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Iterated function systems are defined for inclusion hyperspaces and
capacities, and counterparts of classical theorems on attractors, namely
the fixed point theorem, the continuity with respect to a contraction,
the collage and anti-collage theorems, are proved. Self-similar random
capacities are also defined, ad their properties, analogous to properties
of random self-similar measures, are investigated.

Introduction

Capacities were introduced by Choquet [1] as a natural generalization of
measures. They found numerous applications, e.g. in decision making theory
in conditions of uncertainty [2, 3, 4, 5, 6]. Upper semicontinuous capaci-
ties were defined and studied in [7]. Algebraic and topological properti-
es of capacities on compact Hausdorff spaced were investigated in [8]. In
particular, the capacity functor in the category of compacta was defined. A
remarkable fact is that this functor is a functorial part of a monad that is also
described in [8]. The aim of this paper is to transfer to capacities remarkable
results on fractal measures, in particular, random fractal measures.
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1 Basic definitions, notations and facts

A compactum is a compact Hausdorff topological space. We regard the
unit segment I = [0;1] as a subspace of the real line with the natural
topology. We write A C B or A C B if A is a closed or resp. an open

subset of a space B. For a set X the identity mapping X — X is denoted
by lX-

For a set Y and a metric space (X,d) with supd < oo the uniform
convergence metric on the set of all mappings ¥ — X is defined by the
formula

du(f,g) = sup{d(f(2),g(x)) |z € X}, fig:¥ — X,

For a topological space X its hyperspace exp X is the set of all closed
nonempty subsets of X with the Vietoris topology, see, e.g., |9]. The standard
base of the latter consists of all sets of the form

<U1,...,Un>:{F€eXpX’FgU1U~~UUn,FﬂUZ'#@V’l‘zl,...,n},

where Uy, ..., U, are open sets in X. If (X,d) is a metric compactum, the
Vietoris topology on exp X is determined by the Hausdorff metric dg that
is defined as

dp(F,G) =inf{e > 0| d(a,B) <e,d(b,A) < e foralla € A, b€ B},

F.G eexpX,

where d(z,Y) = inf{d(z,y) | y € Y} for any v € X, YV € expX. It is
known that for a compactum X the hyperspace exp X is a compactum as
well, therefore we can consider compacta exp? X = exp(exp X), exp? X =
exp(exp? X), etc. For a metric compactum (X, d) the Vietoris topology on
exp? X is determined by the metric dyy = (dg)m, and so forth.

For § > 0 and a set A in a metric space (X,d) let O5(A) = {x € X |
d(z,A) < 6}. In particular, Os({a}) = Bs(a) for § > 0 is the closed ball with
the center a and the radius §. Then we can equivalently define the Hausdorff
metric by the formula

dy(F,G) = min{é > 0| F € O5(G), G  O5(F)}.

The diameter of a set A in a metric space (X,d) is defined to be diam A =

sup{d(z,y) | =,y € A}.
An inclusion hyperspace H on a compactum X is a closed subset of exp X
such that A € H, A C B imply B € H for all A,B € exp X (see [9]). The
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set GX of all inclusion hyperspaces on X is closed in exp? X, therefore GX
is a compactum. If (X, d) is a metric compactum, then the topology of GX
is determined by the metric dgg .

We follow a terminology of [8] and call a function ¢ : exp X U{@} — I
a capacity on a compactum X if the three following properties hold for all

closed subsets F, G in X :
(1) e(8) =0, o(X) = 1
(2) if FF C G, then ¢(F) < ¢(G) (monotonicity);

(3) if ¢(F) < a, then there exists an open set U 2O F' such that for any
G C U we have ¢(G) < a (upper semicontinuity).

We extend a capacity ¢ to all open subsets in X by the formula :

c(U) = sup{c(F) | F SX’F CU}.

It is proved in [8] that the set M X of all capacities on a compactum X
is a compactum as well, if a topology on M X is determined by a subbase
that consists of all sets of the form

O_(F,a) ={ce MX | ¢(F) < a},

WhereFCIX, a € R, and
C

O4+(U,a)={ce MX | c(U) >a} =
{c € M X | there exists a compactum F C U, c¢(F) > a},
where U C X, a € R.
op
If the topology on a compactum X is determined by a compatible metric

d, then [8] the topology on M X is determined by the following metric :

d(e,d) =inf{e > 0| VF - X c(O(F))+e>d(F),d(O(F)) +¢e = c(F)}.

