (2) ó øêàëi ïðîñòîðiâ Eh,l.

Ðîçâ'ÿçêîì çàäà÷i (1), (2) ââàæà¹ìî âåêòîð-ôóíêöiþ u = u(t, x), çíà-
÷åííÿ ÿêî¨ ðàçîì iç ïîõiäíèìè çà çìiííîþ t äî ïîðÿäêó (n− 1) äëÿ âñiõ
t ∈ [0, T ] íàëåæàòü äî øêàëè ïðîñòîðiâ Eh,l i ÿêà çàäîâîëüíÿ¹ ñèñòåìó
(1) òà óìîâè (2) ó ñëàáêîìó ñåíñi, òîáòî äëÿ âñiõ t ∈ [0, T ] òà äëÿ âñiõ
òðèãîíîìåòðè÷íèõ ìíîãî÷ëåíiâ w = w(x) âèêîíóþòüñÿ ðiâíîñòi

∫

Ωp

(
∂nu

∂tn
−

n∑

j=1

Aj(t,D)
∂n−ju

∂tn−j
− f

)
w dx = 0,

∫

Ωp

( M∑

α=1

n∑

j=1

Bjα(D)
∂n−ju

∂tn−j

∣∣∣
t=tα

− ϕ

)
w dx = 0.

Ìàòðè÷íi ÷è ñêàëÿðíi äèôåðåíöiàëüíi îïåðàöi¨ F (D), ùî äiþòü ó ïðî-
ñòîðàõ Eh,l, âèçíà÷åíî ôîðìóëîþ F (D)eikx = F (k)eikx, ÿêà ñïðàâåäëèâà
äëÿ âñiõ öiëî÷èñëîâèõ âåêòîðiâ k, çîêðåìà, îïåðàöiÿ D̃ âèçíà÷åíà ðiâíi-
ñòþ D̃eikx = k̃eikx. Çâiäñè îòðèìà¹ìî òàêèé âèãëÿä äëÿ íîðìè ó ôîðìóëi
(3): ‖ϕ‖h,l = ‖exp(hD̃l)ϕ‖0,0; àíàëîãi÷íà ôîðìóëà ‖ϕ‖q = ‖D̃qϕ‖0 ïîâ'ÿ-
çó¹ ìiæ ñîáîþ íîðìè ó ïðîñòîðàõ Ñîáîë¹âà.

Ðîçãëÿíåìî çàäà÷ó (1), (2) ïðè ôiêñîâàíèõ çíà÷åííÿõ êîåôiöi¹íòiâ ái-
ëÿ ñòåïåíiâ çìiííî¨ k ìàòðè÷íèõ ïîëiíîìiâ Bα(k) =

(
Bnα(k), . . . , B1α(k)

)
,

α = 1, . . . ,M , iç áàãàòîòî÷êîâèõ íåëîêàëüíèõ óìîâ (2).
Íåõàé v = col(u, ∂u/∂t, . . . , ∂n−1u/∂tn−1), à Zt(k), k ∈ Zp, ¹ ìàòðè-

öåþ Ëÿïóíîâà [1, 2] ïîðÿäêó nm, òîáòî íåïåðåðâíî äèôåðåíöiéîâíîþ íà
âiäðiçêó [0, T ] ìàòðèöåþ, îáåðíåíà ìàòðèöÿ Z−1

t (k) äî ÿêî¨ òàêîæ ¹ íå-
ïåðåðâíîþ ìàòðèöåþ íà öüîìó âiäðiçêó. Ââåäåìî íîâó íåâiäîìó âåêòîð-
ôóíêöiþ V = col (V1, . . . , Vnm) çà äîïîìîãîþ çàìiíè çìiííèõ

v(t, x) = Z−1(D)Zt(D)V (t, x), (4)

äå Z(k), k ∈ Zp, � ìàòðèöÿ Ëÿïóíîâà ñïåöiàëüíîãî âèãëÿäó

Z(k) = diag
(
k̃d1 , . . . , k̃dnm

)
,
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ó ÿêié d1, . . . , dnm � òàêi äiéñíi ÷èñëà, ùî d1 · . . . · dnm = 0. Ó ðåçóëüòà-
òi ïiäñòàíîâêè (4) ó ôîðìóëè (1), (2), äëÿ âèçíà÷åííÿ ôóíêöi¨ V (t, x)
îòðèìó¹ìî òàêó çàäà÷ó:

