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АСОЦІЙОВНІСТЬ ФАКТОРИЗАЦІЙ КЛІТКОВО-ТРИКУТНИХ МАТРИЦЬ ТА ЇХ 

ДІАГОНАЛЬНИХ КЛІТОК НАД КОМУТАТИВНИМИ ОБЛАСТЯМИ ГОЛОВНИХ 

ІДЕАЛІВ*  

 
b“2=…%"'(…% …(%K.S,…S 2= ,%“2=2…S 3.%",, ƒ=  *,. Sƒ =c%3SL%"…%“2S -=*-
2%!,ƒ=3SL ,S=7%…='8…,. *'S2%* …(%“%K',",. *'S2*%"%-2!,*32…,. .=2!,38 
…=, *%.32=2,"…,., %K'=“2 ., 7%'%"…,. S,(='S" ",C',"=G =“%3SL%"…S“28 "S,-
C%"S,…,. *'S2*%"%-2!,*32…,. -=*2%!,ƒ=3SL 3,. .=2!,38.  
 

m$.=L R  – *%*32=2,"…= %K1=“23 4%1%"…,. S6$=1S", ( , )M n R  – *S137$ 

n n× -*=2!,73 …=6 R , ( , , )M m n R  – *…%›,…= m n× -*=2!,73 …=6 R . e1$-

*$…2, ,a b R∈  …=ƒ,"=<23 =“%7SL%"=…,*,,  *?% , ( )a bu u U R= ∈ , 6$ ( )U R  

– 4!3C= %6,…,73 *S137  R . )$!$ƒ R′  C%ƒ…=A=G*% C%"…3 *…%›,…3 …$=“%7S-

L%"=…,. $1$*$…2S" *S137  R , 2%K2% 2=*3, ?% *S“2,23 C% %6…%*3 $1$*$…23 ƒ 

*%›…%4% *1=“3 =“%7SL%"=…,. $1$*$…2S", mR  – C%"…3 *…%›,…3 1,C*S" ƒ= 

S6$=1%* ( )m , ?% C%!%6›$…,L $1$*$…2%* m R∈ , =K% ƒ= *%631$* m  [8, 10]. 

l=2!,7S ,1 2 ( , )B B M n R∈  …=ƒ,"=<23 C!="%=“%7SL%"=…,*, =K% C!="%$*"S-

"=1$…2…,*,,  *?% S“…3G 2=*= %K%!%2…= *=2!,7  ( , )V GL n R∈ , ?% 2 1B B V= . 

bS6%*% [8, 10], ?% *%›…= *=2!,7  A  …=6 %K1=“2< 4%1%"…,. S6$=1S" R  C!=-

"%=“%7SL%"=…= 6% "$!.…3%_ 2!,*32…%_ *=2!,7S 
A

H ,  *3 …=ƒ,"=<23 -%!*%< 

e!*S2= *=2!,7S A . d1  …$%“%K1,"%_ *=2!,7S ( , )A M n R∈  -%!*= e!*S2= *=G 

",41 6 
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6$ 
A
iih R′∈ , 1, , ,i n= K  A

ii

A
ij h

h R∈  , 1, , ,i j n= K  i j< . 

t=*2%!,ƒ=7S_ 1 1A BC= , , ,2 2 ( , ), 1,2i iA B C B C M n R i= ∈ = , *=2!,7S ( , )A M n R∈  

…=ƒ,"=<23 =“%7SL%"=…,*,,  *?% S“…3G 2=*= *=2!,7  ( , )V GL n R∈ , ?% 

2 1B B V= , 
1

2 1C V C−
= . g=6=A3 %C,“3 6S13…,*S" 2= -=*2%!,ƒ=7SL *=2!,73 ƒ 

2%A…S“2< 6% =“%7SL%"…%“2S …=6 *S137 *, 4%1%"…,. S6$=1S" “-%!*31<"=" 
g. P. a%!$",A [1]. g%*!$*=, "S… "*=ƒ=" 3*%", %6…%ƒ…=A…%“2S ƒ 2%A…S“2< 6% 
=“%7SL%"…%“2S 6S13…,*S" 2= -=*2%!,ƒ=7SL …$%“%K1,",. *=2!,73 …=6 7,*, 
*S137 *,. 

r C!=7 . [3, 4] %C,“=…S ƒ 2%A…S“2< 6% =“%7SL%"…%“2S *1S2*%"%-6S=4%…=13…S 

2= *1S2*%"%-2!,*32…S -=*2%!,ƒ=7S_ *1S2*%"%-6S=4%…=13…,. 2= *1S2*%"%-2!,-

*32…,. *=2!,73. g%*!$*=, "“2=…%"1$…% [3] 3*%", S“…3"=……  2=*,. *1S2*%",. 