We write ¢1 < ¢ for ¢1,c0 € MX iff ¢1(F) < ¢o(F) for all F C1 X. Then
C
MX is a Lawson lattice [10], and for any set {¢; € MX|i € Z} and F < X
C
we have \/,c7 ¢i(F) = sup{c;(F) | i € T}, \jeg ci(F) = inf{c;(F) | i € Z}.
The assignments exp, G and M extend respectively to the hyperspace

functor, inclusion hyperspace functor and capacity functor with the same
denotations in the category of compacta, if the mapsexp f : exp X — expY,
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Gf:GX - GY and Mf : MX — MY for a continuous map of compacta
f: X — Y are defined by the formulae

exp f(F) ={f(z) |z € F}, FeexpX,
Gf(H):{BCIY]BDf(A)forsomeAEH}, HeGX,
Mf(e)(F)=c(f"YF)), cec MX,F cY.

We will also use the mapping uX : M2X — MX defined in [8] by the
formula

puX(C)(F)=sup{ a €I |C({ce MX | ¢(F) > a}) > a},

where C € M2X, F C1 X. It is the component of the multiplication of the
C

capacity monad, see [8] for algebraic meaning of this mapping and [10] for a

“practical interpretation”. We will use only the fact that pX is continuous.

In the sequel we denote the set {c € M X | ¢(F) > a} by F,. Sometimes it

is more convenient to use an equivalent definition of uX : uX(C)(F) > « for

Ce M*X, F Cl X, o € I iff there is a set F Cl MX such that C(F) > «,
C

C
and ¢(F) > a for all ¢ € F.

For ¢ € M X and « € I the a-section of ¢ is the set Sqc = {F € exp X |
¢(F) > a}. It is proved in [8] that S,c € GX, and the collection of all S,e,
« € I, uniquely determines a capacity c. The subgraph of a capacity c € M X
is a set sube = {(F,a) € expX X I | ¢(F) > a}. It is proved in [10] that
sub ¢ is closed in exp X x I, and the mapping sub : M X — exp(exp X x I)
is an embedding. Obviously subc N (exp X x {a}) = Sac x {a}.

We will use a

Lemma 1. Let X be a compact metric space and a metric donexpX x 1
is defined by the formula d((Fy, aq), (Fa, a2)) = max{dy (F1, F»), a1 — asl},
where F1,Fy € expX, ai,as € I. Then for all c1,co € MX the equality

d(c1, ) = dg(subey, subey) holds.

PROOF is straightforward.

We call a capacity ¢ € M X a U-capacity (also called sup-measure or
possibility measure, [11]), if ¢c(AU B) = max{c(A),c(B)} for all A, B < X.
Each U-capacity c is completely determined by its values on singletgns :
c(A) = max{c({z}) | = € A} for a set A C X, therefore we identify ¢ with
the upper semicontinuous function X — I that sends each x to c({z}). We
preserve the same denotation c¢ for this function. The set M X is closed
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in M X, and for a continuous mapping f : X — Y of compacta we have
Mf(M,X) C M,Y, so we can define M, f : M, X — M,Y as a restriction
of M f. Thus a subfunctor M of the functor M in the category of compacta
is determined [9, 11]. Moreover, uX (M2X) C M, X, and we define p,X :
MEX — M X as a restriction of pX. If U-capacities on a compactum Y are
regarded as functions Y — I, then u X is determined by the formula :

X (C)(x) =sup{a € I| I ¢ € M,X such that C(c) > «,c(z) > a},
where C € M2X, x € X.

2 Main results

In the sequel let X be a compact metric space. For a mapping f : X — X
the contraction factor is defined to be equal to

Lip f = sup{cw

A mapping f such that Lip f < 1 is called a contraction, and f is non-
exzpanding if Lip f < 1. For 0 < ¢ < 1 we denote Ry(X) = {r : X — X |
Lipr < ¢}. It is easy to see that R,(X) is a compactum with the uniform
convergence metric.