V ′ = Ã(t,D)V + F̃ , (5)

M∑

α=1

Bα(D)Z−1(D)Ztα(D)V (tα, x) = ϕ(x), (6)

äå ìàòðèöi Ã(t, k) = Z−1
t (k)Z(k)A(t, k)Z−1(k)Zt(k) − Z−1

t (k)Z ′t(k) íåïå-
ðåðâíî çàëåæàòü âiä çìiííî¨ t ∈ [0, T ], âåêòîð-ôóíêöiÿ F̃ = F̃ (t, x) =
Z−1

t (D)Z(D)F (t, x) òàêîæ íåïåðåðâíà çà çìiííîþ t, à ôóíêöiÿ F (t, x) =
col

(
0, . . . , 0, f(t, x)

)
¹ âåêòîð-ôóíêöi¹þ ðîçìiðó nm. Ìàòðèöÿ A(t, k) äëÿ

âñiõ k ∈ Zp ¹ áëî÷íîþ ìàòðèöåþ
(
Aij(t, k)

)
i,j=1,...,n

iç áëîêàìè Ai,i+1(k) =
I ïðè i = 1, . . . , n − 1, áëîêàìè An,i(k) = An−i+1(k) ïðè i = 1, . . . , n òà
íóëüîâèìè iíøèìè áëîêàìè (òóò I � îäèíè÷íà ìàòðèöÿ ïîðÿäêó m).

Ââåäåìî ïîçíà÷åííÿ St,τ (k), t, τ ∈ [0, T ], k ∈ Zp, äëÿ òàêîãî ìàòðè-
÷íîãî ðîçâ'ÿçêó äèôåðåíöiàëüíîãî ðiâíÿííÿ

dSt,τ (k)
dt

= Ã(t, k)St,τ (k),

ùî Sτ,τ (k) = Z−1
τ (k). ßêùî Yt(t) � ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ

îñòàííüîãî ðiâíÿííÿ, òî St,τ (k) = Yt(t)Y −1
τ (k)Z−1

τ (k).
Ðîçâ'ÿçîê ñèñòåìè (5) ó ïðîñòîði óçàãàëüíåíèõ ïåðiîäè÷íèõ (çà çìií-

íîþ x) ôóíêöié øóêà¹ìî ó âèãëÿäi

V (t, x) = St,0(D)C(t, x) =
∑

k∈Zp

St,0(k)Ĉ(t, k)eikx,

äå âåêòîð-ôóíêöi¨ Ĉ(t, k), k ∈ Zp, ¹ êîåôiöi¹íòàìè Ôóð'¹ íåâiäîìî¨ âåê-
òîð-ôóíêöi¨ C(t, x). Äëÿ âèçíà÷åííÿ öi¹¨ ôóíêöi¨ îòðèìà¹ìî ðiâíÿííÿ

St,0(D)
∂C(t, x)

∂t
= F̃ (t, x),

ÿêå ìà¹ çàãàëüíèé ðîçâ'ÿçîê C(t, x) = C(x)+
t∫
0

S−1
ϑ,0(D)F̃ (ϑ, x) dϑ, äå C(x)

� äîâiëüíà óçàãàëüíåíà ïåðiîäè÷íà ôóíêöiÿ.
Îòæå, çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (5) çîáðàæó¹òüñÿ ôîðìóëîþ

V (t, x) = St,0(D)


C(x) +

t∫

0

S−1
ϑ,0(D)F̃ (ϑ, x) dϑ


 ,
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ç ÿêî¨, íà îñíîâi ðiâíîñòi St,0(D)S−1
ϑ,0(D)F̃ (ϑ, x) = St,ϑ(D)Z(D)F (ϑ, x),

äiñòàíåìî

V (t, x) = St,0(D)C(x) +

t∫

0

St,ϑ(D)Z(D)F (ϑ, x) dϑ. (7)

Iç óìîâè (6) âèïëèâà¹, ùî ∆0(D)C(x) = ψ(x), äå

∆0(D) =
M∑

α=1

Bα(D)Z−1(D)Ztα(D)Stα,0(D),

ψ(x) = ϕ(x)−
M∑

α=1

Bα(D)Z−1(D)Ztα(D)

tα∫

0

Stα,ϑ(D)Z(D)F (ϑ, x) dϑ.

