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ADEQUATE PROPERTIES OF THE ELEMENTS WITH ALMOST STABLE
RANGE 1 OF A COMMUTATIVE ELEMENTARY DIVISOR DOMAIN

(In boring memory of V. I. Andriychuk on the 70 th anniversary of his birth)

It is shown that in a commutative elementary divisor domain which is not a ring
of stable range 1 exist nonzero and nonunit elements with almost stable range 1.

The problem of diagonalization of matrices is a classic one. Specific role in
modern research on elementary divisor rings is played by a K — theoretical
invariant as the stable range [4]. Important role in studying of the elementary
divisor rings played a Hermite rings, ie. ring in which 1°2 and 21
matrices over this ring have diagonal reduction. Note that any Hermite ring
is a Bezout ring i.e. a ring in which any finitely generated ideal is principal.
We have the following result.

Theorem 1[4]. A commutative Bezout ring is Hermite ring if and only if it
is a ring of stable range 2.

Recall, that a ring R is a ring of stable range 2 if for any elements
a,b,cT R the equality aR +bR +cR =R implies that there are some elements
I ,m such that

(@+cl)R+(b+cmR =R.

Recall, that a ring R is a ring of stable range 1 if for any elements
a,bT R the equality aR +bR =R implies that there are some element t such
that (at+b)R =R.

Let R — commutative elementary divisor domain which is not a ring of

stable range 1.
By [2] there exists nonzero and nonunit element al R with almost stable
range 1 (ie. for any elements b,cT R such that aR+bR+cR =R exists
element t that aR + (bt +c)R =R). In this paper we describe algebraic pro-
perties these element t1 R.

By [2] we have that the problem “is every commutative Bezout domain
an elementary divisor ring” is equivalent to the problem does every
commutative Bezout domain contain a nonunit element with almost stable
range 1. In this article gives a more precise description of this elements.

All rings considered will be commutative and have identity. Element
al R of a commutative ring is called a neat element if for any elements
b,cT R such that bR+cR+aR =R we have a=rs where rR+bR =R,
sR+cR=R, rR+sR =R.

Theorem 2[3]. Let R be a commutative Bezout domain. An element a is
a neat element if the factor-ring R/ aR is a clean ring.

Recall that a ring is called clean if each element is the sum of the unit
and an idempotent.

A commutative ring R is said to be a ring of neat range 1 if for any
a,bT R such that aR+bR =R there exists t1 R such that a+btT R is a
neat element. We have a next result.

Theorem 3[3]. A commutative Bezout domain is an elementary divisor
ring if it is a ring of neat range 1.

Recall that a commutative ring R is called an elementary divisor ring if
every matrix A over R admits diagonal reduction, that is there exist
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invertible matrices P and Q such that PAQis a diagonal matrix, (d;) for
which d; is a divisor of d;,,.

Recall that a ring R is an exchange ring if for any element al R there
exists an idempotent e such that el aR and 1- el (1- a)R [13].

A ring R is a ring of idgmpotent stable range 1 if the condition
aR +bR =R for all elements a,bl R implies that there exists an idempotent
el R such that a +be is an invertible element of the ring R.

We have the following result.

Theorem 4[1]. Let R be a commutative ring. The following properties are
equivalent:

1) Ris an exchange ring,

2) Ris a clean ring,

3) Ris a ring of idempotent stable range 1.

Proposition. Let R be a commutative ring. Nonzero element al R is
element with almost stable range 1 if and only if a factor-ring R/aR is a
ring of stable range 1.

Proof Denote R=R/aR and b=b+aR, c=c+aR. If R is a ring of
stable range 1 and bR+cR =R, then exists element ti R such that
(bt +c)R = R. Since R=R/aR and by [1] we have aR + (bt +c)R = R, where
t=t+aR, ie. a is element with almost stable range 1. We notice, that
condition aR + (bt +c)R =R implies bR + cR = R. Proposition is proved.