Recall how a classical iterated function system (IFS) for sets is defined.
Usually only finite sets of contractions are involved because of their practical
use, but there is no formal need for such a restriction. Thus in the sequel
IFS 7 is a closed nonempty set of contractions with contraction factors not
greater than some ¢ < 1, i.e. 7 € exp R¢(X). Then for any F' € exp X we
put exp 7(F) = (J,cr expr(F). It is well-known that the mapping exp 7 is a
contraction in the space exp X with the Hausdorff metric, and Lipexp 7 < ¢.
Thus it is possible to apply to exp 7 four classical theorems on contractions :

|,y € X,z #y}.

Theorem (Banach fixed point theorem for contraction maps, [12]). Let
(Y,d) be a complete metric space and f :'Y — Y be a mapping such that
Lip f < ¢ < 1. Then there is a unique yo € Y such that f(yo) = yo. Moreover,
foranyy € Y and n € N, d(f™(y),y0) < %, thus f*(y) — yo as
n — oo.

Theorem (Continuity of fixed points with respect to contraction maps,
[13]). Let (Y,d) be a compact metric space and contractions f,g : Y — Y

have fized points yoy and yoq respectively. Then

du(f,9)
1 — min{Lip f,Lipg}"

d(y0f7 Z/Og) <
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Theorem (“Collage theorem”, [14]). Let (Y,d) be a complete metric space
and f be a contraction with a fixed point yo. Then for any y € Y,

d(y,yo) < d(y, f(y))-

_
1—Lipf
Theorem (“Anti-Collage theorem”, [15]). Assume the conditions of the
previous theorem. Then for any y € Y,

d(y, yo) Yy, f(y))-

1

> 1+ Lip fd<

Since exp X is complete, there is a unique fixed point F for exp 7, i.e. a set
F such that exp 7(F') = F. This fixed point is called the attractor of the IFS
7 or a fractal set self-similar w.r.t. exp7. For any H € exp X the sequence
(exp™)™(F), n=1,2,..., converges to the fixed point exponentially fast.

Now we extend this notion to inclusion hyperspaces. For any 7 €
expRy(X) and F € GX we put G7(c) = (), Gr(F). Then G7(F) is
in GX and depends continuously on (7,c) € exp R¢(X) x GX. Now for
R € MR, (X) we define GR(F) by the formula GR(F) = Uycr GT(F). It is
easy to observe that for H € exp X we have H € GR(F) if and only if there
is 7 C1 R,(X), ¥ € R such that for each r € 7 the set H contains the image

C

r(F) of some F' € F. It is straightforward to check that GR(F) € GX and it
depends continuously on (F,R) € GX x MRy(X). It differs from the usual
IFS for compact sets in that each contraction has a “choice” on which set
to act in a given inclusion hyperspace. Following the commonly used termi-
nology style (see, e.g. [16]) we call R an IFS for inclusion hyperspaces and
GR an IFS operator or fractal transform associated with R. The functors
exp and G preserve contraction factors of mappings, thus

Theorem 1. If R € GRy(X), then GR € R,(GX).

(An obvious proof is omitted.) Therefore the four previous theorems
about contractions are applicable to GR too. Thus a fixed point F for GR
exists, is unique and depends continuously on R. It is natural to call it the
attractor of the IFS R or a fractal inclusion hyperspace self-similar w.r.t.
GR.

We will use the two (of many existing) natural embeddings igX,i“X :
exp X — GX for a compactum X, namely i¢X(F) = {H € expX | H D
FY, i°X(F) = {H € expX | HNF # @} for F € exp X. For a fixed
7 € exp Ry(X) let Ry = igRy(X)(F), R* = i“Ry(X)(7). Then it is easy
to verify that for any F' € exp X we have GR.(ic X (F)) = icX(GF(F)),
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GR*(i°X(F)) = iX(GF(F)). Thus a fractal transform for sets embeds
into a fractal transform for inclusion hyperspaces.

As inclusion hyperspaces are tightly connected with capacities ([8]), it is
natural to go forth and define IF'S for capacities. As M X is a Lawson lattice
w.r.t. “setwise” infs and sups, we can put M7(c) = A,z Mr(c) for all 7 €
exp Ry(X) and ¢ € MX. Then M7(c) is in M X and depends continuously
on (7,c) € exp Rg(X) x MX. Now for R € MR,;(X) we define MR(c) by

the formula

MR()(F)=\/ min{MF(c)(F),R(F)} for F C X.
Feexp Rq(X)

Theorem 2 (Fixed point theorem for capacities). Let X be a metric
compactum, ¢ € MX and R € MRy (X). Then MR(c) is a capacity
on X, and the mapping MR is non-expanding but is not a contraction.
Nevertheless, there is a unique co € MX such that MR(co) = co, and for
any ¢ € MX we have d((MR)"(c), co) < ¢"diam X, thus (MR)"(c) — co
as n — oo.