Òåîðåìà 1. Çàäà÷à (5), (6) ìà¹ ¹äèíèé ðîçâ'ÿçîê V (t, x) ó ïðîñòîði
óçàãàëüíåíèõ ïåðiîäè÷íèõ ôóíêöié òîäi i òiëüêè òîäi, êîëè iñíó¹ îáåð-
íåíèé îïåðàòîð ∆−1

0 (D). ßêùî iñíó¹ îïåðàòîð ∆−1
0 (D), òî ðîçâ'ÿçîê

V (t, x) ìà¹ âèãëÿä

V (t, x) = St,0(D)∆−1
0 (D)

(
ϕ(x)+

+
M∑

α=1

Bα(D)Z−1(D)Ztα(D)

t∫

tα

Stα,ϑ(D)Z(D)F (ϑ, x) dϑ

)
. (8)

Äîâåäåííÿ. Íåîáõiäíiñòü. Ïðèïóñòèìî, ùî çàäà÷à (5), (6) ìà¹
¹äèíèé ðîçâ'ÿçîê Ṽ (t, x) i îïåðàòîð ∆−1

0 (D) íå iñíó¹. Öå îçíà÷à¹, ùî
iñíó¹ íåòðèâiàëüíèé ðîçâ'ÿçîê C̃(x) ðiâíÿííÿ ∆0(D)C(x) = 0 i òîäi ôóí-
êöiÿ V1(t, x) = Ṽ (t, x) + St,0(D)C̃(x) ¹ ðîçâ'ÿçêîì çàäà÷i (5), (6), ÿêèé íå
ñïiâïàäà¹ iç ðîçâ'ÿçêîì Ṽ (t, x). Îòðèìàíà ñóïåðå÷íiñòü äîâîäèòü íåîáõi-
äíiñòü óìîâè òåîðåìè.

Äîñòàòíiñòü. Íåõàé iñíó¹ îïåðàòîð ∆−1
0 (D), òîäi ôóíêöiÿ C(x) =

∆−1
0 (D)ψ(x) áóäå ¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ ∆0(D)C(x) = ψ(x). Íà

îñíîâi ôîðìóëè (7) áóäó¹ìî ¹äèíèé ðîçâ'ÿçîê çàäà÷i (5), (6)

V (t, x) = St,0(D)∆−1
0 (D)ψ(x) +

t∫

0

St,ϑ(D)Z(D)F (ϑ, x) dϑ.
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Âèêîðèñòîâóþ÷è ðiâíiñòü St,ϑ(D) = St,0(D)Z0(D)S0,ϑ(D), äiñòàíåìî

V (t, x) = St,0(D)∆−1
0 (D)

(
ψ(x)+∆0(D)

t∫

0

Z0(D)S0,ϑ(D)Z(D)F (ϑ, x) dϑ

)
,

iç ÿêî¨ îòðèìó¹ìî ôîðìóëó (8). Òåîðåìó äîâåäåíî.

Êîåôiöi¹íòè Ôóð'¹ v̂(t, k), V̂ (t, k), ϕ̂(k), F̂ (t, k), k ∈ Zp, âåêòîð-ôóíê-
öié v(t, x), V (t, x), ϕ(x), F (t, x), âiäïîâiäíî, ïîâ'ÿçàíi ðiâíiñòþ

Z(k)v̂(t, k) = Zt(k)V̂ (t, k) = Zt(k)St,τ (k)∆−1
τ (k)

(
ϕ̂(k) +

+
M∑

α=1

Bα(k)Z−1(k)Ztα(k)

t∫

tα

Stα,ϑ(k)Z(k)F̂ (ϑ, k) dϑ
)
, (9)

äå τ = τt(k) ìîæå äîðiâíþâàòè íå ëèøå íóëþ, àëå é áóòè äîâiëüíèì ÷èñ-

ëîì iç âiäðiçêà [0, T ], à ìàòðèöÿ ∆τ (k) =
M∑

α=1
Bα(k)Z−1(k)Ztα(k)Stα,τ (k).

Öå âèïëèâà¹ iç òîòîæíîñòi St,0(k)∆−1
0 (k) = St,τ (k)∆−1

τ (k).