-=*2%!,ƒ=7SL *=2!,73 …=6 *S137 *, 4%1%"…,. S6$=1S", !%ƒ41 …32% [4] C=!=-

1$13…S *1S2*%"%-2!,*32…S -=*2%!,ƒ=7S_ *=2!,73 S "*=ƒ=…% *!,2$!S_ %6…%-

ƒ…=A…%“2S ƒ 2%A…S“2< 6% =“%7SL%"…%“2S 2=*,. -=*2%!,ƒ=7SL *=2!,73 …=6 =6$-

*"=2…,*, *S137 *,. q=*$ CS6 A=“ 6%“1S6›$……  -=*2%!,ƒ=7SL *1S2*%",. 

*=2!,73 ",…,*1= C%2!$K= ","A,2, 3*%", =“%7SL%"…%“2S 2=*,. -=*2%!,ƒ=7SL 

                                         

*d%“1S6›$……  ",*%…=…% ƒ= -S…=…“%"%_ CS62!,**, 4!=…23 m`m r*!=_…, 61  *%1%6,. 
3A$…,. (d$!›="…,L !$G“2!=7SL…,L …%*$! 0111U005741). 
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*=2!,73, ?% 2S“…% C%"’ ƒ=…% Sƒ ƒ=6=A$< C!% =“%7SL%"…S“23 "S6C%"S6…,. 6S=-

4%…=13…,. *1S2%* 7,. *=2!,73.  

a1%A…S *=2!,7S, ƒ%*!$*= *1S2*%"%-2!,*32…S, ƒ=“2%“%"3<23 3 !Sƒ…%*=…S2-

…,. %K1=“2 . *=2$*=2,*, [9, 11]. `*23=13…S, …=C!,*1=6, ƒ=6=AS C!% "“2=…%"-

1$……  3*%" !Sƒ…%4% 2,C3 $*"S"=1$…2…%“2$L 2=*,. *=2!,73 [6, 7], ƒ=6=AS 

!%ƒ*1=63 …= *…%›…,*, !Sƒ…%*=…S2…,. ",41 6S" 2=*,. *1S2*%",. *=2!,73, 

2%K2% %C,“3 _. -=*2%!,ƒ=7SL [5, 12]. 

m,›A$ "“2=…%"1$…S 3*%",, ƒ=  *,. Sƒ =“%7SL%"…%“2S -=*2%!,ƒ=7SL 6S=4%-

…=13…,. *1S2%* …$%“%K1,"%_ *1S2*%"%-2!,*32…%_ *=2!,7S …=6 *%*32=2,"…%< 

%K1=“2< 4%1%"…,. S6$=1S" ",C1,"=G =“%7SL%"…S“23 "S6C%"S6…,. *1S2*%"%-2!,-

*32…,. -=*2%!,ƒ=7SL 7SG_ *=2!,7S. 

m$.=L ( , )T M n R∈  – …$%“%K1,"= "$!.…  *1S2*%"%-2!,*32…= *=2!,7 , 

2%K2%  
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6$ 0  – …313%"= *=2!,7  "S6C%"S6…%4% !%ƒ*S!3, ( , , ),ij i jT M n n R∈  , 1, ,i j k= K , 

i j≤ ,  *3 ƒ=C,“3"=2,*$*% 3 ",41 6S 

 11triang( , ..., )kkT T T= ,  

6$ ( , )ii iT M n R∈  – 6S=4%…=13…S *1S2*, *=2!,7S T , 1, ...,i k= , 
1

k

ii
n n

=
=∑ .  

m$.=L *=2!,7  T  !%ƒ*1=6…= 3 6%K32%* *1S2*%"%-2!,*32…,. *…%›…,*S": 
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6$ 
1

, , , ( , ), , , , ( , , ), ,
k

ii ii ii ii i ij ij ij ij i j ii
B B C C M n R B B C C M n n R n n

=
∈ ∈ =∑% %% %  

, 1, , ,i j k i j= <K . Š%6S *=ƒ=2,*$*%, ?% *=2!,7  T  *=G *1S2*%"%-2!,*32…S 

-=*2%!,ƒ=7S_.  

