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ON SUBGROUPS OF INFINITE INDEX
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The authors show that the set of all infinite (respectively infinite
abelian) subgroups of infinite index of a group is either infinite or
emtpy, and also describe groups with the minimal condition for abelian
subgroups of infinite index.

All notations throughout the paper are standard.
The results of the present paper are the following four theorems.
Theorem 1. Let G be a group. Then the following statements hold.

(i) If G has some infinite subgroup K of infinite index then the set of all
mnfinite subgroups of infinite index of G is infinite.
(ii) If G has some infinite abelian subgroup A of infinite index then the set

of all infinite abelian subgroups of infinite index of G is infinite.

Theorem 2. Let G be a nonperiodic group. Then the following statements
are equivalent.

(i) G satisfies the minimal condition for subgroups of infinite index.
(ii) G satisfies the minimal condition for abelian subgroups of infinite indezx.
(iii) |G : H| < oo for any infinite cyclic subgroup H of G.

)

(iv) G is almost infinite cyclic.
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(v) G is finite-by-infinite cyclic or finite-by-infinite dihedral.
(vi) G has no infinite subgroups of infinite indexr.

(vii) G has no infinite abelian subgroups of infinite indez.
Theorem 3. Let G be a group. Then the following statements hold.

(i) G satisfies the minimal condition for abelian subgroups of infinite
index if and only if either it is almost infinite cyclic or all its abeli-
an subgroups are Chernikov.

(ii) G has no infinite abelian subgroups of infinite index if and only if either
it is almost (quasicyclic or infinite cyclic), or all its abelian subgroups
are finite.

Recall that a group G is called Shunkov (or conjugatively fiprimitively
finite) if (g, g") is finite for every its finite subgroup K and elements g, h €
Ng(K), whenever g is of prime order. The class of all Shunkov groups is
wide and contains, for instance, all locally finite, binary finite, 2-groups and
all torsion-free groups. A great many deep results connected with Shunkov
groups are collected in [1].

Theorem 4. Let G be a locally solvable or 2- or Shunkov group. Then
the following statements hold.

(i) G satisfies the minimal condition for abelian subgroups of infinite index
if and only if it is either Chernikov or infinite cyclic-by-finite (respecti-
vely it is Chernikov, it is either Chernikov or finite-by-infinite cyclic).

(ii) G has no infinite abelian subgroups of infinite index if and only if it is
almost quasicyclic or infinite cyclic-by-finite, or finite (respectively it is
almost quasicyclic or finite, it is almost quasicyclic or finite-by-infinite
cyclic, or finite).

(iii) G has no infinite abelian subgroups of infinite index if and only if it
has no infinite subgroups of infinite index.

Remark. A. Yu. Ol'shanskii’s examples of infinite nonabelian groups
with finite proper subgroups (see, for instance, |2]) demonstrate that for an
arbitrary group G each statement of Theorem 4 is false.

Proof of Theorem 1. (i) If |G : Ng(K)| is infinite then the set of all
distinct subgroups K9, g € G, is infinite.

Let |G : Ng(K)| be finite. Then Ng(K)/K is infinite. Therefore, the set
of all cyclic subgroups C/K of Ng(K) is infinite. An arbitrary C is clearly



244 M.Bilotskyy, M.Chernikov

infinite. If G is periodic then |G : C| is infinite. Thus, in this case the set of
all infinite subgroups of infinite index of G is infinite.

Suppose that Ng(K)/K contains some infinite cyclic subgroup B/K.
Then B = KD and K N D = 1 for some infinite cyclic subgroup D of B.
Therefore, |G : D| is infinite and the set of infinite subgroups of D is infinite.
Thus, in this case the set of all infinite subgroups of infinite index of G is
infinite.

(ii) Obviously, we may assume that the set of infinite subgroups of A is
finite. So, A satisfies the minimal condition for subgroups. Consequently, A is
Chernikov. So, A contains some subgroup B of finite index which is a direct
product of quasicyclic subgroups. Since the set of all infinite subgroups of B
is finite, B is obviously quasicyclic. Further, in the case when |G : Ng(B)] is
infinite, the set of all distinct subgroups BY, g € G is infinite. At the same
time, the set of all infinite abelian subgroups of G of infinite index is infinite.

Let |G : Ng(B)| < oo. First, suppose that G has some infinite cyclic
subgroup H. Since B is infinite periodic, H N B = 1 and simultaneously
|G : H| is infinite. Therefore, since the set of infinite subgroups of H is
infinite, the set of infinite abelian subgroups of G is infinite.