Proof. It is obvious that MR(c)(@) =0, MR(c)(X) =1, and A C B,
A,B < X imply MR(c)(A) < MR(c)(B).If MR(c)(F) < a € I, then there

is no such 7 € exp Ry(X) that R(7) > o and Mr(c)(F) > « for all r € 7.
Therefore the capacity R of the closed set {r € Ry(X) | Mr(c) € Fo} is
less than a. It was proved in [17] that F, depends continuously on (F,«),
thus there is a neighborhood U D F in X such that for any H € exp X,
H C U we also have R({r € Ry(X) | Mr(c) € Hn}) < «a, which implies
MTR(c)(H) < a. This is sufficient for the upper semicontinuity of MR(c),
and this function is a capacity.

To prove that MR is non-expanding, we first observe that for a non-
expanding » : X — X the mapping Mr : MX — MX is non-
expanding. Next, if (¢;)iez and (c});ez are collections of capacities on
X such that d(c;,¢}) < e for all i € Z, then CZ(/\iezci,/\ieIcg) <
e, therefore for all ¥ € expRy(X) and ¢, € MX the inequality
d(M7(c), M7(c)) = d(Nper Mr(c), \yer M7(c')) < d(c,¢) holds, which
implies dg (sub M7 (c), sub M#(¢')) < d(c,¢’) by Lemma 1. If a mapping
wg : I — I for B € I is defined as ¢g(t) = min{t, 3}, then the mapping
loxpx X g :exp X X I — exp X x [ is also non-expanding w.r.t. the metric
d defined in Lemma 1. As the operation of union in a metric compactum
Y is also non-expanding as mapping exp?Y — expY, we obtain that the
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mapping that sends c € M X to

sub MR(c) = U exp(Lexp x X Pr(r) ) (sub M7 (c))
Feexp Rq(X)

is non-expanding. By Lemma 1 this means that MR is non-expanding.
Due to size restrictions we omit a simple example of ¢1,co € M X such
that R R
d(MR(Cl), MR(Cl)) = d(cl, 62) 75 0.

Let us study the section S, MR (c) = {F € expX | MR(c) > a} € GX.
Then F' € SoMR(c) iff there is 7 € SR such that F' € [ oz SaMr(c) =
N,er GT(Sac). Thus S MR(c) = Ures, Nyer GT(Sac) = G(SaR)(Sac), and
IFS R for capacities acts on each section S,c as the IFS S, R for inclusion
hyperspaces. As for inclusion hyperspaces fixed points for IFSs are unique,
a fixed point cg for MR is unique as well.

Observe that if a metric compactum (Y,d) is a union of its closed
subsets Y;, and closed subsets A, B C Y intersect all Y;, then dy(A, B) <
sup;{du(ANY;, BNY;)}. Thus for ¢i,ca € MX we obtain

CZ(cl,cz) = dy(subeyg,subeg) <
<supdy(subep N (exp X x {a}),subca N (exp X x {a})) =
acl

=supdyn(Sact, Sac2).
ael

The right side of the latter inequality is also a metric on the space
MX ([18]). Let us denote it ds(ci,c2). By Theorem 1 the mappi-
ng MR is a contraction with a factor < ¢ w.r.t. the metric dy,. As
sup dso = diam X, by the above we obtain that d((MR)"(c), (MR)"(c)) <
doo ((MR)"1(c), (MR)"(c) < ¢" 'diam X for all c € MX, n € N. Thus
the sequence (MR)"™(c) converges to some ¢y € M X, and by continuity of
MTR the capacity c¢g is a fixed point. Similarly (MR)" is a contraction wi-
th a factor < ¢ w.r.t. the metric dy, thus for any ¢,/ € MX we have

~

d(MR)™(c),(MR)"(')) < ¢" diam X, thus
d((MR)"(c), co) = d((MR)"(c), (MR)"(co)) < ¢" diam X.