Pƒ (1) S (2) %2!,*3G*% -=*2%!,ƒ=7S_ 6S=4%…=13…,. *1S2%* *=2!,7S T : 

 , 1, ,ii ii iiT B C i k= = K , (3) 

 � � , 1, , .ii iiiiT B C i k= = K  (4) 

m=6=1S CS6 *1S2*%"%-2!,*32…,*, !%ƒ3*S2,*$*% 1,C$ "$!.…S *1S2*%"%-
2!,*32…S *=2!,7S. `…=1%4SA…S !$ƒ3132=2, *%›…= %6$!›=2, S 61  …,›…S.. 

k()=. m(.=L …(%“%K',"S *'S2*%"%-2!,*32…S .=2!,3S 

 11triang( , ..., )kkB B B= , � � �
11triang( , ..., )kkB B B= ,  

,( �, ( , ),iiii iB B M n R∈  1, ...,i k= , 
1

k

ii
n n

=
=∑ , C!="%=“%3SL%"=…S, 2%K2% 

 � ,B BV=  ( , )V GL n R∈ . (5) 
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Š%,S  

=) .=2!,3S B  2= �B  G *'S2*%"%-2!,*32…% C!="%=“%3SL%"=…,.,, 

2%K2% 3 “CS""S,…%=(……S (5) .=2!,3  V  G *'S2*%"%-2!,*32…=: 

11triang( , ..., ),kkV V V=  ( , )ii iV GL n R∈ , 1, ...,i k= ; 

K) "S,C%"S,…S ,S=7%…='8…S *'S2*, iiB  2= � iiB , 1, ...,i k= , .=2!,38 B  S 

�B  G C!="%=“%3SL%"=…,.,. 

d%"(,(…… .  m$.=L *=2!,7S  
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6$ 
1

, ( , ), , ( , , ), ,
k

ii ii i ij ij i j ii
B B M n R B B M n n R n n

=
∈ ∈ =∑% %  , 1, ,i j k= K , i j< , 

C!="%=“%7SL%"=…S, 2%K2% � ,B BV=  ( , )V GL n R∈ , =K% 3 K1%A…%*3 ",41 6S 
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,  

6$ ( , , )ii i jV M n n R∈ , , 1, ,i j k= K . Š%6S %2!,*3G*% !S"…%“2S ,ii ijB V = 0  

2, ,i k= K , 1, , 1,j k i j= − >K . n“*S13*, iiB , 2, ,i k= K  – …$%“%K1,"S *=2-

!,7S, 2% Sƒ 7,. !S"…%“2$L ",C1,"=G, ?% ijV = 0  61  "“S. 2, , ,i k= K  

1, , 1j k= −K , i j> , 2%K2% V  – *1S2*%"%-2!,*32…= *=2!,7 . n2›$, 2"$!-

6›$……  =) 1$*, 6%"$6$…%, 2%6S “C!="6›3G23“  S 2"$!6›$……  K). 

k$*3 6%"$6$…%.◊
g=3"=›,*%, ?%  *?% 6S=4%…=13…S *1S2*, …$%“%K1,",. *1S2*%"%-2!,*32-

…,. *=2!,73 G C!="%=“%7SL%"=…,*,, 2% *1S2*%"%-2!,*32…S *=2!,7S *%›323 
…$ K32, C!="%=“%7SL%"=…,*,,  * ",6…% ƒ 2=*%4% C!,*1=63. 

o!,*$=1. m$.=L 
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B = − , �
3 1 2
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B

−
=

−
  

– *=2!,7S …=6 *S137$* 7S1,. A,“$1 
�

. dS=4%…=13…S *1S2*, 7,. *=2!,73 

C!="%=“%7SL%"=…S, =1$ *=2!,7S B  S �B  …$ G C!="%=“%7SL%"=…,*,, %“*S13*, _. 
-%!*, e!*S2= !Sƒ…S. 

Pƒ 1$*, 2=*%› ",C1,"=G, ?% 61  =“%7SL%"…%“2S *1S2*%"%-2!,*32…,. 

-=*2%!,ƒ=7SL (1) S (2) *=2!,7S T  3*%"= =“%7SL%"…%“2S -=*2%!,ƒ=7S_ (3) S (4) 

__ 6S=4%…=13…,. *1S2%* iiT  G …$%K.S6…=, =1$ …$6%“2=2… . 

Š(%!()=. m(.=L -=*2%!,ƒ=3S_ (3) S (4) ,S=7%…='8…,. *'S2%* iiT , 

1, ...,i k= , …(%“%K',"%_ *'S2*%"%-2!,*32…%_ .=2!,3S T  =“%3SL%"=…S. Š%,S 

*'S2*%"%-2!,*32…S -=*2%!,ƒ=3S_ (1) S (2) .=2!,3S T  =“%3SL%"=…S 2%,S S 

2S'8*, 2%,S, *%', ( ),det , det 1ss s t s tB C + + =  ,'  "“S. 1, ..., 1s k= − , 1, ...,t k s= − . 