Nonzero element a of a commutative ring Ris said to be adequate to the
element b1 R (aAb denote this fact) if we can find such elements r,si R
that the decomposition a = rs satisfying the following properties:

1) rR+bR=R,

2) sR+bR 1! R for any noninvertible divisor s¢ of element s.

If for any element bl R we have aAb then we say that element a is
adequate. If any nonzero element of a ring R is an adequate element then R
is called an adequate ring. An addition we notice simple fact: for any nonzero
element a of R we have aAa. The most obvious examples of adequate
elements are units, square free elements and factorial elements [4]. By [2] we

have that an adequate element is a neat element.
The main result of this paper is a next Theorem.

Theorem 5. Let R be a commutative elementary divisor domain, which is
not a ring of stable range 1. Then there exists nonunit and nonzero element
al R and for any b,cT R such that aR+bR+cR =R there exists element
tT R such that aR + (bt +c)R =R and aAt.

Proof Let R beacommutative elementary divisor domain. By [4] R
is a Bezout domain. By Theorem 3 R is a ring of a neat range 1. Since R is
not a ring of stable range 1, then in R exists nonzero and nonunit neat

element a. By Theorem 2 we have that R=R/aR is a clean ring. By
Theorem 3, we have that R =R/ aR is a ring idempotent stable range 1. Let
b=b+aR, c=c+aR. Then we have if bR+cR =R there exists idempotent

e =e+aR such that be+c is an invertible element of R. By Proposition we
have that aR +(be + )R = R.

Let aR!eR=dR, then a=da,, e=de; and aR+eR=R ie
au+ev =1 for some elements d,a, ey uvi R. Since e =e we have

e- e2 =at for some element t1 R. Then e(l- e) = dey(1- e) =dagt and since
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d?! 0 we have gy(l- e) =ayt. Since ayu +eyv =1 we have
l-e=¢gl-eu+ay(l-e)v=agjtu+ay(l- e)v=ay(tu+(1- e)v),
i.e. we have 1-e=ayk, where k=tu+(-e)v. So we proved that a =a,d

where ayR+eR=R and eR1 dR ie we have aAe where r=a,, s=d

according to the definition of the condition of the adequate of element a to
the element e. Theorem is proved.

Corollary. Commutative elementary divisor domain R which is not a
ring of stable range 1 exist nonzero and nonunit elements with almost stable
range 1.

P r o o f. By Theorem 5 there exists nonunit and nonzero element al R
and for any b,cl R such that aR+bR+cR =R there exists element ti R
such that aR + (bt +c)R = R. By Proposition a is element with almost stable
range 1.

We will notice in the ring of stable range 1 any nonzero and nonunit
element is an element with almost stable range 1[2].a

Recall, that a commutative Bezout rings stable range 1 is an elementary
divisor rings [3]. Note, that a commutative J-Noetherian Bezout domain
which is not a ring of stable range 1 always contain nonzero and nonunit
element with almost stable range 1 which is adequate element of this ring.
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AEKBATHbIE CBOACTBA 3NIEMEHTOB MOYTU CTABUIIbHOIO PAHIA 1 KOMMYTATUBHOM
OBJIACTU 3NEMEHTAPHbIX OENUTENEN

Ilokasano, umo & Mommymamuenod obracmu NeMeHMAPHDBLL aenumened, romopas He
sensaemcs Koavyom CcmabuAbHOZ0 parea 1, cywecmeyrtom HeHyaesvle U Heo6pamumue
anemermosbl NoUMuU cmaduLbHOZO paHea 1.

AOEKBATHI BNACTUBOCTI ENIEMEHTIB MAWXE CTABI[IbHOIO PAHIY 1 KOMYTATUBHOI
OBJIACTI ENNEMEHTAPHUX OJTbHUKIB.

ITokasano, wo 6 KomymamueHiti odaacmi esemeHMaPHUL OAbHUKIE, AKA He € Kiibyem
cmadinbHozo parey 1, icHyroms HeHYyabosl ma Heo0OPOMHI enemeHmMU malidce CmMma-
6iavHo20 paney 1.
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