O
We call MR a scaling law for capacities (following [19]) of fractal
transform for capacities (like [20]), and R is an IFS for capacities. If

¢ = MK(c), then c is an attractor of R or a capacity that is self-similar
w.r.t. M'R.
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Lemma 2. For a fited ¢ € M X the mapping (MRy(X),d,) — (MX,d),
that sends R to MR(c), is non-expanding.

Proof. If r,7’" € Ry(X) are such that d,(r,7") < 0, then obviously
ci(Mr(Ac),Mr’(c)) 6. If A,B € expMX are such that dy(A,B) < 6,
then d(VA,VB) < 6, d(ANA,AB) < 0. Combining these two facts together,

T, T €

we obtain that if 77 exp Ry(X), (dy)u(7,7) <6, c € MX, then
d(M7(c), M =d(\ Mr(c), )\ Mr(c)) < 6.
rer rer’

Now let dy(R,R') = 6 for R,R' € MR,(X). For a set F € exp X and
¢ € MX we denote MR(c)(F) = a. Then there exists 7 € exp Ry(X) such
that R(7) > «, M7(c)(F) > a. Put ¥ = Os(7), then R'(F) > a —
(dy) g (7, 7) < 6, therefore d(M7(c), M (c)) < 6. Thus M+ (c)(Os(F))
M#(c)(F) =6 > a— 6, and MR/(c)(Os(F)) > a —§ = MR(c)(F)
ie. MR(c)(F) < MR'(c)(Os(F)) + §. Similarly we prove MR/(c)(F
MR(c)(Os(F)) + 6 for all F € exp X. This implies d(MR(c), MR (c))
6 =dy(R,R). 0

Theorem 3 (Continuity of fixed points with respect to IFS). Let (X, d) be a
metric compactum, and let ¢, ¢ be attractors for R,R' € M Ry(X) respecti-
vely. Then d(co, ) < Y min{d,(R,R'),2¢" ' diam X}, therefore
d(co,c}) — 0 as dy(R,R') — 0.

Proof. We denote d,(R,R’) = 4. By the above for a capacity ¢ €
MX we have d(MR(c), MR/(c)) < 6, d(MR)?(c), (MR')?(c)) < 20, ...,
d(MR)™(¢c),(MR")"(c)) < nd, ... . Let ng be a least index n such that
§ > 2¢"!. Then

CZ(CO7C6) <

< d(co, (MR)™ ™! (e)) + d(MR)™ ! (¢), (MR')"™~(¢))+

+d((MR')™ ™ (c), cf) Z d(MR)"*(c), (MR)"(c))+

n=ng

+(no =g+ Y d(MR)""(e),(MR')"(¢)) <

[e.9]

o
< Z ¢" tdiam X + (ng — 1)g + Z ¢" tdiam X =

n=no n=no
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= Z min{¢, 2¢" ! diam X }.

n=1

In a quite similar manner we obtain a

Theorem 4 ("Collage+ Anti-Collage theorem"for capacities). Let X be a
metric compactum, ¢ € MX and R € MRy (X). If ¢y is a fixred point of
MR, then

o
%CZ(C, MR(e)) < d(e,co) < 3 min{d(e, MR(c)), ¢ diam X }.
n=1

This theorem provides a ground for solutions of the inverse problem for
capacities : given ¢ € MX and a class M C MR, (X) of IFSs, find R € M
such that the attractor ¢y of R is close enough to ¢ (see [16]).

Now we show that the proposed transform includes a simple variant of
the method of Iterated Fuzzy Sets Systems (IFZS, see [21]). Each U-capacity
¢ € M X can be treated as an upper-continuous function X — I, that is a
fuzzy subset of X with compact level sets. If ¢ is considered as an image in
X, then for any point x the value ¢(z) is a grey level (0 = black, 1 = white).

Assume that R € M, R,(X) and look how MR acts on ¢ € M X. It is
straightforward to verify that MR(c) € M X, and

MTR(z) = sup{c € I | there are € Ry(X),y € X such that R(r) > a,
c(y) = a,r(y) = 2} = sup{pr()(c(y)) | r € Ry(X),y € r~' ()},

where again ¢g(t) = min{3,t} for t € I. It means that we make transformed
copies of the image ¢, but restrict brightness of the copy of ¢ under r from
the above by R(r). If R(r) # 0 only for a finite number of r € Ry(X), then
we obtain IFZS, and gy, 7 € Ry(X), are simple grey level maps [16].