d%"(,(…… . m(%K.S,…S“28. m$.=L -=*2%!,ƒ=7S_ (1) S (2) *=2!,7S T  =“%-

7SL%"=…S. Š%6S *=2!,7S B  S �B  G C!="%=“%7SL%"=…,*,, = ƒ= 1$*%< – *1S2*%"%-

2!,*32…% C!="%=“%7SL%"=…S. n2›$, *=2!,7S B  S �B  *=<23 %6…3 S 23 “=*3 
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-%!*3 e!*S2=, 2%K2% S“…3<23 2=*S *1S2*%"%-2!,*32…S *=2!,7S 

, ( , )V V GL n R∈% , ?% 
B

BV BV H= =% %  – -%!*= e!*S2= *=2!,73 B  S �B . Š%6S Sƒ 

-=*2%!,ƒ=7SL (1) S (2) %2!,*3G*% 2=*S -=*2%!,ƒ=7S_ *=2!,7S T : 
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= =
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% % %KK

% %K K%
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, (7) 

6$ ii ii ii ii iiG B V B V= = % % , 
1

ii ii iiD V C−= , 
1

ii ii iiD V C−= %% % , , ( , )ii ii iV V GL n R∈% , 

1, ...,i k= . n“*S13*, -=*2%!,ƒ=7S_ (1) S (2) *=2!,7S T  =“%7SL%"=…S 2= -=*2%-

!,ƒ=7S_ (3) S (4) 6S=4%…=13…,. *1S2%* iiT  *=2!,7S T  =“%7SL%"=…S, 2% ii iiD D= % , 

1, ...,i k= , 2%K2% -=*2%!,ƒ=7S  (7) *=G ",41 6  
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G G G D D D

G G D DT H D

G D

= =
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% %K K

%K K%
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K K

. (8) 

Pƒ -=*2%!,ƒ=7SL (6) S (8) %2!,*3G*%, ?% *=2!,7S ij ijX G= , ij ijY D=  2= 

ij ijX G= , ij ijY D= %  G !%ƒ"’ ƒ*=*, “,“2$*, *=2!,A…,. !S"… …3  

 
1

1

, 1 ,
j

ii ij ij jj il lj ij
l i

G Y X D X Y T i j k
−

= +

+ + = ≤ < ≤∑   

!%ƒ"’ ƒ3"=……   *%_ ƒ"%6,23“  6% C%“1S6%"…%4% !%ƒ"’ ƒ3"=……  1S…SL…,. 
*=2!,A…,. !S"… …3 ",41 63  

 , 1 .ii ij ij jj ijG Y X D T i j k+ = ≤ < ≤  (9) 

n“*S13*, 2!,*32…= -%!*= e!*S2= 
B

H  *=2!,73 B  S �B  ",ƒ…=A$…= 

%6…%ƒ…=A…%, 2% !%ƒ"’ ƒ%* 
,( )

1

i jn nij
ij ij pqX G g= = , ij ijY D′=  *=2!,A…%4% !S"… …-

…  (9) 2=*,L, ?% $1$*$…2, ( )

( )
i

pp

ij
pq h

g R∈ , 6$ 
( )

1

ini
ii pqG h=  – "$!.…  2!,*32…= 

*=2!,7 , G G6,…,*, 2%K2% ij ijD D′=  S ij ijD D′=% . Š%6S ƒ= 1$*%< 1 Sƒ C!=7S [2] 

",*%…3<23“  3*%", ( ),det ,det 1ss s t s tG D + + =  61  "“S. 1, ..., 1,s k= −  

1, ...,t k s= − ,  *S *%›…= ƒ=C,“=2, 3 ",41 6S ( ),det ,det 1ss s t s tB C + + =  61  "“S. 

1, ..., 1, 1, ...,s k t k s= − = − . Š=*,* A,…%*, …$%K.S6…S“23 6%"$6$…%. 

d%“2=2…S“28. m$.=L ( ),det ,det 1ss s t s tB C + + =  61  "“S. 1, ..., 1s k= − , 

1, ...,t k s= − . Š%6S ƒ= 2$%!$*%< 1 Sƒ C!=7S [4] -=*2%!,ƒ=7S  (1) *=2!,7S T , 

?% "S6C%"S6=G -=*2%!,ƒ=7S_ (3) __ 6S=4%…=13…,. *1S2%*, G6,…= ƒ 2%A…S“2< 6% 

=“%7SL%"…%“2S. n“*S13*, -=*2%!,ƒ=7S_ (3) S (4) 6S=4%…=13…,. *1S2%* iiT  

*=2!,7S T  =“%7SL%"=…S, 2% -=*2%!,ƒ=7S  (2) *=2!,7S T  =“%7SL%"=…= 6% 2=*%_ 
-=*2%!,ƒ=7S_:  
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, (10) 