Ââàæà¹ìî, ùî ‖Zt(k)‖ ≤ 1, îñêiëüêè äëÿ êîæíîãî k ∈ Zp ìàòðèöÿ
Ã(t, k) iíâàðiàíòíà ùîäî îïåðàöi¨ ìíîæåííÿ ìàòðèöi Zt(k) íà ñòàëó; òîäi
iç ôîðìóëè (9) äëÿ τ = tβ , 1 ≤ β ≤ M , îòðèìó¹ìî îöiíêó

‖Z(k)ṽ(t, k)‖2 ≤ C1‖St,tβ (k)‖2
(
‖∆−1

tβ
(k)Z−1(k)‖2‖Z(k)ϕ̃(k)‖2+

+
M∑

α=1

‖∆−1
tβ

(k)Bα(k)Z−1(k)‖2

T∫

0

‖Stβ ,ϑ(k)‖2‖Z(k)F̃ (ϑ, k)‖2dϑ
)
≤

≤ C2 min
1≤β≤M

‖St,tβ (k)‖2Ω(k)
(
‖Z(k)ϕ̃(k)‖2 +

+

T∫

0

max
1≤β≤M

‖Stβ ,ϑ(k)‖2‖Z(k)F̃ (ϑ, k)‖2dϑ
)
, (10)

äå Ω(k) =

= max
1≤β≤M

max
{
‖∆−1

tβ
(k)Z−1(k)‖2, max

1≤α≤M
‖∆−1

tβ
(k)Bα(k)Z−1(k)‖2

}
. (11)
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Âèáåðåìî ìàòðèöþ Z(k) = diag
(
k̃d1 , . . . , k̃dnm

)
òàê, ùîá ÷èñëà d1, . . . , dnm

ìiíiìiçóâàëè âèðàç max
1≤i,j≤nm

{nij + di − dj}, äå nij � ìàêñèìàëüíèé (çà
çìiííîþ t) ñòåïiíü åëåìåíòà ìàòðèöi A(t, k), ùî ñòî¨òü íà ïåðåòèíi i-ãî
ðÿäêà òà j-ãî ñòîâïöÿ [4]. Ïîçíà÷èìî öåé ìiíiìóì ÷åðåç nL, òîäi

‖Z(k)A(t, k)Z−1(k)‖ ≤ C3k̃
nL .

Ìàòðèöþ Ëÿïóíîâà Zt(k) = Zmin
t (k) âèáèðà¹ìî iç óìîâè ìiíiìiçàöi¨

ôóíêöiîíàëó

lk
(
Zt(k)

)
= max

t∈[0,T ]
min

1≤β≤M
‖St,tβ (k)‖2 + max

ϑ∈[0,T ]
max

1≤α≤M
‖Stα,ϑ(k)‖2

ïðè max
t∈[0,T ]

‖Zt(k)‖2 ≤ 1. Òîäi äëÿ âñiõ òî÷îê (t, ϑ) ∈ [0, T ] × [0, T ] ñïðàâ-
äæóþòüñÿ íåðiâíîñòi

min
1≤β≤M

‖St,tβ (k)‖2 ≤ lk
(
Zmin

t (k)
) ≤ lk(I),

max
1≤α≤M

‖Stα,ϑ(k)‖2 ≤ lk
(
Zmin

t (k)
) ≤ lk(I).

(12)

Ïðè Zt(k) = I ìàòðèöÿ Ã(t, k) ñòà¹ òàêîþ: Ã(t, k) = Z(k)A(t, k)Z−1(k),
ïðè÷îìó ñïåêòð ìàòðèöi Ã∗(t, k)+Ã(t, k) ¹ äåÿêîþ ïiäìíîæèíîþ âiäðiçêà
[−2C3k̃

nL , 2C3k̃
nL ], òîìó, âíàñëiäîê íåðiâíîñòåé (7) òà (8), iç [4] ìà¹ìî

íåðiâíiñòü ‖St,τ (k)‖2 ≤ nme2|t−τ |C3k̃nL . Iç öi¹¨ íåðiâíîñòi îòðèìó¹ìî, ùî

lk(I) ≤ nm
(

max
t∈[0,T ]

min
1≤β≤M

e2|t−tβ |C3k̃nL +

+ max
ϑ∈[0,T ]

max
1≤α≤M

e2|t−tα|C3k̃nL
)
≤ 2nme2max(tM ,T−t1)C3k̃nL .