All the described above fractal transforms were deterministic, i.e. they
transform each inclusion hyperspace or capacity into a uniquely determined
object. Now we will study how is it possible to obtain random fractal capaci-
ties. It is natural to exploit the fact that capacities are a natural framework
to reflect uncertainty. If X is considered as a space of elementary events
(sample space) for some experiment, and c is a capacity on X, then ¢(A) for
a subset A C X is a level of certainty that some event x € A will appear in
the experiment. The more is the value ¢(A) € [0;1], the more probable we
consider the event A. We can say that ¢ describes a capacity distribution of
a random point z € X.
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Now we describe a transform that is a counterpart of the scaling law
for random measures defined by Hutchinson, Riischendorf in [19] and of
superfractals introduced by Barnsley, Hutchinson and Stenflo [22, 23].

For a fixed C € M2X we define a mapping ¢ : MR, (X) — M?X
by the formula ¢¢(R) = M(MR)(C). By Lemma 2 the mapping ¢ is
nonexpanding, and by Theorem 2 the mapping that sends eziuch C e M*X

to ¢, is nonexpanding as well w.r.t. the pair of the metric d and the uni-
form convergence metric. Now we fix a “big coefficient” K € MZ2R,(X).
It describes a capacity distribution of a “small coefficient” R € MR, (X).
The functor M preserves the class of nonexpanding mappings, therefore the
mapping Mve : M 2Rq(X ) — M?3X is nonexpanding, as well as the mapping
C — Me. We put Uy (C) = uMX o Mpc(K). Taking into account that pY
is nonexpanding for any metric compactum Y, we conclude that the mapping
Ui : M?X — M?X is nonexpanding. It is not a contraction, therefore usual
contraction arguments are not directly applicable here to prove the existence
and the uniqueness of a fixed point for ¥i. We are to examine properties of
U deeper.

Lemma 3. Let K € M?Ry(X) and C,C' € MZ?*X. Then

d((T)™(C), (T)™(C")) < ¢"diam X .

Proof. We denote C = M¢(K). Then Ui (C)(F) > « for F < MX,
«a € 1 if and only if there exists H Cl M?X such that C(H) > «, and for

all ¢! € H we have C'(F) > «. This is equivalent to the existence of H <
C

MR4(X) such that K(H) > «, and for all R € H we have ¢¢(R)(F) > a, i.e.
M(MR)(C)(F) > a. Thus for F C M X we have F € S, Ui (C) iff there is

cl
H € S,K such that for any R € H there is F' € S,C such that MR(F) C F.
Therefore F € So¥xcUx(C) iff there is H € S, K such that for all R € H
there is Hr € S,/ such that for all R’ € Hg there is F' € S,C such that
MRoMR(F)CF.

To proceed, for an inclusion hyperspace G € GY and n € N we define an
n-level G-tree in the following manner : HC G XY XxXG X -+ XY x G XY
(2n factors) is an n-level G-tree iff the following holds :

1) If (Al,xl,AQ,l’Q, ce ,xn_l,An,xn) € H, then 1 € Ay, 29 € Ao, ...,
Tp_1 € Ap_1, Tn € Ap;

2) For any 1 € A € G, zo € Ay € G, ..., x € A €
G, k € {0,1,...,n — 1} there is a unique Agy; € G there is
(A1,$1, Ay, 29, ... ,Ak—i—l; vy Tp—1, An,l'n) € H.
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The latter property means that Agy; is completely determined by
Z1,..., Tk, therefore for a tree H in the sequel we denote Ap11 = Hyyay.. 0y,
(thus A; = H is unique for a fixed tree H).

Now it is straightforward to verify that for F C MX we have F €

Sa(Pi)™(C) iff there is an n -level S, K-tree H such that for all
(H7 R17 HR17R27 HR1R27 e )Rnfla H’R1'R2.."Rn71 ) Hn; Rn) eH

there is F' € S,C such that MRi 0 MRyo0---0 MR, (F) C F.