6$ 
1

,B BV C V C−′ ′= = , 11diag( , ..., ), ( , )kk ii iV V V V GL n R= ∈ , 1, ...,i k= ,  *= 

2=*%› G "S6C%"S6…%< 6% -=*2%!,ƒ=7S_ (3) 6S=4%…=13…,. *1S2%* *=2!,7S T . 

n2›$, -=*2%!,ƒ=7S_ (10) S (1) *=2!,7S T  =“%7SL%"=…S, = 2%*3 =“%7SL%"=…S S 

-=*2%!,ƒ=7S_ (1) 2= (2) *=2!,7S T . 

Š$%!$*3 6%"$6$…%.◊
 
1. a%!(",A g. h. n -=*2%!,ƒ=7, . *=2!,7 …=6 *%137%* 41="…/. ,6$=1%" // Š$ƒ. 

“%%K?. III b“$“%<ƒ. “,*C. C% 2$%!,, *%1$7, =14$K! , *%631$L. Š=!23, 21–24 “$…2. 
1976 4. – Š=!23: Š=!2. 3…-2, 1976.– q. 19. 

2. d›='E* m. q. n6…%ƒ…=A…S“23 *1S2*%"%-2!,*32…,. -=*2%!,ƒ=7SL *=2!,73 …=6 
*S137 *, 4%1%"…,. S6$=1S" // d%C. m`m r*!=_…,. – 2010. – 1 1. – q. 7–12. 

3. d›='E* m., o(2!,A*%",A b. t=*2%!,ƒ=7S  *1S2*%"%-6S=4%…=13…,. 2= *1S2*%"%-
2!,*32…,. *=2!,73 …=6 *S137 *, 4%1%"…,. S6$=1S" // l=2$*. "S“…,* mŠx.  

– 2007. – 4. – C. 79–89. 
4. d›='E* m. q., o(2!,A*%",A b. l. o=!=1$13…S -=*2%!,ƒ=7S_ *=2!,73 …=6 *S13-

7 *, 2= _. ƒ"’ ƒ*, // o!,*1. C!%K1$*, *$.=…S*, S *=2$*=2,*,. – 2010. – b,C. 
8. – q. 7–17. 

5. x="=!%"“*,L a. g. o%,“* C%1…%4% …=K%!= !$C$…,L ,1, 6%*=ƒ=2$13“2"% …$!=ƒ!$-
C,*%“2, …$*%2%!/. *1=““%" *=2!,A…/. *…%4%A1$……/. 3!="…$…,L “ *%**32,-
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АССОЦИИРОВАННОСТЬ ФАКТОРИЗАЦИЙ КЛЕТОЧНО-ТРЕУГОЛЬНЫХ МАТРИЦ И ИХ 

ДИАГОНАЛЬНЫХ КЛЕТОК НАД КОММУТАТИВНЫМИ ОБЛАСТЯМИ ГЛАВНЫХ ИДЕАЛОВ 

 
r“2=…%"'(…/ …(%K.%,,./( , ,%“2=2%A…/( 3“'%", , C!, *%2%!/. ,ƒ =““%3,,!%-
"=……%“2, -=*2%!,ƒ=3,L ,,=7%…='8…/. *'(2%* …(%“%K(……/. *'(2%A…%-2!(37%'8-
…/. .=2!,3 …=, *%..32=2,"…/., %K'=“2 ., 7'="…/. ,,(='%" “'(,3(2 =““%3,,-
!%"=……%“28 “%%2"(2“2"3E?,. *'(2%A…%-2!(37%'8…/. -=*2%!,ƒ=3,L .2,. 
.=2!,3.  
 
 

THE ASSOCIATION OF FACTORIZATIONS OF BLOCK TRIANGULAR MATRICES AND OF THEIR 

DIAGONAL BLOCKS OVER COMMUTATIVE PRINCIPAL IDEAL DOMAINS 

 
We established the necessary and sufficient conditions, under which from the asso-
ciation of the diagonal blocks of nonsingular block triangular matrices over commu-
tative principal ideal domains it follows that corresponding block triangular factori-
zations of this matrices are associate.  

 
P…-2 C!,*1. C!%K1$* *$.=…S*, S *=2$*=2,*, n6$!›=…% 
S*. “. q. oS6“2!,4=A= m`m r*!=_…,, k3"S"  07.09.11 