Çíàéäåìî òåïåð îöiíêó çâåðõó äëÿ ôóíêöi¨ Ω(k). Âèêîðèñòà¹ìî äëÿ
öüîãî ìåòðè÷íèé ïiäõiä [4, 8] ó ïðîñòîði âåêòîðiâ, êîìïîíåíòàìè ÿêèõ
¹ êîåôiöi¹íòè áiëÿ ñòåïåíiâ çìiííî¨ k åëåìåíòiâ ìàòðèöü Bα(k), α =
1, . . . , M . Ôóíêöiÿ Ω(k) ïðè êîæíîìó ôiêñîâàíîìó k ∈ Zp ¹ äðîáîâî-
ðàöiîíàëüíîþ ôóíêöi¹þ öèõ êîåôiöi¹íòiâ, çíàìåííèê ÿêî¨ ìîæå äîðiâ-
íþâàòè íóëåâi äëÿ ïåâíèõ íàáîðiâ êîåôiöi¹íòiâ. Òàêi íàáîðè âèëó÷à¹ìî
iç ðîçãëÿäó ó ñêëàäi äåÿêî¨ ìíîæèíè ìàëî¨ ìiðè.

Ââàæà¹ìî, ùî óìîâè (2) ¹ íîðìîâàíèìè ó òàêèé ñïîñiá, ùî êîæåí iç
êîåôiöi¹íòiâ åëåìåíòiâ ìàòðèöi B(k) =

(
B1(k), . . . , BM (k)

)
íàëåæèòü äî
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îäèíè÷íîãî êðóãà K iç öåíòðîì ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨ ïëî-
ùèíè. Äëÿ êîæíîãî âåêòîðà k ∈ Zp i êîæíîãî åëåìåíòà

∑
s

bijsk
s ìàòðèöi

B(k) =
( ∑

s
bijsk

s
)
i,j=1,...,nm

âèáåðåìî êîåôiöi¹íò bijs iç íàéáiëüøèì ìîäó-
ëåì ìíîæíèêà ks ïðè íüîìó. Iç âñiõ òàêèõ êîåôiöi¹íòiâ óòâîðèìî âåêòîð
b = (b1, . . . , br) ∈ Kr.

Òåîðåìà 2. Äëÿ äîâiëüíîãî ε > 0, äîâiëüíîãî d > p/2 iñíó¹ òàêà
ìíîæèíà W (ìiðà W íå ïåðåâèùó¹ ε), ùî äëÿ âñiõ âåêòîðiâ b ∈ Kr \W
âèêîíó¹òüñÿ íåðiâíiñòü

Ω(k) ≤ C4ε
−nmk̃2(σ+nmd), k ∈ Zp, (13)

äå
C4 = ξnm(nm)!M(M + 1)C2nm

5 , C5 =
(
πnmM

∑
k∈Zp

k̃−2d
)−1/2

, ξ =
(
nmM
nm

)
.

Äîâåäåííÿ. Çà ôîðìóëàìè Êðàìåðà åëåìåíò
(
∆−1

tβ
(k)Z−1(k)

)
ij

ìà-
òðèöi ∆−1

tβ
(k)Z−1(k) ïîäàìî ó âèãëÿäi ÷àñòêè

(
∆−1

tβ
(k)Z−1(k)

)
ij

= (−1)i+j
det∆ji

tβ
(k)

∆tβ (k)
k̃−dj , i, j = 1, . . . , nm,

äå ìàòðèöÿ ∆ji
tβ

(k) óòâîðåíà iç ìàòðèöi ∆tβ (k) âèëó÷åííÿì j-ãî ðÿäêà òà
i-ãî ñòîâïöÿ; àíàëîãi÷íî

(
∆−1

tβ
(k)Bα(k)Z−1(k)

)
ij

=
det∆αij

tβ
(k)

∆tβ (k)
k̃−dj , i, j = 1, . . . , nm,

äå ìàòðèöÿ ∆αij
tβ

(k) óòâîðåíà çàìiíîþ i-ãî ñòîâïöÿ j-ì ñòîâïöåì ìàòðèöi
Bα(k).