Suppose that G is periodic. Then |Ng(B) : Cq(B)| < oo, because B
is quasicyclic. So, |G : Cg(B)| < oo. Since |G : B is infinite, Cg(B)/B is
infinite as well. Therefore, the set of all cyclic subgroups C/B of C(B)/B is
infinite. Then the set of all subgroups C'is infinite. Clearly, any C'is infinite
abelian and has an infinite index in G.

The theorem is proven.

Proof of Theorem 2. Clearly, (i) = (ii).

(ii) = (iii) Since H does not satisfy the minimal condition for abelian
subgroups and G satisfies the minimal condition for abelian subgroups of
infinite index, we obtain that |G : H| < oo.

(iii) = (iv). In view of Poincare’s theorem, H contains some normal
subgroup of G of finite index. This subgroup is infinite cyclic.

(iv) = (v). Let T" be a maximal normal periodic subgroup of G. Since G
is almost infinite cyclic, T is finite. The quotient group G /T clearly is almost
infinite cyclic and has no nonidentity normal periodic subgroups. Taking this
into account, we may assume without loss of generality that T'= 1. Then G
has no nonidentity normal periodic subgroups.

Let N be a normal infinite cyclic subgroup of finite index of G. Then

G Ca(N)| < 2. (1)
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Let g be an element of Cg(N) of finite order. Since Cg(g) 2 N, one has
that |G : Cg(g)| < oco. Therefore, the set R = {¢”: x € G} is finite. Since
R consists of finite order elements of G and RY = R, y € G, we have that
(R) is a finite normal subgroup of G (Dietzmann’s Lemma [3], see also [4]).
Consequently, (R) = 1. So, g = 1. Thus, C(N) is torsion-free.

Let F' be either a subgroup of order > 2 of G, or a nonidentity subgroup
of Cg(N). Then with regard to (1), we obtain that F'N Cg(N) # 1. Since
Ca(N) is torsion-free, F'N Cg(N) is infinite. Therefore |G : N| < oo yields
that FNCg(N)N N = F NN is infinite. So, F NN # 1. Since N is cyclic,
we have that |N : F N N| < co. On the other hand, co > |G : F N N| >
|G : F| > |Cq(N) : FNCg(N)|. In view of Fedorov’s theorem [5] (see also
Theorem 4.33 of [4]), Cg(N) is infinite cyclic and also in the case when G is
not infinite cyclic, it contains some subgroup 7" of order 2. Since Ci(N) is
infinite cyclic and (1) holds, in the last case, G = Cg(IN) X T'. Then because
T is not normal in G, the group G is infinite dihedral.

(v) = (vi). Let L be a finite normal subgroup of G for which G/L is
infinite cyclic or infinite dihedral, and K be an arbitrary subgroup of G of
infinite index. Then K L/L is a subgroup of G/L of infinite index. Moreover,
G/L has an infinite cyclic subgroup H of finite index. Then |H : HNKL/L|
is infinite. Consequently, H N KL/L = L and so, KL/L is finite. Hence, it
follows that K is finite.

Clearly, (vi) = (vii).
(viii) = (i). Indeed, G contains an infinite cyclic subgroup of finite index.

Therefore G, as G/L above, has no infinite subgroups of infinite index. At
the same time, (i) is valid.

Theorem is proven.

Proof of Theorem 3. (i) Necessity. If G is not periodic, then in
view of Theorem 2, it is almost infinite cyclic.

Suppose that G is periodic. Let A be some of its abelian subgroup. If A
is finite then it is Chernikov. Suppose that A is infinite. Put B = (a: a € A
and |(a)| is prime). Let a; be an element of B of prime order; if B # (a1)
then ag is an element of prime order from B\ (a1); if B # (a1)(az2) then a3
is an element of prime order from B\ (ai)(a2); .... In the case when B is

n
finite, for some n, B = X (a;). In the case when B is infinite, By = (a1,
i=1

as, as, ay, ...) is an infinite subgroup of infinite index of B. Analogously,
B contains some infinite subgroup Bs of infinite index, By containg some
infinite subgroup Bjs of infinite index and so on, which is a contradiction.
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Thus, B = 'Q1<ai>'
i=

Let A; be maximal among all subgroups X of A = Ag such that X N
(a1) = land also as, ..., a, € X if n > 1. Obviously, (a1)A1/A; is the unique
subgroup of Ag/A; of prime order. Then clearly for some prime p, A/A; is
a p-group. If Ag/A; is neither cyclic nor quasicyclic then, obviously, there
exist elements g, h € Ag/A; such that g? = h? and (g) # (h). Then (gh~!)
is of order p and (gh™') N {(a1)A;/A; = 1, which is a contradiction. Thus,
Ap/A; is cyclic or quasicyclic. Analogously, there exists a similar subgroup
Ao of Ay, if n > 1, Az of As, if n > 2, .... Clearly, A, = 1.

