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THE COEFFICIENTS OF TRANSITIVENESS OF THE POSETS OF MM-TYPE
BEING THE SMALLEST SUPERCRITICAL POSET OF WIDTH 3

We calculate the coefficients of transitiveness for all posets of MM-type being the
smallest supercritical poset of width 3 (i.e. posets, that are minimax equivalent to
the poset (2, 2, 3)).
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MM-type, nodal element, dense subposet.

Introduction. M. M. Kleiner [9] proved that a poset S is of finite represen-
tation type if and only if it does not contain subsets of the form K; = (1;,1,1;1);
K, =(222); K; =(13;3); K, =(125); and Kz =(N;4), which are called critical
posets; now they are called the Kileiner's posets. On the other hand,
Yu. A. Drozd [8] showed that a poset has finite representational type if and only
if its Tits quadratic form is weakly positive (i.e., it is positive on the set of non-
negative vectors). Consequently, the Kleiner's posets are also critical with
respect to weak positiveness of the Tits form, and there are no other such
posets. In [2] the first two authors proved that a poset is P- critical (i.e. critical
with respect to the positiveness of the Tits form) if and only if it is minimax
equivalent to a Kleiner's poset.

A similar situation takes place for tame posets. L. A. Nazarova [10] proved
that a poset Sis tame if and only if it does not contain subsets of the form
N. =@ L5551, Na=(L512, N3 =(223), Ny=(34), Ns=(26), and
Ng = (N; 5); these conditions are equivalent to weak non-negativity of the

quadratic Tits form. She called these posets supercritical. So the supercritical
posets are critical with respect to weak non-negativity of the Tits form and
there are no other such posets. The first two authors proved that a poset is
critical with respect to non-negativity of the Tits form if and only if it is
minimax equivalent to a supercritical poset; all such critical posets were
described by them in [3].

In many papers (see e.g. [4—7]) combinatorial properties were studied for
various classes of posers. The present paper is devoted to the investigation of
combinatorial properties of supercritical posets.

1. The list of posets of MM-type (2; 2; 3). Let P be a fix poset. A poset S
is called of MM-type P if S is minimax (in other words, (min, max)-) equiva-
lent to P (the notion of (min, max)-equivalence was introduced in [1]; see also
[2]). From the results of [3] it follows that the table below contains all posets
(up to isomorphism and duality) of MM-type (2; 2; 3), which is the smallest (in
the sense of order) supercritical poset of width 3.
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2. Main result. Let S be a finite poset and S2 = {(x,y)|x,y € S,x < y}. If

(x,y) € S2 and there is no z satisfying X <z <y, then one says thatx and y
SZ
of pairs of neighboring elements. On the language of the Hasse diagram H(S)
(that represents S in the plane), n, is equal to the number of all its edges and
n,, to the number of all its paths, up to parallelity, going bottom-up (two path

is called parallel if they start and terminate at the same vertices). The ratio
ki = k{(S) of the numbers n, — n, and n, we call the coefficient of transi-

tiveness of S. If n, =0 (then n, =0), we assume k, =0 (see [5]). Obviously,
dual poset have the same coefficient of transitiveness.

The aim of this paper is to calculate k, for all posets of MM-type
N; =(2,23) = {1, 2,.,7|1<2,3<4,5<6< 7} , Which is the smallest super-
critical one of width 3.

We write all the coefficients of transitiveness k, up to the second decimal

place.
Theorem. The following holds for posets of MM-type 1-15:

are neighboring. Put n, =n,, (S) =

and denote by n, =n.(S) the number

N ne nW kt N ne r-]W kt N ne r-]W kt

1 6 17 | 0,65 6 6 13 | 054 | 11 5 7 0,29
2 7 17 | 0,59 7 4 5 0,20 | 12 6 11 | 0,45
3 6 15 | 0,60 8 5 11 | 055 | 13 6 9 0,33
4 7 15 | 0,53 9 6 11 | 045 | 14 6 11 | 0,45
5 6 15 1060 | 10 5 9 044 ]| 15 7 9 0,22

The proof is carried out by direct calculations.

Recall that an element of a poset T is called nodal, if it is comparable with
all elements of T. A subposet X of T is said to be dense if there is not
X, X, € X, yeT\X suchthat x; <y < X,.

Corollary.

a) The poset Nj is the only poset of MM-type N3 with the smallest coeffi-
cient of transitiveness.

b) A poset of MM-type N; has the largest coefficient of transitiveness if
and only if it contains a dense subposet with three nodal element.
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KOE®ILIEHTU TPAH3UTUBHOCTI Y. B. MHOXWH MM-TUNY, WO € HAUMEHLLOIO
CYNEPKPUTUYHOIO 4. B. MHOXWHOIO LUMPUHU 3

Obuucaeno xoediyienmu mpanaumusHocmi 0an ecix 4. 8. muoxcun MM-muny, wo
00pieHI0E HATMEHUWLIT CYNEPKPUMUUHIL U. 8. MHONCUHT WUPUHU 3 (MOOMO «. 8. MHONCUH,
AKL € MIHIMAKCHO eK8I8ANeHMHUMU 4. 8. MmHONCUHT (2, 2, 3)).

Ka10408i cro8a: cynepkpumuuna 1acmmo8o nopaodKosana MHOMCUHA, MIHIMaKCHA exsiga-
aenmuicms, Koediyienm mpansumusrnocmi, MM-mun, 8ysrosuti eremenm, wiavha wacm-
K080 8NOPAOK0BAHA MHOHCUHA.
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