Ïðàâèëüíèìè ¹ òàêi ðîçêëàäè:

∆tβ (k) = B(k)Rβ(k), ∆ji
tβ

(k) = Bj(k)Ri
β(k), ∆αij

tβ
(k) = B(k)Rαij

β (k),

äå Rβ(k) = col
(
Z−1(k)Zt1(k)St1,tβ (k), . . . , Z−1(k)ZtM (k)StM ,tβ (k)

)
, ìàòðè-

öÿ Bj(k) óòâîðåíà âèëó÷åííÿì j-ãî ðÿäêà iç ìàòðèöi B(k), ìàòðèöÿ
Ri

β(k) � âèëó÷åííÿì i-ãî ñòîâïöÿ iç ìàòðèöi Rβ(k), ìàòðèöÿ Rαij
β (k) �

çàìiíîþ i-ãî ñòîâïöÿ ìàòðèöi Rβ(k) íà (nm(α− 1) + j)-èé ñòîâïåöü îäè-
íè÷íî¨ ìàòðèöi ïîðÿäêó nmM .

Ìiíîðè ïîðÿäêó (nm − 1) ìàòðèöi Ri
β(k) âîëîäiþòü òàêèìè âëàñòè-

âîñòÿìè:
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ìiíîð äîðiâíþ¹ íóëåâi, ÿêùî âií ìiñòèòü ðÿäîê iç íîìåðîì (nm(β−1)+i);
ìiíîð, ÿêèé íå ìiñòèòü öüîãî ðÿäêà, ñïiâïàäà¹ iç ïîìíîæåíèì íà ±k̃di

ìiíîðîì ìàòðèöi Rβ(k) ïîðÿäêó nm, ÿêèé ìiñòèòü öåé ðÿäîê i âñi iíøi
ðÿäêè ìiíîðà ìàòðèöi Ri

β(k);

ìiíîð ïîðÿäêó nm ìàòðèöi Rαij
β (k) äîðiâíþ¹ íóëåâi, ÿêùî âií ìiñòèòü

ðÿäîê iç íîìåðîì (nm(β−1)+i) àáî íå ìiñòèòü ðÿäêà iç íîìåðîì (nm(α−
1) + j) i çáiãà¹òüñÿ iç ïîìíîæåíèì íà ±k̃di ìiíîðîì ìàòðèöi Ri

β(k) iç
çàìiíåíèì (nm(α− 1) + j)-èì ðÿäêîì íà (nm(β − 1) + i)-èé ðÿäîê.

Íà ïiäñòàâi öèõ âëàñòèâîñòåé i ôîðìóëè Áiíå�Êîøi çàïèøåìî òàêi
ðiâíîñòi

det∆tβ (k) = αβ
1 (k)

(
γβ
1 (k) +

ξ∑
q=2

γβ
q (k)αβ

q (k)

αβ
1 (k)

)
,

det∆ji
tβ

(k) = k̃diαβ
1 (k)

(
γβji

1 (k) +
ξ∑

q=2

γβji
q (k)αβ

q (k)

αβ
1 (k)

)
,

det∆αij
tβ

(k) = k̃diαβ
1 (k)

(
γαβij

1 (k) +
ξ∑

q=2

γαβij
q (k)αβ

q (k)

αβ
1 (k)

)
,

(14)

äå αβ
1 (k), . . . , αβ

ξ (k) � âñåìîæëèâi ìiíîðè ïîðÿäêó nm ìàòðèöi Rβ(k), óïî-
ðÿäêîâàíi çà ïðàâèëîì |αβ

1 (k)| ≥ . . . ≥ |αβ
ξ (k)|, à áóêâà γ ïîçíà÷à¹ (çàëå-

æíî âiä ¨¨ iíäåêñiâ) âiäïîâiäíi ìiíîðè ïîðÿäêó nm òà (nm− 1) ìàòðèöü
B(k) òà Bj(k) àáî íóëi. Âèêîíó¹òüñÿ íåðiâíiñòü |αβ

1 (k)| ≥ k̃−(d1+...+dnm).
Íà ïiäñòàâi (11) òà (14) ìà¹ìî, ùî

Ω(k) ≤ max
1≤β≤M,

1≤i,j≤nm

{
k̃di−dj max

{ ξ∑
q=1

|γβji
q (k)|, max

1≤α≤M

ξ∑
q=1

|γαβij
q (k)|

}}

|γβ
1 (k) + γ̄β

1 (k)|
, (15)

äå γ̄β
1 (k) =

∑ξ
q=2 γβ

q (k)αβ
q (k)/αβ

1 (k). Îñêiëüêè ìiíîðè γβ
q (k), γβji

q (k) òà
γαβij

q (k) ¹ ìíîãî÷ëåíàìè çà çìiííîþ k, òî γβ
1 (k) =

∑
α
κβ

α(k)ks(α,β), äå

s(α, β) � ìóëüòèiíäåêñ, ïðè÷îìó
∣∣ks(1,β)