The mapping MRio MRoo---0o MR, : MX — MX is a contraction
with factor < ¢" w.r.t. the metric do (see proof of Theorem 2). As d <
doo, we obtain diam(MRi o MRao---0 MR, (MX)) < ¢"diam X. Thus
dg(MRyoMRyo- -0 MRy, (F), MRio MRyo---0 MR, (F")) for all F, F’ Cl

C

MX. This implies than for any n-level S,K-tree H and any collections of
FRlR?'“R"*fR"’F';?qu...'Rn_an C MX for all

(H, Rl, HRl , RQ, HR1R27 o ,Rn_l, HRlRQ...Rn_17RTL) eH

we have

d (CI( U MRyoMRy0 -0 MRy(FR,..R,));
(H,R1,....,Rn)EH

Cl( U MRioMRso0--0 MRu(FR, x.)) < ¢"diam X.
(H,R1,..,Rn)€H

Therefore for all o« € I the distance JHH between the inclusion
hyperspaces

Sa(¥i)"(€) ={F C MX [ F >

>ca Y MRioMRyo--0o MRy(Fr,.%.))
(H,Rl,.‘.,Rn)EH

for an n-level S,K-tree H and Fr, R, € SoC}
and
So (W)™ (C) ={F C1 MX|F>

>c Y MRioMRyo---0 MRy(Fr,..%,))
(H,'R,l,...,Rn)EH

for an n-level S,K-tree H and Fr, r, € SaC'}
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is not greater than ¢" diam X. This implies that d((Ux)™(C), (Ux)™(C")) <
q" diam X. O
Summing up, we obtain that the following theorem is true :

Theorem 5 (Fixed point theorem for distributions of capacities). Let (X, d)
be a metric compactum and IC € MZRq(X). Then Vi is non-expanding, but
is not a contraction. Nevertheless, there is a unique Cy such that Ui (Co) =

Co, and for any C € M2X we have d((¥x)"(C),Co) < ¢" diam X .

Thus we call K an IFS for distributions of capacities and Cy is an attractor
of K or a distribution of capacities that is self-similar w.r.t. Ug.
Also mutatis mutandis :

Theorem 6 (Continuity of fixed points with respect to IFS for distri-
butions of capacities). Let (X,d) be a metric compactum, and let Cy,

Cl be attractors for K,K' € MZ?R,(X) respectively. Then d(Co,Ch) <

S0 min{d, (K, K'), 2¢" " diam X }, therefore d(Co,Ch) — 0 as dy (K, K') —
0.

Theorem 7 ("Collage+Anti-Collage theorem"for distributions of capaciti-
es). Let (X,d) be a metric compactum, C € M?>X and K € M?Ry(X). If Cy
1s a fized point of Vi, then

%é(c, e (€)) < d(C,Co) < 3 min{d(C, We(C)), ¢! diam X }.
n=1

3 Final remarks

It is not difficult to describe a special case of IFS for distributions of
capacities when the “big coefficient” is a U-capacity (= fuzzy set) of U-
capacities (fuzzy sets). This case has a natural interpretation in terms of
random grayscale images.

It is also straightforward to extend the presented results to fractal capaci-
ties with values in compact Lawson lattices (see [10]). For example, a color
image in RGB mode can be regarded as an U-capacity with values in the
lattice [0; 1]3, so we expect that these results will be of practical importance.
It is the topic of the next publication.
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®PAKTAJIBHI €EMHOCTI
TA ITEPOBAHI CUCTEMMU ®YHKIIIN

Onee HUKUDOPYHUH

IIpukapnarcobkuil HanioHaJILHUIA yHIBEpCUTET
imeni Bacuinsa Credannka

Osznadeno itepoBani cucremu bYHKIIR I8 TiIEPIPOCTOPIB BKIIOYEHHS
i eMHOCTEI, 1 TOBE/IEHO AHAJIOTH KJIACUIHUX TEOPEM IIPO aTPAKTOPHU, a caMme
TeopeMy IIPO HEPYXOMY TOUKY, HEIIEPEPBHICTb aTPaKTOpa CTOCOBHO CTHCKa-
ouoro Bimobpakennst, a Takoxk Collage+Anti-Collage Theorem. Osnadeno
CaMOITOAIOHI BHUIIAIKOBI €MHOCTI 1 BHBYEHO iX BJIACTUBOCTI, AHAJOTIUHI IO
BJIACTUBOCTEN BUITAIKOBUX CAMOTIOMIOHUX Mip.