Let [ = 1, if all quotient groups Ag/A;1, ..., An—1/A, are qasicyclic, and
otherwise [ be the product of orders of all cyclic groups among Ag/A1, ...,
Ap_1/A,.

Let ¢ be any homomorphism of G, for which G¥ has a finite exponent.
Then for any 0 < i <n, |[AY /A7 || < |Aij/Ai1], and also |[A7/AY || =1, if
A; /A1 is quasicyclic. Consequently, |G¥| < [. Since for any subgroups X
and Y of G with G/X and G/Y of finite exponent, G/X NY has a finite
exponent, for the intersection H of all such X, one has that |G/H| <. Let
g be any prime and @ = {h%: h € H}. Since H/Q is of finite exponent, G/Q
is of finite exponent as well. Consequently, H = Q).

Thus, H is divisible. Therefore, as it is well known, H is a direct product
of quasicyclic subgroups. Since H has finitely many subgroups of prime order,
the number of direct multipliers is finite. Thus, an arbitrary abelian subgroup

A of G is Chernikov.

Sufficiency. If all abelian subgroups of G are Chernikov then, of
course, it satisfies the minimal condition for abelian subgroups of infinite
index. If G is almost infinite cyclic then in view of Theorem 2, it satisfies the
last condition too.

(ii) Necessity. Suppose that G is not almost cyclic and contains some
infinite abelian subgroup A. In view of (i), A contains a subgroup B of finite
index which is a direct product of quasicyclic subgroups. Since B has no
infinite subgroups of infinite index, it is quasicyclic. Further, |G : B| < oo
and B has no proper subgroups of finite index. Consequently, in view of
Poincare’s theorem, B is normal in G. Thus, G is almost quasicyclic.

Sufficiency. Suppose that G contains a subgroup A of finite index,
which is quasicyclic or infinite cyclic. Let H be a subgroup of infinite index of
G. Then |A: HNA| is infinite. Therefore, H N A is finite. Since |G : A| < oo,
H is finite.

The theorem is proven.
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Proof of Theorem 4. (i) Necessity. First, by Theorem 3 (i), either G
is infinite cyclic-by-finite or all its abelian subgroups are Chernikov. Further,
in view of Theorem 2, an infinite cyclic-by-finite group is finite-by-infinite
(cyclic or dihedral). Since any two distinct elements of order 2 of infinite
dihedral group generate an infinite subgroup, a finite-by-infinite dihedral
group is not Shunkov. Thus, a Shunkov infinite cyclic-by-finite group is finite-
by-infinite cyclic.

Finally, respectively in view of the theorems of S. N. Chernikov [6] (see
also Theorem 4.3 of |7]), Shunkov [8], Suchkova  Shunkov [9] (see also
Theorem 4.5.1 of [1]), locally solvable, 2-, Shunkov groups with Chernikov
abelian subgroups are Chernikov.

Sufficiency. If G is Chernikov then it satisfies the minimal condition
for abelian subgroups of infinite index, of course. If G is infinite cyclic-by-
finite or finite-by-infinite cyclic then, in view of Theorem 2, it satisfies this
condition.

(ii) Necessity is an easy consequence of (i). Sufficiency is a
consequence of Theorem 3 (ii) and Theorem 2 (the equivalence (iv) < (v)).

(ili) Necessity. In view of (ii), G is one of the following: finite,
almost quasicyclic, infinite cyclic-by-finite, finite-by-infinite cyclic. Any infi-
nite subgroup of a group of the second type contains obviously a quasicyclic
subgroup and, at the same time, has a finite index. In view of Theorem 2,
groups of third and fours types also have no infinite subgroups of infinite
index.

Sufficiency is obvious.

Theorem is proven.
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AmTopn NoOKasyloTh, MO0 MHOXKWHA BCIX HECKIiHUYeHHWX (BIAMOBIAHO He-
ckingeHHuX abeseBux) miArpyn HECKIHYEHHOTO 1HJEKCY Ipylu € ab0 HECKiH-
YEHHOI0, a00 TTOPOXKHBOIO, & TAKOXK OMMCYIOThH TPYIH 3 YMOBOIO MiHIMa hHOCTI
JUTs abeseBuX MiArpYI HECKIHIEHHOTO 1HIEKCY.