∣∣ ≥ ∣∣ks(2,β)
∣∣ ≥ . . . ≥ 1, à êîåôiöi-

¹íò κβ
1 (k) =

nm∏
l=1

bρ(l,β) i êîæåí ìíîæíèê bρ(l,β) ¹ äåÿêèì åëåìåíòîì âåêòîðà

b (iíäåêñè s(α, β) i ρ(l, β) òàêîæ çàëåæàòü âiä k). Ôóíêöiÿ γβ
1 (k) + γ̄β

1 (k)
¹ ëiíiéíîþ ùîäî êîæíîãî êîåôiöi¹íòà ìàòðèöi B(k) (ïðè ôiêñîâàíèõ ií-
øèõ êîåôiöi¹íòàõ) i ìîæå áóòè çàïèñàíîþ ó âèãëÿäi äîáóòêó

k̃s(1,β)
( nm∏

l=1

bρ(l,β) + . . .
)

= k̃s(1,β)δβ(k),
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äå ó äîäàíêàõ, ïîçíà÷åíèõ òðèêðàïêîþ, âiäñóòíié âèðàç
nm∏
l=1

bρ(l,β). Ìíîæ-

íèê δβ(k) ôàêòîðèçó¹òüñÿ íà ëiíiéíi ôóíêöi¨:
nm∏
l=1

δβ,l(k), äå δβ,l(k) =

bρ(l,β) + . . . , à òðèêðàïêà îçíà÷à¹ äîäàíêè, ùî íå çàëåæàòü âiä åëåìåíòiâ
bρ(j,β) âåêòîðà b ïðè l ≤ j ≤ nm.

Íåõàé d > p/2 i Wβl(k) ⊂ Kr � ìíîæèíà òèõ âåêòîðiâ, b äëÿ ÿêèõ
âèêîíó¹òüñÿ äëÿ ôiêñîâàíîãî k ∈ Zp íåðiâíiñòü

|δβ,l(k)| ≤ √
εC5k̃

−d, β = 1, . . . , M, l = 1, . . . , nm, (16)

à Wβl(k, b) � ìíîæèíà òèõ ÷èñåë bρ(l,β), äëÿ ÿêèõ ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü (16) ïðè iíøèõ ôiêñîâàíèõ åëåìåíòàõ âåêòîðà b. Òîäi ìiðà ìíîæèíè
Wβl(k, b) íå ïåðåâèùó¹ ÷èñëà επC2

5 k̃−2d. Iíòåãðóþ÷è çà âñiìà ôiêñîâàíè-
ìè åëåìåíòàìè, îäåðæó¹ìî òàêó æ îöiíêó i äëÿ ìiðè ìíîæèíè Wβl(k):
mesWβl(k) ≤ επC2

5 k̃−2d. Çâiäñè âèïëèâà¹, ùî íà ìíîæèíi Kr \ Wβl(k)
ïðàâèëüíîþ ¹ ïðîòèëåæíà äî (16) íåðiâíiñòü |δβ,l(k)| > √

εC5k̃
−d i íåðiâ-

íîñòi
|δβ(k)| > εnm/2Cnm

5 k̃−nmd, 1 ≤ β ≤ M, (17)

âèêîíóþòüñÿ íà ìíîæèíi Kr \W (k), äå

W (k) =
M⋃

β=1

nm⋃

l=1

Wβl(k), mesW (k) ≤ επnmMC2
5 k̃−2d.

Ïîêëàäàþ÷è W ′ =
⋃

k∈Zp

W (k), çâiäñè îòðèìó¹ìî, ùî mes W ′ ≤ ε, ÿêùî

C5 =
(
πnmM

∑
k∈Zp

k̃−2d
)−1/2. Äëÿ îòðèìàííÿ øóêàíî¨ ìíîæèíè W îá'-

¹äíà¹ìî ìíîæèíó W ′ iç ìíîæèíîþ ìiðè íóëü òèõ âåêòîðiâ b, ÿêi ìàþòü
íóëüîâi åëåìåíòè.

Iç íåðiâíîñòi (15) âèïëèâà¹ íåðiâíiñòü (13), äå ÷èñëî σ ñïðàâäæó¹
íåðiâíiñòü

max
1≤β≤M

1≤i,j≤nm

{
k̃di−dj−s(1,β) max

{ ξ∑

q=1

|γβji
q (k)|, max

1≤α≤M

ξ∑

q=1

|γαβij
q (k)|

}}
≤

≤ ξnm(nm)!M(M + 1)k̃σ.

Òåîðåìó äîâåäåíî.
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Iç íåðiâíîñòåé (12) îòðèìó¹ìî iñíóâàííÿ òàêèõ äiéñíèõ ÷èñåë lu òà lf ,
ùî âèðàçè

max
k∈Zp

min
1≤α≤M

ln‖St,tα(k)‖
k̃lu

, max
k∈Zp

max
1≤α≤M

ln‖Stα,t(k)‖
k̃lf

¹ îáìåæåíèìè ïðè âñiõ çíà÷åííÿõ t ∈ [0, T ], à, îòæå, iñíóþòü îáìåæåíi
ôóíêöi¨ U(t) òà F (t), ÿêi ñïðàâäæóþòü íåðiâíîñòi

min
1≤α≤M

‖St,tα(k)‖2 ≤ e2U(t)k̃lu
, max

1≤α≤M
‖Stα,t(k)‖2 ≤ e2F (t)k̃

lf
. (18)

Òåîðåìà 3. Íåõàé
1) D̃lϕ+djϕj ∈ E0,0, j = 1, . . . , nm,
2) D̃lϕ+d(n−1)m+jfj ∈ EF (t),lf , j = 1, . . . , m, äå lϕ > σ + (nm− 1)p/2.

Òîäi äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêà ìíîæèíà W ç ìiðîþ mes W ≤ ε,
ùî äëÿ âñiõ âåêòîðiâ b ∈ Kr \ W iñíó¹ ¹äèíèé ðîçâ'ÿçîê V (t, x) çàäà÷i
(5), (6) (çàäà÷i (1), (2)), ÿêèé çîáðàæó¹òüñÿ ôîðìóëîþ (8). Äî òîãî æ
D̃djVj(t, ·) ∈ E−U(t),lu i âèêîíóþòüñÿ îöiíêè

nm∑

j=1

‖D̃djVj(t, ·)‖2
−U(t),lu

≤

≤ C4

εnm

(
‖D̃lϕ+djϕ‖2

0,0 +

T∫

0

‖D̃lϕ+d(n−1)m+jf(τ, ·)‖2
F (τ),lf

dτ

)
. (19)

Äîâåäåííÿ. Âèáåðåìî ìíîæèíó âåêòîðiâ W òàêó, ÿê ó òåîðåìi 2, òîäi
äëÿ êîæíîãî âåêòîðà b ∈ Kr \W âèêîíóþòüñÿ óìîâè òåîðåìè ¹äèíîñòi,
òîáòî äëÿ âñiõ k ∈ Zp âèçíà÷íèê ∆0(k) 6= 0. Îòæå, ðîçâ'ÿçîê çàäà÷i (5),
(6) � ¹äèíèé. Ïiäñòàâèìî íåðiâíîñòi (18) ó ôîðìóëó (10) äëÿ îòðèìàííÿ
íåðiâíîñòi

e−2U(t)k̃lu‖Z(k)v̂(t, k)‖2 ≤

≤ Ω(k)

(
‖Z(k)ϕ̂(k)‖2 +

T∫

0

e2F (ϑ)k̃
lf ‖Z(k)F̂ (ϑ, k)‖2dϑ

)
.

Ïåðåõiä äî íåðiâíîñòi (19) çäiéñíþ¹ìî çà äîïîìîãîþ ôîðìóëè (13).
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MULTIPOINT NONLOCAL BOUNDARY VALUE PROBLEM
FOR A SYSTEM OF NONHOMOGENEOUS PARTIAL
DIFFERENTIAL EQUATIONS WITH TIME VARIABLE

CONTINUOUS COEFFICIENTS

Volodymyr ILKIV

Lviv Polytechnic National University
12 S.Bandery Str., Lviv 79013, Ukraine

The problem with nonlocal boundary conditions for linear system of
general partial n-order di�erential equations in time variable continuous
coe�cients in Cartesian product of a time interval and a spatial p-dimensional
torus is considered. This problem is noncorrect in the Hadamard sense and
connected with problem of small denominators. We establish necessary and
su�cient uniquenes conditions and su�cient existence conditions of solution
of the problem. The proof of the existence theorem of solution is based on
metric approach.




